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FRONTISPIECE
Light for the Mind:
•
•
•

Learning is the only thing the mind never exhausts, never fears, and never regrets.
(Leonardo da Vinci)
Success comes from curiosity, concentration, perseverance and self-criticism. (Albert
Einstein)
If I had only one hour to save the world, I would spend fifty-five minutes defining the problem,
and only five minutes finding the solution. (Albert Einstein)

Light for the Spirit:
•
•
•

Yesterday I was clever, so I wanted to change the world. Today I am wise, so I am changing
myself. (Rumi)
Weak people Revenge, Strong people Forgive. Intelligent people Ignore. (Albert Einstein)
Listen with ears of Tolerance, See through eyes of Compassion, Speak with the language of
Love. (Rumi)

Light for the Life:
•
•
•
•

Observe the wonders as they occur around you. Do not claim them. Feel the artistry moving
through and be silent. (Rumi)
Two things define you, your patience when you have nothing and your attitude when you
have everything. (Imam Ali)
There are no great wealth than wisdom, no great poverty than ignorance, no great heritage
than culture, and no great support than consultation. (Imam Ali)
For a perfection of a human being and the abundance of his merit is his own feeling of
imperfection. (Imam Ali)

ABSTRACT
A Neurophysiology Model that Makes Quantifiable Predictions of
Geometric Visual Illusions
This thesis is focused on modelling low-level vision and the encoding of visual input by the
simple retinal cells.
The study of human vision is a ‘multidisciplinary field’, connecting the physiology of vision to
bioplausible computational modelling, as well as psychophysical experiments with real subjects. One
source of evidence about vision is optical illusions, which do not necessarily occur in a computer
vision (CV) model, but should be apparent in a vision model that claims to represent the way human
vision works, or a vision system that tries to identify the same patterns and features that a human
would. This area of research leads to a shibboleth for testing bioplausible models of vision. The goal
of this PhD research is to describe, simulate and quantify a bioplausible model that reflects
differences in the dominant tilts apparent in a family of Geometrical Illusions.
In this dissertation, a neurophysiologically inspired model has been developed, implementing
the lateral inhibition of the retinal cells based on Gaussians (Mexican Hat) filtering at multiple scales.
Our model produces Difference of Gaussian (DoG) at different scales as a bioplausible
representation of the image and interprets them as edge maps at multiple scales. The edge map is
further investigated using an analytic processing pipeline in Hough space to quantify the angle of tilt
emergent in the model around four reference orientations (-45°, 0°, 45°, 90°). In this study, a
quantifiable prediction is developed for the degree of perceived tilt in the Café Wall pattern, a typical
Geometric Illusion, in which the mortar between the tiles seems to converge and diverge. The model
also predicts different perceived tilts in different areas of the fovea and periphery as the eye saccades
to different parts of the image. Several sampling sizes and aspect ratios, modelling variant foveal
views, are investigated across multiple scales in order to provide confidence intervals around the
predicted tilts, and to contrast local tilt detection with a global average across the whole Café Wall
image. Beyond the Café Wall illusion, the model has been applied to investigate local tilt for a more
general class of complex Tile illusions such as Complex Bulge pattern and Spiral Café Wall.
This is the first model to provide verifiable quantitative predictions of the tilt perceived across
a range of “Café Wall” illusions. More formally, we have shown that a simple Difference of Gaussian
Classical Receptive Field model, implementing multiscale responses of a symmetrical ON-center
and OFF-surround Retinal Ganglion Cells (RGCs), can easily reveal the emergence of tilt in these
patterns. We hypothesize that in later stages of perception, these local tilt cues are integrated by
more complex cortical cells.
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CHAPTER

1 SCHEMATIC VIEW

CHAPTER

1

1 ILLUSIONS OF VISION

1.1 Introduction
Our visual perception of the world is the result of the underlying processing of both parallel and
progressive (multilevel) visual information, starting from the low-level visual processing done in the
retina and passing information through multiple levels of processing in the visual system. ‘Visual
illusions’ are some of the visual distortion experiences we encounter due to the mechanisms involved
in our visual system. It is likely these effects emerge in specific processing stages either in low-level
processing done in the retina or higher-level information processing in the cortex. Visual illusions are
often evident near or beyond the thresholds of what our visual system can handle.
The study of human vision is a ‘multidisciplinary field’, connecting the physiology of vision to
bioplausible computational modelling, as well as psychophysical experiments with real subjects. One
source of evidence about vision is optical illusions, which do not necessarily occur in a computer
vision (CV) model, but should be apparent in a vision model that claimed to represent the way human
vision works, or a vision system that tries to identify the same patterns and features that a human
would. This area of research leads to a shibboleth for testing bioplausible models of vision. The goal
of this research is to describe, simulate and quantify a bioplausible model that reflects differences in
the dominant tilts apparent in some Geometrical Illusions.
In this chapter, we start with a background introduction to the visual system and the key factors
involved in this research in Section 1.2. We draw an overall view to the physiology of the cortical and
retinal cells and specifically of retinal encoding of visual data in this section. We then introduce
computational models of vision as well as spectral analysis of images in Section 1.3, with a focus on
evidence of multiscale filtering within the retina. Classical and non-classical models of vision
simulating simple and complex cells are explained in this section. In Section 1.4, we review the
psychological factors of perceptual grouping and Gestalt psychology in visual perception. Finally, in
Section 1.5, we specify the range of Geometrical Illusions under our investigations before we
conclude this chapter by illustrating an outline of this research.
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1.2 The Visual System
We start our introduction to the physiology of our visual system by reflecting the exact words of
Barlow who is the first investigator to connect the concept of the feature detector to the receptive
field of a neuron. He was the first to establish the presence of an inhibitory surround in the excited
receptive field of a frog's retinal ganglion cell by electrophysiological recordings (Barlow, 1953) after
Hartline’s recordings (1938, 1940) of the excitation of the retinal cells. The main reason for reflecting
Barlow’s own words in this section is to highlight his precise way of describing the concepts that are
crucial to connect our ‘natural vision’ to ‘spatial and temporal filtering’ and ‘bioderived image
processing’ approaches, as it is one of the main concerns in this research. This makes our
introduction to vision superb as well as providing a fruitful clarity at the start. His descriptive and
detailed drawings presented in Figure 1.1, and Figure 1.2 are used as a road map for the following
explanations.
Barlow (1983) introduced this complex system of vision (Figure 1.1) by noting that: “In the
cerebral cortex the numbers of elements 1 increase to approximately 109 in the primary visual area
(V1) (also called the striate cortex or area17) and another 109 (or possibly much more) in the
surrounding secondary visual areas (also called parastriate, peristriate, V2 to V4 or areas 18, 19,
20). In the fourth layer of V1 we know that there is a very precise representation of the visual field. It
is grossly distorted because the cortical area is apportioned according to the number of entering
nerve fibres, rather than according to degrees of solid angle in the visual field; as we saw the
resolution and density of ganglion cells decline rapidly away from the fovea. But it is precise in the
sense that activity at one point corresponds unambiguously to something happening at one point in
the visual field, and consequently it is possible to read backwards from the map to the real world: if
there is activity at a particular spot ln the map, this implies something happening at a particular point
in the visual field of the eyes”. “Quite accurate topographical mapping also exists in the other layers
of V1, and there is evidence for quite good mapping in V2, but in V3 and V4 it is very much less
precise and appears to lack this unambiguous character that allows one to read back reliably from
the map to the real world” (Barlow, 1983: p. 5).
A diagram of the retina is also shown in Figure 1.1 “where it is possible to record from the nerve
cells as they interact with each other (Dowling, 1970). Note first their size; though some are smaller,
some larger, 10 μm is a reasonable figure for the size of a cell, and it is therefore possible to pack
106/mm3” (p. 5). About the rate of firing he adds that: “The maximum instantaneous rate of firing of
impulses is about 1000/sec, but average rates rarely exceed 200/sec, so in a short period of, say,
1/20 sec only about 3 bits could be transmitted” (Barlow, 1983: p. 6).

1 From the abstract in Barlow’s article, it appears that elements are neurones. “it is technically very difficult
to monitor the activity of just one or two elements at a time in a structure that contains 1010 neurones or more”
(Barlow, 1983: p. 2)
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Figure 1.1 “Schematic view of the visual system viewed from above, with insets showing retinal neurones (left) and
the laminae of visual cortex with a single pyramidal cell (right). The ordinal numbers indicate the serial order of the cell,
those in parentheses the total number of cells of that type” (Barlow, 1983: Fig 1). © Springer-Verlag. Used with permission.

Figure 1.2 “Maps of the receptive fields that can be obtained from neurones at different stages in the visual pathway
(Adapted from Barlow & Mollon, 1982”; Barlow, 1983: Fig 3). © Springer-Verlag. Used with permission.

He describes the interneuronal connectivity by saying: “a laterally connecting pathway through

4 ■ Illusions of Vision
horizontal cells, which antagonizes the direct pathway through bipolar cells; the result is that the
bipolars signal something approximating to the second spatial derivative of image luminance. The
production of pulses is first seen in amacrine and ganglion cells” (Barlow, 1983: p. 6). He emphasised
the key factors involved in “Physical and Biological Processing of Images” 2 noting that: “Thus a
network of elements such as exists in the retina can do tasks equivalent to spatial and temporal
filtering, as well as automatic gain control and generation of a pulse-frequency modulated train of
pulses” (p. 6).
“First look at the primary visual cortex (V1), about which we know most, thanks mainly to the
work of Hubel and Wiesel (1977). The majority of the fibres from the retina, after relaying in the
lateral geniculate nucleus 3, terminate on cells in layer IV. As you will see from the average separation
of two fibres I have indicated, there are a vast number of cells available for each incoming fibre, and
there is some evidence that the first task is to recreate among these closely packed cells in layer IV
a very precise representation of the 2nd spatial derivative of luminance in the image (Barlow, 1979).
This is a much simplified view, for I have ignored evidence about the different terminations of different
classes of fibre, about the segregation of the endings from the two eyes in this layer, about colour,
and so on, but this idea of the re-creation of the differentiated image, though oversimplified, will have
to do for the present” (Barlow, 1983: p. 8). “Thus the anatomy seems to be telling us that the first
major step in image processing (after gain control, and spatial and temporal filtering) is to perform
some kind of local analysis on each separate patch of image; this information is then passed on to
other parts of the brain” (p. 8).
In Figure 1.2, he has shown diagrammatically the responses of the recording of the cells along
this pathway at various positions: the figure shows the map of the ‘receptive fields’ 4. “This is the
region of the visual field in front of the eye from which responses from a particular cell can be
obtained. Initially one uses a small spot of light and records whether you get a response when it is
turned on, when it is turned off, or not at all. This figure shows the ‘centre-surround’ arrangement
found in the retina and LGN, which if you think it through you will see is what you would expect from
a cell performing high-pass spatial filtering, or taking (on a rather coarse scale) the second spatial
derivative of local light intensities. What is new in the cortex is the fact that the orientation of the
stimulus becomes critically important, and this was one of the main findings made by Hubel and
Wiesel when they first recorded from cortical neurones (Hubel and Wiesel, 1962)” (Barlow, 1983: p.
8, 9).
He continues his descriptions on Figure 1.2 noting that: “What cannot be shown in this figure are
the results of more quantitative and extensive investigations of the properties of cells in V1. They
This book is a collection of all papers in “international symposium” sponsored by The Rank Prize Funds
(held at The Royal Society, London, on 27-29 September 1982), which is a Springer series in information
science. The aim of the symposium was to gather the physiology and psychology of visual perception with
those developing machine systems for image processing and understanding vision (Preface of the Springer
book).
3 LGN
4 Receptive Fields (RFs)
2
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are selective for size as well as orientation, and some people (Robson, 1980; Sakitt and Barlow,
1982) believe that the activity of each cell in a set of cells represents the coefficient of one term in a
local Fourier transform of the luminance distribution in a local region” (Barlow, 1983: p. 9). “In addition
to selectivity for orientation and size one finds that many cells require the stimulus to move in one
direction rather than its opposite. Colour is also an important parameter in many cases (Michael,
1978), and finally so is binocular disparity, that is the precise relative alignment of the images in the
two eyes (Barlow, Blakemore and Pettigrew, 1967); this is obviously correlated with the distance of
a stimulus object from the eyes” (Barlow, 1983: p. 9, 10).
“This list of the local properties of the image for which neurones in V1 show selective sensitivity
is interesting because it correlates quite well with the characteristics that Gestalt psychologists
thought were responsible for causing segregation of the image into parts, and especially the
separation of ‘figure’ from ‘ground’. The writings of this school are not easy to follow, but the principle
was very clearly expressed in Guzman's work (1968) in Artificial Intelligence at MIT". (Barlow, 1983:
p. 10).
Table 1.1 “Suggested first steps in natural image processing” (Barlow, 1983: Table 1). © Springer-Verlag. Used with
permission.

Table 1.2 “Unique features of natural image processing” (Barlow, 1983: Table 2). © Springer-Verlag. Used with
permission.

Barlow (1983) highlights his findings as connection between natural vision to natural image
processing in two tables. Table 1.1 is the summary of the early stages of natural vision, and the
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differences from artificial image processing have been reflected in Table 1.2.
He concluded that: “This is an idea with an ancient ancestry (Mach, 1959; Pearson, 1892) and
Attneave (1954) applied it to the psychology of vision 3 decades ago, while I have argued (Barlow,
1961) that the physiological facts fit the idea. I think it makes good sense to interpret the early
transformations in the visual pathway as measures to reduce redundancy, or attempts to find
symbols that are used with high relative entropy and are adequate to represent the image (Barlow,
1986). Gain control, subtracting off the mean value, frequency filtering in the temporal and spatial
domains, all fit this interpretation, as does segmentation into sub-regions with more uniform
properties. There must be many more stages we do not yet understand, such as the formation of a
catalogue of familiar objects together with an adequate means of referring to it: however I think we
can see the direction the route is heading even though we have not gone far along it” (Barlow, 1983:
p. 13).
In the rest of this chapter, we further explore the key parameters noted by Barlow in this section
that need additional explanations as well as the rest of the background information required for this
research.

1.2.1 Visual areas in the Cerebral Cortex
The Optic Nerve that carries retinal outputs to the LGN is actually a tract of the brain (Van de
gaer, 2013). The visual pathways are shown again in Figure 1.3-left with more clarity on how the
retinal information from the eyes is mapped into the cortex 5 along this pathway at different sections
until they reach to the primary visual cortex. You can see in the figure that the optic nerves of the
two eyes intersect at the optic chiasm (it is located in front of the pituitary gland). “In the optic chiasm,
some of the axons from the two retinas undergo decussation: they switch sides to allow crossed
processing of the visual signals” (Dubuc, 2017-The Eye). The fibres from the eyes terminate at the
two LGN bodies, one from the left hemisphere and one from the right. All cells in the LGN have
similar concentric receptive fields like the retinal ganglion cells (RGCs). “The axons from the nasal
side of each retina cross sides in the optic chiasm so that the left half of the field of vision is perceived
by the right cerebral hemisphere, and vice versa. But because the visual information that reaches
the temporal side of each retina comes from the opposite side of the visual field to begin with, the
axons from this side of the retina do not need to cross sides. Instead they proceed straight ahead
through the optic tract” (Dubuc, 2017). Figure 1.3-right shows the visual cortex layers with a few
more layers added to the previously shown layers in Figure 1.1, each with its own specific role.
The two-streams hypothesis 6 is a commonly accepted model of the neural processing of vision
and hearing (Eysenck and Keane, 2000; Goodale and Milner, 1992). “The basic function of the
Retinotopic mapping
Dorsal and Ventral pathways: “The ‘ventral stream’ (also known as the "what pathway") is involved with
object and visual identification and recognition. The dorsal stream (or, "where pathway") is involved with
processing the object's spatial location relative to the viewer and with speech repetition.” (Wikipediahttps://en.wikipedia.org/wiki/Two-streams_hypothesis)
5
6
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ventral visual pathway seems to be to let us consciously perceive, recognize, and identify objects by
processing their "intrinsic" visual properties, such as shape and colour. The basic function of the
dorsal visual pathway seems to be to let us exercise visual-motor control over objects by processing
their "extrinsic" properties—the ones that are critical for handling them, such as their size or their
position and orientation in space” (Dubuc, 2017).
The dorsal pathway contains several cortical areas including “the medial temporal area (MT or
V5), the medial superior temporal area (MST), and the ventral and lateral intraparietal areas (VIP
and LIP). Area V5 (or MT) seems to contribute significantly to the perception of movement. This area
receives projections from V2 and V3. It also receives projections from layer IV B in the primary visual
area (V1)” (Dubuc, 2017). The cells in area MT are responsive to the movement of an object. This
area of the cortex is organized into columns (hypercolumns) to code the orientation of the movement
(similar to the line-orientation columns in V1).

Figure 1.3 Left: The retinotopic maps along the visual pathways (Van de gaer, 2013) © under a CC-BY-NC licence
Right: Cerebral cortex and its different layers known as visual areas around the primary visual cortex or V1 (area 17)
http://thebrain.mcgill.ca/flash/a/a_02/a_02_cr/a_02_cr_vis/a_02_cr_vis.html#3 (Dubuc, 2017) © Copyleft.. Used with
permission.

The cortical areas for the ventral system are very complex with specialized representations of
the outside world. Area V3 receives inputs from area V2 and sends projections to areas MT and V4
Many of the neurons in area V3 have similar properties to those in V2 such as orientation selectivity
and in this area there are some cells with more complex properties such as cells that are sensitive
to colour and movement. After passing through areas V1, V2, and V3, part of the visual information
is sent to area V4 on its way to the temporal cortex. “Area V4 receives information from the blobs
and interblobs of the striate cortex, via a relay in V2” (Dubuc, 2017). Like the cells in all of the
extrastriate areas 7, the cells in V4 have larger receptive fields than those of the striate cortex (V1),
and they are often sensitive to both colour and orientation. “The exact role of area V4 is still under
debate, but it is probably involved in recognizing shapes, and it appears to be essential for perceiving
colours”. Then area IT receives inputs from area V4 and responds to a wide range of colours and
7

other visual areas besides V1
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simple geometric shapes. There is some evidence that shows the role of this area in visual memory,
as well as a key locus for object recognition (Dubuc, 2017).
Areas in V1: Like the cortex in general, area V1 is a layered structure and is segregated into six
major layers based on differences in the density of neurons and their dendritic fields (axons and
synapses) and interconnections to the rest of the brain. “The superficial layer 1 has very few neurons
but many axons, dendrites and synapses, which collectively are called ‘neuropil’. Layers 2 and 3
consist of a dense array of cell bodies and many local dendritic interconnections. These layers
appear to receive a direct input from the intercalated layers of the lateral geniculate as well
(Fitzpatrick et al. (1983); Hendry and Yoshioka (1994)), and the outputs from layers 2 and 3 are sent
to other cortical areas. Layers 2 and 3 are hard to distinguish based on simple histological stains of
the cortex. Functionally, layers 1-3 are often grouped together and simply called the ‘superficial
layers’ of the cortex”. “Layer 4 has been subdivided into several parts 8 as the interconnections with
other brain areas and layers have become clarified. Layer 4C receives the primary input from the
magnocellular 9 and parvocellular 10 layers of the lateral geniculate. The magnocellular neurons send
their output to the upper half of this layer, which is called 4Cα while the parvocellular neurons make
connections in the lower half, called 4Cβ. Layer 4B receives a large input from 4Cα and sends its
output to other cortical areas”. “Layer 5 contains relatively few cell bodies compared to the
surrounding layers. It sends a major output to the superior colliculus, a structure in the midbrain.
Layer 6 is dense with cells and sends a large output back to the lateral geniculate nucleus (Toyoma,
1969). As a general though not absolute rule, forward outputs to new cortical areas tend to come
from the superficial layers and terminate in layer 4. The feedback projections tend to come from the
deep layers and terminate in layers 1 and 6 (Rockland and Pandya, 1979; Felleman and Van Essen,
1991)” (Wandell, 1995-Chapter 6).
“Information from different classes of retinal ganglion cells remains segregated along the path
to the cortex. Neurons in the magnocellular layers receive fibers from the parasol cells; neurons in
the parvocellular layers receive fibers from the midget ganglion cells. It is uncertain precisely which
retinal ganglion cells project to the intercalated layers. The segregation of signals continues to the
input of area V1. Within layer 4C, the upper half (4Cα) receives the axons from the magnocellular
layers while the lower half (4Cβ) receives the parvocellular input. The neurons in the intercalated
layers send their output to the superficial layers 2 and 3” (Wandell, 1995-Chapter 6). Now we move
to explain more details about the eye and the retina specifically.

IV A, IV B, and IV C
Magnocellular-M cells: LGN has six layers. The inner two layers are M-Cell layers (layers 1, 2). They are
named magnocellular because of their larger size. They get their input from parasol GCs. They have high
light/dark contrast detection (Pokorny, 2011) and are more sensitive to low spectral frequencies. So they are
essential for detection of luminance change as well as the edges (Cheng, Eysel, 2004).
10 Parvocellular-P cells: Outer four layers are P-Cells (Layers 3, 4, 5, 6). They get their input from Midget
GCs. They are sensitive to color (Xu, Ichida et al., 2001), and are responsible for coding fine-details, because
they have a greater spatial resolution compared to the M-Cells.
8
9
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1.2.2 The Retina and the Fovea
The fovea is a small region located in the center of the retina (Kolb, Nelson, Fernandez et al.,
2018c) and is closely packed with cones as shown in Figure 1.4. It is responsible for sharp central
vision (or foveal vision) and is surrounded by the parafovea and the perifovea outer regions (Iwasaki
and Inomata, 1986). The size of the fovea is around 5° (1.5 mm) in diameter and extends to the
prefoveal area up to the diameter of 18° 20’ (5.5 mm). The distance from the fovea to the optic disk
is about 15° (4.5 mm) and the optic disk has a diameter of (size) 5°54’×6°24’ (1.77mm×1.92mm) 11
(Wikipedia). As noted by Barlow (1983) “The minimum resolvable angle is about 1 minute of arc at
the fovea, and increases by about 1 minute for every 2 degrees of eccentricity, so is down to about
6 minutes at 10 degrees” (Barlow, 1983: p.4).
The photoreceptors on the innermost layer of the retina are assumed to be of two types of Rods
and Cones. Figure 1.4-right shows the distributions of the photoreceptors in the retina. A third class
of mammalian photoreceptor cell has been discovered called photosensitive ganglion cells (Foster,
Provencio, Hudson et al., 1991). These cells do not have a direct effect in our sight but support
circadian rhythms and pupillary reflex. The number of Rods are nearly 20 times more than the
number of cones (Schacter, 2011; 120 million to 6-7 million).The fovea with a few millimetre in the
diameter is packed with Cones which are color sensitive, and this area is Rods free. Humans have
three types of photosensitive pigments and they differ in their sensitivity to different wavelengths.
The foveal area provides color vision and high visual acuity. Rods are for scotopic vision 12 and also
for peripheral vision. In the next section (p. 10), we move to further explanation about the processing
done in the retina.

et

Figure 1.4 Left: Eye ball (https://webvision.med.utah.edu/wp-content/uploads/2018/05/sagschem.jpg) (Kolb, Nelson, Fernandez
al., 2018b) © CC-BY-NC.
Right: The distributions of the Rods and Cones in the retina

(https://biology.stackexchange.com/questions/24506/can-the-human-eye-distinguish-colors-in-the-periphery).

11
12

https://en.wikipedia.org/wiki/Fovea_centralis#/media/File:Macula.svg

vision under low light condition
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1.2.3 Receptive Fields and their Responses
Visual processing starts within the retina from the photoreceptors (rods and cones) passing the
visual signal through bipolar cells to the Retinal Ganglion Cells (RGCs) whose axons carry the
encoded signal to the cortex for further processing. The intervening layers incorporate several types
of cell with large dendritic arbors, divided into horizontal cells that control for different illumination
conditions and feedback to the receptor and bipolar cells, and amacrine cells that feed into the
centre-surround organization of the Retinal Ganglion Cells. High-resolution receptors in the foveal
area have a direct 1:1 pathways from photoreceptors, via bipolar cells to ganglion cells (Spillmann,
2014). The microanatomy of the retinal neuronal layers has been presented in Figure 1.5.

Figure 1.5 Retinal neuronal layers (https://webvision.med.utah.edu/imageswv/schem.jpeg) (Kolb, Nelson, Fernandez
et al., 2018a). © CC-BY-NC

From a biological point of view, in the fovea the acuity is high due to high density and small size
receptors. As eccentricity increases, acuity declines with a corresponding increase in RF sizes and
nearest neighbour distances. Based on the original study of Shapley and Perry (1986), the
distributions of the retinal RFs have been summarized as: “In the dendritic field sizes of the ganglion
cells grow in a linear way with retinal eccentricity13. We also assume that the dendritic field sizes of
the bipolar cells grow in a linear way with increasing retinal eccentricity. It can be easily verified that
the dendritic tree between ganglion cell and receptors also grows in a linear way with increasing
retinal eccentricity” (Lourens, 1995: p. 4). “Note that the receptive fields of the M-cells 14 are about a
factor four larger than the P-cells 15 ” (Lourens, 1995: p. 5). We will explain more on variations of
The distance of the retinal receptive fields from the fovea.
M-Type GCs (or Parasol): Project to parvocellular layer of the LGN. About 10% of RGCs are of this type.
They have large RFs, and rapid action potential. They are more sensitive to low contrast stimuli and for
detecting movements in a stimulus. They do not have any color opposition (both center and surround receptive
information from more than one type of cone).
15 P-Type GCs (or Midget): Project to Magnocellular layer of the LGN. About 80% of RGCs are of this
13
14
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RGCs discovered, at the end of this section.
Rather than the retinal cells described before, you can see Müller-glia or ‘Müller cells’ in the left
of Figure 1.5 that are principal glial cell 16 of the vertebrate retina described by (Cajal and Ramon,
1892). They stretch radially across the thickness of the retina and it is noted that “retinal neural
processes are only allowed direct contact, without enveloping Müller cell processes, at their
synapses” (Kolb, 2018). The major role of the Müller cells is to maintain the stability of the retinal
extracellular environment, uptake of neurotransmitters, removal of debris, storage of glycogen,
electrical insulation of receptors and other neurons, and mechanical support of the neural retina
(Wikipedia).
Eye movements like gaze shifts, fixation and pursuit, all affect our perception, since they carry
the image across the retinal cells. Even in the ‘Fixational eye movements’ (Martinez-Conde, Macknik
and Hubel, 2004) there is a critical mechanism to prevent fading of the whole visual world involving
a continuous shifting of retinal image by tens or even hundreds of ganglion cells on the retina due to
the type of ‘fixational eye movements’. This includes Microsaccades, Tremors and Drifts, which are
unconscious sources of eye movements. All of these effective movements of the retinal image allow
the high resolution fovea to rapidly scan the field of vision for pertinent information. This means that
retinal RFs around a point have different sizes depending on where the fovea is centered, so that
different parts of the visual scene are processed at different scales at different times.
It is commonly believed that the center-surround organization in RGCs and their responses are
the results of the lateral inhibitory effect in the outer and the inner retina (Cook and McReynolds,
1998) in which the activated cells inhibit the activations of nearby cells. At the first synaptic level, the
lateral inhibition (Ratliff, Knight and Graham, 1969; Cook and McReynolds, 1998; Huang and Protti,
2016) enhances the synaptic signal of photoreceptors, which is specified as a retinal Point Spread
Function (PSF) seen as a biological convolution with the edge enhancement property (Huang and
Protti, 2016). At the second synaptic level, the lateral inhibition mediates the more complex
properties such as the responses of directional selective Receptive Fields (RFs) (Cook and
McReynolds, 1998).
The biological function of ON- and OFF- cell responses encodes visual objects in terms of their
deviation from mean luminance. This is done by two sets of neurons, ON-cells for light increment,
and OFF-cells for light decrement (Spillmann, 2014; Baumgartner and Pavlos, 1962). ON-centre and
OFF-centre bipolar cells respond differentially to the light stimuli on their receptive field centres (by

type. They have small RFs, mostly single color opponent. About 80% of RGCs are of this type. They are
sensitive to changes in color but respond very weakly to changes in contrast (unless for very high contrast;
Kandel et al., 2000).
16 ‘Glial cells’ (or simply glia) are “non-neuronal cells that maintain homeostasis, form myelin, and provide
support and protection for neurons in the central and peripheral nervous systems” (Jessen and Mirsky, 1980Wikipedia). Their role can be summarized into four major functions: to hold and surround neurons in their
place, supply nutrients to neurons, insulate neurons from each other, remove dead neurons and destroy
pathogens (removal of debris). It was assumed that they had no role in neurotransmission, but it is recognized
that they do have some physiological effects on processes like breathing (Gouri et al., 2010) as well as
supporting for interneuronal connections (Wolosker et al., 2008).
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either depolarization or hyperpolarization). The retinal GCs with concentric receptive fields respond
to stimuli by increasing and decreasing the rate of the action potentials (Dubuc, 2017). These cells
activations for two classes of GCs as an excitation and inhibition effect have been shown in Figure
1.6.

Figure 1.6 Receptive fields of two types of Ganglion cells for ON-center OFF-surround on the Left and OFF-center
ON-surround on the Right (http://thebrain.mcgill.ca/flash/d/d_02/d_02_cl/d_02_cl_vis/d_02_cl_vis.html#2).(Dubuc, 2017)
© Copyleft. Used with permission.

Figure 1.7 (a): The two-dimensional steady-state receptive field of an on-center off-surround retinal ganglion cell is
represented in two different ways. Top: “A surface plot shows the spatial sensitivity by the height of the surface. The
inhibitory surround covers a large area compared to the center, but its general effect on the neuron's response is small
compared to the center”. Bottom: “An image shows the spatial sensitivity of the receptive field by the image intensity. A
light color denotes a retinal location where light excites the neuron, a dark color is a location where light inhibits the neuron,
and gray locations are places where light has no influence on the neuron's response (Wandell, 1995: Figure 5.17). (b):
“The contrast sensitivity function describes a neuron's sensitivity to harmonic stimuli. In the example illustrated, a linear
on-center neuron responds best to an intermediate spatial frequency whose bright bars fall over the on-center and whose
dark bars fall over the opposing surround. When the spatial frequency is low, the signals from the center and surround
oppose one another thus diminishing sensitivity. When the spatial frequency is high, the stimulus is averaged by the center
again diminishing the response. From the response to harmonic stimuli, one can derive the spatial structure of the
receptive field” (Wandell, 1995: Figure 5.18). https://foundationsofvision.stanford.edu/chapter-5-the-retinal-representation/
© Brian Wandell. Used with permission.

Figure 1.7a shows a neuron’s light response and the height of the surface plot shows the
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magnitude of the response (Figure 1.7a-top). In the surface representation on top, the large positive
values in the center indicate the neuron’s excitation in the central region and the negative
surrounding values show the inhibition by the surrounding region. It should be noted that the effect
of inhibition at each point of the surround is very small, but it covers a large area compared to the
excitatory center. The figure demonstrates quantitatively the center-surround antagonism that Kuffler
discovered in the cat’s retina (Kuffler, 1952; Kuffler, 1953), similar to Figure 1.6. At the bottom of part
a in the figure, the same measurements are used but in a 2D representation and in the 2D graph
light regions show the excitation of a neuron by a spot of light and dark regions show where the
neuron is inhibited (Wandell, 1995: Chapter 5).
In low-level retinal processing, the center-surround receptive fields of the ganglion cells are
inherently ‘contrast estimators’ (Enroth-Cugell and Robson, 1966). In regards to the size of the
effective surround of a receptive field, many researchers noted that this may vary with the nature of
the stimulus such as Fiorani et al. (1992) and Gilbert and Wiesel (1992). Wennekers and Suder
(2004) have implemented a dynamic receptive fields model using the sum of amplitude modulated
spatial Gaussians. This is actually a non-linear spatial subunit integration, resulting from the
summation of Gaussian components at multiple spatial scales (this may correspond to individual
midget RGCs).
The other important factor is the contrast sensitivity of a neuron. The contrast sensitivity function
is determined by “the amount of contrast necessary in the stimulus that is required to elicit a criterion
level of response from the neuron. When a contrast pattern is ineffective at influencing the neuron,
we need to present the pattern at high contrast to elicit the response” (Wandell, 1995). Figure 1.7b
shows how a center-surround ganglion cell will respond to a stimulus at different spatial frequencies
whose peak is centered over the receptive field of the neuron. “When the spatial frequency is very
low, a bright bar in the stimulus covers both the excitatory center and the inhibitory surround and the
steady-state response is small. The most effective spatial frequency has bright bars imaged on the
excitatory part of the linear receptive field, and dark bars on the opposing surround. This spatial
frequency is well-matched to the receptive field and we will observe a strong neural response”
(Wandell, 1995: Chapter 5).
Now we discuss how linear summation of these center-surround cells can construct orientation
selectivity responses in ‘Simple cells’ (assumed to be the output of LGN), as shown in Figure 1.8left (a, b, c). The simple cell receptive fields consist of “adjacent excitatory and inhibitory regions that
are longer in one direction than the other” (Wandell, 1995: Chapter 6). The preferred orientation is
defined by the main axis of the receptive fields. As the figure shows the excitatory regions are the
result of the combined output of neurons with excitatory centers and is similar for the inhibitory
regions as the output of neurons with inhibitory centers. Wandell (1995) noted that “in principle, one
might construct an oriented receptive field from the outputs of a single line of lateral geniculate
neurons. But, recall that the receptive fields of lateral geniculate neurons have a weak opposing
surround. The inhibitory and excitatory regions of the cortical neurons often are more nearly
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balanced in their effect. Hence, I have constructed these regions by combining the outputs from
separate groups of neurons” (Chapter 6).

Figure 1.8 Left (a,b,c): “Orientation selective receptive fields can be created by summing the responses of neurons
with non-oriented, circularly symmetric receptive fields. The receptive fields of three hypothetical neurons are shown. Each
hypothetical receptive field has an adjacent excitatory and inhibitory region. (a) and (c) illustrate that the degree of
orientation selectivity can vary depending on the number of neurons combined along the main axis” (Wandell, 1995: Figure
6.9). https://foundationsofvision.stanford.edu/chapter-6-the-cortical-representation/ © Brian Wandell. Used with
permission, Right (d): One sample scale of six oriented filter banks (top row) DoG, (middle row) LoG, and (bottom row)
Gabor wavelet (Nematzadeh et al., 2015: Figure 1).

All these receptive fields share a common preferred orientation but differ either in spatial
arrangements of the excitatory and inhibitory regions in panels (a) and (b), or the overall length of
the receptive field shown in panels (a) and (c). “The neuron with the longer receptive field will respond
well to a narrower range of stimulus orientations than the neuron with the shorter receptive field”
(Wandell, 1995: Chapter 6). Figure 1.8-right (d) shows three different orientation selective filters to
model directional selective cells. The filters are shown at one sample scale but at six different
orientations. The shape of the filters from top to bottom row are Difference of Gaussians (DoG),
Laplacian of Gaussians (LoG), and Gabor wavelets.
The orientation selectivity is also a property of ‘Complex cells’ with nonlinear behaviour, so for
modelling them we will require more complex models than the simple summation of neural outputs
described in Figure 1.8-left (a, b, c).
So far we have explained contrast sensitivity and different types of simple cells (center-surround
to anisotropic or elongated versions that spread along one orientation. Also we should note that the
neuron’s sensitivity to the spatial frequency causes the response to appear as the log-log plot (shown
in Figure 1.7b). The other main parameter involved in the response of the receptive field is the
response saturation level. This depends on “the ratio of the neuron’s intrinsic sensitivity to the
stimulus and the neural population’s sensitivity to the stimulus. This saturation level is set by the
normalization process” (Wandell, 1995: Chapter 6).
For the contrast normalization, Heeger (1992) has described a model that is shown in Figure 1.9.
The model’s assumption is that the neuron’s response is initiated by a linear process at first. Then
this linear signal goes through a nonlinearity term and is divided by another signal whose value
depends on the pooled activity of a group of cortical neurons. The divisive nonlinearity term depends
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on the contrast of the stimulus. “If the neuron is relatively insensitive to the stimulus compared to the
population as a whole, then the peak response of the neuron will be suppressed by the divisive
signal” (Wandell, 1995: Chapter 6). These orientation selective neurons are found mainly in certain
layers of the cortex. “The main layers containing direction selective neurons are 4A, 4B, 4Cα and
layer 6 (Hawken, Parker and Lund, 1988). These layers receive the main input from the
magnocellular pathway and send their outputs to selected brain areas. Hence, these neurons may
be part of a visual stream that is specialized to carry information about motion” (Wandell, 1995:
Chapter 6).

Figure 1.9 “A model of contrast normalization is shown. According to this model, each neuron’s response is derived
from an initial linear encoding of the stimulus. The linear response is divided by a factor that depends on the activity of the
neural population. Finally, the entire signal passes is modified by a static nonlinearity” (Source: Heeger, 1992, 1994;
Wandell, 1995: Figure 6.16). https://foundationsofvision.stanford.edu/chapter-6-the-cortical-representation/ © Brian
Wandell. Used with permission.

To complete the argument Wandell (1995) notes that: “direction selectivity of the receptive field
response may arise from neural connections that are analogous to the connections used underlying
orientation selectivity. A cell with a direction selective receptive field can be built by sending the
outputs of neurons with spatially displaced receptive fields onto a single cortical neuron and
introducing temporal delays into the path of some of the input neurons. The temporal delays of the
signal are a displacement of the signal in time” (Wandell, 1995: Chapter 6).
The purpose of the contrast-response nonlinearity (Figure 1.9) is that the response ratio remains
approximately constant for all stimuli with different contrast levels. “Without the contrast
normalization process, the neuron’s response would saturate at the same level, independent of the
stimulus. In this case, the response ratios at different contrast levels would vary. For example, at
high contrast levels all of the neurons would be saturated and their signals would be nondiscriminative with respect to the input signal. The normalization process adjusts saturation level so
that it depends on the neuron’s sensitivity; in this way the ratio of the neuronal responses remain
constant across a wide range of contrast levels” (Wandell, 1995: Chapter 6).
Recent retinal physiological findings have deepened our understanding of RGCs and their
functionality. A multiscale representation and processing in the visual cortex of mammals and in the
retina have been supported by physiological and psychophysical findings (Field and Chichilnisky,
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2007; Gollisch and Meister, 2010; Hubel and Wiesel, 1962). In a comprehensive study about retinal
circuitry and coding, Field and Chichilnisky (2007) reported the existence of at least 17 distinct RGC
types inside the retina each with their definite encoding role. The variations of RFs type and their
size change due to the eccentricity (the distance from the fovea) as well as intra-retinal circuitry, all
indicating the mechanism of multiscale encoding inside the retina that is completed in the cortex
(Field and Chichilnisky, 2007; Gollisch and Meister, 2010; Lindeberg and Florack, 1994). Earlier, it
was assumed that orientation detection takes place solely in the cortex, but it is found that some
retinal cells have an orientation selectivity property similar to the cortical cells (Field and Chichilnisky,
2007; Gollisch and Meister, 2010; Kuffler, 1952; Kuffler, 1953), consistent with the raw-to-full primal
sketch of Marr’s theory of vision (Marr and Hildreth, 1980; Marr, 1982).

Figure 1.10 “Parallel representations of the visual scene in at least 17 distinct types of RGCs in the primate retina
(Dacey 2004). Top panel shows schematic cross-sectional representations of morphologically distinct RGC types
exhibiting either monostratified or bistratified dendritic arborization in the IPL; the boundaries of the IPL are indicated
schematically by horizontal lines. The vertical position of each schematic dendritic arbor indicates its characteristic
stratification in the IPL; e.g., giant sparse cells stratify at either the inner (bottom) or outer (top) boundary of the IPL. The
horizontal extent of each schematic dendritic arbor corresponds roughly to the relative dendritic diameter of the
corresponding cell type at a given eccentricity; e.g., parasol cells and small bistratified cells at the same eccentricity have
dendritic arbors of comparable size. Lower panels show top views of filled cells obtained using retrograde photostaining
from rhodamine dextran injections in the LGN and superior colliculus; scale bar is 50 μm. Modified with permission from
Dacey (2004)” (Field & Chechilniski, 2007: Figure 2). © Annual Review of Neuroscience. Used with permission.

Figure 1.10 represents the diversity of RGCs in humans. This figure is from an article by Field
and Chichilnisky (2007) and is based on the original study of (Dacey, 2004). There are three more
types of GCs which have been added to Dacey’s previous study (Dacey, Peterson, Robinson et al.,
2003: Figure 4), two in the monostratified 17 group (Smooth and Recursive), and one in the
bistratified 18 group (Recursive).
These cells are categorized by the depth of dendritic stratification, the dendritic field diameter or branch
density.
18 These cells receive their input from bipolar and amacrine cells. They project to koniocellular layers in
the LGN. Koniocellular means cells as small as dust and hard to be seen. Only 10% of retinal ganglion cells
are bistratified cells. They have moderate spatial resolution, moderate conduction, and moderate response to
contrast stimuli. They may be involved in color vision. They only have center and no surround. They are always
ON to the blue cone and OFF to red and green cones.
17
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We have explained so far the physiology behind our vision and the encoding role of
retinal/cortical receptive fields. Now we concentrate on how these background studies can be
mapped to the natural visual processing of images and scenes in general.
Images can be viewed as a summation of impulses, for instance variations of scale and shifted
delta function can generate an image. Linear systems are evaluated and also characterised based
on their impulse responses, therefore the output image would be equal to the input image convolved
with the system's impulse response. The impulse response is often called the point spread function
(PSF) (Smith, 2003).
The object recognition task and identifying nearby objects in the visual system is based on
distinguishing regions from their brightness and colours. The mechanism in layer two of the retina
by sharpening the edges, facilitates this task. In our visual system, the first layer of the retina
transforms an input of a pattern’s light image (intensity levels) into another pattern consisting of nerve
impulses. The middle layer of the retina passes the bright spike, and produces a circular region of
increased darkness. This process known as ‘lateral inhibition’, means that if a nerve cell in the middle
layer is activated, it decreases the ability of its nearby neighbours to become active. This biological
convolution with its specific PSF improves the ability of the eye to understand the world.
Therefore, the center–surround organization in retinal ganglion cells (GCs) is thought to be
mainly due to lateral inhibition at the first synaptic level in the outer retina (Cook and McReynolds,
1998; Ratliff, Knight and Graham, 1969). It is reported that spatial tuning properties of retinal ganglion
cells (RGCs) are also sharpened by this mechanism (lateral inhibition), originating at both the outer
and inner plexiform layers (Huang and Protti, 2016). This is a biological convolution with the effect
of edge enhancement (Huang and Protti, 2016).
At the end of this section, we would like to highlight some other physiological evidence for lowlevel retinal/cortical processing that remain as open problems with their own challenges in modelling
our vision. Biological evidence shows that ON and OFF cells of each specific type have a variant
size (Field and Chichilnisky, 2007; Schiller, 2010). It is also reported that there are different channels
for passing the encoded information of ON-center and OFF-surround (and vice versa) activations of
retinal RFs (Schiller, 2010) to the cortex. Moreover, the possibility of simultaneous activations of a
group of RGCs (as a combined activity) in the retina by the output of amacrine cells is noted in the
literature (Barlow, Derrington, Harris et al., 1977; Frishman and Linsenmeier, 1982; Roska and
Werblin, 2003). Some retinal cells have been found with a directional selectivity property such as the
cortical cells (Field and Chichilnisky, 2007; Gollisch and Meister, 2010). It is noteworthy that despite
the complexity and variety of retinal cells circuitry and coding, there are a few constancy factors
common to them, valid even for amacrine and horizontal cells. The constancy of integrated sensitivity
is one of these factors mentioned in the literature (Enroth-Cugell and Shapley, 1973; Linsenmeier,
Frishman, Jakiela et al., 1982; Roska and Werblin, 2003). For more information on this constancy
factor please see (Croner and Kaplan, 1995).
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1.3 Computational Vision
Bioplausible models must satisfy two criteria, computational feasibility and neurological
plausibility. Although in vision generally, and in the perception of optical illusion in particular, there
are many levels of processing involved, we are particularly interested in the underlying neural activity
of retinal/cortical lower-level processing. Optical illusions are one source of evidence about vision,
and do not necessarily occur in a computer vision (CV) model, but should be apparent in a vision
model that claims to represent the way human vision works, or a vision system that tries to identify
the same patterns and features that a human would. There are many levels of processing involved
between the eye and the cortex before the final perception of a visual scene.
The history of the receptive field models back to Kuffler’s demonstration of a roughly concentric
excitatory center and inhibitory surround (Kuffler, 1952). It has been shown by Rodieck and Stone
(1964) and Enroth-Cugell and Robson (1966) that the signals from the center and surround regions
of photoreceptor outputs can be modelled by two concentric Gaussians with different radii
(Linsenmeier, Frishman, Jakiela et al., 1982; Robson, 1983). The computational studies and
modeling of early visual processing were followed by Marr and Ullman (1981) who were inspired by
Hubel and Wiesel’s (1962) discovery of directional selective simple cells in the primate visual cortex.
Marr and Hildreth (1980) proposed Laplacian of Gaussian (LoG) as the optimal operator for initial
filtering of retinal cells and noted that it can be approximated by a difference of Gaussians (DoG)
with a ratio of diameters of ~1.6.
Linear filtering has many applications in CV such as techniques for image improvement by
sharpening the edges and reducing noise. These procedures take place by convolving the original
image with an appropriate filter kernel. In convolution, a rectangular grid of coefficients (weights)
known as the kernel is multiplied by the activations of the neighbouring elements of a particular pixel,
and summed (or averaged or integrated) and it is being used to model the point spread function
inside the retina.
Let me explain these filtering techniques in more detail: ‘Smoothing or blurring’ is the result of
positive contributions from neighbouring pixels on each pixel and is therefore analogous to the
‘expand function’. Larger windows cause more extensive blurring. The weight of neighbouring pixels
is an important factor. Unlike the shape of Gaussian filters (a bell shape), blurring even can occur
when the more distant neighbours have the same or even larger weights than the nearer pixels. In
this case small details will be lost but large areas with gradual changes of intensity will stay almost
unaffected, therefore this class can be used for noise removal (Duff, 1983). For Edge enhancement,
the edge-finding operators have an opposite effect to the smoothing operators. They simulate spatial
differentiation of grey-levels in images and mostly an approximation to the Laplacian is used in this
case (Duff, 1983).
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1.3.1 Image Spectral Analysis and Transformations
There is considerable physiological evidence for frequency and orientation tuning cells in our
visual system like (Hubel and Wiesel, 1962) and image spectral analysis provides us which important
clues for the final visual perception.
Spectral (frequency) domain have specific applications in CV, though frequency analysis of the
visual scene seems more biologically plausible. The more popular discretised spectral transforms
include DCT (Discrete Cosine Transform), DFT (Discrete Fourier Transform), STFT (Short Term
Fourier Transform), and DWT (Discrete Wavelet Transform) (Polikar, 1996). Such families of
functions include not only bioplausible interaction functions as discussed in the previous section, but
are also fundamental to JPEG and JPEG2000 compression (Taubman and Marcellin, 2012). Those
that are based on true sinusoidals and/or Gaussians are perhaps not directly bioplausible, but
usefully approximate those that are bioderived.
One of the main advantages of Fourier transformation is facilitating image filtering and
convolution (Smith, 2003). The high/low pass filtering function clearly can contribute to a
multiresolution model, as well as image sharpening and noise removal, and we can also model edge
detection and texture matching in these terms. DFT/DCT are intrinsically globals and also suffer from
a ‘Leakage’ problem (Merry & Steinbuch, 2005) due to periodically extending the signal. Whenever
localization either in space or time of spectral components is needed, windowed or enveloped
versions can be used. For example STFT is calculated by finding DFT after multiplication by a
window function, which is sliding over the entire image. A main drawback of STFT arises from the
Nyquist-Heisenberg uncertainty principle (Merry and Steinbuch, 2005), meaning that finding an
appropriate window size is a trade-off between time and frequency resolution.
Wavelets are a more general approach, and DWT has had a high impact on signal and image.
By dilation and translation of a mother wavelet, extraction of very low frequency components on a
large scale and very high frequency components on a small scale are possible. The conventional
wavelet has some limitations like shift sensitivity, poor directionality and lack of phase information,
with newer techniques introduced to address them (Führ, Demaret and Friedrich, 2006).
Gabor wavelets are the product of elliptical Gaussian and complex plane waves that provide
directionality. Based on dilations and rotations of this generating function, a set of self-similar Gabor
filters generates for different orientation and scale. This is a reliable technique for direction and scale
tuneable edge and line detection. The Gabor wavelet has the ability to characterize the underlying
texture and image characteristics due to its ability in finding local features in small windows, with
additional directional information (Xie, Dai, Lam et al., 2008).

1.3.2 Edge Detection Theories and Multiresolution Models
Although there is physiological evidence for frequency and orientation tuning cells both in the
retina and cortex and the ‘self-organization map’ of orientation sensitivity (von der Malsburg, 1973),
there is still no specific evidence about the bioplausibility of particular mathematical transformations
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in our visual system, or demonstration that specific models are more likely than others.
Difference of Gaussians is a filtering technique for identifying the edges and multiscale
representation of DoG filters can produce the multiscale edge map. DoG as an edge detector starts
by first performing a Gaussian blurring with a specified sigma (𝜎𝜎) on the original image which results
in a blurred version of the image. Then another blurring with the second Gaussian with sharper
sigma (finer scales) produces the second output with less blurring effect. The result is calculated by
finding the difference between the two blurred results of the original image. The zero crossings of
the final result define the edges, as their pixel values have some variation in their surrounding
neighbourhood.
The suggestion of involvement of higher order Gaussian derivatives suggested by Marr’s LoG
approximation for modelling retinal processing (Marr and Hildreth, 1980), and the idea used in much
research such as Young (1985; Young, 1987) who applied linear combination of Gaussians and LoG
instead of DoG, but there is still no biological evidence for the structure of these functions.
The second derivative of the Gaussian can be estimated as the difference of two DoGs and is
referred to as the Laplacian of the Gaussian (LoG). It has been shown that for modeling the RFs of
retinal GCs, DoG (Linsenmeier, Frishman, Jakiela et al., 1982; Robson, 1983) is a good
approximation of LoG when the ratio of dispersion of center to surround is s ≈1.6 (≈ φ, the ubiquitous
Golden Ratio) (Marr and Hildreth, 1980). Increasing s leads to surround suppression covering a wider
area while its height declines.

Experimental research in psychophysics and physiological findings has suggested the multiscale

transforms as models of the processing and projections in the visual cortex of mammals. Hubel and
Wiesel (1962) discovered a class of cells they called simple cells, which have their response based
on the frequency and orientation of the visual stimuli based on their examination of the cat’s visual
cortex. The physiological experiments showed that their response could be modelled with linear
filters, whose impulse response has been measured at different locations of the visual cortex.
(Daugman, 1980) showed an approximation of impulse response of these cortical cells by applying
Gaussian windows modulated by a sinusoidal wave in which spatial orientation tuning of these cells
modelled by dilation of modulated Gaussians (similar to Gabor functions).
Powers (1983) also proposed an ontogenetic Bernoulli-like model showing that an appropriate
lateral interaction function can self-organize, and can approximate many existing mathematical
models, including DoG models and LoG models (emergent as two levels of DoG processing) noting
that processing is not particularly sensitive to the parameterization or shape of the filter function.
Indeed cluster-level aggregates of Powers’ Bernoulli model approximate to Poisson and Gaussian
models.
In the 1970s and 1980s, the need to extract multiscale image information was established by
many researchers (Burt and Adelson, 1983; Marr, 1982; Rosenfeld and Thurston, 1971; Witkin,
1987) and some of their ideas have later been subsumed by the wavelet paradigm. The use of a
multiresolution sensor provides high-resolution information (fine scales) at selected locations and a
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large field of view with relatively little data (coarse scale) at the same time. These multiresolution
pyramids are introduced by (Burt and Adelson, 1983). Among many recent studies on wavelets,
Mallat (1996) was one of the first to show the impact of wavelets for low-level vision by concentrating
on three major applications of wavelets, including multiresolution search, multiscale edge detection
and texture discrimination.
Pyramidal image representation such as scale invariant transforms (Lowe, 1999) are better
matched to human visual encoding than JPEG-DCT (Taubman and Marcellin, 2012), and in
particular don’t need to partition an image into blocks before processing. Scale-space analysis can
be performed based on image decomposition by finding the differences between a pair of scaled
filters with different parameterizations e.g. Laplacian of Gaussian or Difference of Gaussian filters
create a pyramidal scale hierarchy (Lindeberg, 2011). A comprehensive comparison of a diverse
range of geometric representations for different multiscale spatial, directional and frequency
selectivity techniques is gathered by (Jacques, Duval, Chaux et al., 2011).
Note further that self-organization models of repeated patterns of edge detectors at particular
angles are well established (von der Malsburg, 1973). Higher-level spatial aggregation of regularly
spaced spots or edges in turn automatically gives rise to analogues of DCT and DWT type bases,
the latter with localization determined by the higher-level lateral interaction functions or the
constraints of an underlying probabilistic connectivity model (Powers, 1983).
Although there is physiological evidence for frequency and orientation tuning cells both in the
retina and cortex and the ‘self-organization map’ of orientation sensitivity (von der Malsburg, 1973),
there is still no specific evidence about the bioplausibility of particular mathematical transformations
in our visual system, or demonstration that specific models are more likely than others.

1.3.3 Classical and non-Classical VISION models
Physiological evidence (Field and Chichilnisky, 2007; Gollisch and Meister, 2010) show a diverse
range of RGCs with different sizes in the retina, and cells of different type and eccentricity (the
distance from the fovea) that suggest a multiscale encoding (Lindeberg and Florack, 1994;
Linsenmeier, Frishman, Jakiela et al., 1982) of the visual scene in the retina as explained in Sections
1.2.2 (p. 9) and 1.2.3 (p. 10).
‘Classical receptive field’ (CRFs) models mainly emphasize the contrast sensitivity of the retinal
ganglion cells and are modelled based on the circular centre and surround antagonism using
differences and second differences of Gaussians (DoG) or Laplacian of Gaussian (LoG) (Ghosh,
Sarkar and Bhaumik, 2007) to reveal the edge information.
The history of the classical receptive field models back to Kuffler’s demonstration of roughly
concentric excitatory center and inhibitory surround (1952). Later, Rodieck and Stone (1964) and
Enroth-Cugell and Robson (1966) showed that the signals from the center and surround regions of
photoreceptor outputs can be modelled by two concentric Gaussians the different radii. Marr and
Hildreth (1980) proposed replacing DoG with LoG and claimed the equivalence of DoG and LoG
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based on a certain ratio of σ (sigma) of the centre and surround Gaussians. They have shown that
for modeling the RFs of retinal GCs, DoG is a good approximation of Laplacian of Gaussian (LoG)
when the centre-surround ratio is s ≈1.6 (≈ φ, the Golden Ratio) Marr and Hildreth (1980).
Jameson (1985) developed an early model of brightness assimilation and contrast based on DoG
filters with multiple spatial scales. In a later study (Jameson and Hurvich, 1989) they pointed out that
this processing occurs in parallel and accounts for the simultaneous appearance of sharp edges and
blended colour that define delimited regions. They made claims about the source of contrast and
assimilation by saying that the contrast effect happens when the stimulus components are relatively
large compared to the centre of the filter, and the assimilation effect arises when stimulus
components are small compared to the filter centre. Similar explanations have been proposed for
the checkerboard illusion by modelling multichannel analysis of human contrast sensitivity based on
the pattern’s spatial frequency by (De Valois and De Valois, 1988).
One of the first models for foveal retinal vision was proposed by Lindeberg and Florack (1994).
Since our vision is scale-invariant, so what is sent to the brain is a stack of images or a scale-space,
not a single image. Lindeberg and Florack’s model (1994) is based on simultaneous sampling of the
image on all scales. One of the main advantages of a scale-space model is that the result is not very
sensitive to specific characteristics of the pattern elements.
Applying LoG (Marr and Hildreth, 1980) instead of DoG shows the possibility of involvement of
higher order Gaussian derivatives in the filtering functions in retinal visual processing. (Young, 1985;
Young, 1987) introduced modelling of the retinal and cortical RFs of many neurons based on a linear
combination of Gaussians and higher derivatives of Gaussian. In a recent study, Ghosh et al., (2007)
used the 4th and 6th order derivatives of Gaussians to extract the shade information next to the edges.
Still there is no biological evidence on the structure of these functions.
The existence of new features in retinal cells showed more delicate retinal information
processing. A few types of RGCs have been found which have orientation selectivity similar to the
cortical cells (Barlow and Hill, 1963; Weng, Sun and He, 2005), The experimental findings done by
(Passaglia, Enroth-Cugell and Troy, 2001) indicated that the surround has an extension well beyond
the CRFs and computational models of nCRFs have been implemented such as (Chao-Yi and Wu,
1994; Wei, Wang and Zuo, 2012). Even for horizontal and amacrine cells neurobiological evidence
showed their elongated surround well beyond the CRF size believed to be responsible for orientation
detection in the retina which modelled as retinal non-Classical Receptive Fields (nCRFs) models
(Carandini, 2004; Cavanaugh, Bair and Movshon, 2002; Wei, Zuo and Lang, 2011). Blakeslee and
McCourt (2004) proposed a directional multiscale DoG filter model for explaining the magnitude of
various Brightness/Lightness Illusions (When we perceive the luminance or intensity of a stimulus
as different to its actual value). There are also approaches for nCRF implementation of the cortical
cells (Tanaka and Ohzawa, 2009; Rao and Ballard, 1999; Grigorescu, Petkov and Westenberg,
2003).
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What we have outlined in this section is that our visual perception of a scene starts by extracting
an edge map representation of the scene and DoG is a bioplausible implementation to model this
process. The extracted edge map is an essential and primitive task in most image processing
applications, but an edge map alone cannot provide any information about the shades, lights, and
also three dimensional structure of the image (Ghosh and Pal, 2007). Therefore, according to Marr’s
‘raw primal sketch’, there is a need for further processing to get the ‘full primal sketch’ for a 3D view
of the world (Marr and Hildreth, 1980).

1.4 Gestalt Psychology in Visual Perception
In this section, we present the psychological view of perceptual grouping and Gestalt psychology
in visual perception. The aim is to bridge between low-level spatial frequency filtering, mainly simple
cells processing described in the last two sections and high-level perceptual organization. The
introduction here will be completed by the details provided in Chapter 5 that is our accepted research
article in the Brain Informatics journal.
The perceptual view of visual psychology is mainly based on Gestalt psychological findings
(Wagemans, Feldman, Gepshtein et al., 2012; Wagemans, Elder, Kubovy et al., 2012; Spillmann
and Werner, 2012). These are related to the laws about perceiving meaningfully and generating
whole forms by the brain as a global figure rather than recognition of its simpler elements such as
lines and points. Therefore, the outlook of Gestaltism in perception is conceptually different from the
structuralist view, and hence criticized by some scholars from computational neuroscience and
cognitive psychology. They claim that Gestalt principles can just provide descriptive laws rather than
a perceptual processing model (Bruce, Green and Georgeson, 1996). However, the idea of Gestalt
psychology attracted many scholars on relevant areas of vision research, which led to many research
findings on object recognition and pattern perception in general (Carlson, Buskist, Enzle et al., 2000).
Two major reviews of the empirical and theoretical contributions of Gestalt psychology in visual
perception by Wagemans et al. and Spillmann (Spillmann and Werner, 2012; Wagemans, Elder,
Kubovy et al., 2012; Wagemans, Feldman, Gepshtein et al., 2012) have been released to clarify the
meaning and importance of this concept and to bring to under the attention of researchers in the field
of vision. The book “Visual Perception” (Spillmann and Werner, 2012) is among a few that aimed
primarily to correlate perceptual phenomena to their underlying neural mechanism. Modern
NeoGestaltist views on cortical processing relates to how the brain is working. “Often the whole is
grasped even before the individual parts enter consciousness” (Wagemans, 2014: p. 10)]. This
“arises from continuous global process in the brain, rather than combinations of elementary
excitations” (Wagemans, 2014: p. 11).
There are a few well-known visual theories in the same spirit as Gestalt. One is the “Reverse
Hierarchy theory” (Hochstein and Ahissar, 2002) claiming that there is a fast feedforward swap that
quickly activates global percept in high-level areas with large receptive fields. There is feedback from
these higher areas to lower areas and recurrent processing in the lower level areas. Processing in
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lower areas is with small receptive fields for fine-grained processing of local detail of visual input.
Another theory is the “General Theory of Visual Object Recognition” (Bar, Kassam, Ghuman et al.,
2006), in which two streams of processing occur in parallel. High spatial frequencies of input images
are processed relatively slowly, and in a feedforward sequence in the visual cortex (V1, V2, V4, and
so forth). On the other hand, low special frequencies of visual input, are quickly transmitted to an
area in the prefrontal cortex to identify the object as well as their most likely scene context. These
two streams are integrated and refined in an interactive, reiterant way for the final percept. Both of
these theories postulate that global processing comes first, and they both have dynamic views on
cortical processing.
In this context, Spillmann, Dresp-Langley and Tseng (2015: p.1) state that “Over the years,
theoretical accounts for RFs properties have progressively shifted from classic bottom-up processing
towards contextual processing with top-down and horizontal modulation contributing. These later
effects provide evidence for long-range interaction between neurons relevant to figure-ground
segregation and pup out by brightness, color, orientation, texture, motion, and depth”. Specific
models for uniform surfaces, filling-in and grouping (Grossberg and Mingolla, 1985; Spillmann and
Werner, 1996) have been formulated and tested to enable the transition from local to global
processing by using information from beyond the classical RFs (Spillmann, Dresp-Langley and
Tseng, 2015). It has also been shown that Gestalt factor of good continuation is critical for contour
integration (Field, Hayes and Hess, 1993).
It has been proven that neuronal response not only depends on local stimulus analysis within the
classical RFs, but also on global feature integration as a contextual influence, which can extend over
relatively large regions of the visual field (Gilbert and Li, 2013). This is another evidence for the
Gestalt credo that a whole is not reducible to the sum of its parts. “Classical RFs increase in size
from near foveal to peripheral location, from V1 to higher areas in the extrastriate cortex. Smallest
in the primary visual cortex (V1), larger in V2, larger again in V3A and V4. Also the slope of the
functions de-scribing the increase in size with eccentricity increase progressively from lower to higher
visual area” (Spillmann, Dresp-Langley and Tseng, 2015: p. 7).
The Gestalt principles of object and element perception are about grouping of objects based on
their similarity, proximity or other cues. Within this global perception processing, there are some
innate mental laws reviewed in Wagemans et al. (2012). We believe that in general, Gestalt grouping
laws of ‘closure’, ‘proximity’, ‘similarity’, and ‘continuity’ are among the principles, which their
underlying neural mechanism can be revealed to some extent by low-level vision models. We will
show this in more detail in Chapter 5 and connect our proposed multilevel explanations from
perceptual organization with global and local percept, to the background low-level filtering
explanations.
We close the section with the following key points by Wagemans who asserts that “True Gestalts
are dynamic structures in experience and determine what will be wholes and parts, figure and
background” (Wagemans, 2014: p. 18). “In fact, Gestalt phenomena are still not very well integrated
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into mainstream thinking about the visual system operating principles (e.g. selectivity and tuning of
single cells, V1 as a bank of filters or channels, increasing receptive field size and invariance at
higher levels of the hierarchy)” (Wagemans, 2014: p. 18).

1.5 Illusions Investigated
Our visual perception of tilt is affected by our fixation on the pattern. When we fixate on a part of
the pattern, the tilt in a region around the fixation point weakens, but the peripheral tilts still exist. It
seems that the peripheral tilt recognition has a greater effect on our final perception of the pattern
compared to the foveal/local tilt perception. This is because peripheral/global understanding
provides a wholistic impression of the visual field, and can be linked to a Gestalt (psychology) percept
of tilt induction.
In this thesis, the patterns explored are Tilt Illusions involving enhancement of texture
backgrounds such as Checkerboard, Café Wall and Bulging checkerboard illusions. These patterns
are referred to as second-order Tilt Illusions (Nematzadeh, Lewis and Powers, 2015; Nematzadeh,
Powers and Lewis, 2017). These Geometrical Illusions have a directional effect as an induced tilt or
wave as we perceive in the Café Wall illusion, where parallel mortar lines in between shifted rows of
black and white tiles are exhibited as being divergent/convergent. The explanation for the tilt effects
has been typically correlated to the physiological interpretations of orientation detectors in the cortex
and the lateral inhibition among these detectors.
The tilt perception in the second-order Tilt illusions seems to be affected by ‘Brightness
Assimilation and Contrast’ as well as some ‘Border shifts’. So for these categories of illusions, the
final percept is not only affected by the brightness induction, but is also certainly influenced by the
bulging effect happening in the corners of the test patch, which is basically of geometrical measures
not the exact intensity ones. The aim is to find whether a most primitive implementation for simple
cells with center-surround organization is able to address the emergence of tilt in these illusions or
not.
These types of illusions could be explained in three different ways including: the Theory of
‘Contrast and Assimilation’ (Smith, Jin and Pokorny, 2001), ‘Perceptual Inferences and Junctions
Analysis’ providing high-level explanations (Anderson, 1997; Anderson and Winawer, 2005;
Gilchrist, Kossyfidis, Bonato et al., 1999; Grossberg and Todorovic, 1988), or ‘Low-Level Spatial
Filtering’ (Blakeslee and McCourt, 2004; Jameson, 1985). In the Café Wall, for instance, the
emergence of small slanted line segments along the mortar lines (referred to as Twisted Cord
elements) is claimed (Earle and Maskell, 1993; Morgan and Moulden, 1986) to be the reason for tilt
percept in the pattern. These line segments result in the appearance of tiles as wedge-shaped
(Gregory and Heard, 1979) in a local view, which leads to a perception of alternating converging and
diverging mortar lines at a more global level. Many theories for the Café Wall illusion involve highlevel explanations such as ‘Border Locking’ (Gregory and Heard, 1979) and ‘Phenomenal Model’
(Kitaoka, Pinna and Brelstaff, 2004), and others have low-level explanations such as ‘Brightness
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Assimilation and Contrast’ (Jameson and Hurvich, 1989) and ‘Bandpass Spatial Frequency’ (Earle
and Maskell, 1993; Morgan and Moulden, 1986).
Low-level theories are based on the mechanisms in early visual processing, for example, simple
image features such as contrast edges rather than global scene interpretation. For instance,
Jameson (1985) proposed the ‘Contrast/Assimilation model’ which qualitatively modelled both
brightness contrast and assimilation based on parallel processing at multiple spatial scales by
‘Difference of Gaussians’ (DoG) filters. Another example is Oriented-DoG (ODoG) model proposed
by Blakeslee and McCourt (1999, 2004) applying multiscale and oriented DoG filters to address
many brightness/lightness illusions. As to how close these different explanations can be, (Dixon,
Shapiro and Lu, 2014) claimed connections between the ODoG model (Blakeslee and McCourt,
1999) with higher-level models such as the ‘Anchoring Theory’ of Gilchrist (1999). The key idea that
is a common principle in multiscale, inference based brightness/lightness perception, mentioned to
be high pass filtering tuned to the object size. We have discussed the details of many of these models
in Chapter 2.

1.6 Outline of the Thesis
The concept of multi-scale Difference of Gaussians closely resembles the idea of the series of
bandpass image filters generally referred to as the Laplacian pyramid in computer vision literature
although these closely resemble the visual receptive fields in biological systems. The Hough
transform technique for measuring tilt in the filtered images that we have used in this thesis for
explaining the geometric illusory stimuli is another well-known methodology in computer vision,
although this transform possibly do not have any direct neural correlate. Thus we have essentially
developed a neurophysiology inspired model in computer vision for dealing with geometric visual
illusions.
The geometrical interpretation of visual input is the end result of a process involving both lowlevel retinal and cortical processing and high-level cortical processing including feedback from
previous experience and interactions (binding) with other modalities, and is thus a natural framework
for bioplausible understanding of deep neural processing in vision. In this research, we investigate
on the modeling of the innate retinal/gangliar responses (or retinal/cortical simple cells) on tilt illusion
patterns. It has been shown that the ganglion cells (GC) excitation can be best described by centre
surround organization (Mangel, 1991), which can be modelled by the differences of two Gaussians
(Linsenmeier, Frishman, Jakiela et al., 1982). Currently the simulations of these mid- to high-level
explanations for illusion magnitude and error predictions result in very complex CV models, which
tend not to generalize. We have developed a ‘neuro-physiological model’ based on DoG filtering at
multiple scales for retinal RF’s implementation to quantitatively model the tilt effect in Tile Illusions
(Section 1.5 - p. 25). As the outcome of this research, we explain by the end of this dissertation, how
an isotropic filtering technique on multiple scales, as a low-level simple cell’s processing can provide
us with enough information to address the emergence of tilt in these illusions without the necessity
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of spending high computational cost on high-level visual models.
An overall view of the rest of the dissertation follows: After this chapter, in Chapter 2 we
concentrate on presenting the history of a wide range of Geometrical Illusions, with a wide variety of
techniques proposed to address these illusions and their explanations. In Chapter 3, the formal
descriptions and parameters of our bioplausible model are explained with more focus on the multiple
scale edge map representations as the output of the model. Further analysis of the detected tilt cues
in the edge map across multiple scales and quantitative measurements of the degree of tilt of the
detected line segments will be given in Chapter 4. The perceptual grouping of pattern elements in
our investigations to explain the illusory tilt effect has been provided in Chapter 5 with the aim of
bridging between the low-level spatial frequency filtering and the mid- to high-level perceptual
organization (This chapter is organized as one publication chapter). The reports of our experimental
results and quantitative measurement of the degree of tilt in the Café Wall stimulus is explained in
the next two chapters. First, the effects of the foveal and peripheral view of the pattern or local and
global perception of the illusion on the detected tilt range at multiple scales has been investigated in
Chapter 6. Then in Chapter 7, we illustrate the effects of other parameters involved in the illusory tilt
effect of the Café Wall pattern including mortar brightness, mortar thickness, and other variations of
the Café Wall pattern such as low-contrasted tiles and different phases of tile displacement. We
finalize our exploration of these illusions in Chapter 8 by generalizing the tilt prediction of our model
to other Geometrical Illusions with complex tilt effects followed by our conclusions and a future road
map for research at the end.
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2 EXPLANATIONS OF ILLUSIONS
2.1 Introduction
Why does our visual system fail to reconstruct reality, when we look at certain images? Where
do Geometrical illusions start to emerge in the visual pathway? Should computational models of
vision have the same visual ability to detect illusions as we do?
This chapter addresses these questions, providing a focal review of the history of a wide range
of Geometrical illusions, with a wide variety of techniques proposed to address these illusions and
their explanations. Our focus for illusion explanations is on a specific underlying neural mechanism
involved in our visual experiences that affects our final perception.
Among many types of visual illusion, ‘Brightness and Geometrical Illusions’ are rather important,
being characterized by misperception of brightness or geometric patterns. In many brightness
phenomena, it is common that regions of identical luminance are perceived with different brightness.
Sometimes lines or bands appear where none are physically presented in the stimulus. On the other
hand, ‘Geometrical’ and, in particular, ‘Tilt’ illusions are characterized by misperception of geometric
patterns involving lines and tiles in combination with contrasting orientation, size or position.
Our visual perception of the world is the result of multiple levels of visual information processing.
This starts with multiple levels of low-level visual filtering within the retina, and ends in multiple levels
of processing in the visual cortex. The bottom-up visual processing gives rise to simple percepts or
features, but multimodal and top-down information flow leads to more complex concepts, as well as
influencing basic perception. Our visual systems would appear to be highly parsimonious, being fast
and accurate, with the processing in the retina serving different purposes and operating in different
ways from the later processing levels of the cortex. We regard this assumption as fundamental to a
biologically plausible vision model, and human-competitive computer vision, reflecting our
understanding of human vision.
We start this chapter with a broad introduction to Geometrical and Brightness/Lightness Illusions:
what do we observe and how should we categorize illusions for effective study (Sections 2.2 and
2.3). We then continue to a deeper description of these illusions in each class, concentrating on
Brightness/Lightness and Geometrical/Tilt Illusions and the different parameters involved in their
visual perception (Section 2.4). We proceed to current theories of illusion organized by the patterns
and illusions they deal with (Section 2.5).
To assist the reader in following the explanations about specific illusions in this chapter, we have

33

34 ■ Explanations of Illusions
highlighted them with a different font face (‘Cambria’ instead of Arial). Also, the ‘explanatory
approaches’ for these illusions have been italicized and usually their first letters have been
capitalized.

2.2 Categorization of Optical Illusions
“Illusions, often, are those stimuli that exist at the extremes of what our system has evolved to
handle” (Eagleman, 2001: p. 920). It is a powerful window into the neurobiology of vision, and reflects
the hidden visual information processing, providing important clues to the underlying mechanisms
and their constraints.
A systematic study of illusion needs a well-defined categorization. There are a few different
categorizations proposed for classifying visual illusions. Some of these classifications are based on
the level of processing needed for the interpretation of illusion pattern. The illusion percept can be
viewed as the result of top-down processing (high-level) or bottom-up processing (low-level
explanation), and visual illusions may be categorized on this basis. Some researchers believe that
the ‘top-down’ processing for human vision is more important than the ‘bottom-up’ processing:
“Remarkably, there are more downwards fibres from the cortex to the lateral geniculate bodies LGN
‘relay stations’ than bottom-up from the eyes (Sillito, Grieve, Jones et al., 1995)” (Gregory and Heard,
1979: p 1). Visual illusions may also be classified based on their explanations in terms of brightness,
colour, geometry, and motion.
Gregory’s illusion categorization (1997) has two main classes of “Physiological illusions” and
“Cognitive illusions” although we might not be completely satisfied with it. (The illusory patterns
referred to in the following can be found in Figure 2.1)
“Physiological illusions” with physical cause, are the actual effect of disturbance of light between
objects and the eyes or the disturbance of sensory signal of the eyes results in illusory percept
(Gregory, 1997). Any excessive stimulation (or interaction with contextual or competing stimuli of a
specific type) of the eyes or brain such as the afterimage creation as a result of a bright light stimulus
are of this type of illusion. They could be revealed in any form of brightness, colour, position, size,
and movement.
“Cognitive illusions” were first introduced by Hermann Helmholtz in the 19th century and arise
mainly from the interaction with the world causing ‘unconscious inferences’, which are the result of
misinterpretation by the brain of the sensory signals due to unusual conditions (errors) in brainlanguage (Gregory and Heard, 1979). Cognitive illusions are commonly divided into four main
classes of ambiguous illusions, distorting illusions, paradox illusions and fiction illusions. “Ambiguous
illusions” are related to pictures or objects with switching between alternative interpretations (e.g.
Necker Cube). “Distorting illusions” or Geometrical-optical Illusions relate to any kind of distortions in

size, length, position or curvature (e.g. Café Wall, Müller-Lyer and Ponzo illusions). “Paradox

illusions” are interpreted as impossible or paradoxical objects (e.g. Penrose Triangle or Impossible
Staircase illusions). “Fiction illusions” are related to the perception of a figure even though it is not in
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the stimulus (e.g. Kanizsa Triangle; Gregory, 1997).
The multiplying of illusion explanations suggests an urgent need for more comprehensive
categorization models and the generation of the many new illusion patterns created in the last two
decades. Detailed classification is necessary to simplify the systematic study of each subclass, help
to find the connection mechanism between different patterns, as well as revealing the underlying
mechanism involved in their perception. Here our aim is not to modify the categorization mentioned
for optical illusions, but we intend to show some limitations in current categorizations available (such
as Gregory, 1997). Some uncertainties in classification might also arise from the limited support of
proposed models to address some similar patterns not the whole of the subclass.
To clarify this, we consider an example from brightness/lightness theories. Logvinenko and Kane
(2004) explained that there are two different types of simultaneous lightness contrast illusions,
“Herring’s type” (like Grating Induction) and “Helmholtz’s type” (e.g. Logvinenko’s tiles-Wall of Block,
and Snake as two examples of lightness illusions). So Brightness/Lightness Illusions with common
similarities have been classified in two distinct classes of “Physiological” or “Cognitive” illusion
subclasses. Examples of these Helmholtz types have added clues such as transparency, which

seems to need further processing in the cortex rather than encoding of brightness in the retina.
Irrespective of the utility of current classifications of visual illusions, they suffice to allow us to
evaluate current explanation/theories for a variety of tilt illusion patterns.
In Figure 2.1, we illustrate important representatives of the various families, in a tabular
arrangement, including impossible 3D arrangements such as the Penrose Triangle, and the Penrose

Staircase (Draper, 1978; Wright, 2013; Cowan, 1982), stimuli with multistable perception, flipping

back and forth between different perceptions such as the Necker Cube (Kornmeier and Bach, 2005),
Herring, Orbison, Wundt, and Ponzo (Prinzmetal and Beck, 2001; Ninio, 2014; Changizi, Hsieh,

Nijhawan et al., 2008), illusions consist of horizontal and vertical lines located on a part of a radial
display, inducing tilt/bow/bulge as the result of the 3D percept and the perspective clues. Hermann

Grid, and Mach Bands have commonly accepted explanations involving the low-level visual

retinal/cortical processing by simple cells (Ratliff, 1965; Yantis and Abrams, 2014) and the lateral
inhibition (LI) mechanism, while some of them need high-level explanations.

Figure 2.1, reflects similarity of illusions, but due to the shortage of space and table arrangement,
it may not exactly match other illusion classifications (Gregory, 1997) based on other explanations.
The patterns with nearly similar explanation kept in each row, and from top to bottom, the rows
started from patterns with low-level explanations (based on brightness and contrast/surround without
edges) positioned on top. Moving downwards on the figure, the patterns in the bottom rows get more
complicated, mainly containing patterns which need higher-level explanations based on 3D
perspective or depth and clues such as figure/ground perception (Rows 6 and 7). Both the source
and original references of the patterns in Figure 2.1 have been provided in Table 2.1.
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Figure 2.1 Illusion table (Nematzadeh, Powers and Lewis, 2017).
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Table 2.1 The source and original references of the illusion patterns in Figure 2.1 (Illusion table).

Between the two low- and high-level illusions, we show patterns that are believed to involve midlevel features, in Rows 3 to 5. We intend to investigate more about the underlying mechanism
involved in these mid-level patterns, which contain tilt inducing effects (such as Café Wall and Bulging

patterns of grids or checkerboards). Many illusions have no tilt effects (such as Ebbinghour illusions)
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or seem to involve high-level dependence on figure-ground and depth cues such as the Face-Vase,

the Kanizsa Triangle, Necker Cube and/or Impossible Staircase paradoxes, which are not in our

purview. Also, there are some patterns with no direct tilt effect, such as Irradiation and Simultaneous

Brightness Contrast (SBC) illusions, which seem to induce tilt effects on patterns such as Bulge
patterns (Sound Wave, and Spring – Row 4), containing superimposed small squares on a

checkerboard background (Kitaoka, 1998a; Fermüller, Ji and Kitaoka, 2010; Westheimer, 2008). We
refer to patterns in Row 4 such as Café Wall and similar Tilt Illusion patterns as “Tile illusions”, which

will be discussed in detail based on our bioplausible DoG-based model (Nematzadeh and Powers,

2017; Nematzadeh and Powers, 2016a; Nematzadeh, Powers and Lewis, 2017) along with other tilt
illusions in more detail in the following chapters (Chapters 3 to 8).
Figure 2.1-Row 1 contains “simple Brightness Illusions”, such as Mach Bands, in which illusory

bands of bright and dark at the edges of a luminance ramp between two uniform brightness regions
with slightly different shades of grey can be observed. In the Chevreul illusion, instead of a luminance

ramp there are different bands of luminance with discrete changes of brightness in between

(luminance steps). These patterns trigger edge-detection in our visual system, and the uniform bands
in Chevreul illusion are perceived as having gradients with overshoots and undershoots when they

contact each other. In Pyramid (Vasarely, or nested squares), we see two illusory diagonals

connecting the corners of nested uniform squares with gradual change of luminance. A

homogeneous grey test field within a sine-wave grating (referred to as a luminance grating) in Grating

Induction is perceived to have an opposite phase grating in the test field (Foley and McCourt, 1985).
Row 2 shows some more examples of simple Brightness Illusions. The circles are identically of

the same grey level as the surround in the circular version of Cornsweet Craik O'Brien effect (COC),
but we perceive them as darker or brighter. This illusion is the result of border effects in which narrow

light or dark gradients at the border enhance the lightness perception of the whole circles. The
Irradiation illusion named after Helmholtz in the 19th century, in which-despite the fact that the two

inner squares are identical in size, the white square looks bigger than the black one. In Simultaneous

Brightness Contrast (SBC) illusion, the two inner squares are the same shade of grey, but they are

perceived with different brightness. The square in the dark surround appears lighter than the square
in the light surround. The identically uniform grey test patches in White’s effect (WE) are perceived

with different brightness. Albedo of grey target patches in SBC is to shift away from the background,

demonstrating brightness contrast, and test patches in White's effect shift toward the surrounding
context, demonstrating brightness assimilation. Increasing spatial frequency increases the effect in
both cases (Zeman, Brooks and Ghebreab, 2015).

Row 3 starts with Hermann Grid illusion (Hermann, 1870), in which grey spots are perceived at

the intersections of a white/black grid on a black/white background. This row contains patterns such
as Café Wall, and Fraser illusions. In these patterns, we exhibit an illusory tilt effect. In the

Munsterberg illusion, with very thin black mortar lines in between shifted rows of black and white

tiles, the tilt illusion is not as strong as the perceived tilt in the Café Wall illusion with grey mortar lines.
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The Café Wall illusion is generally believed to have Twisted Cord elements in its local view. Tilt illusion

in Fraser, and Twisted Cords, have local tilt cues of small line segments which are integrated to a

long continuous contour in a global view, inducing convergent or divergent lines instead of parallel
lines.

Row 4 contains more complex patterns of illusory tilt compared to Row 3, such as variations of
spirals for Café Wall and Fraser illusions, as well as Bulging grid and checkerboard illusions including
Spring and Sound Wave patterns. In Spiral variations, we see an illusory spiral instead of concentric

rings of Café Wall or Fraser’s row. In Bulging variations, superimposed dots on top of a grid or
checkerboard give the impression of tilt or bulge on their background edges. Rows 3 and 4 are

illusion patterns, which are referred to as “Tile illusions” in this research.

Row 5 includes simple line sketching tilt illusions on a uniform background such as Herring and

Wundt illusions. These illusions are referred to as “line-based tilt” patterns in this research. Small

parallel line segments (inducing horizontal/vertical lines) on parallel lines in the Zollner illusion result

in perceiving these lines as being convergent or divergent. In Wundt and Herring we see two parallel

lines as bending inwards or outwards based on the pattern of intersecting lines (for instance if two

parallel lines are positioned in between two radial centres, they are then perceived as bending
inwards). The illusory perception of disposition of continuous lines when occluded by a thick bar are
observed in the Poggendorff illusion. The Zöllner illusion is commonly believed to be in the same
family of tilt illusions, such as the Herring, Wundt and Mueller-Lyer illusions. However some

researchers categorise this illusion in the Café Wall family (McCourt, 1983; Westheimer, 2007) and

we are more in agreement with this classification (in Tile illusions instead of line-based tilt illusions).
Row 6 contains a few subclasses including some of Geometrical Illusions with misperception of

size and length such as the Ebbinghour, Muller-Lyer and Ponzo illusions, also illusory contour

patterns such as the Kanizsa Triangle or square. In the Ebbinghour illusion, although the two inner

circles are the same size, the one on the left surrounded with larger circles appears smaller

compared to the one surrounded by smaller circles. In Muller-Lyer the lines have the same size but
the direction of small shafts at the ends results in misperception of the length of the lines. The Ponzo

illusion is another example of illusory size when the object's size is perceived based on its
background. In this illusion two identical lines across a pair of converging lines, similar to railway

tracks, are perceived as differing in length. The upper line is interpreted as though it was farther
away, so we see it as longer. In the Kanizsa Square, we see sharp contours for an illusory square in
the center occluding black circles. The pattern only contains four black Pac-Man at the corners.

Rows 7 contains two subclasses of bi-stable patterns such as the Face-Vase and the Necker Cube

flipping back and forth between two different perceptions, as well as impossible 3D arrangements

e.g. the Penrose Triangle and the Impossible Staircase illusions referred to as paradox and fiction

illusions in Gregory’s categorization (1997).

Row 8 contains patterns with brightness lightness and transparency cues such as the Snake and

Crisscross illusions (Adelson, 2000). These patterns are referred to as “more complex
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Brightness/Lightness/Transparency” Illusions here. They are placed in the final row to make the
figure symmetric with the first two rows of simple Brightness Illusions, although the complexity of
some of these patterns might not be more than illusions related to perspective and depth cues given
in Rows 6 and 7. A recent variant on the Craik-O'Brien-Cornsweet effect (COC) is the Knill and Kersten
illusion (1991), where apparent surface curvature affects lightness perception. The two-luminance

ramps are interpreted as shading. All rows of cubes have the same luminance in Logvinenko’s (1999)
Wall of Block, but alternating rows appear to have dramatically different lightness and brightness. The

small tilted rectangles in the Crisscross illusion are all of the same shade of grey, which is hard to

believe. The pattern consists of the vertical strips with three luminance and multiple edges within
each strip result in strong illusion (Adelson, 2000). In Snake illusion, small diamonds have the same
luminance but the upper diamonds appear to be lighter than the lower ones.

Based on the definition of geometrical or tilt illusions in the given classification, some patterns

are related to misperception of size and length in which their interpretation arises from 3D
perspective or depth cues such as the Ebbinghour and Ponzo illusions, which we briefly address

here. We have classified tilt illusions in to two subclasses of “line-based” (line sketch on a uniform
background) such as Herring and Wundt, and the other subclass with more complex tilt cues as “Tile

illusions”, which contain textured backgrounds such as the Café Wall and Bulging grid and

checkerboard patterns. The complexity of Tile illusion patterns means that the tilt effect arises from

more perceptual cues such as brightness/lightness as well as geometrical ones compared to line-

based tilt patterns, although in the line-based tilt patterns, the orientations of lines on their own

induces the 3D perspective view. Previously second-order brightness stimuli such as second-order
Mach Bands have been introduced and investigated by other researchers, where spatial variation of

luminance is replaced with a spatial variation in contrast (Lu and Sperling, 1996; Solomon and
Sperling, 1994). Tile illusion patterns may be referred to as “second-order tilt illusions” (Rows 3 and
4 in Figure 2.1) as noted in (Nematzadeh, Powers and Lewis, 2017; Nematzadeh, Lewis and Powers,
2015).
A review of the different illusion explanations/theories suggests that some illusions in the
cognitive category such as distorting illusions (Geometrical Illusions) can be answered by low-level
physiological filtering processing (either in the retina or in the cortex), including in particular Café

Wall, Simultaneous brightness contrast (SBC), White’s effect (WE), Mach Bands and the like. This is

not a new idea, and has been investigated by some researchers in the field on many
Brightness/Lightness and Geometrical Illusions, but has always created controversies among high-

level explanation theorists (Anderson, 1997; Gilchrist, Kossyfidis, Bonato et al., 1999; Economou,
Zdravkovic and Gilchrist, 2007). However we believe in the revealing power of multiscale spatial
filtering mechanisms to address the cues involved in some of the Geometrical Illusions mentioned,
but the boundary of patterns, which can be explained by low-level filtering models, are still an open
issue.
There are many more illusions such as: the Pyramid (Vasarely), Necklace, faint Illusory Diagonals
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and Ehrenshtine shown in Figure 2.2-top with the illusory percept of bright lines, rings, or dots. At the

bottom of the figure illusions with distorted geometrical figures are shown, such as Orbison and
Distoreted Squares, when they are superimposed on a field of curved lines or intersecting lines (or
radial displays as noted in (Changizi et al., 2008) and the Ouchi motion illusion. In the Orbison illusion,

the true shape of the geometric figure appears to be distorted because of its surrounding context.

Ehrenshtine and Distorted Squares have similar geometrical distortions of squares. In the Ouchi
illusion two rectangular checkerboard patterns (background checkerboard surrounding an inner

circle) in orthogonal orientation induce the motion effect in the inner circle. For further exploration on
optical flow and motion illusions refer to (Fermüller, Ji and Kitaoka, 2010; Fermüller, Shulman and
Aloimonos, 2001; Fermüller and Malm, 2004; Kitaoka, 2006). Patterns similar to the Orbison illusion

are from the line-based category of tilt illusions, which we could not fit in due to the shortage of space
Figure 2.1 (The line-based tilt illusions are referred to as distorting illusions in Gregory’s (1997)
categorization). It is obvious that further investigation of these patterns is just as important as
research into the selected illusion patterns displayed in Figure 2.1. The Illusory Diagonals of a

checkerboard pattern are generated by our own simulation, but the original/source references of the
geometrical and colour illusions displayed in Figures 3.2 and 3.3 are provided in Table 3.2 (Although
our model is primarily designed for explaining tilt effects in Tile illusions, it seems that lateral inhibition
of RGCs implemented in the model is able to address some of the illusory brightness/lightness
effects such as the Illusory Diagonals (lines and rings) as other Geometrical patterns to be explained
by the model).

Figure 2.2 Top: Examples of illusory bright lines, rings, and dots. Bottom: More examples of tilt illusions caused by
the surround and Ouchi illusion as a motion illusion.
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2.3 Different perspectives in illusion explanation
Visual illusions are studied from multiple perspectives. The diversity in this field of study includes
aspects such as psychological, neurobiological, constancy theory explanation, spectral or frequency
filtering analysis, as well as combinations of these methodologies. During recent years new theories
have been proposed in order to generalize a systematic model for explaining many Geometrical
Illusions (Ninio, 2014; Ninio and Pinna, 2006; Ninio, 1979; Changizi, Hsieh, Nijhawan et al., 2008).
To clarify these perspectives at the beginning, we start this section by a brief review of a few
examples from illusion explanation methodologies which have different perspectives.

Figure 2.3 A few examples of color illusions (Kitaoka’s innovations referenced in Table 3.2).
Table 2.2 The source and original references of the optical illusions in Figures 2.2 and 2.3.

From a psychological perspective, illusion explanation is based on a proposed working
hypothesis tested by psychological experiments. An example of psychological explanation is the
hypothesis behind the Ebbinghaus illusion that states that human vision is likely to amplify an acute

angle. Another example is for the Muller-lyre illusion with the explanation based on the hypothesis
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that our visual system tends to amplify distant objects in visual perception somehow referred to as a
perspective hypothesis. Although these hypotheses have been tested by psychological experiments,
they really need to have objective proof involving scientific engineering implementations as well as
experimental approaches, to add different investigation angles to the explanation to make it more
reliable. Such explanations would allow systematic prediction of the illusory effect by manipulating
the illusory cues in the parameterized patterns.
Gestalt psychologists on the other hand believe in the perception of individual sensory stimuli as
meaningful whole (Myers and DeWall, 2015). Gestalt organization could provide a good explanation
for illusions such as Face-Vase pattern to show why the figure and ground are reversible. For
instance, a psychological Gestalt explanation for the Kanizsa Triangle and the reason why a white
triangle is seen, although it does not exist, is that the brain has the tendency to see familiar simple

objects and create a "whole" image from individual elements (Myers and DeWall, 2015). Therefore
it’s more natural for the brain to see three complete black discs disrupted by the corners of a white
square (both have a symmetric form), than three irregular black Pac-man shapes on a white
background. Another explanation for the Kanizsa Triangle is based on “evolutionary psychology”

(Confer, Easton, Fleischman et al., 2010) where illusions including impossible objects are addressed
considering that “our brain makes sense of shapes and symbols putting them together like a jigsaw
puzzle, formulating that which isn't there to that which is believable” (Wikipedia, -Optical illusions).
Another perspective is physiological methodology, which counts on the early stages of visual
processing for illusion explanation. For example, the brightness effect in Mach Bands is explained
due to the spatial high-boost filtering performed by the human visual system on the luminance
channel of the image captured by the retina through lateral inhibition among its neurons (Ratliff,
1965; Ratliff and Hartline, 1959). The effect is independent of the orientation of the boundary.
Another example is the biological explanation for the Hermann Grid illusion, relying on the inhibitory
response of increasing dark surround (Hermann, 1870) for the appearance of grey spots at the
intersections of grid bars. Another neural explanation for illusory spots is explained in terms of retinal
receptive fields and the lateral inhibition among them, and that some retinal ganglion cells pool
information over many photoreceptors (Baumgartner, 1960). There are also theories not from the
retinal but from the cortical simple cell processing to account for the illusion (Schiller and Carvey,
2005). A neurobiological explanation for the Kanizsa Triangle is that these subjective contours are

based on the latencies of V1 responses compared to V2, and because of this latency, the brain fills
in the illusory contours. Due to some limitations of lateral inhibition approaches, other practical
models have been proposed to overcome the shortcomings such as (Geier, Bernáth, Hudák et al.,
2008; Howe, 2005).
Modern low-level theories are based on spectral analysis e.g., (Kingdom and Molden, 1992;
Blakeslee and McCourt, 1999, 2003) suggesting that a set of spatial frequency filters at early stages
of visual processing is responsible for these effects. The filter constitutes a pre-processor in the
retina, in which further parts of the visual system and brain which do not have access to proximal

44 ■ Explanations of Illusions
stimuli, deal with this pre-processors output.
Colour constancy and brightness constancy reflect the constant appearance of an object despite
the variation of the reflected amount of light or light colour from it. The object’s contrast would be
darker against a black background with less reflection light compared to a white background,
although the object’s colour did not change (e.g. SBC illusion). Similarly, there would be

compensation by the eye for colour contrast due to the colour of the surrounding area. A few samples
of color illusions are presented in Figure 2.3 with color constancy (Eye Color Constancy, Red Spirals),

color contrast and peripheral drift illusion in the Two Rings pattern. In Red Spirals, it appears to be

spirals of two different types of red, but they are identical. Similarly in Eye color constancy, both eyes
are of the same grey color but the right eye seems yellowish because of the blue filter. There are

three color illusions in the Two Rings pattern. It has the perception of opposite direction of rotation
for the rings, shrinkage of the inner ring and expansion of the outer ring (this illusion is called a

rotating Ouchi illusion - Figure 2.2). In addition, the inner ring appears more sky-bluish when (the

observer) approaching the image fixating at the center, and the outer ring appears more sky-bluish
moving away from the pattern.

As a new proposed theory, Changizi, Hsieh, Nijhawan et al. (2008) claimed that many optical
illusions are due to a ‘neural lag’ mechanism. Although scientists have known about the lag for a
long time, they have still debated about how humans compensate and how our motor system adjusts
our movements to offset this delay. Changizi et al. (2008) stated that brain processing of the light
hitting the retina takes (at least) one-tenth of a second to translate it to a visual perception of the
world. If the attempt of the brain to perceive the future does not match reality, then illusions occur.
Changizi explained the Herring illusion by describing it as bicycle spokes around a central point, with
vertical lines on either side of this central, so-called vanishing point, tricking us into seeing a forward
movement, but since we are not moving and the figure is stationary, we end up with a misperception
of curved lines instead of straight ones.

2.4 History of Geometrical and Brightness/Lightness Illusions
We encounter visual distortion experiences in visual illusions that give clues as to some of the
biological characteristics of our visual processing that result in some erroneous perceptions. The
explanations of optical illusions rely on our interpretation of the world, and our ambiguities in the
inherent visual experiences result in the illusory percept.
Among many types of visual illusion, Brightness and Geometrical Illusions are rather important,
being characterized by misperception of brightness or geometric patterns. In many brightness
phenomena, it is common that regions of identical luminance are perceived to be differently bright.
Sometimes lines or bands appear where none are physically presented in the stimulus. On the other
hand, ‘Geometrical’ and, in particular, ‘Tilt’ illusions are characterized by misperception of geometric
patterns involving lines and tiles in combination with contrasting orientation, size or position.
The illusory tilt perception in Tile illusions involves enhancement of the contrast of backgrounds
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and textures such as a checkerboard, for example, Café Wall and Bulging checkerboard illusions that

seem to produce an effect from ‘brightness assimilation and contrast’ as well as some ‘border shifts’,
which are the target patterns to be addressed in this research. So for these categories of illusions,

the final percept is not only affected by the brightness encoding, but is also certainly influenced by
the bulging effect happening in the corners of the checkerboard’s edges (Tile borders), which is
characteristic measures not the intensity ones (Nematzadeh, Lewis and Powers, 2015).
Some researchers suggest a connection between the visual mechanisms involved for
Brightness/Lightness Illusions and Geometrical Illusions by other names, such as ‘brightness
contrast and assimilation’ by Jameson (1985), ‘encroachment of bright regions into dark ones’ and
‘corner effect’ in Westheimer (2007), ‘diagonal grouping’ along checkerboard tiles connecting
brightness assimilation to the contrast by (Ghilchrist et al. , 1999), ‘diagonal components’ by Ninio
and Pinna (2006) which claim to be the missing clue for the explanation of tilt illusions. Thus there
may be interacting or related mechanisms affecting these two supposedly distinct illusion categories.

2.4.1 Brightness/Lightness Illusions
Usually in the vision literature, ‘brightness’ is defined as subjective luminance or subjective
intensity of light (Logvinenko and Kane, 2004). There is every indication that brightness is
determined at the earliest stages of our visual system (Whittle, 2013, 2013 ). Therefore, brightness
is regarded as luminance transformed by preprocessing. This filtered pre-processor output in the
retina, which encodes the brightness profile, is sent to the higher processing levels in the brain (LGN
and the cortex) for further processing. The ‘lightness’ is believed to derive from preprocessor output
rather than from luminance (Gilchrist, 1994; Ghilchrist et al. , 1999; Logvinenko and Kane, 2004).
There is almost no significant difference between the preprocessor output and the luminance spatial
distribution. On rare occasions due to their significant difference, Brightness Illusions such as Mach

Bands, Hermann Grid, Grating Induction, and the like happen. It is common in brightness perception

to distinguish these two types of illusory brightness/lightness patterns. In this context, Logvinenko
and Kane (2004) state that every Brightness Illusion results in a lightness illusion but the inverse is
not true. (For instance Logvinenko’s Wall of Block, is a Lightness Illusion not Brightness Illusion,

which is explained more in Section 2.4.1.2 (p.51), as Helmholtz’s type of Brightness/Lightness

Illusions. So “lightness” is the perceived reflectance of a surface, which depends greatly on the

surrounding context (Zeman, Brooks and Ghebreab, 2015); see (Kingdom, 2011) for a recent review
demonstrating lightness illusions.
The Brightness phenomenon is also divided into two main subclasses of ‘contrast’ and
‘assimilation’. Let explain each phenomenon by an example. Simultaneous Brightness Contrast (SBC)
is a Brightness Illusion, in which a grey test patch is perceived as lighter when surrounded by a

darker luminance (or black) background and brighter when surrounded by a lighter luminance (or
white) background (Chevreul, 1839). This illusion may be referred to as Simultaneous Contrast
Illusion (SCI) in some literature e.g. (Zeman, Brooks and Ghebreab, 2015). The SBC demonstrates a
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brightness contrast phenomenon, where lightness shifts away from surrounding luminance values
(luminance is the amount of light which reaches the eye). In other circumstances, lightness can shift
toward the luminance values of bordering areas resulting in a phenomenon known as brightness
assimilation. This phenomenon is effectively demonstrated by White’s effect illusion (Kingdom and

Molden, 1992; White, 1979; Spehar, Gilchrist and Arend, 1995; Zeman, Brooks and Ghebreab,
2015).

2.4.1.1 Simple Brightness Illusions
Many Brightness Illusions contain regions of equal luminance which appear to be of vividly
different brightness. Sometimes lines or bands appear where none are physically presented in the
stimulus. We further explore the brightness induction in these illusions and the details of the pattern
characteristics of a few samples of these types of illusions in this section.

Figure 2.4 “Schematic illustration of four spatial illusions: Mach Bands, Chevreul staircase, Craik-O'Brien--Cornsweet,
and Simultaneous Brightness Contrast. (a) Luminance modulation function (luminance as a function of space) for a
classical Mach band stimulus. (b) The perceived brightness of (a). The relative minimum at the bottom and the relative
maximum at the top are, respectively, the illusory dark and light Mach bands. (c) Chevreul staircase modulator. (d) An
illusory valley is perceived at the foot of each step and an illusory peak at the tip of the step. (e) Luminance modulation
function of a Craik-O'Brien--Cornsweet stimulus. (f) The illusion is the decrease in apparent brightness of the entire central
region. (g) Luminance modulation function for the Simultaneous Brightness Contrast illusion. (h) The illusion is a decrease
in apparent brightness of the entire central area”. (Modified from Lu and Sperling, 1996: Figure 1) © Elsevier Ltd. Used with
permission.

Mach Bands occur at the edges of ramp modulations of luminance (Lu and Sperling, 1996). When

two uniform regions of constant luminance are joined by a linear luminance ramp, illusory bands are
perceived at the junctions. There is an induced dark band at the bottom of the ramp, and a bright

band near the top of the ramp (Figure 2.4a and b). Ernst Mach in the 19th century (1959) reported
this illusion which motivated many researchers (Ratliff, 1965; Pessoa, 1996; Lu and Sperling, 1996;
Otazu, Vanrell and Alejandro Parraga, 2008). Chevreul illusions (Chevreul, 1890; von Bekesy, 1968;

Ross, Holt, and Johnstone, 1981; Keil, 2006; Morrone and Burr, 1988; Morrone et al., 1994; McArthur

and Moulden, 1999; (Otazu, Vanrell and Alejandro Parraga, 2008) can be demonstrated with a

luminance staircase of uniform bands (stripes) that increases from step to step (Figure 2.4c and d).
The Staircase profile is perceived as a “sawtooth” (Otazu, Vanrell and Alejandro Parraga, 2008),
named also as ‘scalloping’ in some literature (Peromma and Laurinen, 2004), in which adjacent
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homogeneous grey bands of different luminance are perceived as inhomogeneous. In the circular
version of the Craik-O'Brien- Cornsweet (COC) illusion (Craik, 1940; O'Brien, 1958; Cornsweet, 1970;

(Lu and Sperling, 1996) Kurki, Peromaa, et al., 2009), a thin luminance gradient ring and white ring
imposed on a uniform surface change the (apparent) brightness of the entire circumscribed area
(Figure 2.4e and f). The luminance gradient at the border induces the illusion of a uniform bright
surface without the existence of any physical luminance difference at the center of the pattern. These
illusions exemplify how the spatial distribution of perceived brightness differs from the physical

distribution of luminance.
It is common in perception text books to describe the Chevreul illusion as essentially the same

as Mach Bands (e.g. Goldstein, 1989) and even in some research papers (e.g. Hurvich, 1981: p.164;
Ghosh, 2006: p.90). While the two illusions are superficially similar, it is important to distinguish
between them. This distinction is due to the following evidence: It has been shown that luminance

steps do not produce Mach Bands under most conditions and Chevreul is a Brightness Illusion of

uniform luminance steps. Dark adaptation does not affect the Chevreul illusion but it affects Mach

Bands and the illusion persist in both low and high spatial frequency in the Chevreul illusion (Pessoa,

1996). It was also noted that the Chevreul illusion should have at least three panels/two steps
(Bekesy, 1968b). Ross, et al. (1981) suggest that different physiological mechanisms may underly
the perception of these two illusions (Mach Bands and Chevreul).

A well-known example of brightness induction is the grating induction effect (McCourt, 1982)

demonstrated in the GI (Grating Induction) illusion. The thin horizontal test patch has constant

luminance, but it is perceived as a counterphase grating (sinusoidal) with the upper and lower
sinusoidal extending the uniform test patch. Some researchers claimed that GI is similar to the
simultaneous brightness contrast (SBC) since the horizontal grey test patch is orthogonal to the grating

(e.g. Blakeslee and McCourt, 1997; (Otazu, Vanrell and Alejandro Parraga, 2008). The perceived

contrast of the induced grating decreases with increasing the width of test field, but also decreases
with increasing the spatial frequency (s.f.) of the inducing grating (Foley and McCourt, 1985).
Blakeslee and McCourt (1997) demonstrated that the induced grating is still observable in test fields
as large as 6°.
Since Helmholtz’s, (1862) and Herring’s (1864) time, it has been well known that the brightness

of a surface is determined not only by its luminance but also by the luminance of its surrounding
elements. White (1979) has described a phenomenon named “White’s effect”, in which grey test

patches (bars) of the same luminance replacing segments of the white phase of a square-wave
grating appear darker than identical grey test patches (bars) replacing segments of the black phase

of the grating. Moulden and Kingdom (1989) investigated the effects of heights and widths of both
the flank and coaxial bars on White’s effect (noted in Moulden and Kingdom, 1989) as shown in

Figure 2.5a.

“White’s effect has received much attention because, unlike SBC for example, it cannot be

explained on the basis of non-oriented filter models or edge-dependent models like those discussed
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earlier (for a review see Kingdom and Moulden, 1988).” (Blakeslee and McCourt, 2004: p. 2484)

Figure 2.5 “(a) Example of the influence of surround spatial frequency. Grey patches have different brightness
because of their different local spatial information content. Both grey patches and vertical stripes have the same width (i.e.
horizontal size or spatial scale) and this produces a strong induction effect. (b) When the widths of the grey patches are
different to that of the black and white stripes, the brightness induction effect is largely reduced” (modified from Otazu,
Vanrell et al., 2007: Fig 2). (c) Repeated grey version. (Modified from Blakeslee, Pasieka and McCourt, 2004: Fig 1)
© Elsevier Ltd. Used with permission.

White’s effect (WE) depends on the phase of the grating that the test patches (bars) are replaced

with (Moulden and Kingdom, 1989). There is still some controversy about the type of this effect as

noted by Moulden and Kingdom (1989): “What is particularly interesting about White’s effect is that

it does not readily fall into either the ‘simultaneous contrast’ or the ‘assimilation’ camp” (p. 1245). In
this illusion, “the brightness shift is independent of the aspect ratio of the test patch (i.e. it does not

depend on the amount of white or black border near or in contact with the test patch). What makes
this effect even more interesting is that the contrast between the grey patch and its borders (or
surrounding area) seems to be less important than the contrast with the bar upon which it is situated.”
(Otazu, Vanrell and Alejandro Parraga, 2008).

Figure 2.6 “In this series of images, the surround contrast of the two vertical grey lines is increased downwards in
four steps. The left grey line is in contact with black stripes, and the right grey line is in contact with white stripes. As the
line extends downwards (and surround contrast increases) brightness induction increases, i.e. the left grey line becomes
darker and the right grey line becomes brighter”. (Reproduced from Otazu, Vanrell et al., 2007: Fig 4) © Elsevier Ltd. Used
with permission.

It is shown that when the width of grey test patches are different from the black and white bars
of the square grating, the brightness induction effect is largely reduced, as demonstrated in Figure
2.5b. It is also mentioned by Moulden and Kingdom (1989) that “causal inspection suggests that the
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Figure 2.7 “The majority of images exhibit assimilation effects, with contrast effects demonstrated by figures n, o, p,
q, w, and x. In some cases, target patches have equal bordering white and black areas, making it difficult to establish
whether a lightness effect should be defined as a contrast or assimilation effect (as in stimulus s). Stimuli y and z
demonstrate opposing illusion directions for patches with identical bordering surrounds, presenting both contrast and
assimilation effects simultaneously” (Zeman, Brooks et al., 2015,p.4)”. (Reproduced from Robinson, et al., 2007: Fig 1)
© Elsevier Ltd. Used with permission.
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Table 2.3 The source and original references of the illusion patterns in Figure 2.7 (brightness illusion table,
reproduced from Robinson et al., 2007: Table 1). © Elsevier Ltd. Used with permission.

effect is stronger in its repeated grey bar version than in the single grey patch version”. This is
demonstrated in Figure 2.5c. Also the surround contrast of square grating has a high effect on the
strength of White’s effect (WE). It has shown that as the surround contrast increases, the brightness
induction increases (Otazu, Vanrell and Alejandro Parraga, 2008). This is demonstrated in Figure
2.6.

Figure 2.7 shows many variations of White’s effect (WE) as well as other ‘Brightness/Lightness’

Illusions from Robinson, et al. (2007), where identical grey test patches appear darker or lighter in
respect to their immediate surrounds. The majority of illusions here exhibit the assimilation effect,

while stimuli n, o, p, q, w, and x show a contrast effect. In some cases, target patches have equal
borders with white and black areas, making it difficult to distinguish whether stimulus is a contrast or
assimilation effect (as in stimulus s). Both contrast and assimilation effects are presented

simultaneously in stimuli y and z, demonstrating opposing illusion directions for test patches with
identical bordering surrounds. Todorovic variations on simultaneous brightness contrast (SBC) have

been shown in Figure 2.7 from (q–t) with both contrast and assimilation effects. Blakeslee and
McCourt (1999) report that the right test patch appears lighter for all configurations except in (q),
whereas the left patch appears lighter. This report however does not agree with previous reports
such as (Pessoa, Baratoff, Neumann et al., 1998). Brightness models such as Ghosh, Sarkar and
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Bhaumik (2006) can correctly predict the brightness in these variations. For further exploration on
this variation, check (Blakeslee and McCourt, 1999; Ghosh, Sarkar and Bhaumik, 2006; Robinson,
Hammon and de Sa, 2007). In addition, several versions of the Checkerboard illusion have been

shown in the Figure 2.7u–w.

The stimuli in Figure 2.7 have been used as reference stimuli for some later studies such as in
Zeman, Brooks and Ghebreab (2015). The name of the illusons and their source/original references
are provided in Table 2.3. (From Robinson, et al., 2007).

For more information on

Brightness/Lightness illusions, please refer to (Blakeslee and McCourt, 2015; Kingdom, 2011;
Robinson, Hammon and de Sa, 2007; Ghosh, Sarkar and Bhaumik, 2006; Zeman, Brooks and
Ghebreab, 2015).

2.4.1.2 Complex Brightness/Lightness/Transparency Illusions
A framework for lightness and brightness research with an attempt to resolve confusions and
paradoxes in the literature is provided by Arend and Spehar (1993b, 1993a) and Blakeslee et al.
(Blakeslee and McCourt, 2015; Blakeslee, Reetz and McCourt, 2008). These studies demonstrated
that “under stimulus conditions containing a visible illumination component, such as a shadow
boundary, observers can distinguish and match three independent dimensions of ‘achromatic
experience’: apparent intensity (brightness), apparent local intensity ratio (brightness-contrast), and
apparent reflectance (lightness). In the absence of a visible illumination boundary, however,
achromatic vision reduces to two dimensions and, depending on stimulus conditions and observer
instructions, judgments of lightness are identical to judgments of brightness or brightness-contrast.”
(Blakeslee and McCourt, 2015: p.10).

Figure 2.8 “Distinction between lightness and brightness. Patch c is both lighter and brighter than b. Lightness refers
to the apparent reflectance of a perceived surface; brightness refers to the apparent luminance of a patch in an image”.
(Adelson, 1993: Fig 1) © Used with permission from the author.

Adelson (1993) argued about how geometry and surface curvature leads to a 3D interpretation
affecting the apparent reflectance (lightness). This is demonstrated in Figure 2.8 “The geometry
leads to a 3-D interpretation that causes patch b to match patch a in apparent reflectance (lightness),
but not to match patch c, which has the same luminance as patch a. Lightness can also be affected
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by the perception of surface curvature (Knill and Kersten, 1991).
More examples of Brightness/Lightness Illusions have been shown in the illusion table, Figure
2.1-Row8, such as Crisscross and Snake. We will come back later to the more complex
Brightness/Lightness Illusions in Section 2.5.1.2 (p.79).

2.4.2 Geometrical/Tilt Illusions
These types of illusions have been observed since Helmholtz’s time and are still under study,
which arise from our visual processing and the biases involved in specifying the objects geometry
and their features from the retinal image. Although we tend to generate a three-dimensional view of
the world, by factorizing the depth from this 3D representation, a simple two-dimensional geometric
representation remains which is an important factor for quick visual information processing. The most
important elements in the geometry are the position of points, length, orientation and curvature of
lines and the like. In the geometrical illusions, these characteristics of pattern features are
encountered with some distortions resulting in the illusory tilt effect.
In the Geometrical or Tilt Illusions given in Section 2.4.2 (p.52), the tilt effects are categorized
into the divisions of angle-direction, straightness-curvature, length-distance and size illusions (Figure
2.1- Rows 3, 5 and 6). These patterns have been addressed by many researchers in the field of
vision during the history of illusion studies such as (Ninio and Pinna, 2006; Ninio, 2014; Changizi,
Hsieh, Nijhawan et al., 2008; Prinzmetal, Shimamura and Mikolinski, 2001; Zarandy, Orzo, Grawes
et al., 1999; Bulatov, Bertulis and Mickiene, 1997; Pierce, 1898; Westheimer, 2008; Yazdanbakhsh
and Gori, 2011; Ehm and Wackermann, 2012; Moulden and Renshaw, 1979; Kitaoka, Pinna and
Brelstaff, 2001; Morgan, 1999). However more complex variations of tilt patterns that contain both
the inducing effects from brightness/lightness encoding of the pattern as well as the geometrical
clues, such as variations of Tile Illusions in Figure 2.1-Row 4, have not been investigated as
frequently as the usual Line-based tilt patterns. This might be due to the fact that they have been
generated recently (such as Spirals and Tile Illusions in Kitaoka et al. (2001); Fermüller, Ji and

Kitaoka (2010); Kitaoka, Pinna and Brelstaff (2004), or simply being more complex versions of
patterns given in Row 3, such as the Spiral Café Wall or Fraser illusions, although a few explanation

models are proposed for them (such as Fermüller and Malm, 2004; Kitaoka, 1998a; Todorović, 2014;
Todorovic, 2017; Guidi, Parlangeli, Bettella et al., 2011; Parlangeli and Roncato, 2006, 2008).

The patterns explored in this study are mainly ‘second-order’ Tilt Illusions (Tile Illusions, noted in
Nematzadeh et al. 2015, 2017) involving the enhancement of contrast between textural elements of
a background such as a checkerboard, for example, the Café Wall and the Bulging checkerboard
illusions. In the Café Wall illusion, the illusory tilt percept is the result of mortar lines between shifted

rows of black and white tiles. The mortar lines have an intermediate brightness between the

brightness of tiles, giving rise to the appearance of mortar lines as divergent and convergent instead
of parallel lines. On the other hand, in the Bulge patterns, superimposed dots on top of a simple

checkerboard, give rise to the impression of a bulge or- tilt. This is highly affected by the precise
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position of dots. The illusory perception of these patterns is connected to the figure and ground
perception, and in particular, in the Bulge patterns, grouping of dots together creates an illusory figure
shape, on top of a textured background (here a checkerboard, can be also a grid). This produces
apparent border shifts of the checkerboard edges and increases or reduces the impression of the
bulges or bows in these patterns.
Based on current biological insights, it is now clear that the retinal output is a stack of multiscale
outputs and modelling this multilayer representation has a significant power in revealing the
underlying structure of the perception. Computer Vision (CV) models, for example (Burt and Adelson,
1983; Mallat, 1996; Lowe, 1999; Lindeberg, 2011; Jacques, Duval, Chaux et al., 2011) reveal
features such as edges, shades, some textures and even some preliminary cues about the depth
information which lead to more sophisticated neuro-computational eye models such as (Lourens,
1995; Romeny, 2003; Lindeberg, 2011, 2013; Lindeberg and Florack, 1994).

2.4.2.1 Line-based Illusions
In Row 5 of the illusion table (Figure 2.1), we have presented a few examples of Line-based
Illusions. These illusions include simple line sketches on a uniform background such as the Herring
and Wundt illusions. In these illusions Small parallel line segments (inducing horizontal/vertical lines)

on parallel lines in the Zollner illusion result in perceiving these lines as being convergent or

divergent. In Wundt and Herring we encounter lines bending inwards or outwards based on the

pattern of intersecting lines. The illusory perception of the disposition of continuous lines or the
collinearity of them when they are occluded by a thick bar in the Poggendorff illusion is another

example of this class. We have shown some of this family in Figure 2.1-Row 6 like the Muller-Lyer
and Ponzo illusions with size misperception as well as a few samples in Figure 2.2 such as the

Orbison and Ehrenshtine illusions. The Zöllner illusion is commonly believed to be in the same family

of Tilt Illusions, such as the Herring, Wundt and Mueller-Lyer illusions. Although some researchers

categorise this illusion in the Café Wall family (McCourt, 1983; Westheimer, 2007) and we agree more

with this classification (in Tile illusions instead of Line-based tilt illusions). The explanations of these
illusions have been provided in Section 2.5.2.1 (p.108).

2.4.2.2 Tile Illusions
Throughout the history of Geometrical Illusions, a variety of low-level to high-level explanations
have been proposed covering many Tilt Illusion patterns as reflected in the recent overview by Ninio
(2014). However, there has been little systematic explanation of model predictions of both illusion
magnitude and local tilt direction of tilt patterns that reflect subjective reports from the patterns,
especially on the chosen Tile Illusions as the focus of this study (Figure 1.3-Rows 3 and 4). Although
Ninio investigated many Tilt Illusion patterns and proposed generalized principles such as
‘Orthogonal Expansion’ and ‘Convexity Rule’ to explain the variety of Line-based Tilt Illusions and
size-related illusions, he noted that these explanations cannot address the family of Twisted Cord
(Fraser, 1908) and Tile Illusions, even though some of these principles might be part of the
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explanations.
Therefore, there is an explanatory gap for the Tile Illusions, which is not completely accounted
for by the existing theories e.g. (Ninio, 2014; Changizi, Hsieh, Nijhawan et al., 2008). Many of these
patterns might generally be considered as high-level illusions relying on later cortical processing for
their explanation such as Complex Bulge patterns. In the Tile Illusions, the Café Wall illusion (McCourt,

1983; Gregory and Heard, 1979; Moulden and Renshaw, 1979; Morgan and Moulden, 1986; Lulich

and Stevens, 1989; Earle and Maskell, 1993; Westheimer, 2007; Tani, Maruya and Sato, 2006) is
the main pattern, which has been investigated broadly. We have shown that a simple model of
multiscale retinal/cortical processing in the early stages of vision, is able to highlight the emergence
of tilt in these patterns in (Nematzadeh and Powers, 2016b, 2016c; Nematzadeh, Powers and Lewis,
2016) for the Café Wall specifically, extended to more complex Bulge patterns in (Nematzadeh,
Powers and Lewis, 2017).

Figure 2.9 Sample Tile illusions from Left to Right: Spiral Café Wall (Kitaoka, 2007), Complex Bulge patterm (Kitaoka,
1998b), and Trampoline (Kitaoka, 2000). High resolusion patterns are downloadable from A Bulge:
http://www.psy.ritsumei.ac.jp/~akitaoka/Bulge02L.jpg and Trampoline: http://www.psy.ritsumei.ac.jp/~akitaoka/trampolineL.jpg
© With permission from the designer

2.4.3 Connection between Tilt and Brightness/Lightness Illusions
Patterns such as Complex Bulge patterns either in grid or checkerboard form (patterns such as

Spring and Sound Wave in Figure 2.1-Row4) seem to have more than one type of tilt inducing cues

involving angle-direction, straightness-curvature, as well as brightness assimilation and contrast

effects resulting in some border shifts (Pierce, 1901) along with corner effects (Westheimer, 2007).

(As explained before, these patterns may be referred to as second-order tilt illusions in some studies
Nematzadeh et al., (2015; 2017; 2017). Figure 2.9 shows a few examples of Tile Illusions namely
the Spiral Café Wall (Kitaoka, 2007), the Complex Bulge pattern, and the Trampoline (Kitaoka, 2000).

In this research, the goal was to find out more about the low-level encoding of the visual information
(Specifically the Tile illusions) by the simple cells, and analyse this low-level representation for any
available tilt cues.
Recent physiological findings on retinal ganglion cells (RGCs) have dramatically extended our
understanding of retinal processing. Previously, it was believed that retinal lateral inhibition could not
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be the cause of the Café Wall illusion because the tilt is highly directional and the explanation should

consider both orientation selectivity as well as the spatial frequency of the pattern. Neurocomputational implementations of eye models (Romeny, 2003; Lindeberg, 2013; Lindeberg and
Florack, 1994) have been proposed based on biological findings involving the size variation of RGCs
due to the eccentricity and varying dendritic field size (Shapley and Perry, 1986). These are the basis
of our understanding of multiple scale and multiscale visual encoding and decoding by the
retinal/cortical cells.
Field and Chichilnisky (2007) published a detailed study about circuitry and coding of the
information processing inside the retina, by mentioning the existence of at least 17 distinct retinal
ganglion cell types and their specific role in visual information encoding. Some RGCs have been
found to have orientation selectivity similar to the cortical cells (Barlow and Hill, 1963; Weng, Sun
and He, 2005). There is also evidence that the other types of retinal cells such as horizontals and
amacrine cells have elongated surrounds beyond the CRF size. These indications lead to the
orientation selectivity modeling of the eye, which is referred to as the retinal non-CRFs (nCRFs)
implementation (Carandini, 2004; Cavanaugh, Bair and Movshon, 2002; Wei, Zuo and Lang, 2011).
Biological evidence also has shown much more complex forms of lateral inhibition effects of the
retinal cells at different retinal layers (Huang and Protti, 2016), and that the output of retinal ganglion
cells is possibly the result of integrating responses of individual cells in the retinal encoded
information(Barlow, Derrington, Harris et al., 1977; Frishman and Linsenmeier, 1982; Roska and
Werblin, 2003). All these make the retinal image a fascinating visual encoded data which is sent to
the cortex for further processing.

2.4.4 The focus of our investigations
The patterns investigated have some similarities to Brightness/Lightness Illusions such as
Irradiation (von Helmholtz, 1911; Westheimer, 2007), Simultaneous Brightness Contrast (SBC)
(Penacchio, Otazu and Dempere-Marco, 2013; Shapiro and Lu, 2011; Ghosh, Sarkar and Bhaumik,

2006), and White’s effect (Penacchio, Otazu and Dempere-Marco, 2013; White, 1979; Ghosh, Sarkar
and Bhaumik, 2006; Blakeslee and McCourt, 2004; Moulden and Kingdom, 1989; Robinson,

Hammon and de Sa, 2007; Yu, Yamauchi and Choe, 2004), but the difference between the
explanations of these two subclasses of illusion is that for Tilt Illusions we seek to predict the tilt, not

changes in brightness/lightness profile. The patterns under investigation seem to have mid- to highlevel perceptual explanations, and we will show in the next few chapters the results of our
investigations into these illusions, based on modelling simple cells responses to these stimuli that
highlights the illusory tilt cues in them.

2.5 Explanations for Geometrical and Brightness/Lightness Illusions
To be able to differentiate between competing explanations for Geometrical Illusions consider
the existing techniques for explaining the simultaneous Brightness/Lightness Illusions such as
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variations of White’s effect (Blakeslee and McCourt, 1999; White, 1979; Howe, 2001). When

investigating Brightness/Lightness Illusions, high-level explanatory models are sometimes seen as
the result of lightness shift of the same luminance (thus brightness), which decodes as different

lightness for example, in (Wallach, 1963). High-level explanations need higher cortical processing of
visual clues such as lightness/transparency as well as past experiences and inferences (Adelson,
2000; Logvinenko and Kane, 2004; Logvinenko, 2002). At the same time, to address their final
percept, they might involve ideas of interpolation (1D) or Filling-in (2D) (Grossberg and Todorovic,
1988; Ross, 2000) as well. More recently, the Anchoring Theory of Gilchrist (1999) is based on
‘grouping factors’ that signal depth information, without any consideration of the spatial frequency of
the pattern. Further explanations for these illusions rely on Junction Analysis such as T-junctions
(Todorović, 1997) and Scission Theory (Anderson, 1997; Anderson and Winawer, 2005) which
triggers the parsing of targets into multiple layers of reflectance, transparency and illumination in
which erroneous decomposition leads to Brightness/Lightness Illusions.
Modern low-level Theories on Brightness/Lightness Illusions, for example, Kingdom and Molden
(1992) and Blakeslee and McCourt (2003) suggest that a set of spatial frequency filters at early
stages of visual processing, mainly preprocessing in the retina are responsible for some
Brightness/Lightness Illusions. Recent investigations on a diverse range of Lightness/Brightness/
Transparency (LBT) Illusions by Kingdom (2011) have shown different origins for some of these
effects due to whether illusion arises from encoding of brightness or the lightness of the pattern. He
concluded that the most promising developments in LBT is a model of brightness coding based on
Multiscale Filtering such as the Blakeslee and McCourt (1999) ODOG model, in conjunction with
Contrast Normalization.
The existing explanatory models for geometrical illusions are classified into three main classes
of Lateral Inhibition, Sub-symbolic, and Luneberg’s models (Chao, Kishigami, Minowa et al., 1992).
The idea of the lateral inhibition effect between neighbouring retinal cells was first proposed by Ratliff
and Hartline (1959), used for explaining geometrical illusions (Ratliff, 1965). This theory was then
extended to the theory of displacement of peak values in the activity of the mutual inhibitory effect of
the retinal cells, proposed by (Ganz, 1966; Howard, 1971; Fujii and Morita, 1968), who considered
this as the main reason for generating Geometrical Illusions.
The orientation tuning cells in the cortex are commonly believed to be the neural substrates for
tilt illusions of the type angle-direction such as the Muller-Lyer, Herring, and Wundt illusions (Ninio,

2014; Changizi, Hsieh, Nijhawan et al., 2008; Zöllner, 1862; Hering, 1861; Wundt, 1898; Orbison,
1939; Zöllner, 1860; Prinzmetal and Beck, 2001; Müller-Lyer, 1889). Similar assumptions for sizedetectors can also explain the concentric circle illusion such as the Spiral Café Wall and Fraser
illusions (Figure 2.1-Row4).

Luneburg’s theory and the Helmholtz Horopter on the other hand have been hypothesized to

relate to constant curvature of visual space in the form of hyperbolic Riemannian space Chao et al.
(1992) and is claimed to be a very successful model for classical illusions. Chao et al. (1992)
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proposed a model of this type claiming that: constant curvature in visual space is not sufficient and
non-uniform bending of Geometrical Illusions in visual space is responsible for the effect whose
Riemannian metric tensor of the bending is determined by the excitatory state of the lateral inhibitory
neural network. He proposed an artificial neural network for easy implementation.
In the search for potential underlying neural circuitry concerning Mach Bands, Pessoa, Mingolla

and Neumann (1995) investigated and reviewed the main experimental findings and recent theories

of early vision (after 1965) attempting to account for the effect. Based on his review, he states that
recent brightness induction theories share working principles and can be categorized into three main
classes of Feature-based, Rule-based, and Filling-in.
Feature-based Theories (Marr and Hildreth, 1980; Tolhurst, 1972; Morrone and Burr, 1988;
Fiorentini, Baumgartner, Magnussen et al., 1990; du Buff, 1994) assume that the basic primitives of
early vision are edges and lines. These features are detected based on a set of operators (receptive
fields) as noted in Otazu, Vanrell et al. (2008). In brightness perception, these models utilize
Multiscale approaches for modelling low-level vision.
These primitive features may also be employed by Rule-based Theories (Kingdom and Molden,
1992; Watt and Morgan, 1985) but at this stage of brightness description, there is a fixed set of rules
interpreting what the convolution response should be mapped to. Rule-based models have a
common framework originally proposed by Marr (1982). For instance Watt and Morgan (1985) in
MIRAGE proposed filtering the stimuli at various spatial scales in order to generate a list of
‘primitives’ and to distinguish between lines and edges with a set of rules. MIDAAS was a more
sophisticated model of this type, proposed by Kingdom and Molden (1992), in which light adaptation,
spatial scale filtering, thresholding and symbolic descriptions at each spatial scale took place before
applying a set of rules. The outputs are then combined across scales for the final output.
Spatial-filtering feature models have failed to provide a plausible account of brightness errors.
There is no evidence at the early stages of visual processing for classifying image discontinuities
into edges and bars that is the unifying theme of these models, see literature review of (Huang,
Kingdom and Hess, 2006; Kingdom, 2011). Although Burr, Morrone and Spinelli (1989) found some
evidence for dedicated edge and bar detectors in human vision, others instead proposed that these
detectors only exist for coding increments and decrements (Huang, Kingdom and Hess, 2006) Also
for two-dimensional images, the computational complexity for integration of edge signals across
space to generate the internal image in both Feature-based models as with Edge-integration models
are very expensive and probably physiologically implausible.
The Local Energy model has its own limitations in modelling of brightness perception. For
instance it has a featureless prediction for a sinusoidal grating, since (sin2 + cos2) = 1 everywhere in
the stimulus (Georgeson, 1994; Hesse and Georgeson, 2005; Kingdom and Molden, 1992).
Filling-in theories (Pessoa, Mingolla and Neumann, 1995; Grossberg, 1994; Grossberg and
Todorovic, 1988; Grossberg and Wyse, 1991) proposed in an attempt to build a spatial
representation that preserves the geometrical representation of the percept. These theories propose
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that “the spreading of neural activity within filling-in compartments produces a response profile that
spatially resembles the percept” (Pessoa, 1996: p.3224), using a contrast-driven and/or a luminancedriven representation. “The first representation is then filtered to produce boundaries. The filtering
overshoots and undershoots trapped by these boundaries are filled-in before the contrast and
luminance signals are recombined to provide the model’s output, which is meant to resemble the
spatial distribution of the percept. These models can address several brightness induction effects
such as Mach Bands and Chevreul illusions with varying degrees of accuracy” (Otazu and Vanrell et

al., 2008: p. 735).

For modelling brightness phenomenon, another class named the spatial-filtering model provides

its superiority against spatial-filtering feature models being physiologically plausible with
implementation having low complexity (in two dimensions) which accounts for a wider range of
Brightness/Lightness phenomena (Kingdom, 2011). A successful explanation of this class is the
ODOG (Oriented Difference-of-Gaussian) model of Blakeslee, McCourt and colleagues (Blakeslee
and McCourt, 1999, 2001, 2003, 2004; Blakeslee, Pasieka and McCourt, 2005). Other models from
this family are proposed with a different model implementation such as Dakin and Bex (2003) which
applied to the well-known Craik–Cornsweet–O’Brien (COC) illusion.

2.5.1 Brightness/Lightness Illusions

As previously explained in visual perception, ‘brightness’ “depends not only on the light reaching
the retina from the visual target but also on the spatial distribution of light on its surroundings” (Otazu
and Vanrell et al., 2008: p. 733). ‘Brightness induction’ refers to the change of apparent brightness
due to the surrounding light and is classified based on the perceptual direction of the (brightness)
changes. ‘Brightness contrast’ (Heinemann, 1955) shows a phenomenon when brightness of target
goes away from the surrounding brightness, and ‘brightness assimilation’ (Helson, 1963) occurs
when the change goes towards the surrounding brightness.
Jameson and Hurvich (1975) proposed a neural mechanism, suggesting that encoding of
lightness is based on the mechanism pooling its input from a larger area in the visual field rather
than a fine detailed description, thus we have the tendency to average out the differences in lightness
within a pattern (as noted in Blakeslee and McCourt, 2004). We now move to a pattern specific
explanation for a wide range of Brightness/Lightness Illusions in the next two subsections.

2.5.1.1 Simple Brightness Illusions
a. From Mach Bands to Grating Induction
Mach Bands - As described in the previous Section (2.4.1; p.45) Mach Bands (Mach, 1865) are

brightness maxima and minima perceived at the boundaries (beginning and end) of a luminance

gradient (ramp) between two uniform brightness regions with slightly different shades of grey. The
Mach Bands effect arises from the exaggerating of the differences in the neighbouring areas which

are uniform and have slightly different shades of grey along their boundaries, and it therefore
enhances the edge-detection processing in human visual system. It has been shown that the effect
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is independent of the boundary orientation. Although Mach Bands were qualitatively described by

Mach in 1865, quantitative measurement was only reported 90 years later (Fiorentini, 1957).

Some illusions such as Mach Bands provide a very rich paradigm to probe early vision

mechanisms. Mach Bands are used in order to investigate more on “a) the role of contours in

perception, b) the nature of lateral inhibition in the visual system, c) the importance of phase
information, d) brightness perception, e) the perception of lines and edges, f) receptive field structure
and g) linearity in the visual system among other topics” (Pessoa, 1996: p.3205).
To explain this effect, Mach (1865) proposed that those light and dark bands are produced by a
retinal mechanism of distance-dependent lateral interaction of excitation and surround inhibition of
receptive fields.
Hartline (1940) was a pioneer in describing the center-surround receptive fields of optic nerve
fibres. Ratliff and Hartline (1959) investigated the neural responses of the Limulus eye to Mach Bands

stimuli (both step and ramp transitions). The responses of ON- center OFF-surround retinal ganglion
cells of the cat were recorded later (Enroth-Cugell and Robson, 1966). They observed that the neural
response contains activity of undershoots and overshoots at the inflection points where the ramp
meets plateaus (Ratliff and Hartline, 1959). Ratliff (1965) provides a superb literature review on Mach
Bands (1965-1972) including six original papers of Mach. His colleagues studied the influence of

slope of gradient (luminance ramp) between uniform fields on the appearance of the bands.
Quantitative measurement of either the apparent brightness or the width of the bands or both have

been gathered in these studies. They found that when the gradient becomes a luminance step, both
light and dark bands disappear (Ratliff, 1965: p.66), and that Mach Bands do not occur when the

slope of luminance ramp is very small or very large. It has been stated that “increasing the slope of
the gradient produces brighter and thinner light bands and darker and more distinct dark bands”

(Pessoa, 1996: p.3206). Ratliff and colleagues (Ratliff, Milkman and Kaufman, 1979; Ratliff, Milkman
and Rennert, 1983) then investigated the effect of adjacent stimuli on Mach Bands. They found that

the main features of the interfering stimuli are proximity, contrast and sharpness and that bars with
sufficient contrast and close enough to the inflection point of the ramp luminance destroyed the
adjacent Mach Bands.

Although the idea of explaining brightness errors in terms of the responses of spatial bandpass

filters has its roots in Hering (1874/1964), it should be noted that it was the theory of the primal
sketch of Marr’s (1982) that gave Hering’s idea one of its most modern expressions (Kingdom, 2011).
This symbolic description of ‘edges’ and ‘bars’ as primitive features of image is then used to construct
an internal image. This contains the integration of the edge signals, combined with the bar signals,
to find brightness errors in the internal image. Examples of these models are MIRAGE (Watt and
Morgan, 1985), the Local Energy Model (Morrone and Burr, 1988) and MIDAAS (Kingdom and
Molden, 1992).
Watt and Morgan (1985) and Watt (1990) show that illusory brightness phenomena in Mach

Bands of the illusory bars at the ‘foot’ and ‘knee’ of a trapezoid – as well as the Chevreul illusion, in
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which a luminance staircase appears as a triangular wave in brightness, can be predicted by the
MIRAGE model.
MIDAAS (Kingdom and Molden, 1992) is another Rule-based model but the rules are applied to
the individual filter rather than combined filter responses (in MIRAGE). Then the symbolic edge-bar
descriptions are averaged across the different filter scales. The model is used to explain Mach Bands.

Ross, Morrone and Burr (1989) investigated the dependencies of low-pass filtering on contrast

to define the threshold for seeing the Mach Bands. They used Gaussians of variable frequency as

the low-pass filters and showed that as cut-off frequency of the Gaussian filter increases, less
blurring occurs because of the sharper inflection points. This increases the eye sensitivity for seeing

Mach Bands. In regards to the illusion strength it has been noted that “Mach Bands are more
pronounced for luminance ramps of intermediate width, being weaker or none-existent for a
luminance-step” (Pessoa, 1996: p.3212).

Second-order Mach Bands were generated by Lu and Sperling (1996), with a ramp modulation of

contrast stimuli (and maintaining contrast mean luminance). In second-order Mach Bands “spatial

variation of luminance is replaced with special variation in contrast” (Pessoa, 1996: p.3211).

In respect to whether the illusion is retinal or cortical in origin, it is widely accepted that the illusion

arises from low-level visual processing of edges. The basic primitives of early vision as edges and
lines dates back to Marr’s proposal of a primal sketch and the early symbolic form of representation
for visual scenes (Marr, 1976, 1982). In computer vision, relying only on primitive features of the
lines and edges as a form of early representation is insufficient to explain the illusion. For example,
they must go beyond the luminance change tagging’s and model mid-level visual processes such as
image segmentations and shape representations (Pessoa, 1996). Our understanding of contours
changed drastically with illusory contour patterns such as (Kanizsa, 1955, 1979) which provides a
striking example of the existence of contours, where no physical luminance changes occur
(sometimes accomplished by brightness changes). Both intensity changes and their geometrical
organization were Marr’s concerns in designing his full primal sketch. “He employed a rich set of
primitives at this level: zero-crossings, blobs, terminations and discontinuities, edge segments,
virtual lines, groups, curvilinear organization and boundaries (Marr, 1982: p.37)” (Pessoa, 1996:
p.3220).
Watt (1994) proposed that the early stage of human vision is not for the extraction of primitive
features such as edges. What is more relevant to this level is processing the whole area of the image.
To accomplish this he proposed the use of coarser spatial scales than those that are suitable for
producing the sharp edges. The responses from such filters are then used as the basis for ‘grouping
operations’ noted in the literatures such as Grossberg and Mingolla (1985a), (Field, Hayes and Hess,
1993) and Pessoa (1996).
Mach Bands have been explained in terms of lateral inhibition of retinal ganglion cells (Goldstein,

2002; noted in Otazu et al. 2008) and also as a consequence of the physical properties of the
luminance gradients in some literature such as (Lotto, Williams and Purves, 1999).
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Some researchers believe that lateral inhibition is an insufficient explanation for Mach Bands, but

surely it is part of the explanation. For example the assumption for the higher-level cortical

processing is noted by Pessoa (1996) for the illusion stating that: “differences between ON and OFF
channels which remain segregated until cortical visual area (Schiiler, 1992) favour multistage models
of Mach Bands, in which the output of center-surround operators are processed by subsequent stages

that eventually generate Mach Bands” (p. 3224). Also “Mach Bands occur no sooner than the area V1,

where simple and complex cells are found, and the recent results on the influence of factors such as
shape, transparency, and shadows on brightness perception” (Pessoa, 1996; Adelson, 1993; Knill
and Kersten, 1991).
Chevreul - Another illusion which gives evidence indicating the nonlinearity of information
processing by the human visual system is the Chevreul illusion (Chevreul, 1890). The illusion consists
of bands of homogeneous luminance (luminance steps), but the bands seem to be darker at one
edge than at the other. In other words, the brightness minima and maxima are perceived at the foot

and tip of each step in a luminance staircase. Lu and Sperling (1996) have also demonstrated
second-order versions of the Chevreul, and Craik-O’Brien Cornsweet effect (COC) illusions. They have
shown that the effect is similar to those in first order (luminance) processing.

This illusion is explained in terms of the single channel and the contrast sensitivity function

(Cornsweet, 1970) at the beginning, but multi-channel models and local features within the steps
(Morrone, Burr and Ross, 1994; Peromaa and Laurinen, 2004) have replaced the previous
explanations. However, alternative explanations of this effect based on a Filling-in process are also
accepted in which the Filling-in is triggered by edges at different spatial scales (Pessoa, Mingolla
and Neumann, 1995); as noted in Otazu and Vanrell et al., (2008).
There are hardly any empirical studies on the Chevreul- illusion (Kusaka, 1983; von Békésy,

1968) and in particular, the dependence of the spatial frequency of edge detection and its effect on
the brightness perception in the pattern simultaneously. Peromaa and Laurinen (2004) have done
investigations to find which spatial scale(s) contribute to the perceived scalloping (see Section
2.4.1.1; p.46) in the Chevreul illusion and whether they coincide with the spatial scales of edge

detection. They added an isotropic noise to a luminance staircase (Chevreul stimulus) at different

spatial frequency bands and measured the contrast thresholds for the perceived scalloping and for

the step edges. Furthermore, to make this connected to the stimulus information; they filtered the
stimulus with linear bandpass filters and found the correlation of the filter output patterns with the
measured masking tuning functions.
As a general conclusion about brightness processing: only ‘low spatial frequency’ components
of edges are able to trigger perceived brightness Filling-in or alternatively, Symbolic interpretation of
filter response as perceived edges in Rule-based models (Section 2.5; p.55). High spatial frequency
components of edges on the other hand do not produce a perceived brightness pattern, but are
useful for other purposes, such as the exact localization of the edges (Peromaa and Laurinen, 2004).
It is also noted in the literature that the apparent brightness of transparent surfaces seems to be
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mediated by low spatial frequency channels (Perna and Morrone, 2002; Peromaa and Laurinen,
2004).
Geier and Hudak (2011) claimed that lateral inhibition is insufficient to explain the Chevreul

illusion. For this, they placed the Chevreul staircase in a luminance ramp background, which

noticeably changed the illusion as illustrated in Figure 2.10. In their psychophysical experiments, all

participants (23) reported a strong illusion, when the direction of the surround/background ramp is
identical to the staircase, and no illusion (homogeneous steps are exhibited) when these two have
an opposite direction. They then concluded that since all conditions of the lateral inhibition account
were untouched within the staircase, then lateral inhibition fails to model these perceptual changes.
They also noted: “area ratios seem insignificant; the role of boundary edges seems crucial” (p. 1).
They suggest that “long range interactions between boundary edges and areas enclosed by them,
such that diffusion-based models describe, provide a much more plausible account for these
brightness phenomena, and local models are insufficient” (Geier and Hudak, 2011: p.1).

Figure 2.10 “Two physically identical Chevreul staircases of opposite progression were placed in a luminance ramp
background. (Identical letters indicate the steps of physically identical luminance). It can be seen that due to the ramp,
the illusion has significantly changed: The illusion ceases if the progression of the staircase is opposite to that of the ramp
(upper staircase), while it is strongly enhanced when the progressions of the ramp and that of the staircase are identical
(lower staircase)”. A: ”It can be seen that a ramp of opposite direction causes opposite effects”. D: “The upper and lower
staircases in D look identical (except for their direction), therefore here also the inner small area, the homogeneous white
rectangle is what dominates”. (Geier and hudak, 2011: Figure 3) © CC-BY-NC

Grating Induction - Foley and McCourt (1985) proposed a model for explaining the Grating

Induction (GI) effect in which an illusory grating is perceived in a homogeneous grey stripe when it

is positioned orthogonal to a sine-wave/square-wave grating (referred to as inducing grating). They
designed psychophysical experiments to investigate seven variables in the stimulus (GI) consisting
of the effect of eye movements, inducing frequency, test-field height, inducing-field height, inducing
amplitude, test-field luminance, and test-field width. They have shown that “linear filters whose
spatial weighting functions resemble receptive fields of the most common types of visual cell do not
produce outputs with the properties of induced gratings. However, linear filters with highly elongated
negative end zones and a small positive center produce opposite phase gratings in the test field,
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and an array of such filters of different sizes can account for several properties of induced gratings”
(p. 1220). Also they noted that other properties of the effect that are nonlinear such as the relation
between inducing amplitude and cancelling amplitude, can be addressed based on the properties of
hypercomplex cells which is a nonlinear model for Grating Induction.

McCourt (1982) demonstrated that the amplitude of Grating Induction (GI) is decreased if the

luminance of the test field is either less or greater than the average luminance of the inducing field.

Additional effects of the stimulus are also reported such as minor effect on the strength of the
illusion due to substantial blurring of the contours of the inducing grating and test fields, as well as
diminishing of the perceived contrast of the induced grating when dark lines are introduced at the
contours separating the inducing and test fields (Foley and McCourt, 1985).
They note that “the diameter of the weighting function is greater than the height of the test field,
convolution of such a weighting function with a grating- induction stimulus will usually produce a
sine-wave grating within the test field. If the diameter of the weighting function is small relative to the
period of the inducing grating, the induced grating will be opposite in phase to the inducing grating,
consistent with the Grating Induction effect. However, as inducing frequency is increased, induced

amplitude goes to zero and the phase of the induced grating is reversed, so that it is in phase with
the inducing grating. This reversal takes place when the diameter of the weighting function
corresponds to about 1.5 periods of the inducing grating. The phase repeatedly reverses at equal
intervals as inducing frequency increases. Induced amplitude decreases with each reversal (Foley
and McCourt, 1985: p. 1226). With the DOG functions, amplitude falls off much more rapidly than
with the rectangular functions” (p. 1226). They continue the explanation by saying that: “The large
effect obtained with small test-field heights requires a small concentric weighting function, and the
small effect obtained with large test-field heights requires a large concentric weighting function. Thus,
with this form of weighting function, an array of different-sized functions is required at each inducing
frequency.” (p. 1226)
For elongated filters, they note: “The convolution of this kind of weighting function with a Grating-

Induction stimulus depends critically on the orientation of the weighting function relative to the

inducing grating. When the weighting function is parallel to the inducing grating, the grating produced

in the test region is always in phase with the inducing grating. When the weighting function is
orthogonal to the inducing grating, the filter output resembles that of the square weighting function.
The induced grating may be in phase or in opposite phase with the inducing grating, depending on
the relation between grating period and weighting-function length”. They emphasise a certain angle
of the filter saying that: “The most interesting case is the one in which the weighting function is at an
intermediate angle with respect to the inducing grating. In this case opposite-phase induced gratings
are generally produced. However, certain combinations of pattern and weighting function produce
in-phase induced gratings” (Foley and McCourt, 1985: p. 1227).
The direction of elongated filters with end regions that are antagonistic to the center is said to be
parallel to the inducing grating. Also the size of the center should be very small. “When this weighting
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function is aligned with a bright bar of the inducing grating and its center is within the test field, the
output of the filter will be minimal; when it is aligned with a dark bar, the output will be maximal. Thus
this filter introduces an opposite phase grating into the test region” (Foley and McCourt, 1985: p.
1227)”. They note, “It is plausible that other filters act in parallel with this one to determine the
appearance of the pattern as a whole” (p. 1227).
White (White and White, 1985) and (Foley and McCourt, 1985) both agree on the existence of
the same underlying mechanism for White’s effect (WE) and the Grating Induction (GI) effect, but they

disagree about what is the underlying mechanism (Spehar, Gilchrist and Arend, 1995). Foley and
McCourt (1982) propose that both effects (Grating Induction and White’s effect) are the result of the

inhibitory processes among the cortical orientation selective filters with small centers and elongated
surrounds. White and White (1985) justified the term ‘counterphase induction’ for the GI effect by
demonstrating a variation of the pattern with an inducing square wave instead of a sine wave

described by McCourt (1982). They also note that the Grating Induction is not an edge-dependent
explanation considered to be local, but they have argued for a global determinant of the
counterphase induction, which is the same for White’s effect.

Zaidi (1989, 1990) claimed that the similarity between White's effect and Grating Induction is

when the test patches (bars) are narrow. He showed that for test patches of moderate height, no

Grating Induction is apparent while White's effect is present. He further concludes that “it is more

probable that Grating Induction is mainly a manifestation of local edge effects, whereas White’s effect
is an example of the combined influences on a closed test patch of surrounding sectors of different
shapes, sizes and colors” (Zaidi, 1990).

The strength of the effect is critically dependent on the luminance of the inducing wave and the
test stripe (Spehar, Gilchrist and Arend, 1995). To sum up McCourt (1982) says that “the magnitude
of Grating Induction is the highest when the luminance of the test field is equal to the space average
luminance of the inducing grating and when the luminance of the test field departs substantially from

the average luminance of the inducing field the Grating Induction is weakened” (noted in Spehar et

al., 1995: p.2604).

So it is commonly accepted that the operation of neurons with small centers and elongated

surrounds (such as Spehar et al. (1995)) similar to those suggested by Foley and McCourt (1985) is
the main reason for the GI effect. Grating Induction has also been modelled by isotropic DoG

approaches with extended surrounds such as Ghosh et al., (2006).

Blakeslee and McCourt (1997) explained the GI effect and argued that this effect cannot be

explained by Filling-in models. They have also noted that Gestalt-Anchoring models fail to
adequately deal with gradients in brightness/lightness phenomenon such as Grating Induction (GI)
(Blakeslee and McCourt, 1997; McCourt, 1982). The challenge of Grating Induction (GI) for Gestalt-

Anchoring models is that dividing the stimulus into the necessary frameworks is not clear here as
noted by Kingdom (2011). Like Edge-integration models, Gestalt-Anchoring models do not have

enough flexibility for dealing with our everyday visual experiences (noted by Corney and Lotto, 2007;
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(Kingdom, 2011).
b. Irradiation, SBC and COC
Irradiation - Another popular Brightness Illusion is the Irradiation pattern when a white patch on

a black background appears larger than an identical black patch on a white background

(Westheimer, 2007; von Helmholtz, 1911). ‘Irradiation’ is the encroachment of bright regions into
dark ones, which has been studied from the 19th century. The consensus is that the effect is due to
the spreading of light from the light area outside the edge into the dark side of the border, and this
is affected by the dimensions of the point spread function of the eye (Westheimer, 2007). The early
literature on the subject is provided by Tshermark (1929) who concluded that all irradiation
phenomena are the result of physical light spread. The Helmholtz (1896, 1911) explanation, which
in modern terminology is referred to as compressive non-linearity between retinal illuminance and
the brightness sensation means that at high light levels, the effect of increasing luminance is very
little on brightness increase, and also on the dark side of a border there is some sense of brightness
(Westheimer, 2007). Therefore, the Irradiation phenomenon is associated with a border shift of

bright area towards its dark sides or increasing the size of bright areas. There is also an inverse
irradiation effect mentioned on very small dark objects placed on bright backgrounds when they

seem larger than their geometrical size (Volkmann, 1863; noted in Westheimer, 2007). This effect is
explained based on optical light spread in the eye and the minimum diameter of a point spread
function in the eye as an order of min of arc. Westheimer (2007) proposed a new model for
measuring the magnitude of irradiation and the border shift based on combinational methods using
contemporary estimates of the light spread of the eye, intensity-nonlinearity, and centre-surround
transformations. He tested his model on other tilt patterns such as the Munsterburg and Café Wall
illusions, which will be explained in Section 2.5.2.2-a (p.119).

SBC - Simultaneous Brightness Contrast (SBC) illusion is a similar illusion to Irradiation in which

two grey inner squares with the same luminance are perceived as being darker or brighter based on
their background luminance. In the SBC illusion, there is a deviation between brightness perception

and the environmental objective measures such as luminance levels. The most common explanation

for the SBC illusion is based on lateral inhibition, and low-level processing inside the retina (Moulden

and Kingdom, 1989; Zaidi, 1989; Blakeslee and McCourt, 1999; Blakeslee, Pasieka and McCourt,

2005; Otazu, Vanrell and Alejandro Parraga, 2008). Over 20 years, numerous researchers have
argued against the lateral inhibition (LI) and similar low-level expansions as inadequate for explaining
the SBC illusion. For example Gilchrist and Radonjic (2009) introduced a technique based on the idea

that the test patch appearance in the SBC does not depend on the immediate spatial context, but it

is more dependent on the illumination framework. They stated that the appearance of test patches
could not be explained by low-level lateral inhibition approaches (Moulden and Kingdom, 1989; Zaidi,
1989; Blakeslee and McCourt, 1999; Blakeslee, Pasieka and McCourt, 2005).
Some low-level filtering approaches are based on finding subtraction of a blurred version of
image from the original pattern, which is exactly a low spatial frequency filtering technique. This
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technique is by itself a kind of implementing lateral inhibition with the same effect as high-pass
filtering (Dixon, Shapiro and Lu, 2014), although the equation they used has a fixed filter size, while
some lateral inhibition models extend over a large spatial range such as the ODoG model (Blakeslee
and McCourt, 1999, 2004).
In many stages of our visual processing, there is spatial filtering involved such as eye movement
which creates an adoptable spatial filter in ganglion cells of the retina (Dixon, Shapiro and Lu, 2014).
Shapiro and Lu (2011) proposed a mid-level explanation for the SBC, which also stated that the
spatial filter size for brightness perception is relative to the ‘object size’ in the whole image. This is

consistent with spatial vision literature (as noted by Dixon et al. (2014)) not the retinal cells and their
spatial frequency highlighting the importance of multiscale lateral inhibition models in CV.

Dixon, Shapiro and Lu (2014) claimed that their findings are accounted for by models such as
ODoG (Blakeslee and McCourt, 1999, 2004), high level inferential processes and the anchoring
theory of Ghilchrist et al., (1999; 2009). They suggested their key idea of high-pass filtering tuned to
object size is a common principal in multiscale, also for inference-based models, and for
brightness/lightness perception. They used similar techniques to Gilchrist (Anchoring Theory), and
mentioned that simply a high-pass filter is an efficient way of filtering out the high frequencies and
obtaining the lower frequency content of an image related to the shadow and brightness. Their
experimental test was based on the positioning of different sized disks on an image and asking the
observer to sort out the disks from darkest to lightest. The distance of the observer is another variable
in their tests. So the goal was to find out the optimum size of filter based on disk sizes and the
observer’s distance. Dixon and Shapiro et, al. (2014) stated that their experimental results show that
the relative brightness of the test patches is not dependent on viewing distance.
To explain simultaneous contrast (SBC), Purves and Lotto (2003) argue that patches on dark

backgrounds are interpreted as lying in shadow compared to patches on bright backgrounds (for

details see Williams, McCoy and Purves (1998)). Mach Bands and the Craik–Cornsweet–O’Brien
(COC) illusion have similar explanations: “the illusory percepts match physical illumination patterns
that often arise because of the way non-diffuse illumination is reflected from the surfaces of three-

dimensional objects. Moreover, according to Nundy and Purves (2000), the scaling of brightness
values is also explicable in terms of learned image statistics” (as noted in Kingdom, 2011: p.663).
The Simultaneous brightness contrast (SBC) effect; (Heinemann, 1955; Wallach, 1948) decreases

when test field size increases, but is still strong for test fields of 10 deg (Yund and Armington, 1975).

Since this is far larger than the receptive fields of retinal and lateral geniculate nucleus (LGN)
neurons in monkeys, De Valois and De Valois (1988) suggested the involvement of other types of
neurons with small excitatory centres and large inhibitory surrounds found in area V4 of the primate
visual cortex (Schein and Desimone, 1990; Spillmann and Werner, 1996).These neurons are
claimed to be suited for the task of shifting brightness towards or away from a large test field (Otazu,
Vanrell and Alejandro Parraga, 2008).
Yund and Armington (1975) showed that SBC occurs for test patches as large as 10° and this
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distance exceeds the dimensions of classical receptive fields (noted in Blakeslee and McCourt,
2004). Therefore, common explanations for the SBC are based on Filling-in models with the

assumption that the brightness of the test patch must be determined by the information at the edges
assigned to the entire enclosed area (Cornsweet and Teller, 1965; Grossberg and Todorovic, 1988;

Paradiso and Nakayama, 1991; Rossi and Paradiso, 1996; Shapley and EnrothCugell, 1984); for
review see Moulden (1988) and Grossberg (2003).
Two phenomena of SBC and GI are stated to be manifestations of the same underlying

mechanisms (Blakeslee and McCourt, 1997) and the physiological evidence is related to the
discovery of cortical neurons in the cat (Rossi, Rittenhouse and Paradiso, 1996) and monkey
(Gilbert, Das, Ito et al., 1996) in which integrate over relatively large distances. (as noted in Otazu
and Vanrell et al., (2008)).
Mach Bands have often been linked to brightness contrast effects such as the SBC illusion. Ratliff

et al. (1983) in their study concluded that the contrast phenomena in the SBC are not Mach Bands.
This is accepted by many researchers and an example is this statement: “if the border contrast of a

step is itself a Mach Band then a nearby step of proper polarity should enhance not attenuate“
(Pessoa, 1996: p.3213).

There are also high-level explanations for simultaneous brightness contrast (SBC). Let me explain

how Gilchrist and colleagues (1999; 2006, 1988) divide the stimulus into two local and one global
perceptual framework. The lightness of each test patch is computed as a weighted average of two

lightness values extracted from the local, and from the global frameworks. The global framework is
comprised of the whole stimulus, whereas the local frameworks consist of the two surroundings of
each test patch. The ‘anchor’ is the highest luminance within each framework, assigned to be white,
and all other regions within the framework are assigned greys based on their luminance ratio with
respect to the white anchor. Within the global framework, the white background of the stimulus as a
whole has the highest luminance and is assigned white, and the two test patches have identical
lower lightnesses, assigned grey. However, in the two local frameworks, the assigned luminance
value of the test patch is different. For the test patch on the dark surround, the patch is the highest
luminance and is assigned white. For the test patch on the light surround, the surround has the
highest luminance and assigned white, while the test patch is assigned a value relative to it, i.e. mid
grey. The averages of the global framework values (both test patches assigned mid-grey) and the
local framework values (the patch on dark surround is white, while the patch on light surround is midgrey) show the perceived lightness value.
Intrinsic-image models have the common expectation that the visual system decomposes the
image into separate layers of illumination and reflectance prior to coding the lightnesses of the
reflectance layer. They may rely on high-order statistical relations such as X-junctions and threedimensional shape (Kingdom, 2008). However, in the empirical approaches there is no need for
layer-decomposition. Rather to estimate lightness low-level image statistics are learnt through goaldirected behaviour. For example to identify the reflectances of target surfaces in synthetic images,
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Corney and Lotto (2007) trained an artificial neural network using back-propagation. Luminances of
the patches are the only data available to the network. After learning the network was then used to
estimate the reflectances of target patches in classic Brightness/Lightness Illusions such as
simultaneous contrast (SBC), White’s Effect and Mach Bands with very similar predictions to those

reported by human observers.

To deal with complex stimuli such as natural scene images, multiscale filtering models combined

with contrast normalization has shown its potential. Finally, Kingdom (2011) concluded that: “both
multiscale filtering and intrinsic-image approaches will continue to benefit from a deeper
understanding of image statistics” (Kingdom, 2011: p. 664).
Craik-O’Brien-Cornsweet (COC) - The perceived brightness in the Craik-O’Brien-Cornsweet

(COC) illusion is the result of the border effects and its luminance profile, where a slowly changing

luminance gradient is able to produce a percept of a uniform bright surface even when the luminance
in the center of the stimulus is actually

exactly the same as the surround. Also, contrast with the

background luminance can increase the perceived brightness of the test patch, similar to the
simultaneous brightness contrast (SBC) illusion (Kurki, Peromaa, Hyvarinen et al., 2009).

Many models of computer vision (CV) assume that the borders are critical for the surface

representation, since the border information dramatically affects or even alters the perceived
brightness. In the physiology of vision, it is well established that the cells in the primary visual cortex
respond little or not at all to the uniform luminance but give a best response to local luminance
discontinuities (borders and outlines) (Hubel and Wiesel, 1962). In many brightness models, the first
stage is the filtering process in which the input stimulus is convolved by local, spatial frequency
selective filters. In the following stages, the local filter responses are then integrated to form a surface
representation (Kurki, Peromaa, Hyvarinen et al., 2009). For example, the filter responses are
analyzed into a symbolic representation of ‘bar’ and ‘edge’ descriptors in the model of Morrone and

Burr (1988). Another scheme is the neural Filling-in models, where the properties of surface are
computed in a neural network in which neurons at the border are assumed to send a filling-in signal
to the cells in the center of the surface (Grossberg and Todorovic, 1988; Pessoa, Mingolla and
Neumann, 1995).
The Local Energy model (Morrone and Burr, 1988) locates edges and bars by finding peaks in
‘local energy’, calculating the square root of the sums of squares of the responses of odd and evensymmetric spatial filters (as noted in Kingdom, 2011). The relative responses of the even and odd
detectors at the local energy location determines the edges and bars. If “the peak in local energy
coincides with that of the even-symmetric filter, the feature is a bar, whereas if it coincides with the
peak of the odd-symmetric filter, the feature is an edge” (p. 660). The Local Energy model predicts
the magnitude of Mach Bands (Morrone, Ross, Burr et al., 1986; Ross, Morrone and Burr, 1989), as
well as other illusions such as the Craik–Cornsweet–O’Brien effect (Burr, 1987).
Kurki, Peromaa, Hyvarinen et al. (2009) proposed a psychophysical reverse-correlation method
for image classification to estimate and localize the physical features of the Craik-O’Brien-Cornsweet
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(COC) stimuli, which correlate with the perceived brightness, using a brightness-matching task.
Arai (2005) proposed a model of maximal overlap biorthogonal wavelet with a filter bank
equipped with a nonlinear processing modelled after the ‘contrast induction’ effect. The model is
used for explaining many Brightness/Lightness Illusions such as Mach Bands, the Hermann Grid, the

Chevreul illusion, and other related illusions. Moreover, he also investigated the Cafe´ Wall illusion by
this model (Arai, 2005).

Many researchers in the brightness field believe that the perception of certain saw-tooth patterns

such as COC depends on interpretation (seen as two- or three-dimensional). Pessoa (1996: p.3214)
suggested that “These patterns are subject to more central processes as opposed to being due to

lateral inhibition mechanisms at the retina as was suggested by some for Mach Bands”.
c. White’s Effect

White’s effect (WE) is a familiar Brightness/Lightness Illusion and during the study on the pattern,

many variations of the effect are generated for testing the strength of the proposed explanations, as
well as challenging some low-level explanation models (White, 1979; Foley and McCourt, 1985;

Jameson and Hurvich, 1989) to account for their underlying mechanism. Some variations of White’s

effect have been provided in Figure 2.7-top half (from Robinson et al., 2007). There are some
suggestions to consider optical blurring on the White’s effect as a part of the explanation for the

assimilation effects (Campbell and Green, 1965).

“In general, assimilation effects, rather than contrast effects, are observed in displays containing

high spatial frequency patterns (Helson, 1963; Smith, Jin and Pokorny, 2001), however, other factors
such as the luminance relationships within the stimulus can also influence whether contrast or
assimilation is observed (Helson, 1963; Hong and Shevell, 2004). Although optical blurring may
contribute to assimilation under some conditions (Smith, Jin and Pokorny, 2001), it cannot
completely explain the effect (De Weert and Spillman, 1995; Jameson and Hurvich, 1989).”
(Blakeslee and McCourt, 2004: p. 2484)
The existing low-level explanation models for this illusion started by White (1979) are in terms of
the directional properties of the grating. He was the first one who proposed that a grating might have
the effect of reducing contrast/enhancing assimilation across borders parallel to it and enhancing
contrast/reducing assimilation across borders orthogonal to it (as noted in Spehar et al. (1995)).
Later he named the explanation a ‘pattern-specific inhibition’ (White, 1981) based on the assumption
of the inhibition effect of elongated cortical filters having similar preferred orientations and spatial
frequencies. These elongated cortical cells receive their input from adjacent retinal locations and
their tendency to inhibit each other is assumed to be the underlying neural mechanism of the effect.
Foley and McCourt (1985) suggested that ‘hyper complex lines of oriented cortical filters’ with
small centres and elongated inhibitory surround are responsible for the explanation of increasing the
brightness induction in the White’s effect (WE) illusion due to the increase in the coaxial bar height.

(Jameson, 1985) proposed a brightness approach, which qualitatively modelled both brightness
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contrast and assimilation based on parallel processing at multiple spatial scales by Difference of
Gaussians (DOG) filters. Later Jameson and Hurvich (1989) pointed out that brightness assimilation
and contrast occur in parallel and can therefore account for the simultaneous appearance of sharp
edges within a stimulus area and a blending of color (assimilation) across these edges. Regarding
the appearance of contrast and assimilation, they explained that the contrast effect happens when
stimulus components are relatively large compared to the centre of the filter, and the centre region
average light falling within its boundaries. The assimilation effect also arises when stimulus features
are small compared to the centre of the filter. DeValois and DeValois (1988) mentioned a similar
explanation to that of Jameson and Hurvich (1989) for another brightness effect called the
Checkerboard illusion based on multiscale analysis of human contrast sensitivity. They originally
used “chromatic and achromatic versions of the Checkerboard illusion to support arguments about
the different spatial frequency characteristics of the chromatic and achromatic visual systems within
a framework of multiscale visual processing. Their demonstrations showed assimilation of the color
of the test patch in chromatic checkerboards, but contrast for achromatic checkerboards of the same
size. They argued that the lower spatial frequency tuning of the chromatic system supported an
assimilation effect at much lower spatial frequencies than does the achromatic system.” (Blakeslee
and McCourt, 2004: p. 2487)
As explained before, the direction of White’s effect (WE) is not consistent with brightness contrast

(illusions such as SBC) and is in the direction predicted by assimilation. Moulden and Kingdom (1989)

and Kingdom and Moulden (1991) provide evidence of two mechanisms involved in the White’s
effect, one a spatially local and one a spatially extensive effect, that both operate in the direction of

contrast rather than assimilation. The ‘Dual Mechanism Model’ of Kingdom and Moulden (1989,

1991) is described as follows: “The first mechanism is a contrast mechanism which operates locally
along the entire border of the grey patch. It involves the operation of circularly-symmetric, centresurround receptive fields such as those of retinal ganglion cells. These receptive fields are
particularly sensitive to the corner intersections of the test (grey patch), flank and coaxial bars. It is
this sensitivity to the corners, which in part weights the coaxial bar in its contrast effect on the grey
patch. The second mechanism, which acts in synergy with the first, is more spatially extensive, and
enables the full length of the coaxial bar to exert influence the brightness of the grey patch through
simultaneous contrast. It possibly implicates the operation of neurones with small centres and
elongated surrounds” (Kingdom and Moulden, 1991: p.158).
The summary of the investigations by the Dual Mechanism Model of Kingdom and Moulden
(1991) on White’s effect (WE) stimuli are listed below as:

(1) Keeping the height of the test patch constant, the magnitude of White’s effect (White, 1979) is

decreased by decreasing bar width (or increasing its spatial frequency).

(2) Keeping the aspect ratio of the test patch constant, the magnitude of the White’s effect is

increased by decreasing bar width (or increasing its spatial frequency).

(3) Increasing the height of the test patch results in decreasing the magnitude of the White’s effect.
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(4) These results were incompatible with the suggestion that a significant factor in producing the
White’s effect was brightness assimilation between the test patch and the inducing bars on its flanks.

(5) The results implied that brightness contrast was the principal factor producing the White’s effect.

Moulden and Kingdom (1991) reported a decrease of the effect with increased spatial frequency

by varying the height of the test patch as well as its width. This suggests that “what has traditionally

been described as a one-dimensional spatial frequency effect is in fact a two dimensional spatial
scale effect, which depends upon holding the aspect ratio of the test patch (or its phenomenal size
and relationship with inducing stripes) constant” (Spehar, Gilchrist and Arend, 1995: p. 2603).
White’s effect is stronger at higher spatial frequencies which may lead to the assumption that the

effect is an instance of brightness assimilation phenomenon rather than brightness contrast and it
does not disappear at low spatial frequencies unlike the assimilation effect investigated by (Helson,
1963; as noted by Spehar et al., 1995).
Low-level Brightness/Lightness explanatory approaches concentrate on filtering operations and
statistical image properties (Blakeslee and McCourt, 1999; Dakin and Bex, 2003). The filtering of

visual input is considered to occur in the early stages of visual processing in the retina, LGN, and/or
V1. Blakeslee and McCourt (1997) proposed a quantitative low-level model using a multiscale twodimensional Difference of Gaussians filters (DOG), approximating the responses of the retinal
ganglion or the LGN single cells. The DOG model was able to account for the illusions of type
contrast such as SBC but not for the assimilation effect observed in the White’s Effect (WE). Blakeslee

and McCourt (1999) extended this model to a more sophisticated version utilizing oriented difference
of Gaussians, or ODOG (anisotropic) filters to address both the brightness assimilation effect such
as White’s Effect as well as contrast effects. For contrast normalisation, a global normalization

scheme is used to equalise the filter responses at each orientation. These orientation selective filters
best approximate neural processing in V1, and shifting the focus of the low-level models from precortical to cortical operations can account for a wider range of Brightness/Lightness Illusions. It
should be noted here that orientation selective cells are found in some retinal cells in late studies on
the retina (such as Field and Chichilnisky, 2007).
The main difference between the ODOG model and the previous low-level approaches such as
Kingdom and Molden (1992) and Moulden and Kingdom (1991) is that more filters are used here
with more sensitivity towards lower spatial frequencies, and a reweighting (or normalization) scheme
adjusted to match the psychophysical data (Blakeslee and McCourt, 1999, 2001, 2004; Blakeslee,
Pasieka and McCourt, 2005). Blakeslee and McCourt (2004) investigated the role of contrast and
assimilation effects within a multiscale filtering context (the ODOG model) for brightness
phenomenon in the White’s effect (White, 1981, 1979), the shifted White’s effect (White, 1981) and
the checkerboard illusion (De Valois and De Valois, 1988) as a function of spatial frequency of the
inducing pattern and the height of the test patch.

Gestalt grouping principles are used to define the perceptual frameworks. In the White’s effect

“the test patch appears lighter (or darker) when it is on the black (or white) bar because it belongs to
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or has been grouped with that bar. According to (Ghilchrist et al. , 1999) the principal grouping factor
at work here is the T-junction, which they propose signals depth through occlusion”. (Anderson,
1997, 2003) argues for a Scission account of the White’s effect in which the “T-junctions in these
displays trigger the parsing of the targets into multiple layers (although not necessarily stratified in
depth). Thus, according to this account of the White’s effect the targets in the black stripes look lighter

because some of the darkness (black) has been taken out of the target and attributed to an
underlying (black) background.” (Blakeslee and McCourt, 2004: p. 2486).

The latest extension of the ODOG was made by (Robinson, Hammon and de Sa, 2007), who
modified the normalisation scheme to make it more neurally plausible, and extended the range of
Brightness/Lightness Illusions by the model and achieved to nearly twice of the correct predictions.
The global normalization in the ODOG model was replaced with two different local normalization
techniques, in an extension to the model proposed by Robinson, et al. (2007) with more neurally
plausible implementation of early visual processing in V1. The first model was called the Locally
normalized ODOG (LODOG), and the second one called the Frequency specific Locally normalized
ODOG (FLODOG). They explained these two extensions as: “in the LODOG model, instead of
normalizing orientation energy across the entire scene, orientation energy is normalized within a
local window spanning 4° of visual angle. In the second model (FLODOG), instead of using a fixed
window size, normalization is calculated separately for each of frequency and orientation, and the
window size depends on the spatial scale of the filter response that is being normalized” (Robinson,
Hammon et al., 2007: p.1633, 1634). More details about these two models are provided in Section
2.5.1.3 (p.93).
Although the state of the art approaches such as ODOG (Blakeslee and McCourt, 1999, 2001,
2004; Blakeslee, Pasieka and McCourt, 2005) and its derivative models such as LODOG and
FLODOG (Robinson, Hammon and de Sa, 2007) proved their predictions and performances on a
variety of Brightness/Lightness Illusions, it is not yet completely clear to what extent isotropic filter
approaches are successful and whether complex models of orientation selective cells are necessary
for explaining illusions such as the White’s effect (WE). It is widely accepted that explaining the

White’s effect (WE) requires anisotropic filters. For instance, Otazu, Vanrell et al. (2008) note that
“the most plausible explanation for this effect at receptive level needs both elongated cortical filters

(Foley and McCourt, 1985; White, 1981) and the operation of spatially extensive neuronal
mechanisms, as opposed to isotropic receptive fields and shorter range spatial interactions such as
those found in the retina” (p. 734).

We will go through further details of a few well-known brightness models later in this chapter
(Section 2.5.1.3; p.93) to clarify the processing done in these models and for easier comparison
between them.
The extended classical receptive fields for the responses of simple cells may be achieved by
isotropic filters of a combination of Gaussians. An Extended-CRF (ECRF) model was proposed by
Ghosh et al. (2006) using three zero-mean Gaussians, for classical excitatory and inhibitory surround
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fields, and a non-classical extended disinhibitory surround. They have demonstrated a successful
result for explaining a wide variety of Brightness/Lightness Illusions such as the Chevreul, SBC, GI,
Hermann Grid, White’s effect, and variations of the Todorovic illusion (Figure 2.7q-t) in which
(Blakeslee and McCourt, 1999) the ODOG model was unable to fully address this brightness
phenomena.

Dakin and Bex (2003) used a series of center-surround, Laplacian of Gaussian filters, and a
reweighting process using spatial frequency (SF) properties found in image statistics. They have
demonstrated that complex models of orientation selective filters are not essential to successfully
model brightness assimilation such as White’s effect. They highlighted the importance of
normalization within low-level models rather than elongated filters.

Zeman, Brooks and Ghebreab (2015) utilized a family of exponential filters (again isotropic) with

multiple sizes and shapes instead of DoG/LoG for predicting the perceived brightness in their model.
Their simulation results are comparable with the results achieved by the state of the art
brightness/lightness models (Blakeslee and McCourt, 1999, 2004; Robinson, Hammon and de Sa,
2007) addressing both assimilation and contrast effects in Brightness/Lightness Illusions.
Otazu et al. (2007) proposed a low-level brightness induction model (BIWaM) based on a
multiresolution wavelet decomposition that combines three stimulus features of spatial frequency,
spatial orientation and surround contrast for explaining brightness assimilation/contrast phenomena.
The BIWaM model (Otazu and Vanrell et al., 2008) has some drawbacks in reproducing some
brightness inductions, such as the Wertheimer-Benary cross (Benary, 1924) (Figure 2.7y) as noted

by the designers. They claim that the model is far better at explaining Hering’s type of

brightness/lightness phenomenon than for explaining Helmoltz’s type of illusions (see Logvinenko
and Kane, 2004). The model is used for explaining SBC, GI, WE, and Mach Bands.

Let us explain a few well-known high-level theories for the same stimulus of White’s effect. In

high-level theories parsing of global scene interpretations occurr as the result of the cortical
processing of depth, transparency and surface curvature that influence the perceived reflectance

(Knill and Kersten, 1991; Schirillo et al., 1990). Gilchrist et al. (1999) established an Anchoring
Theory of lightness, in which a scene is segmented based on perceptual groupings and the claim
that the grouping factor signals depth through occlusion. In this model “the perceived reflectance of
a patch is ,anchored, to the highest luminance value within the retinal image (global information) and
is also ‘anchored’ to luminance values in surface groups that share commonalities such as being
situated within the same depth plane (local information)” as noted in (Zeman, Brooks and Ghebreab,
2015: p. 2). For example in the White’s effect the test patch appears lighter (or darker) based on how

it has been grouped with the bar it was located on. According to (Ghilchrist et al. , 1999) “the principal
grouping factor at work here is the T-junction, which they propose signals depth through occlusion”

(Blakeslee and McCourt, 2004: p. 2486). Todorović (1997) and Zaidi, Spehar and Shy (1997)
proposed T-junctions as an alternative explanation for the White’s effect. Another high-level lightness

theory is Anderson’s ‘Scission Theory’ (Anderson, 2003, 1997; Anderson and Winawer, 2008) which
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triggers the parsing of visual data into multiple layers of reflectance, transparency, and illumination
(depth clues) to determine the surface properties of a homogeneous area, and claimed that
erroneous decomposition leads to brightness illusions. In the White’s Effect “the targets in the black

stripes look lighter because some of the darkness (black) has been taken out of the target and

attributed to an underlying (black) background” (Blakeslee and McCourt, 2004: p. 2486). It is
noteworthy that all the Junctions based approaches are unable to correctly predict the Howe (2001)
version of the White’s effect (Figure 2.7e).
Howe (2001) challenged T-junction explanation models by generating a new variation of White’s

effect, in which the T-junctions stayed constant where the brightness effect changed or reversed
(Figure 2.7e). He proposed an alternative explanation based on ‘illusory contours’ (Grossberg, 1994;

2001) around the test patches. He then replaced X-junctions with of T-junctions proposed by
(Todorović, 1997) for the illusion. It is noted that all these models are unable to explain why a stronger
effect appears in a low spatial frequency version of the pattern (Ghosh and Bhaumik, 2010)
demonstrated in Figure 2.7a referred to as WE-thick previously.
Anchoring approaches (Bressan, 2006; Gilchrist et al., 1999; Economou, Zdravkovic and

Gilchrist, 2007) divide a scene into Gestaltian frameworks (noted in Shapiro and Lu, 2011). The
Double-Anchoring Theory is proposed by Bressan (2006), as a development for the Anchoring
Theory of Gilchrist et al. (1999) with the ability to show quantitative predictions of grey shades in the
visual scene. A wide variety of Brightness/Lightness Illusions such as SBC with articulated surrounds

(Figure 2.18-Row4) have been addressed by this model.

The Blakeslee and McCourt’s ODOG model (Blakeslee and McCourt, 1999, 2001, 2003)

accounts for numerous brightness phenomena such as the White’s effect, shifted White’s effect and

checkerboard illusion. They note that oriented multiscale spatial filtering that includes contrast
normalization across orientation, can parsimoniously account for these illusions. This filtering

explanation challenged many of the alternative explanations. They note that: “there are no Tjunctions in the 180° shifted White configuration or in the Checkerboard stimulus and, since the Xjunctions which replace them are formed by collinear pairs of mutually perpendicular branches, there

are no brightness predictions offered for these stimuli by the junction analysis of either Todorović
(1997) or Zaidi et al. (1997). Likewise, perceptual grouping explanations which invoke T-junctions
that either signal depth through occlusion (Ghilchrist et al., 1999) or which trigger scission (Anderson,
2003, 1997) cannot explain these effects, although other grouping factors, such as grouping along
the diagonals of a checkerboard (Ghilchrist et al., 1999), might be invoked. It is not clear, however,
how explanations based on perceptual grouping could, even in principle, account for the change in
the direction of the shifted White’s or Checkerboard illusion which accompanies changes in spatial
frequency. For example, as discussed previously, Gilchrist et al. (1999) proposed an anchoring
explanation for an achromatic checkerboard illusion. According to Gilchrist et al. (1999) what appears

to be an assimilation effect is actually a contrast effect resulting from salient grouping along the
diagonals of the checkerboard. Without further qualification this explanation cannot adequately
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account for the systematic transition from assimilation to contrast which accompanies decreasing
spatial frequency, since no rationale is offered for why the rules of perceptual grouping would be
expected to change as a function of spatial frequency.” (Blakeslee and McCourt, 2004: p. 2502)
d.

Hermann Grid
Although we have shown the Hermann Grid next to the Tile illusions because of its tiled-structure

in the illusion table (Figure 2.1), we’d rather explain it in this section, because the Hermann Grid does

not exhibit any tilt or bow like the rest of the Tile illusions. In the Hermann Grid (Hermann, 1870)
which consists of a white/black grid on a black/white background, small grey spots are perceived at

the intersections of bars in the grid (streets), although there are physically no such spots. The illusion

weakens in foveal vision (Schiller and Carvey, 2005). Classically it was thought that the illusion is
the result of lateral inhibition (LI) of the retinal cells (Baumgartner, 1960).
DoG models such as Wilson and Bergen’s (1979) model in which the weights were determined
by taking the difference between two Gaussian functions that had different parameters but equal
areas are typical in modelling spatial channels in the human visual system (noted in Foley and
McCourt, 1985). This type of weighting function has been employed frequently in other lateral
brightness effects such as the Hermann Grid (Spillmann and Levine, 1971).

Baumgartner (1960) explained the Hermann Grid illusion based on the receptive field

organization of the eye. “According to his hypothesis, brightness changes are caused by a difference
between the firing rates of retinal neurons ‘looking’ at an intersection or a bar, respectively. On-

center neurons signaling ‘lighter’ are inhibited by light falling into their receptive field surround
whereas off-center units signaling ‘darker’ are activated. As a result, white stripes crossing each
other on a black background evoke a darkening at the intersection on account of a relative increment
in lateral inhibition. By comparison, black stripes intersecting on a white background elicit a lightening
at a crossing because of a relative decrement in lateral excitation (Spillmann and Levine, 1971). This
interpretation is supported by single-neuron recordings in the cat (Jung and Spillmann, 1970;
Schepelmann, Aschayeri and Baumgartner, 1967)” noted in Spillmann and Levine, 1971: p. 547,
548).
Spillmann and Levine (1971) pointed out evidence for post retinal contribution to the Hermann

Grid illusion. It is stated that the strength of the Hermann Grid illusion weakens when the grid is

presented diagonally (Spillmann, 1994). They noted that it is due to the influence of orientation-

sensitive cells in LGN or in V1.
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Figure 2.11 “Modified Hermann grids devised for demonstrating maximum and minimum contrast enhancement. (a)
Pattern at left shows "lighter" and "darker" patches at almost every intersection. (b) Turning the bisected background
through 180° reduces the illusion drastically (right). For experimental observation grids were always presented against
homogenous backgrounds. The thin dark lines along the light stripes are artifacts of illumination”. (Spillmann and Levine,
1971: Fig 1) © Springer-Verlag. Used with permission.

They designed a set of experiments on a modified version of the Hermann Grid to test and

quantify the predictions of illusory spots in the pattern considering a wide variety of contrast ratios

between intersecting or continuous stripe (IG), intersected or discontinuous stripe (ID), and
background (BGD). This contains 15 shades of grey scale for strips against 5 uniform backgrounds
(BGD) ranging from white to black (Backgrounds are in the range of White (91 % reflectance), light
grey (48%), medium grey (22%), dark grey (14%), and black (1.8%)).This stimulus is used to
estimate the size of visual receptive fields in man (Spillmann and Levine, 1971; Spillmann, 1971).
This modified version shown in Figure 2.11, that has a combination of features of Hermann's original
patterns (1870), consisting of dark grey stripes crossing white ones on a black background). They
note that “The apparent darkening at the intersections of such stripes is very vivid and is noticed
immediately, even by a naive observer. It can also be seen at low levels of illumination and at
exposure times as short as ten milliseconds. Therefore, eye movements and successive contrast
may be ruled out as constituent factors for the illusory effect” (Spillmann and Levine, 1971: p.547).
Rather than the version shown in Figure 2.11 with a ‘systematic’ arrangement for intersecting
and intersected stripes according to a grey scale, a ‘randomised’ version was also designed and
tested. They note: “the systematic version of the grid elicited an average of 4.6% more illusory
responses than did the randomized version. The latter, when presented on its side, evoked 3.3%
more responses than on its corner” (Spillmann and Levine, 1971: p.550).
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Figure 2.12 “Baumgartner's contrast model (revised). Darkening effects of various strengths may be explained by
different amounts of central excitation and lateral inhibition in receptive fields located at and around each intersection. The
graph (lower right) shows the relative contrast induced by a vertical and a horizontal bar. The rate of change for pattern B
(+) is considerably greater than for intersection A (O) of the original Hermann grid. Note the opposite slopes for pattern C
(Δ) for which no contrast illusion occurred”. (Spillmann and Levine, 1971: Fig 8) © Springer-Verlag. Used with permission.

Regarding the magnitude of the effect, they note that: “the Hermann Grid illusion is strongest

when the difference in total firing rate between neurons "looking" at the intersection and neurons

stimulated by the bar becomes maximum. This difference originates from unequal stimulation of the
antagonistic receptive field surrounds”. Also, “the firing rate of the intersection neuron would
approach that of the bar neuron or vice versa until both neurons signal the same brightness. Hence
the grid illusion should weaken and finally disappear when intersected stripe and background
assume identical reflectances.” (Spillmann and Levine, 1971: p.555). This can also be interpreted in
terms of the simple center surround neural unit as mentioned by them.
For the analysis, they emphasise that “we must take into account only the gradually changing
proportion of light, contributed by IG, ID and BGD with distance from the intersection” (p. 555). Figure
2.12 demonstrates how Baumgartner's model is used by Spillmann and Levine (1971) to explain the
Hermann Grid. They explain the illusion as“ (for inhibition) the neuron ‘looking’ directly at the center

receives an input of 1/4. Receptive fields displaced laterally or in height are illuminated by a plusminus fraction of 1/3, and if still further away of 1/2” (p. 555).

Also in discussing the Hermann Grid as illustrated in Figure 2.12 they noted: “Obviously, pattern

B yields the lowest minimum with the steepest approach toward the maximum. Hence, it ought to

display the strongest contrast enhancement. Intersection A comes next and then C.” (p. 556). The
Hermann Grid illusion also appears for grey and white backgrounds as the following illustrates:
(1)
(2)

(2.1)

(3)
In the above statements the symbol < means "less reflectant than" or with a "lighter" effect, and
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the symbol > means "more reflectant than" or with a "darker" effect at the intersection. Intersection
A satisfies the requirement of (1), B of (2), and C of (3). Spillmann and Levine (1971) summarised
their findings as “the Hermann grid illusion is of medium strength when two stripes of equal
brightness cross each other on a brighter or darker background (standard pattern). The contrast
illusion reaches a maximum if the intersecting stripe is much brighter (or darker) than the intersected
stripe but not quite as bright (or dark) as the background. Little or no illusion occurs when the
intersecting stripe is brighter (or darker) than the intersected stripe if, in turn, the latter is brighter (or
darker) than the background” (p. 557) as indicated in the following statement.
(4)

(2.2)

Figure 2.13 “Upper and lower threshold angles for the disappearance of the darkening plotted vs log contrast ratio
between the intersecting stripes. The grid was shown against a dark grey background. Normal foveal fixation was employed
(O) and compared with viewing under induced convergence (X) or defocusing (□). Data are from 1 observer (Courtesy of
Dr. W. Richards)”. (Spillmann and Levine, 1971: Fig 9) © Springer-Verlag. Used with permission.

They concluded that “illusory light and dark patches at intersections were essentially limited to
IG's that ranged in reflectance between BGD and ID. The illusion was most distinct when the contrast
ratio between IG and BGD was minimum, while that between IG and ID was maximum; it was much
reduced on intersections formed by equireflectant stripes, such as those in the original Hermann
Grids. ‘Brighter’ responses were evoked by a white BGD and ‘darker’ responses by a black BGD.

Grey BGD's elicited both kinds of responses. The contrast effects were more pronounced for vertical
and horizontal than for diagonal grid orientation” (Spillmann and Levine, 1971: p.547)

Based on the measurements of the upper and lower threshold distances in five observers, they
suggest that “with direct fixation contrast enhancement occurs between 2 and 108 min of arc stripe
width. This wide range far exceeds previously obtained thresholds of 4.5' and 17.6' which were
interpreted as size estimates of foveal receptive field centers (Baumgartner, 1960; Jung and
Spillmann, 1970) or fields in man (Spillmann, 1971). Dr. W. Richards showed that a critical visual
angle of 4'-15' applies to low-contrast intersections whereas angles between 1.7' and 80' may be
found for high-contrast intersections (Figure 2.13). With prismatically induced convergence (12 Δ,-3
D), the whole curve was shifted to the right but not more than expected for artificial defocusing ( +1
D). Thus, the scaling mechanism postulated by Richards (1967) to explain size constancy did not
affect the threshold values” (Spillmann and Levine, 1971: p.558, 559).
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In the 1980s Wolfe observed that the strength of the Hermann Grid illusion depends on the

number of intersections. For dense grids with more intersections, the strength of the illusion

increases (Wolfe, 1984). These two findings have been demonstrated in the simulation results by
Arai (2005) using a model of overlap biorthogonal wavelets. This has also been demonstrated by
explanatory models of isotropic DoGs such as (Ghosh, Sarkar and Bhaumik, 2006; Ghosh and Pal,
2007).
Common accepted theories for the Hermann Grid suggesting for the models based on cortical

mechanisms and that the retinal ganglion cells are unable to account for the illusion (Lingelbach,

Block, Hatzky et al., 1985; Spillmann, 1994; Geier, Séra and Bernáth, 2004; Westheimer, 2004;
Schiller and Carvey, 2005). Many parameters that affect the Hermann Grid illusion have been
investigated by Schiller and Carvey (2005) such as size range, rotation, bar orientations and

discontinuities, ratio of square width to bar width, and isoluminance. They have shown that the
illusion is eliminated for instance when the width of the squares in the pattern is equal to the width
of the bars, as well as in the isoluminant variations.

2.5.1.2 Complex Brightness/Lightness/Transparency Illusions
A simple definition for brightness and lightness is that brightness is apparent intensity,
brightness-contrast is apparent local intensity ratio, and lightness is apparent reflectance (Blakeslee
and McCourt, 2015). To have a clear understanding of these two, Gilchrist (2007) has a quick guide
article. He notes that in lightness we have a range of black-grey-white, while in brightness the ranges
are from dim to bright. Lightness is the perceived reflectance and has a permanent property while
brightness is the perceived luminance with transient property. Lightness determines the objective
side while brightness highlights the subjective side. It is also said that the physical counterpart of
brightness is called luminance (Gilchrist, 2007).
Kingdom (2011) in his thorough overview of brightness/lightness models highlights the
importance of retinal preprocessing in these models to explain brightness/lightness phenomenon.
He notes that: “During the past quarter-century however, opinion has shifted in favour of a cortical
locus for lightness perception. One must bear in mind however that even if lightness values are
‘read-out’ at a cortical level, the retina plays a crucial role in lightness perception. Light adaptation,
the process whereby the visual system adjusts to the local average light level is universally believed
to be the result of rapid gain changes among retinal neurons. Thus it is the retina that normalizes
luminance differences to the local light level, converting those differences into contrasts (or ‘ratios’),
a critical computation for achieving lightness constancy (Shapley and EnrothCugell, 1984; Walraven,
Enroth-Cugell, Hood et al., 1990). Second, the retina possesses neurones, such as ganglion cells,
that encode those contrasts” (Kingdom, 2011: p.656).
In relation to the contributions of both retinal and cortical cells, he says: “lightness and brightness
perception is a multi-stage process involving both retina and cortex. While the retina normalizes
luminance variations to the local average light level and encodes rudimentary contrast information,
neurons in the ventral cortical stream explicitly signal lightness and brightness.” (Kingdom, 2011:
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p.657)
For similar illusions to Figure 2.1-Row8, high-level explanations seem to be more complete. “If a
model is to predict the brightness phenomena, it may need to use sophisticated mechanisms that
decompose the image into a set of intrinsic images (Barrow and Tenenbaum, 1978) representing
reflectance, illumination, and transparency (Kersten, 1991; Sinha and Adelson, 1993)” (as noted in
Adelson, 1993: p. 2044).
Whittle (2013) proposed two types of constancy: Type I and Type II. Type I constancy is the
ambient level, achieved by computing contrast, which produces errors such as simultaneous contrast
(SBC). Type II constancy is related to the changing background, and results from integrating
contrasts across the image. “Type I and Type II constancy thus tend to work in opposite directions,
with Type II serving to mitigate the errors resulting from Type I in order to provide a more veridical
representation” (noted in Kingdom, 2011: p. 657). Shevell, Holliday and Whittle (1992) mentioned
‘contrast’ processes are precortical whereas ‘surround-integrative’ processes are cortical (see
Kingdom, 2011).
Constructivist theories believe in top-down approaches (Adelson, 2000) for Brightness Illusions,
but still there are other experimental findings which show that for some low-level brightness illusions,
DoG or LoG based models are sufficient to explain illusions such as Mach Bands and Simultaneous
Brightness–contrast (SBC) illusions. Even for many White’s Effect related class illusions, models
based on further modifications to classical implementation of DoGs could explain those illusions

(Blakeslee and McCourt, 2001, 2004; Ghosh, Sarkar and Bhaumik, 2006; Ghosh, Sarkar and
Bhaumik, 2008).

Figure 2.14 Simultaneous contrast stimulus. “(A) Illustration of a reflectance edge and (B) an illumination edge
simultaneous brightness/lightness contrast stimulus. In (A, B) all of the test patches have the same luminance. The low
luminance and high luminance backgrounds are all equivalent in the two stimuli. Stimulus (A, B) differ only in the addition
of a far surround to three sides of the high luminance background in (B) to simulate an illumination edge”. (Blakeslee and
McCourt, 2015: Figure 1). © CC-BY-NC

Blakeslee and McCourt (2015) discuss the historical controversy concerning the cause of
Simultaneous Brightness/Lightness Contrast (SBC illusion; Figure 2.14) and whether the illusion is one

of apparent intensity (brightness) or apparent reflectance (lightness). To avoid confusion and the
erroneous impression that different names for this effect refer to different illusions, Blakeslee and
McCourt (2015) used the term simultaneous contrast (SC) and described the illusion referring to the

dimensions of apparent intensity (brightness, ranging from dim to bright), and apparent reflectance
(lightness, ranging from black to white). Simultaneous Contrast is described by Blakeslee and
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McCourt (2015) as “an illusion in which a mid-intensity (grey) test patch on a dim (black) background
looks brighter (whiter) than an identical test patch on a bright (white) background (Figure 2.14-left)”
(p. 2). The only difference between the parts A and B in Figure 2.14 is the far surround of the two
SBC patterns. The edges are referred to as reflectance edge in (A) and illumination edge in (B).

Figure 2.15 Left: Judgments of lightness. The simultaneous contrast stimulus used by Blakeslee and McCourt (2012).
“The stimulus was modeled on the Williams et al. (1998) version of a reflectance edge (A) and an illumination edge (B)
simultaneous contrast illusion. In (B) the test patches and near backgrounds are identical to those in (A) ; however, a dark
far surround has been added that causes the left half of the stimulus to appear to be in shadow. The bar graph plots the
mean (and 95% confidence intervals) of four observers brightness (grey bars) and lightness (white bars) matches for each
test patch within the stimulus displays. Right:The snake illusion stimulus used by Blakeslee and McCourt (2012). “The
stimulus is modeled on Adelson (2000). The test patches in (A, B) share the same luminance. In addition, the upper test
patches in both stimuli have the same lower background luminance and the lower test patches share the same higher
background luminance. The stimuli differ in the luminances of the more distant regions (the snake undulations) such that
the upper test patch in (B) appears to lie beneath a transparent overlay”. (Blakeslee and McCourt, 2015: Figures 2, 3)
© CC-BY-NC

As explained in Section 3.5.1.1.2, low-level accounts for explaining brightness/lightness
phenomena include: Heinemann (1972); Jameson and Hurvich (1989); Kingdom (2011); Moulden
and Kingdom (1989); Kingdom (2003, 2013); Kingdom and Moulden (1989); Fiorentini, Baumgartner,
Magnussen et al. (1990); Fiorentini (2003), modern Multiscale Filtering models such as the ODOG
model and its derivatives (Blakeslee and McCourt, 1999; Robinson, Hammon and de Sa, 2007), as
well as Filling-in models (Grossberg and Todorovic, 1988; Rossi and Paradiso, 2003; Blakeslee and
McCourt, 2015: p. 2).
Figure 2.15-left shows another version of the SBC illusion, demonstrated by Blakeslee and

McCourt (2015) with added further dark surround, causing the left half of the stimulus to appear to
be in shadow in B. On the right side of the figure two variations of the Snake illusion are shown that

differ in the luminances of the more distant regions. The upper test patch in B appears to lie beneath
a transparent overlay.

Von Helmholtz (1866/1962), emphasized the importance of unconscious inference in producing
the Simultaneous Contrast (SC) effect. According to Helmholtz “observers interpret the test patch on

the bright (white) background to be under a higher level of illumination than the equiluminant test
patch on the dim (black) background” as noted in (Blakeslee and McCourt, 2015: p. 2). High-level
accounts often rely on a variety of ‘mid-level’ factors such as Gestalt Grouping (Gilchrist et al., 1999;
Gilchrist, 2006) or Junction Analysis (Adelson, 2000), that give rise to perceptual inferences about
depth, illumination, reflectance, and transparency (e.g. (Gilchrist et al., 1999; Kingdom, 2011;
Logvinenko, 1999; Adelson, 2000; Logvinenko and Ross, 2005; Bressan, 2006; Gilchrist, 2006;
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Anderson and Winawer, 2008; Radonjić, Todorović and Gilchrist, 2010; Radonjic and Gilchrist, 2013;
Kingdom, 1999).
The Checkerboard contrast illusion (De Valois and De Valois, 1988) is given in Figure 2.7v,w,

where grey patche surrounded by white tiles of a checkerboard pattern looks lighter and grey patche
surrounded by black tiles of the checkerboard looks darker. This illusion were interpreted in terms of
high-level grouping factors (Gilchrist, 2006); noted in Otazu and Vanrell et al. (2008). De Valois and
De Valois (1988) explained the Checkerboard illusion based on multiscale analysis of human contrast

sensitivity similar to (Jameson and Hurvich, 1989). The brightness assimilation effect in this illusion
has been explained completely by a concentric Gaussian model proposed by Ghosh and Pal (2007),
named the Extended Classical Receptive Field (ECRF) model.
In high-level models such as Anchoring approaches the necessity for an existence of a complex
visual computation for our judgement of lightness is noted in Bressan (2006): “the region’s lightness
(its perceived achromatic colour) does not correspond in any direct way to its luminance (the amount
of light it emits or reflects). For that matter, its luminance does not correspond in any direct way to
its physical grey shade either” (p. 526). Double-Anchoring Theory is proposed by Bressan (2006) as
a development for the Anchoring Theory of Gilchrist (1999) with the ability to show quantitative
predictions of grey shades in the visual scene. The proposed model includes “an additional anchor
and is thereby able, first, to explain all the data explained by the original model with fewer ad hoc
assumptions (e.g., dispensing with concepts such as scale normalization or insulation) and, second,
to account for a number of empirical findings that the original model left unexplained” (Bressan, 2006:
p.529).
In Double-Anchoring Theory (Bressan, 2006) the assumption is that: “any given region (a)
belongs to one or more frameworks, created by Gestalt grouping principles, and (b) is independently
anchored, within each framework, to both the highest luminance and the surround luminance. The
region's final lightness is a weighted average of the values computed, relative to both anchors, in all
frameworks.” (Bressan, 2006: p.526). These frameworks are either local or global and are nested,
which means that the local framework is included in the global. “Within each framework, the role of
anchor is assigned to the highest luminance, which is locally given a value of white. A corollary rule
applies to the case in which the darker region takes up more than half of the visual field: in this case,
such a region tends to lighten, and the larger it becomes the lighter it appears” (p. 526). Therefore,
“in an achromatic world, then, the region with the highest luminance will be unambiguously seen as
white and all other regions will be perceived as shades of grey, depending on their luminance ratio
to such white” (p. 526).
When both targets are luminance increments such as Figure 2.16, the Anchoring model gives a
wrong prediction. It is noted that in the Anchoring Theory a problem is that the lightest region can
have no lightness value other than white (Bressan, 2006). The principle of ‘Area-rule’ (Gilchrist et
al., 1999; Li and Gilchrist, 1999) in the Anchoring Theory is defined as “the darker area in a simple
framework, if it is also the larger, moves toward white, pushing the lighter region toward luminosity”
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(Bressan, 2006: p.528).

Figure 2.16 Simultaneous contrast illusion with two increments. (Bressan, 2006: Figure1.c) © Used with permission
from the author.

In the Double-Anchoring model, the first anchor is defined as the ‘highest’ luminance evolved for
interpreting luminance changes due to surface colors, and the second is the ‘surround’ luminance
evolved for interpreting luminance changes due to light sources (Bressan, 2006). Within each
framework, “the lightness of the target region is determined not only by its luminance ratio to the
highest luminance (HL step) but also by its luminance ratio to the surround luminance (surround
step). Because they are anchors, the highest luminance and surround luminance are defined as
white. The weighted average of these two luminance ratios is the territorial lightness” (Bressan, 2006:
p.529). The concept of ‘surround’ in this model is defined as any region that groups with the figure
and it does not need to be retinally adjacent to the figure.
Let us note again that unlike the Anchoring Theory with the nested frameworks, in the DoubleAnchoring model, these two frameworks are not nested. So, “the peripheral framework does not
contain the luminance of the local surround. This distinction between local framework and peripheral
framework (rather than global, as in the original anchoring model) is similar to the one made by
Kardos (1934) between “relevant” and “foreign” fields. Kardos was the first to suggest that the
lightness of a target is determined not only by the target’s framework but also by an external
framework” (Bressan, 2006: p.529). Also there are additional intermediate frameworks between the
local and peripheral ones in the Double-Anchoring Theory called superlocal (Bressan, 2006). “To
parse the scene into groups, we do not need to know about the illuminant, but we use a set of crude
rules: proximity, depth similarity, alignment, luminance polarity and similarity, and so on. In nature,
regions that share these properties are likely to be equally illuminated” (Bressan, 2006: p.530).
For perceptual groupings, other terminologies are defined for example “Luminance polarity
means that, other grouping forces being equal, grouping will tend to occur preferentially between
regions with the same contrast sign. Luminance similarity means that, other grouping forces being
equal, grouping will tend to occur preferentially with the region, or regions, whose luminance is closer
to the target’s luminance.” (Bressan, 2006: p.529)
The strength of groupings is also considered such that “frameworks created by ‘hard’ grouping
principles, such as those listed previously, tend to behave as stable entities and are little or not at all
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affected by voluntary control. Frameworks can also be sustained by ‘soft’ grouping principles, such
as attention or past experience, or can be based on a compelling grouping force, say adjacency, but
weakened by another grouping force pushing in the opposite direction, say binocular disparity values
indicating separation in depth. In the context of lightness experiments, unstable or conflicting
frameworks are likely to reveal interindividual differences (due, for example, to variations in attention,
fixation patterns, experience, or interpretation of the task demands) and potentially also
intraindividual differences, under the form of variability across stimulus repetitions or sessions”
(Bressan, 2006: p.530). He notes that “frameworks are only a convenient way of expressing the idea
that each point in a scene is influenced by every other point, and that the strength of this influence
hinges on some affinity measure between the points, that is, on how strongly they ‘group’ with each
other” (Bressan, 2006: p.530).
Regarding the perceptual grouping, on the question of the phenomenon and whether it is retinal
or within a higher level origin, some important points are mentioned by Bressan (2006) which uphold
the Anchoring-based models as a generalised model for Brightness/Lightness Illusions such that:
“all the available evidence (see Palmer, Brooks and Nelson, 2003, for a thorough review) shows that
grouping occurs at least twice, once before and once after depth and constancy processing have
been completed. ‘Late’ (or top-down) grouping alters the content of the visual representation
according to attributes typical of three dimensional objects and layouts, rather than of twodimensional patches.” (Bressan, 2006: p.530). He argued against the controversial views held by
Logvinenko and Ross (2005) for the misjudgement of apparent illumination and that Anchoring
Theories are unable to address these. Bressan (2006) points out that this is the result of “the
erroneous notion that frameworks function solely as adjoining pieces of a flat mosaic, a
misunderstanding that stems from the assumption that grouping processes operate only at the level
of the retinal image” (p. 530).
He not only used the model to explain the SBC and SBC with articulated surrounds but also for

the Bullseye (Figure 2.7aa, bb), Snake and many more. He has also tested the effect of depicted

illumination on lightness. In the Snake illusion, where the two top diamonds appear much lighter than

the bottom two, they have explained the effect using ‘overlay framework’ saying that: “The top
diamonds are full increments in their framework; as such, they are white at the HL step and
superwhite at the surround step. The bottom diamonds are full decrements in their framework; as
such, they are grey at both steps, because they are assessed relative to the white half-ellipses and
to their own light grey background, respectively” (Bressan, 2006: p.545, 546).
The second-order Simultaneous Brightness Contrast (SBC) illusion, given in Figure 2.18-Row 4

was investigated by Chubb, Sperling and Solomon (1989). They demonstrate the reduction of the
apparent contrast of a test patch when the patch was surrounded by textured surroundings of higher

contrast. (In the original first-order (luminance) SBC illusion, when the apparent brightness of a test

patch is reduced, this results in a weaker brightness induction, if it is surrounded by an area of higher
luminance as noted by Lu and Sperling (1996).
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Figure 2.17 “Experimental stimuli and results: the effect of removal of low-spatial-frequency content on the brightness
of test disks placed at different locations on natural gray-scale images. The first column shows the original images (from
top to bottom, titled San Francisco, Kings College); each image contained seven test disks (labelled “A” through “G”). All
test disks had the same luminance level (i.e., the pixel value for each disk was 127), but the disks differed in apparent
brightness. The second column shows the same two images after filtering according to Equation 2.3 (see the text); the
test disks were no longer equiluminant. The red numbers in the filtered images indicate the average pixel value of each
test disk (possible range: 0–255). The graphs plot the correlation between observers’ rankings of the brightness of the
test disks in the unfiltered images and the rankings of the physical luminance values of these disks in the filtered images
as a function of the size of the filter. The symbols in the plots show results for the two viewing conditions (LCD and
projection monitor) and the correlations with the average rankings across all participants (the solid lines are smoothed fits
to the average correlations); some of the symbols overlap because the results were similar in the two conditions. The
fourth column shows the strength of the correlations between observers’ rankings and rankings of physical stimulus values
when the images were filtered using Adobe Photoshop’s high-pass filter, with the filter radius equal to the size of the test
disks”. (Shapiro and Lu, 2011: Fig. 1) © SAGE Publication. Used with permission.

Shapiro and Lu (2011) used an approximation method for the removal of low-spatial frequency
content from an image (simply subtract blur from the image) to address the brightness induction
phenomenon, as described in the following:
new image = image – image * H ave + constant
H ave is a unit square matrix with all its elements equal to 1 / (size of H ave ).

(2.3)
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Figure 2.18 “Removal of low-spatial-frequency content from stimuli that generate five brightness illusions. The filter
from Equation 1 (see the text) was applied to Adelson’s (1995) checker-shadow illusion (top row), an illusion in the style
of Anderson and Winawer (2005; second row), a texturized version of Adelson’s (2000) Argyle illusion (third row), a
simultaneous contrast illusion with an articulated surround (Gilchrist, 2006; fourth row), and Bressan’s (2001) dungeon
illusion (bottom row). In each case, the size of the averaging kernel was set to equal the diameter of the test patches.
From left to right, the columns present the original images, the original images with a mask applied (to demonstrate that
the test patches have the same luminance), the filtered images, and the filtered images with the mask applied (to show
that the filtered test patches do not have the same luminance)”. (Shapiro and Lu, 2011: Fig. 2) © SAGE Publication. Used
with permission.

Figure 2.17 shows the result of their filtering on two natural images in grey scale with the possible
pixel values in the range of 0-255. As shown in the figure, seven test disks with the same luminance
level have been superimposed on the original image on the left that are labelled from A to F. The
result of filtering the low-spatial frequency content using Eq. (2.3) appears in the next column with
their apparent brightness level presented in red. It is noted that: “Unlike the disks in the original
images, the disks in the filtered images had physically different average pixel values. These
differences occurred because the averaging kernel lowered the pixel value of test disks surrounded
by dark regions and increased the pixel value of test disks surrounded by bright regions (Shapiro
and Lu, 2011: p.1453)”. On the right side of the figure, the correlation of the observers’ ranking of
the brightness of the test disks are shown from the original images (for both LCD and projection
monitor) and the rankings of the calculated luminance values of these disks in the filtered output.
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The right most column shows this correlation after using the Adobe Photoshop high-pass filter.
Their proposed approach has been tested on a few Brightness/Lightness Illusions. These include
Adelson’s (1995) Checker-shadow illusion (Figure 2.18-1A), the Anderson and Winawer (2005) style

of SBC (Simultaneous Brightness Contrast) illusion (2A), a texturized Adelson’s (2000) Argyle illusion

(3A), the SBC with an articulated surround (Gilchrist, 2006; 4A), and Bressan’s (2001) Dungeon

illusion (Figure 2.18-5A). As the filtering output shows in the right column of the figure, the filtering

process changed the physical luminance of the test patches, and brings “their relative luminance in
line with their relative perceived brightness before filtering” (Shapiro and Lu, 2011: p.1455).

Shapiro and Lu (2011) state that illusions such as the Snake (Figure 2.1-8d) in which the areas

surrounding the test squares are identical are challenges for filtering approaches. In their
investigations they have found that when the kernel size is in the range of 200-300 pixels for test
patches (squares) of size 220 pixels, the results show a brightness induction 6 times higher than the
effect in the Antisnake image as shown in Figure 2.19.

Figure 2.19 “An examination of Adelson’s (2000) snake/antisnake illusion. Although the test squares in the snake
display (upper right) all have the same luminance, the squares in the top row appear to be much brighter than those in
the bottom row. The antisnake illusion (bottom right) is much weaker; in this case, again, the test squares in the display
all have the same luminance, but their apparent brightness is fairly similar. The plot on the left shows the physical
difference in relative luminance between the central squares in the two rows of each image when Equation 2.3 was applied
(i.e., the low-spatial-frequency content was removed from the images). A value of 0 indicates that the two squares had
the same average pixel value; a positive value indicates that the square in the top row had a higher physical value than
the square in the bottom row. This difference in luminance of the test squares is shown as a function of the size of the
kernel in Equation 2.3. Over a substantial range of filtering, the luminance difference was greater for the snake-illusion
image than for the antisnake-illusion image”. (Shapiro and Lu, 2011: Fig. 3) © SAGE Publication. Used with permission.

In visual perception, cognition begins with early vision cues such as brightness-colour, texture
and surface, continues to mid-level vision for the extraction of shapes and their spatial relations from
the output of early vision, which culminates in a meaningful representation in its final stage (Ullman,
1996).
In the filtering approach used by Shapiro and Lu (2011) as a simple one dimensional model, they
note that “filtering was able to account for perceived brightness when the amount of blur discarded
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from the images corresponded to the size of the test discs, which suggests that the relevant scale
for the low-spatial-frequency filtering performed by the visual system depends on the objects
attended to in the visual scene” (Shapiro and Lu, 2011: p.1457). They further note “explicitly
acknowledges a role for spatial organization by stating that filter size depends on the size of the most
relevant stimulus. If elements in a scene are grouped to form a larger object, this would affect the
scale of the high-pass filter. Indeed, the mere act of attending to an object has been shown to change
the object’s perceived brightness (Tse, 2005); our approach could potentially account for this finding
if attention causes selection of information at a relevant spatial scale” (p. 1458).
They conclude that the filtering in sophisticated lateral inhibition models, which combines with
spatial waiting functions such as (Shapley and Reid, 1985; Zaidi, Yoshimi, Flanigan et al., 1992) act
more like a blur-removal process rather than the edge extractors. Compressive nonlinearity may also
be required when test patches are not fixed at the midluminance (Kingdom, 2003; Whittle, 1994).
Logvinenko and Kane (2004) demonstrated that the Tile illusion disappears when the Wall of

Blocks is implemented as a real 3D object. They also test the real 3D cylinder version of the Grating
Induction.

In Gestalt psychology, the importance of belongingness on varieties of lightness illusions has

been investigated by some researchers. For instance, Gilchrist (1977) showed that coplanarity of
the test object with the inducing background is a crucial factor in the simultaneous lightness contrast

(SBC) effect and similar Brightness/Lightness Illusions.

In the snake pattern, identical grey test patches have a strong induction of simultaneous lightness

contrast when they are ‘coplanar with the pattern’ (being a part of the picture) due to the spatial
layout. Logvinenko and Kane (2004) demonstrated that when the test patches are implemented as
a side of 3D cubes, its appearance is not affected as much by the background compared to the
original pattern, and exhibit a rather low simultaneous lightness contrast effect.
The Grating Induction when compared to Adelson’s Tile and Snake illusions is claimed to have

different properties (Logvinenko and Kane, 2004). The Grating Induction (GI) for both 2D and 3D
displays is reported to have equal magnitude, whereas the brightness effect in Tile illusion (Wall of

Block) was not observed for a 3D display (Logvinenko, Kane and Ross, 2002). Furthermore, they
reported that detaching the test strip from the inducing cylinders did not affect the Grating Induction,

whereas detaching the test objects from the Snake pattern considerably reduced the illusion. They

suggest that the Grating Induction probably originates from low-level mechanisms based on Hering’s
(1874/1964) idea. On the other hand, the Tile/Wall of Block and Snake illusions seem to be a result

of high-level mechanisms, first suggested by Helmholtz (1867). For these illusions, they suggest the
same mechanisms that secure lightness constancy with respect to illumination (Logvinenko, 1999).

Regarding encoding of brightness they note that “there is every indication that brightness is
determined at the earliest stages in the visual system (Whittle, 2013 2013)” (Logvinenko and Kane,
2004: p. 1108).
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Adelson (1993) notes that various lightness phenomena such as the Wall of Block (Adelson’s

Tile) cannot be explained by low-level models. Because an observer in a lightness experiment is
judging properties of the objects portrayed, rather than merely estimating the brightness of the ink

on the page, one might not be surprised to find that low-level mechanisms fail to explain the results”
(p. 2042). Adelson explained this Tile/ Wall of Block illusion given in Figure 2.20 as follows: “The

"Wall-of-Blocks" pattern (Fig 2.10-left) is built from the two square tiles shown above it. Diamond a 1

looks darker than diamond a 2 although it is actually the same. One might propose that this is an
ordinary simultaneous contrast effect, since the region surrounding a 1 is of higher mean luminance
than the region surrounding a 2 .” (Adelson, 1993: p. 2043). ”A strong Brightness Illusion is produced
in Figure 2.20-center: Patch a 1 appears much darker than a 2 even though it is in fact the same. On
the other hand, the situation is different in Figure 2.20-right. The two patches are perceived as lying
in the same plane with the same illumination; thus, their inferred reflectances should be the same.
The small residual brightness illusion might be attributed to low-level processes.” (Adelson, 1993: p.
2044)

Figure 2.20 “Effects of perceived transparency on brightness judgements. Left: A pattern made by repeating two square
tiles. A brightness illusion results: The diamonds a1 and a2 are the same shade of grey but appear quite different”. “Effects
of perceived shading on brightness judgments. Center: The patches a1 and a2 are the same shade of grey, but a1 appears
much darker than a2. Right: Pattern made of patches with the same grey shades as in the Center but with different
geometry, leading to a different interpretation and reduced brightness illusion”. (Modified from Adelson, 1993: Figs 2, 3)
© Used with permission from the author.

Otazu and Vanrell et al. (2008: p. 734) explained the Tile illusion noting that: “The

Adelson’s/Logvinenko’s Tile illusion (Adelson, 1993; Logvinenko, 1999), appears when a ‘‘wall made
from homogeneous blocks” is spatially modulated by a horizontal dark stripe in such a way that some
of the diamonds that form the top of the blocks fall within the brighter part of the wave and some fall

within the darker part. The top of the blocks (horizontal diamond shapes) are constructed to be
physically the same (i.e. they reflect the same amounts of light), but the diamonds that fall in the light
strip look darker than the diamonds in the dark strip”.
For the Adelson– Logvinenko’s Tile illusion (Logvinenko, 1999, 2002) Otazu and Vanrell et al.,

(2008) note that: “this image consists of a 2D representation of several 3D cubes modulated by a
horizontal sinusoidal grating, where the upper (or lower, depending on how the observer solves the
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cube’s ambiguity) sides of the cubes have equal luminance but are perceived with different
brightness” (p.745).
A modified version of the Adelson’s Tile illusion was introduced by Logvinenko (1999), where

contrast edges of the horizontal strips are blurred, thus any apparent transparency is removed
(Figure 2.21d). He verified that the illusion still holds in this variation. There are a wide variety of

explanations for the Logvinenko-Adelson’s Tile, ranging from ‘low-level’ explanations of multiscale

spatial filtering approaches (Blakeslee and McCourt, 1999; Cornsweet, 1970) to high-level

explanations based on the role of borders or luminance junctions between or across strips (Adelson,

1993; Adelson, 2000; Anderson, 1997), or explanations based on how the visual system deals with
illumination modelled in different frameworks (Gilchrist et al., 1999; Logvinenko and Ross, 2005).
There are also multi-level explanations such as (Kingdom, 2003).

Figure 2.21 Top (a, b): “An effect of the mode of perceiving on lightness induction as demonstrated by Adelson (1993).
Although the rows of diamonds 1 and 2 have been printed with the same ink in both patterns (a) and (b), they appear of
different lightness in pattern (a), whereas there is almost no difference between them in pattern (b). Bottom: (c): “The same
pattern as in (a) except that the blocks are spatially separated from each other. Such a separation makes the diamonds 1
and 2 look the way they really are, namely of the same lightness, thus eliminating the lightness-induction effect which is
quite strong in (a)”. (d): “The pattern in this figure was produced from the tile pattern/Wall of Block in (a) by blurring the
contrast at the border between the dark and bright strips”. “As in (a), the diamonds 1 and 2 are physically the same but
look rather different because of lightness induction caused by the vertical luminance ramp. (Modified from Logvinenko,
1999: Top from Figure 1, Bottom from Figures 2 and 4) © SAGE Publication. Used with permission.

Adelson (1993) pointed out that the brightness induction in the Tile/Wall of Block (in illusion table

-Figure 2.1-8b or Figure 2.20-left) needs a high-level explanation of Helmholtz’s type. Logvinenko
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(1999) challenged Adelson’s explanations by introducing modified versions of his Tile pattern. These

modifications are shown in Figure 2.21-b to d. He pointed out “Adelson's illusion can be accounted
for by neither local contrast, nor the apparent transparency, nor the type of grey-level junctions” (p.

803). He noted: “the difference in the lightness-induction effect produced by the patterns in Figure
2.21a and b can be accounted for by the fact that these patterns are seen in two different ways.
Although both patterns are perceived as arrays of 3-D blocks with differently painted sides, the blocks
in Figure 2.21b look equally lit whereas those in Figure 2.21a look differently lit” (p. 803). Also “the
Wall of Blocks is seen behind alternating `dark' transparent filters; or as if a striped shadow is cast
on it” (Logvinenko, 1999: p. 804).

Adelson (1994) suggested that “X-junctions, such as in Figure 2.21a, facilitate lightness

induction, whereas Y-junctions, such as in Figure 2.21b, degrade it” (Logvinenko, 1999: p. 804).
Figure 2.21c shows a version of the Tile /Wall of Block pattern where blocks in Figure 2.21a are

presented separately from each other. Logvinenko (1999) explained this modified version with the

Anchoring Theory by saying that: “While it is, generally, not always clear into what frameworks a
given picture can be parsed according to the Anchoring Theory, it seems that Figure 2.21c is most
likely to be parsed as an array whose local frameworks are the single blocks. Each block consists of
three sides. The upper side is completely identical for both types of blocks. The lateral sides are also
the same except for the rotation by 180°. So, both the local and global anchors for the diamonds are
the same for Figure 2.21c. Therefore, the lightness of the diamonds in Figure 2.21b should be the
same according to the Anchoring Theory” (Logvinenko, 1999: p. 808). Figure 2.21d is another
variation designed by Logvinenko (1999) by blurring the borders in the Adelson’s version with much
stronger effect than the classical version displayed in Figure 2.21a.
In the anchoring process, luminance is converted into lightness (noted in Logvinenko, 1999). He
explain this version by saying that: “The Anchoring Theory predicts that the diamonds in Figure 2.21a
will have a different lightness because they are assumed to be anchored within different local
frameworks. There are two different groups of local frameworks in Figure 2.21a around apparently
dark and light diamond rows, respectively. As the maximum luminance within these frameworks is
different, the anchoring process yields different lightnesses” (Logvinenko, 1999: p. 808).
Logvinenko (1999) summarises that “given the invariant relationship between the lightness and
shadow (apparent illumination) as suggested by the albedo hypothesis (at the level of natural vision),
the shadow-compatible luminance gradient triggers the hypothetical perceptual mechanism,
securing this invariant relationship without producing the apparent illumination gradient. Gregory's
‘inappropriate constancy scaling’ theory of Geometrical Illusions (Gregory, 1997) can be used as a
helpful analogy here. According to this theory, we see the outgoing Muller-Lyer arrow as longer than

the corresponding ingoing arrow because the perspective cues of distance supposedly trigger the
perceptual mechanism (primary constancy scaling in Gregory's terms) maintaining the size-distance
invariant relationship without producing the apparent distance shift. I believe that the same line of
reasoning can be applied to lightness” (Logvinenko, 1999: p. 814).
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After displaying and investigating all of these new variations, Logvinenko concluded that the
explanation of lightness-shadow invariance for lightness induction in the Wall of Block illusion should
be considered “a phenomenon of the pictorial rather than natural perception” (p. 814).

The difference between a “first-order and second-order” stimuli is that: “Phenomena that become

apparent when the spatial variation of luminance is replaced with a spatial variation in contrast are
called second-order phenomena because the theory for second-order processing involves two
successive stages: first, a stage of rectification (a grossly nonlinear transformation) and second, an
analysis similar to the analysis of luminance stimuli” (Lu and Sperling, 1996: p. 559, 560).
The patterns we investigated are black and white, but individual cones are Red, Green or Blue
(Long, Medium or Short wavelengths), and RGCs of different types exhibit different colour
opponency properties and prevalences, and thus different resolutions for different opponent colours.
Thus the contrasts for a black and white image that occur in the retina must be mediated by B-Y or
R-G opponents, with the former being primary in mammals (Martin, 1998). To explore the different
spatial frequency characteristics of different RGC types, DeValois and DeValois (1993) investigated
both ‘chromatic and achromatic’ versions of the Checkerboard illusion. For chromatic and achromatic

images of the same size, they demonstrated assimilation in chromatic checkerboards where there
was contrast for the achromatic version. They explained that the assimilation effect is due to the
chromatic system having much lower spatial frequencies compared to the achromatic system. For
the Tile Illusions, Westheimer (Westheimer, 2008) investigated an isoluminant heterochromatic
version of one sample bulge pattern (Kitaoka, 1998a) and suggests that the illusion can disappear
when the black and white tiles are replaced by isoluminant ones. Although this is not clear in the
isoluminant version presented in the article, it can be expected for the above reasons at certain sizes
and scales.
More psychophysical experiments are needed to clarify the role of colour in Tile Illusions,
including testing these illusions in both chromatic and achromatic versions on color blind people as
well as normal subjects. Shapiro (2008) developed a quantitative model for the visual response of
the cone cells with two separate pathways, one for luminance and chromatic information and one for
contrast information. He presented the output of the model for a disk-ring stimulus containing two

disks of identical chromaticity and luminance, one surrounded by a light ring and one surrounded by
a dark ring. He showed that the contrast pathway appears to have a faster response compared to
the color pathway (Shapiro, 2008: Figure 5). A quantitative model of achromatic color computation
of similar stimulus used in (Shapiro, 2008) has been investigated by Rudd and Zemach (2005) based

on a distance dependent edge integration mechanism. They have shown the outperformance of the
edge integration model over the highest luminance rules of the Anchoring Theory (Gilchrist,
Kossyfidis, Bonato et al., 1999).
Extensions into the brightness induction and chromatic and binocular domains have been
described by Grossberg (1987a, 1987b). He noted that brightness can be influenced from emergent
segmentations that are not directly induced by image contrasts, such as in the Kanizsa Triangle,
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Ehrenstein illusion, and color illusions such as Neon Color spreading effects (van Tuijl and

Leeuwenberg, 1979; Grossberg and Yazdanbakhsh, 2005). Grossberg and Mingolla (1985a)
discussed these and related grouping and segmentation effects. They implemented a

Brightness/Contrast (BC) System in which emergent segmentations are generated through lateral
interactions between oriented channels. Such interactions may relate to the orientation-sensitive
brightness effects reported by McCourt (1982), Sagi and Hochstein (1985), and White (1979) as
noted by Grossberg (1988). However in their implementation a single receptive field size is used and
the possible effects of multiple-scale processing are not discussed in this paper (Grossberg and
Todorovic, 1988). They summarize as follows “Units of multiple sizes may be involved in the
explanation of classical brightness assimilation (Helson, 1963)” (p. 274). The role of multiple scales
in the perception of 3-D smoothly curved and shaded objects have been investigated by Grossberg
and Mingolla (1985a) later on. Also depth-related cues, such as transparency (Metelli, 1974) and
proximity-luminance covariance (Dosher, Sperling and Wurst, 1986) have been explained and
discussed by Grossberg (1987a, 1987b).” (Grossberg and Todorovic, 1988: p. 274).
Grossberg and Todorovic (1988) highlight the importance of Filling-in approaches for modelling
brightness by concluding that: “Of particular importance to brightness theory will be the discovery
and mechanistic characterization of the cortical filling-in domains whose properties have been so
essential to the success of our computer simulations of brightness percepts” (Grossberg and
Todorovic, 1988: p. 274).

2.5.1.3 Generalized Low-level Brightness/Lightness Models
Although many theories and models have been proposed by researchers from a variety of fields
in recent years, they are descriptive at a particular illusion phenomenon: What is missing is a unified
model that explains a broad range of illusions related to an illusion subclass with the ultimate goal of
holistically defining systematic explanations to cover all the other explanations and perspectives.
Kingdom (2011) note that “the idea that brightness phenomena result from the attenuation of low
spatial frequencies is not a new idea (e.g. see the early review by Kingdom and Moulden, 1988), but
the idea that contrast normalization is the key to assimilation and other brightness errors is arguably
one of the most important developments in LBT (Lightness/Brightness/Transparency) research to
have emerged in the past quarter century.” (Kingdom, 2011: p.660). The Contrast normalization
scheme turned out to be a key feature of other brightness models such as Rudd and colleagues
(2001; 2007; 2005) in their edge integration model.
All the current intrinsic-image models are criticized for not offering any mechanistic explanation
for combining luminance values for layer decomposition in order to compute lightness (as noted in
Kingdom, 2011). “Lightness illusions occur because in any given situation the most likely value of
reflectance will often differ from its true value” (Kingdom, 2011: p.663).
a. Oriented Difference of Gaussian-ODOG
The key idea in the filtering approaches is modelling early stages of visual processing by
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convolving an image with an array of narrowband linear filters at different spatial frequencies and
orientations. If the filters form a ‘complete’ set, just a summation of outputs cannot predict brightness
errors, because the output is more or less a copy of the original. The Blakeslee and McCourt
approach (1997, 1999, 2001, 2004; Blakeslee, Pasieka and McCourt, 2005) for modelling brightness
errors is as follows : first, very low spatial frequencies are attenuated, which enables the ODOG
model to account for a variety of Brightness contrast errors such as the Simultaneous Contrast (SBC)
and Grating Induction (GI) (see also Shapiro, Knight and Lu, 2008). The second stage is contrast

normalization. The ODOG model consists of 6 orientation channels and 7 spatial frequency (SF)

channels, and a global normalization is designed based on the root-mean-square (RMS) of the
output across the orientation channels, in which each is a weighted sum of SF channels. The contrast
normalization stage is seen to be the key to address brightness assimilation phenomena such as
White’s Effect (WE). “The most responsive filters to White’s stimulus are the relatively high spatial

frequency, vertically-oriented filters tuned to the inducer grating” (Kingdom, 2011: p.660). Contrast
normalization results in the reduction of the filter responses in horizontal orientations. It has been

shown that “the horizontally oriented filters that pool the luminances of the flanking bars with those
of the test patches, the enhancement of their relative contribution is the cause of the illusion”
(Kingdom, 2011: p.660). Dakin and Bex’s (2003) model uses isotropic LoG filters in phase one, and
then the contrast normalization equates the filter responses across spatial-frequency channels (there
are no orientation channels here) and their model provides a good explanation for the Craik–
Cornsweet–O’Brien (COC) illusion.

It is noted that: “low-level theories suggest that brightness errors are caused by interactions of

mechanisms in early visual areas which respond to simple features of the image, such as contrast
edges, and that no interpretation of the global scene is necessary to cause these errors.” (Robinson,
Hammon and de Sa, 2007: p. 1633)
Blakeslee and McCourt (2004) reiterate: “a filtering explanation did not necessarily conflict with

T-junction or other grouping analyses where they applied but might, at least in part, serve as their
mechanistic basis. Indeed, to the extent that the filters of the ODOG model computationally
accomplish various grouping operations, one might expect all these approaches to yield similar
results (Blakeslee and McCourt, 1999; Todorović, 1997)” (p. 2486).
Blakeslee and McCourt (1999, 2001, 2004) and Blakeslee, Pasieka and McCourt (2005)
proposed a low-level filtering model based on oriented difference-of-Gaussian (ODOG) filters, and a
global response normalization after filtering to equalize the amount of energy at each orientation.
Blakeslee and McCourt used a matching paradigm, where target patches are lay on a grey
background (Blakeslee and McCourt, 1999, 2001) or a checkerboard background (Blakeslee and
McCourt, 2004; Blakeslee, Pasieka and McCourt, 2005) in explaining White’s effect (and numerous

other brightness effects). They have noted that switching to checkerboard backgrounds instead of

grey backgrounds around the target patch enhances the appearance of illusion in some patterns by
as much as 50%. (Blakeslee and McCourt, 2001; also noted in Robinson, Hammon and de Sa,
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2007).

Figure 2.22 “A diagrammatic representation of the ODOG model. (a) A grey level representation of an oriented
difference-of-Gaussian (ODOG) filter. The oriented filters of the ODOG model were produced by setting the ratio of DOG
center/surround space constants to 1:2 in one orientation and to 1:1 in the orthogonal orientation. (b) The ODOG model
is implemented in six orientations (0°, 30°, 60°, 90°,-30° and -60° relative to vertical). Each orientation is represented by
seven volume-balanced (i.e., integrate to 0) filters that possess center frequencies arranged at octave intervals (from 0.1
to 6.5 c/d). The seven filters (b) within each orientation are summed after weighting across frequency using a power
function with a slope of 0.1 (c). This slope is consistent with the shallow low-frequency fall-off of the supra threshold
contrast sensitivity function (Georgeson and Sullivan, 1975). The resulting six multiscale spatial filters, one per orientation,
are convolved with the stimulus of interest (d, e). The filter outputs (f) are normalized across orientation by dividing each
by its space-averaged root-mean-square (RMS) contrast, as computed across the entire convolution output (g). The six
normalized outputs are summed to produce the final ODOG model output (h)”. The top right table shows the sizes of these
filters for both center and surround Gaussians. (Modified from Blakeslee, Pasieka and McCourt, 2005: Fig 2) © Elsevier
Ltd. Used with permission.

The ODOG model contains two major stages of filtering and normalization as shown in Figure
2.22. First, in the filtering stage, the input image is convolved by a set of 42 different filters (7 scales,
6 orientations). Each filter is a zero-sum DOG with circularly symmetric and positive center and
elongated and negative surround that extends twice the diameter of the center Gaussian in one
direction. The filters span six orientations, spaced 30° apart, and at seven spatial scales with one
octave space between scales. There is also reweighting applies for the outputs of the spatial
frequency filters (a power function with slope of 0.1). This weighting approximates the human
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contrast sensitivity function over the spatial frequency (Blakeslee and McCourt, 1999) in which higher
frequency filters receive a higher weight.

Figure 2.23 “ODOG and LODOG models. (a) Symbolic representation of the DoG filters at seven different scales and
six orientations. (b) The input image. (c) The result of convolving a and b and summing the seven scales after weighting
the result by a function of spatial frequency. (d) The normalization divisor ODOG calculates for each of the six orientations.
(e) The result of applying normalization. (f) Final prediction of ODOG model, produced by summing up e. (g) The point-bypoint normalization mask formed by LODOG. (h) The result of dividing each point in c by each point in g (./ indicates pointwise division). (i) Final prediction of LODOG model, produced by summing up h.” (Robinson, et al., 2007: Fig 2) © Elsevier
Ltd. Used with permission.

In the normalization stage of the model, the filter responses are summed across spatial scales,
which results in six multiscale responses, one for each orientation (Figure 2.22). Then the multiscale

■ 97
responses are normalized individually by dividing the summed response by the root mean square
(RMS) of the pixels (as an image-wide energy estimate). Finally, the six normalized responses are
summed up to produce a prediction for the relative perceived brightness of the input image.
b. Locally normalized ODOG, and Frequency specific Locally normalized ODOG
As a more bioplausible reweighting scheme (Normalization) for extending the ODOG model with
global normalization, Robinson et al. (2007) proposed two different local normalization techniques
implementing early visual processing in V1. The first model is called Locally normalized ODOG
(LODOG), and the second one is called Frequency specific Locally normalized ODOG (FLODOG).
These two extensions were explained as follows “In the LODOG model, instead of normalizing
orientation energy across the entire scene, orientation energy is normalized within a local window
spanning 4° of visual angle. In the second model (FLODOG), instead of using a fixed window size,
normalization is calculated separately for each of frequency and orientation, and the window size
depends on the spatial scale of the filter response that is being normalized”(Robinson, Hammon and
de Sa, 2007: p. 1633, 1634).
Several variations of White’s Effect (WE) have been investigated by Robinson et al. (2007) using

these two extensions for the ODOG model of Blakeslee and McCourt (1999). Figure 2.23 shows the

comparison between the ODOG and LODOG filtering approaches. In the LODOG model instead of
summing across all scales for each orientation, a weighted sum across frequencies is used. “Each
filter weight w is computed using a Gaussian function with standard deviation m, shifted so the
highest point is centered on the filter being normalized (Figure 2.21). The sum of the weights is
normalized to 1” (Robinson, Hammon and de Sa, 2007: p. 1640).
To calculate the strength of the illusion, Blakeslee and McCourt used the average response
along a line passing through the center of the test patch. Robinson et al. (2007) on the other hand
calculated the average response for all pixels inside the test patch.
They explained the predictions of the LODOG model by concluding that: LODOG cannot predict
some of the equal energy variants of WE (like Figure 2.7d, e, f). It also predicts SBC (Figure 2.7o, p),
but with overestimation of the illusion strength. For the Benary cross (Figure 2.7y) LODOG predicts

a smaller effect than does ODOG (Robinson et al., 2007).

A limitation of LODOG is that the size of the normalization window should not be constant in the

model”. It is noted by Robinson et al. (2007) that “it has been shown that neurons with similar spatial
frequency preferences tend to cluster together in V1 (Issa, Trepel and Stryker, 2000; Tootell,
Silverman and De Valois, 1981). Thus, lateral inhibition between neurons should be biased toward
neurons of the same spatial frequency. This suggests a new way to normalize the response of a
filter, which is local in spatial terms, and also localized to nearby frequencies” (p. 1639, 1640).
FLODOG performed well across a wide range of parameters. They note that “The scaling of the
normalization window between n = 2s and n = 4s had minimal effect on the predictions of the model
for many of the illusions, with the notable exception of the SBC and Bullseye”. (Robinson, Hammon

and de Sa, 2007: p. 1641). They have shown that the weighting of nearby frequencies makes a big

98 ■ Explanations of Illusions
difference as to whether SBC and Bullseye illusions are predicted correctly both in their direction and
magnitude.

The prediction results have been summarized as: “FLODOG with m = 0.5 accounts for all the

White’s illusions that LODOG does. In addition, it predicts the correct direction of illusion for WE-

zigzag (Figure 2.7f) and all of the WE-radial (Figure 2.7g–j) and WE-circular (Figure 2.7k–m) illusions.

None of the models we tested, however, predicted assimilation for the Anderson (Figure 2.7d) or
Howe (Figure 2.7e) versions of White’s illusion.” (Robinson, Hammon and de Sa, 2007: p. 1641)

For SBC (Figure 2.7o and p), the prediction of FLODOG is noted to be dependent on the size of

the normalization window, with larger windows predicting weaker illusions. The ODOG model shows

an overestimated prediction for the SBC illusion than the real subjective experience (much stronger
prediction), however the prediction results of the FLODOG model with a larger normalized window
are more realistic (Robinson et al., 2007).

Figure 2.24 “The FLODOG model. (a) The 42 filter responses, which are generated identically to ODOG. (b) Example
of weighted average calculated for a single filter response, at orientation i = 1 and scale j = 4. Note that the shape of the
Gaussian changes for other values of j. (c) Normalization is applied to a single filter response, using the weighted average
from (b) to calculate the local energy. (d) All 42 normalized filter responses are summed to produce the final prediction. (e)
A comparison of the different weighting and averaging functions used by ODOG, LODOG, and FLODOG.” (Robinson, et
al., 2007: Fig 4) © Elsevier Ltd. Used with permission.

Figure 2.25a shows the cross-section of the LODOG and ODOG predictions for WE-thick

provided on top of the figure (also in Figure 2.7a). The graphs show that decreasing the size of the
normalization window results in decreasing the predicted uniformity of regions, relative to ODOG, so
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smaller window (n) sizes increases the depth of valleys and the sharpness of peaks (very extreme
for n = 1°). Robinson et al. (2007) conclude that “the predictions of LODOG with a large window (n
= 4°) may actually be closer to the psychophysical values than ODOG’s” (p. 1639). Figure 2.25b
shows the cross-section of the prediction of FLODOG and LODOG for WE-thick (Figure 2.7a).
The FLODOG models with m = 0.5 perform poorly on the Checkerboard illusion (Figure 2.7u–w).

For Checkerboard-0.16 (Figure 2.7u) an overly strong prediction is made in the wrong direction. They

state that “it is worth noting, however that the Checkerboard illusion depends on spatial scale, and it

switches from assimilation at small scales (i.e., Checkerboard- 0.16) to contrast at larger scales,”
(Robinson et al., 2007: p. 1642).

For the Grating Induction (GI) FLODOG again overestimates the strength of the illusion, which is

clearly too large (Robinson et al., 2007).

Figure 2.25 (a): “Model predictions for WE-Thick. Dotted line indicates location of cross-sections. (a) Perceived
brightness predicted by ODOG and LODOG models along the cross-section”. (b): “Model predictions for WE-Thick. Dotted
line indicates location of cross-sections. (b) Perceived brightness predicted by LODOG and FLODOG models along the
cross-section” (Robinson, Hammon, et al., 2007: Figs 3, 5) © Elsevier Ltd. Used with permission.

Robinson, Hammon and de Sa (2007) observed that the FLODOG model predicts many illusions
that LODOG does not and that the exact parameter values are not critical. They concluded that: “in
general the quality of the predictions is better when a large window is used for normalization (such
as 4s) and when each scale is normalized relatively independently (such as when m = 0.5)” (p. 1643).
The filter sizes in FLODOG have much a larger spatial extent than the V1 cells, and it is clear
that at the level of individual neurons, this is not a model of V1. They suggest that FLODOG might
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represent the combined activity of a group of neurons (Robinson et al., 2007).
Like any other low-level brightness model, FLODOG models early stages of brightness
processing. It is clear that some form of anchoring explanation and the fact that the lightest surface
in a scene tends to look white (Gilchrist et al., 1999) is required in higher-level processing to address
lightness perception in general. In addition, exploring the appearance of surface having transparency
cues (Anderson and Winawer, 2005) is not possible with models such as FLODOG. However, it has
been shown that low-level mechanisms could play a significant role in explaining many
Brightness/Lightness Illusions. It is noteworthy that the existence of a successful low-level model
does not mean to down value the contributions of the higher-level mechanisms in the visual
processing.
c. Inversed DOG - IDOG
Hartline and Ratliff (1957) discovered the lateral inhibition and disinhibition effects in Limulus
retinal receptive fields. “Disinhibition can effectively reduce the amount of inhibition in cases where
we have a large area of bright input, which might be the solution to the unsolved visual illusion
problem” (Yu, Yamauchi and Choe, 2004: p. 167).
A lateral disinhibition model is proposed by Yu, Yamauchi et al. (2004) to explain subtle
Brightness/Lightness Illusions such as White’s Effect, the Hermann Grid, and Mach Bands. They
called their model Inversed DOG (IDOG). The mathematical description of their model is provided in
Eq. (2.4) to Eq. (2.8).

A simple matrix representation for the responses of n cells can be expressed as the following
(Eq. 2.4), by assuming the threshold and self-inhibitory constant to be zero (Yu, Yamauchi and Choe,
2004):
(2.4)
where K is the weight matrix, r is the output vector and e is the input vector:

(2.5)

It is noted that this 1D model can be easily extended to 2D. The weight matrix K can be fitted
into 2D when the weight matrix element K ij indicating the weight from neuron j to neuron i is assigned
the classic DOG distribution (Marr and Hildreth, 1980):
(2.6)

(2.7)
where |i, j| is the Euclidean distance between the neurons (i and j), k c and k s are the scaling

constants that determine the ratios of the excitatory center and the inhibitory surround, and σ c and

σ s their widths.

■ 101
The response vector r can finally be derived from Eq. (2.4) by applying an inverse operation (an
inverse DoG filter has been shown in Figure 2.26 with a 2D plot and a 3D mesh):
(2.8)
They do not regard conventional DOG filters as being able to explain White’s effect (Yu,

Yamauchi et al., 2004). They have also showed that for the Hermann Grid illusion, although the
conventional DOG model can explain the illusory spots in the intersections the DOG cannot explain

why the periphery appears brighter than the illusory spots and further that the ODOG model of
Blakeslee and McCourt (1999) cannot explain the phenomenon related to the periphery area of the

Hermann Grid but the IDOG can (Yu, Yamauchi et al., 2004). The output results for the Hermann
Grid and Mach Bands illusions are shown in Figures 2.27, 2.28.

Figure 2.26 An Inversed DoG filter. “The filter (i.e., the connection weights) of the central neuron is shown in log scale.
A. A 2D plot of the filter. B. A 3D mesh plot of the filter. C. The plot of the central row of the filter. Note the multiple concentric
rippling tails”. (Modified from Yu, Yamauchi et al., 2004: Fig 4) © Springer-Verlag. Used with permission.

Figure 2.27 The Hermann Grid illusion and prediction. “A. Part of the Hermann grid which we used to test the response
of the periphery and the illusory spots. B. The output response of IDOG. C. The prediction using the IDOG filter (from B).
The illusory spots are at position p1, p2 and p3, which have a brightness value lower than the periphery. (The curve shows
the column-wise sum of rows 27 to 29)”. (Modified from Yu, Yamauchi et al., 2004: Fig 5) © Springer-Verlag. Used with
permission.

Figure 2.28 The Mach Bands. “A. The Mach Bands input image. B. The output using a conventional DOG filter. The
different brightness levels are not preserved. C. An expanded view of the inset in B. D. The output using IDOG. The different
brightness levels are preserved E. An expanded view of the inset in D”. (Modified from Yu, Yamauchi et al., 2004: Fig 4)
© Springer-Verlag. Used with permission.

The IDOG model is motivated by biological facts as well as computational considerations, and
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as noted by Yu et al., it has a similar shape to the circular Gabor filter (Zhang, Tan and Ma, 2002).
The main disadvantage of the model mentioned is that it is computationally expensive in calculating
the inverse weight matrix (as a non-local operation) which make the model inefficient (Yu, Yamauchi
et al., 2004).
d. Extended Classical Receptive Field (ECRF)
Ghosh et al. (2006) proposed a brightness model based on isotropic Gaussian filters called the
Extended-CRF model with three Gaussians at three different scales. This includes classical
excitatory and inhibitory surround Gaussians, and a non-classical extended disinhibitory field
(surround). With their proposed model they have explained the brightness effects in variations of
Brightness/Lightness Illusions such as the Chevreul, the GI, the SBC, White’s effect, the Hermann
Grid, and the Todorovic illusion.

Figure 2.29 Top: “a, c The Todorovic illusion of the first and the second types. b, d Explanation of the illusion by
convolving the image with ECRF filter along a horizontal line profile through the two test patches in the convolved image”.
Bottom: “a, c: The Todorovic illusion of the third and fourth types. In a the arms of the test patches exactly match the
perimeters of the superimposed squares and in c the arms extend beyond the perimeters of the superimposed squares.
b, d Explanation of the illusion by convolving the image with ECRF filter along a horizontal line profile through the two test
patches in the convolved image”. (Ghosh et al., 2006: Figs, 6, 7) © Springer-Verlag. Used with permission.

Let us compare the so-called unified DoG-based models described in this section. The ODOG
model of Blakeslee and McCourt (1999) attempted to establish a unified approach to explain a wide
range of Brightness/Lightness Illusions, for example the White’s Effect, the SBC, GI and Todorovic
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effects. Yu, Yamauchi et al. (2004) proposed the IDOG model with a different framework for a unified
approach for modelling brightness/lightness phenomena and used the model to explain White’s
Effect, Mach Bands and the Hermann Grid illusions. An alternative unified approach to explain similar

classes of illusions is presented by Ghosh, et al. (2006) through a simplified isotropic Gaussian
model (three Gaussians) incorporating some of the properties of extended CRF (ECRF) of the
mammalian GCs. It is noted by Ghosh, et al. (2006) that ECRF filters are almost identical in shape
to the IDOG filter (Yu, Yamauchi et al., 2004). Therefore, the two models are equally effective in
explaining the illusions. However, the difference between ECRF and IDOG has a physiological basis.
IDOG uses the neural circuit of an arthropod that needs a complicated computation (such as
inversion of a matrix), while ECRF uses a simple convolution filter based on the physiology of
mammalian vision (as noted in Ghosh et al., 2006). A comparison between the performances of
these low-level models has been provided later in Table 2.4.

e. Image Statistics and Filtering
Dakin and Bex (2003) proposed a technique in which an image is split into different spatial
frequencies (SFs) using bandpass filters and the distribution of SFs was then reweighted to match
their occurrence in natural scenes. They used the model for explaining White’s Effect and the Craik–
Cornsweet–O’Brien (COC) illusion.

Figure 2.30 “(a) White’s effect (White 1981). The grey bars are identical on left- and right-hand sides of the plot but
appear quite different. (b) The amplitude plot (solid line) reveals that replacement of light bars with grey on the left of the
image, and dark with grey on the right, has introduced a second peak at low SFs in addition to the main peak due to the
periodic black and white horizontal stripes. Like the COC effect, it is this structure that drives the illusion because removing
frequencies below the point indicated by the star produces (c), which does not elicit a strong illusion. (d) The reconstruction
model only subtly changes the amplitude information (dashed line in (b)) but introduces physical differences in the grey
patch luminance that accord with our percept, while maintaining the integrity of the image”. (Dakin, Bex, 2003: Figure 3)
© The Royal Society. Used with permission.

In White’s Effect stimulus presented in Figure 2.30, the grey bars are identical in luminance but

they appear quite differently in the left and the right of the stimulus. In part (b) of the figure, two peaks
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in the amplitude information have been presented which are derived from a bank of log Gabor filters
with octave bandwidth (Dakin and Bex, 2003). The graph identifies different effects of the grey
patches on the mean luminance in the left and the right halves of the stimulus.
Dakin and Bex (2003) have demonstrated that low spatial frequencies (SFs) below the indicated
star in part (b) of the figure is the origin of the White’s Effect and by removing those frequencies, the

effect is largely absent as shown in Figure 2.30 (c). Reweighting SF components which is shown by
dashed line in (b) indicates that the output can highlight the substantial change in the predicted
lightness of the grey bars shown in Figure 2.30 (d). They also noted that “the results appear neither

unduly blurred nor discontinuous across SFs” (p. 2346).
f.

Exponential Filtering
In some studies such as Basu and Su (2001) it has been claimed that filter responses that reflect

the distribution of contrasts over different spatial frequencies based on exponential filters can provide
a better fit in representing natural images compared to the Gaussian kernels (DoG and LoG and
mixtures of Gaussians).
More exploration on exponential filters characteristics in the encoding of visual data lead (Zeman,
Brooks and Ghebreab, 2015) to propose a low-level model that is able to account for both brightness
contrast and assimilation, inspired by image statistics that is based on a family of exponential filters
of multiple sizes and shapes. Then the outputs of filtering stage are normalized based on contrast
gain control in the second stage. Their model was tested on a set of lightness illusions (28 patterns
in Figure 2.7) that have previously been used to evaluate ODOG and its variants (LODOG,
FLODOG), and model lightness values comparable with typical human data. Zeman et al (2015)
note the similarity of this model to the Extended classical receptive (ECRF) model of Ghosh et al.
(2006) as explained before. They both use isotropic shape filters, but they are different in the shape
of the surround. Figure 2.31-left shows a filter bank of this type.
Although there are other models of brightness available based on image statistics such as
(Corney and Lotto, 2007), the recent work by Zeman, Brooks and Ghebreab (2015) captured
statistical relationships through filtering and normalization instead of training an artificial neural
network to implicitly learn the relationships between images and their underlying statistics. Their
method is similar to that of the Dakin and Bex (2003) model which both utilize the properties of image
statistics to reconstruct the final image. In Zeman, Brooks and Ghebreab (2015), a family of
exponential filters of multiple sizes and shapes are employed based on image statistics. In Dakin
and Bex (2003), an image is split into different spatial frequencies (SFs) using bandpass filters and
the distribution of SFs was then reweighted to match their occurrence in natural scenes. In scale
selection, there is a trade-off between selecting precise information and having less sensitivity to
noise. They state that “the most appropriate filter selection finds the right compromise between these
two factors, taking the smallest scale with the most reliable response” (Zeman, Brooks and
Ghebreab, 2015: p. 6). The output of their model on White’s effect has been demonstrated in Figure
2.31-right.
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Refer to Table 2.4 which shows a comparison between the performance of the DOG-based
approaches with the exponential filtering approach proposed by Zeman et al. (2015) with varying
parameters. In Table 2.4, the sign of the result indicates whether the prediction matches the direction
of the illusion that is perceived by the people. “Negative values indicate that the model predicts the
opposite of what people see (i.e., contrast when people see assimilation, or assimilation when people
see contrast)” (Robinson, Hammon and de Sa, 2007: p. 1637). The figure labels on the left are the
same as the stimuli provided in Figure 2.7. They have also applied this model to the Craik–
Cornsweet–O’Brien (COC) illusion with a complete explanation of this phenomenon.

Figure 2.31 Left: “The exponential function family (Basu and Su, 2001) with increasing values of the m exponent”.
(Zeman, Brooks et al., 2015: Figure 2), Right: “Exponential filters applied to White’s illusion, all with size K2 = 5. The top
row shows a filter with high kurtosis (m = 0.5), the middle row shows a medium kurtosis filter (m = 1.0) and the bottom row
shows a low kurtosis filter (m = 2.0). From left to right, column 1 is a top-down view of the filter shape, column 2 is the
original image (of size 512 × 512 pixels), column 3 is the same image filtered and column 4 is across section of greyscale
values through row y = 250 pixels (where 0 represents black and 255 represents white). The locations of target patches
are highlighted yellow in the final column”. (Zeman, Brooks et al., 2015: Figure 4) © CC-BY-NC

A precise comparison of the performance of these low-level filtering models on the same set of
brightness/lightness stimuli has been presented by (Zeman, Brooks and Ghebreab, 2015)
summarizing that: “While ODOG was able to predict only 13 illusions in the correct direction, the best
performing LODOG model was able to predict 18. FLODOG proved the most effective, correctly
predicting 24 lightness illusions with an optimal parameter set.” (Zeman, Brooks et al., 2015: p. 3)
They conclude, “V1-style orientation-selectivity is not necessary to account for lightness illusions
and that a low-level model based on image statistics is able to account for a wide range of both
contrast and assimilation effects” (Zeman, Brooks and Ghebreab, 2015: p. 1).

106 ■ Explanations of Illusions
Table 2.4 “Model results for the best single filter with and without normalization alongside ODOG and unscaled human
results” (Zeman, Brooks et al., 2015: Table 2). © CC-BY-NC

g. Wavelet-Based
Otazu, Vanrell and Párraga (2007) proposed a new low-level brightness induction model
(BIWaM) based on a multiresolution wavelet decomposition that combines three stimulus features
of spatial frequency, spatial orientation and surround contrast for explaining brightness
assimilation/contrast phenomena. In their model, wavelet decomposition separates the achromatic
input image into different spatial frequency and orientation components. Figure 2.32 illustrates the
multiresolution decomposition for White’s effect in their model at three levels of resolutions.

h. Edge integration models

Rudd and colleagues (Rudd, 2001; Rudd and Popa, 2007; Rudd and Zemach, 2005; Rudd,
Zemach and Heredia, 2005; Rudd and Arrington, 2000; Rudd, 2003) have developed an edgeintegration approach for the modelling of lightness perception. This physiological based model of
contrast gain control quantitatively accounts for contrast and assimilation as well as edge-integrative
phenomena. They have shifted the focus of the edge integration approach towards the new role of
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modelling lightness perception errors. Some stimuli such as the one used by Shapley and Reid
(1985:Fig 1; Kingdom, 2011:Fig 8) have both contrast and assimilation effects that may be observed
between the ring and test patch (especially when the ring is relatively thin- the stimulus is similar to
Figure 2.16 but in a ring and circular test patch positioned in the center, both have
decremental/incremental luminance profile). A sample of these stimuli is shown in Figure 2.33.

Figure 2.32 “Multiresolution decomposition. Panel (a) the White effect image from (a) I decomposed into several
wavelet planes x which contain features of a certain SF and orientation. Panel (b) shows the representations of these
planes (only 3 multiresolution levels are shown)”. (Otazu, Vanrell et a., 2007: Figs 1, 2) © Elsevier Ltd. Used with permission.

Rudd and colleagues explained this phenomenon in terms of a cortical contrast gain control
mechanism acting between neighbouring edge-detectors. The gain of each edge detector is
assumed to be a positive function of the response magnitudes of neighbouring edge detectors, but
a negative function of the distances between them. For example when the ring is relatively thin the
spatial span of the gain control bridges the distance between the inner and outer edges of the ring
and assimilation is predicted (as noted in Kingdom, 2011).
The limitation of edge-integration theories as noted by Kingdom (2011) is that “in all edgeintegration models edge signals are integrated across space to generate a map of lightness values.
For simple stimuli this is relatively straightforward, but with complex two-dimensional images the
process is computationally expensive and, one cannot help feel, physiologically implausible (p. 658).
Rudd and colleagues were aware of this limitation and suggested incorporating multiscale filtering
into their model (Rudd and Zemach, 2005) in order to deal with complex stimuli such as natural
scenes, which contain luminance gradients, textured surfaces and other forms of structural
complexities.
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Figure 2.33 “Two frames of the contrast asynchrony. The disks in the top row are in the light phase; the disks in the
bottom row are in the dark phase. There are two main observations: (1) the disks of the same luminance level do not
appear the same shade (i.e., the light disk with the white ring appears a different shade than the white disk with the black
ring, and same with the dark disks); and (2) the disks at the diagonals appear to have similar contrast levels. Most studies
of simultaneous contrast have examined changes in appearance (i.e., Observation 1). In this study, the observer nulls the
contrast responses (Observation 2) by eliminating the asynchronous appearance even though the disks may have a
different shade. Shapiro and Hamburger (2007) have shown that scene organization can be determined by the contrast
response”. (Shapiro, 2008: Figure 2) © ARVO (The Association for Research in Vision and Ophthalmology). Used with
permission.

2.5.2 Geometrical/Tilt Illusions
The current explanation techniques available for the patterns under investigation are mainly
based on three different approaches including: Brightness Contrast and Assimilation as discussed
by Jameson (1985) and highlighted in Smith et al., (2001); Perceptual inferences and Junctions
analysis providing high-level explanations (Grossberg and Todorovic, 1988; Gilchrist et al., 1999;
Anderson and Winawer, 2005); and low-level spatial filtering (Morgan and Moulden, 1986; Earle and
Maskell, 1993; Arai, 2005; Blakeslee and McCourt, 1999, 2003). It is often not obvious how
substantive the difference between the explanations is, or whether these explanations are just
combinations of orthogonal mechanisms or compatible theories. For example, quite recently, Dixon
et al. (2014) combined the low-level filtering explanation of (Blakeslee and McCourt, 1999, 2003)
with higher level models such as the Anchoring Theory (Gilchrist et al., 1999), observing that the key
idea or common principle in multiscale, inference-based and brightness/lightness perception is highpass filtering tuned to the object size.

2.5.2.1 Line-based Illusions
Changizi and his team propose a new empirical regularity for the systematization of illusions
(2008), motivated by the theory of Perceiving-the-Present. This theory is based on neural lag, which
is a latency of 100ms between retinal stimulus and final perception. The well-known hypothesis of
perceiving-the-present (Lennie, 1981; Maunsell and Gibson, 1992) has its foundation in the belief
that “the visual system possesses mechanisms for compensating for neural delay during forward
motion” (Changizi, Hsieh, Nijhawan et al., 2008: p. 456), and that we tend to perceive the present
rather than perceiving the recent past. Although the hypothesis has been applied to explain
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Geometrical Illusions in the past (Ramachandran and Anstis, 1990; Nijhawan, 1994, 2002; Changizi
and Widders, 2002), Changizi’s new prediction generalized this idea, and categorized Geometrical
Illusions based on the central idea that “the classical Geometrical Illusions are similar in kind to the
projections observers often receive in a fixation when moving through the world” (Changizi, Hsieh,
Nijhawan et al., 2008: p. 461). There are some critiques of Changizi’s systematization of illusions 1,
such as Brisco’s article (2010).
The Zollner illusion has been explained in terms of early processing of spatial frequency coding

(Ginsburg, 1984), linear perspectives (Gillam, 1980; Gregory, 1963; Green and Hoyle, 1964), and
inhibition among orientation selective cells (Blakemore, Carpenter and Georgeson, 1970). Linear

perspectives or depth-cues are claimed to not be affected by the retinal orientation of the stimulus
(Prinzmetal and Beck, 2001). For the Ponzo illusion, different explanations have been proposed such

as low-pass filtering (Ginsberg, 1984), size comparison theory (Kunnapas, 1955), assimilation theory
(Pressey and Epp, 1992), linear perspective and size constancy theory (Gillam, 1980; Gregory,
1963). (Prinzmetal and Beck, 2001) noted that acute-angle theory (Herring, 1861) is inappropriate
to explain the Zollner and Poggendorff illusions since these illusions can be obtained in some

variations without the existence of any angles. A good explanation for the Muller-Lyer illusion can

be a size constancy theory (Gregory and Harris, 1975).

Prinzmetal and Beck (2001) proposed a theory of tilt-constancy for Tilt Illusion explanations and

noted that the same mechanisms that are responsible for the perception of the vertical and horizontal
are responsible for the perception of the Tilt Illusion of type line-orientation (e.g., Zollner), collinearity

(e.g., Poggendorff), line-length (such as Ponzo), and line-curvature (Wundt-Herring). These effects

are assumed to be related to people’s ability regarding the perception of a constant orientation

despite the changes in retinal orientation and their body positions (Howard, 1998). Prinzmetal and

Beck (2001) predicted that the magnitude and the tilt induction effect of Zollner, Poggendorff, and
Ponzo illusions would increase when observers are tilted 30°. In contrast to those illusions, they
noted that the body orientation does not affect the Muller-Lyer illusion and size constancy illusions,

which are not related to orientation perception.

The Rod-and-Frame (DiLorenzo and Rock, 1982; Witkin and Asch, 1948) and the Tilted Room

e.g., (Asch and Witkin, 1948) illusions are other instances of Tilt Illusions and are similar to the tilt
induction effect (Gibson, 1937). In Rod-and-Frame a rod is surrounded by a tilted frame, and the

observer’s task is to adjust the rod in the direction of the tilted frame. Although Day (1972) suggested
the same mechanism underlying the Zollner and Tilted Room illusions, Howard (1982) suggested for

a different mechanism for the frame effect (Rod-and-Frame, and Tilted-Room). Prinzmetal and Beck

(2001) noted that the Rod-and-Frame effect is local since it is greater when the rod is close to the

frame. They have argued that the same mechanisms are involved in the Tilted Room illusion, and
1

Changizi’s explanation and systematization of Geometrical illusions not only considers perspective clues, but also examines the probable observer’s
direction of motion using vanishing point cues, as well as the changes we perceive following the neural-lag in the perceived projected size, speed,
luminance-contrast, distance, and eccentricity of the stimulus which are six correlates of the optic flow, uses for illusion prediction and classification.
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the Rod-and-Frame effect. These illusions are shown in Figure 2.34.

Figure 2.34 From Left to Right: Rod-and-Frame (Lommertzen, et al., 2013) © Elsevier Ltd. Used with permission, Tilted
Room or Ames house (http://slideplayer.com/slide/8127277/), and Tilt illusion (Ninio, 2014; Ninio and pinna, 2006) © CCBY-NC

They have argued that the Poggendorff, Zollner and Ponzo illusions are the result of

misperception of orientation caused by local visual context, not the misperception of angle, and that

many visual illusions are instances of the Zollner illusion such as the Fraser Spiral and the Café Wall
illusions (Prinzmetal, Shimamura and Mikolinski, 2001). It is also suggested that some of these
illusions may involve multiple causes such as the Poggendorff illusion being causedt by both tilt
constancy and linear perspective.

Prinzmetal and Beck (2001) conclude that none of the previous theories for explaining

Geometrical Illusions from linear perspectives (Gillam, 1980; Gregory, 1963), low-pass filtering
(Ginsburg, 1984), and inhibition among the orientation tuned cells (Blakemore et al., 1970) could

address how tilting the observer increases these illusions.

Ninio and Pinna (2006) summarised the findings on these Line-based Tilt Illusions noting that for

the Zollner family it has been shown that:

• When the angle between inducer and target is between 20° and 70°, acute angles are perceived
larger and tend to be seen closer to 90° than they really are (Wundt, 1898). Obtuse angles on
the other hand tend to be perceptually reduced and seem closer to 90 degrees than they really
are (Wundt's principle which is also found under the name of Regression to right angles
tendency, abbreviated by Ninio and Pinna (2006) as ‘RRA’) (e.g. Hotopf and Ollerearnshaw,
1972).

• When the angle between inducer and target is near 10°, the perceptual angle decreases: “The
orientation of the target appears deflected towards that of the inducers, as in the illusions of the
Fraser family” (Ninio and Pinna, 2006: p.24).

There is a different aspect involved in the Poggendorff family of illusions. In general, there is a

misalignment between the inducing lines, which are only one or two, and the targets (two collinear

segments). “The illusory misalignment is considered by most authors to be a side effect of errors on
the orientations of the targets” (Ninio and Pinna, 2006).
The principle of inhibition in the orientation domain between orientation detectors of the visual
cortex was first proposed by Blakemore, Carpenter and Georgeson (1970), and claimed to address
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many Tilt Illusions. The inhibition in orientation specific cells means that the detectors responding to
a particular orientation would inhibit other orientation detectors responding to other orientations.
Based on the inhibition of orientation detectors, (Ninio and Pinna, 2006) explained two principals
involved in Tilt Illusions, the principle of ‘regression to right angles’ (RRA) and the principle of
‘orthogonal expansion’, which is the expansion of the extent perpendicular to the inducing lines in
Tilt Illusions. These principles are the result of neurophysiological mechanisms in human visual
system and orientation detector cells. The relationship between these principles and orientation
detectors is explained such that if the influence of orientation detectors is in the orientation domain,
regression to right angles is generated which accounts for the illusions of the Poggendorff family. If
the influence of orientation detectors is in the extent domain, orthogonal expansion is the result,

which accounts for illusions of the Zollner family (Ninio and Pinna, 2006). This is similar to the

Helmholtz-type expansion effect for predicting illusory tilt effects. So based on his theory there are
‘two types of inhibition’ between orientation detectors in the cortex. One inhibition is between

detectors responding to the different orientations and is stated to be the origin of RRA principle.
Another inhibition is in the extent domain between detectors responding to the same or to very similar
orientations, which are responsible for orthogonal expansion effects.
Ninio and Pinna (2006) noted that the Zollner class of illusion is ‘non local’ on the basis of two

criteria: “(i) the effect does not require the presence of an explicit target in the stimulus (ii) when there
is a real intersection between inducing lines and target, it is the global orientation of the inducing
lines that matters, and not their local orientation at the intersections. In contrast, local geometry may
play a more prominent role in the Poggendorff illusions” (Ninio and Pinna, 2006). He investigated a

broad range of Tilt Illusions including variations of the Zollner, Poggendorff, Twisted Cord and Fraser

illusions, as well as tilted and tilting squares (Ninio and Pinna, 2006; Ninio, 2014).

The Ponzo illusion (Figure 2.1-6c) was first introduced by an Italian psychologist called Mario

(Ponzo, 1910), who suggested that our judgement of an object size is affected by its background.
The reason why the upper line looks longer than the lower one is that we interpret the Ponzo illusion

according to the theory of linear perspective. The explanation of this illusion is that although both
lines have an identical retinal image, the upper line recede into the distance and is interpreted as
being further away, so it seems to be longer. The Moon illusion is assumed to be an instance of the

Ponzo illusion (Plait, 2010). Here the trees and houses act like Ponzo's converging lines, and

foreground objects tricks us in to seeing the moon as bigger than its actual size when it is on the
horizon not an object overhead. An interesting note on moon illusions is that by looking at the sun or
moon upside down when bendeding over and putting your head between your legs, then the illusion
disappears (Spekkens, 2016).
There are a few explanations available for the Ponzo illusion. One explanation is based on

Perspective Hypothesis, which states that the figure’s perspective characteristic is produced by the

converging lines toward the horizon or a vanishing point. Another explanation is based on the
Framing-effects Hypothesis, which says that the gap between the horizontal lines and the framing
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converging lines may contribute to distortion magnitude. Other recent research suggests that the
illusion strength in both the Ponzo and Ebbinghaus illusions, is inversely correlated to the size of the
individual's primary visual cortex (Schwarzkopf, Song and Rees, 2011).

The Müller-Lyer illusion is another optical illusion consisting of a formalised arrow and invented

by F.C. Müller-Lyer (1894; 1889). Variations of the Muller-Lyer illusion contain a set of arrow-like
figures. The "shafts" of the arrows are straight line segments of equal length, and the “fins” of the

arrows are made by shorter line segments which protrude from the ends of the shaft. The direction
of fins is either inwards (form an arrow "head") or outwards (form an arrow "tail"). In comparing the

effect of two fins in illusion formation, it seems that the shaft of the arrow with two tails is perceived
to be longer than the one with two heads.
The cross-cultural variation in the perception of the Müller-Lyer illusion (Segall, Campbell and

Herskovits, 1963) has indicated the fact that differences in the familiar objects in the subjects'

environmental surroundings have a major impact on the illusion perception. For instance in Western
cultures, there are many rectilinear shapes (so-called carpentered world) and the lines are perceived
as the corners of rectilinear objects in perspective view.
Richard Gregory (1973) proposed another explanation for the Müller-Lyer illusion, by stating on

the depth and distance judgment of visual system processes by saying that in general the ‘angles in’

configuration resembles a closer object, where as the ‘angles out’ configuration resembles a further
away object.

The neural networks in our visual system learn how to do the interpretation of 3D scenes in a
very efficient way. For example, when we are comparing our hands - one exactly positioned in front
of our eyes and one with out stretched arm - our brain projects the image of the smaller hand to its
correct distance in our internal 3D model. This is what is called the size constancy mechanism.
In this explanation for the Müller-Lyer illusion, the depth cues, which are mainly associated with

3D scenes, have been detected by the visual system, and unlike the common situations, this decision
is made incorrectly leading to a perception of a 3D drawing. So due to the underlying mechanism for

size constancy we would perceive an erroneous length of the object, supposing it is farther away
than in true perspective drawing.
The history of investigating the effect of luminance and isoluminance on the strength of
Geometrical Illusions goes back to the 80’s (Hubel and Livingstone, 1987; Livingstone and Hubel,
1988; Livingstone and Hubel, 1987). As an example, the isoluminance in nine familiar Geometrical
Illusions (Delboeuf, Ebbinghaus, Hering, Judd, Muller-Lyer, Poggendorff, Ponzo, Vertical, Zollner) as
shown in Figure 2.35, has been investigated by Hamburger, Hansen and Gegenfurtner (2007). They

have investigated both low and high contrast, as well as two isoluminance conditions for L — M and

S — (L + M) axis (S: Short, M: Medium and L: Long wavelength/three different type of cones in the
retina). These illusions are of type size, length, orientation, curvature and position. They have shown
that both isoluminance and luminance conditions for joint processing of chromatic and luminance
contours/edges may extend well beyond early visual areas. They have shown that all of these
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illusions are persist under isoluminance. Their review of the findings of similar attempts is
summarised in Table 2.5.
As Table 2.5 shows, there are some controversies in this regard. Some studies claim that
Geometrical Illusions break down under isoluminance conditions, such as Liebmann (1927) and
(Livingstone and Hubel, 1987). This idea is driven by the assumption that separate pathways and
processing are contributing to encoding of color and luminance. Others have shown that Geometrical
Illusions persist under isoluminance (Gregory, 1979; Cavanagh, 1986; Li and Guo, 1995). As noted
in (Hamburger, Hansen and Gegenfurtner, 2007), physiological findings shown evidence for the
processing of both color and luminance by the same parvo retinal ganglion cells (De Valois and De
Valois, 1988), and that for processing oriented chromatic contrast the neurons in V1 and V2 are
responsible (Friedman, Zhou and von der Heydt, 2003; Gegenfurtner, 2003).

Figure 2.35 “The classical geometric-optical illusions investigated”. (Hamburger, Hansen et al., 2007: Fig 1)
© Elsevier Ltd. Used with permission.
Table 2.5 Overview of studies of optical illusions under isoluminance: stimuli and findings showing that illusions exists
(X) or not (O); empty cells refer to illusions that have not been tested”. (Hamburger, Hansen et al., 2007: Table 1) © Elsevier
Ltd. Used with permission.

Cavanagh (1989) showed that Geometrical Illusions persist at their full strength under conditions
of isoluminance, when the stimuli are large enough (8°), with bold lines around 30 arc min. Li and
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Guo (1995) investigated four illusions of by Zollner, Ponzo, Muller-Lyer, and Delboeuf, and have

shown that these illusions of orientations, length, and size are mediated by the parvocellular system.

Hamburger et al., (2007) suggested that the illusory phenomena tested are mediated by the same

neural mechanisms, and the activity of neurons in both the parvo- and koneocellular layers of the
LGN are responsible for them.
Fermüller and Malm (2004) claimed that displacement and biases in both phases of formation
and processing of the elementary units of a pattern including points and lines in static patterns and
movement of points in a sequence of images are the underlying reason for many optical visual
illusions. Based on different approximation methods for finding points and lines displacement, they
addressed several illusions including the Café Wall, some bulge patterns such as the Sound Wave
and a family of Zollner illusions. They have also investigated motion illusion patterns in some other

studies such as (Fermüller, Ji and Kitaoka, 2010; Fermüller, Pless and Aloimonos, 2000).

A line processing approach has been proposed by them that contains two stages of extraction

of local edge element (edgels) (might be tilted because of the bias), and then the integration of these
local elements into larger lines. Their hypothesis relied on modelling the integration of long lines by
taking the positions and orientations of the edge elements as the input to approximate longer lines.
More details can be found in (Fermüller and Malm, 2004). For tilt detection, there would be two
predictions of either ‘tilted lines’ in the Café Wall illusion, or ‘curved lines’ in the Sound Wave pattern

based on their approach. The result of the biases calculated during the approximation of the points
and lines for a few geometrical patterns such as an estimation of the Luckiesh pattern, a Zollner edge
estimate, an Ouchi illusion estimate (Ouchi, 1977) have been provided in Figure 3.36.

Figure 2.36 Left-Top: “The fine line as shown in A appears to be bent in the vicinity of the broader black line, as
indicated in exaggeration in B (from Helmholtz, 1962, Chap. 28)”. Left-Bottom: “(a) A line intersecting a bar at an angle of
15°. (b) The image has been smoothed and the maxima of the gray-level function have been detected and marked with
stars. (c) Magnification of intersection area”. Right: “Estimation of Luckiesh pattern: (a) the pattern––a circle superimposed
on a background of differently arranged parallel lines, (b) fitting of arcs to the circle, (c) magnified upper-left part of pattern
with fitted arcs superimposed, and (d) intersection points and fitting of segments to outer intersections”. (Fermuller and
Malm, 2004: Left-Figs 6, 7, Right-Fig 14) © Elsevier Ltd. Used with permission.
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There are some filtering explanations for these illusions: “Morgan and Casco (1990) propose an
explanation of the Zollner and Judd illusion based on bandpass filtering followed by feature extraction

in second stage filters. The features are the extrema in the bandpass filtered image, which

correspond to the intersection points. Morgan (1999) studied the Poggendorff illusion and suggests

smoothing in second stage filters as the main cause” (Fermüller and Malm, 2004: p. 737, 738).
Fourier analysis on illusions

A few paradoxes of vision such as the Muller-Lyer and McKay optical illusions, the Kanizsa illusory

contours and the Pop-out effect have been investigated in terms of a Spectral model 2 by Kravtsov
(1994). The spectral model of visual perception suggests the ability of the brain to perform a
frequency analysis of visual images.

It is commonly known that “an image may be described not only in terms of pixels, but also by
its spectrum in the form of a two-dimensional Fourier transform. From the mathematical point of view,
these two are equivalent. The spectral approach has played a major role in image processing theory,
leading to significant technical developments in pattern recognition. These developments, following
the proposal (Campbell and Robson, 1968) that the brain functions as a kind of spectrum analysis
device, provided the impetus for the many attempts to find evidence that visual cortex cells actually
perform a spectrum analysis (Pollen, Lee and Taylor, 1971; Maffei and Fiorentini, 1973; Glezer,
Yakovlev and Gauzelman, 1989). While such physical investigations will undoubtedly continue, it is
herein proposed that the underlying theoretical assumption, itself, sheds a consistent light on many
of the known paradoxes of visual perception” (Kravtsov, 1994: p. 1).

Figure 2.37 “Spectral approach to the Muller-Lyer Illusion. This famous optical illusion consists of the perception of
the shaft of the arrow in (a) as shorter than the shaft of the arrow in (b), when in fact they are of equal length”. (Kravtsov,
1994: Fig 1) © 2017 Boris Kravtsov. Used with permission.

•

Muller-Lyer Illusion: Using the spectral model, Kravtsov explained the misperception of size in
the Muller-Lyer illusion noting that: “Figures 2.37c - d and 2.37C - D show two lines having

different lengths and their respective Fourier spectrums. Figures 2.37C and D illustrate the
correspondence of a difference in the cycle of the spectrum amplitude in the frequency domain

2

http://boriskravtsov.com/archive/Spectral_Model.html
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to the difference in the length of the lines in Figures 2.37c and 2.37d in the spatial domain. The
longer the line, the shorter the perpendicular cycle of the spectrum amplitude. If we suggest that
the visual cortex evaluates the length of aligned objects, such as lines, by processing the
spectrum instead of processing their real length by using point-to-point mechanisms, the MullerLyer illusion has a straightforward, logical explanation. Indeed, the cycle of the spectrum

amplitude in Figure 2.37A is larger than the cycle of the spectrum amplitude in Figure 2.37B,

representing the shorter length in real, visual space. The reason for the appearance of the MullerLyer illusion lies in the fact that the orientation of arrow fins produces a change in the

perpendicular cycle of the spectrum amplitude. When the visual brain compares the two arrows

(Figures 2.37a and b), it concludes that the shaft of arrow Figures 2.37b is longer because the
cycle of its spectrum amplitude is shorter than that of Figures 2.37a (Kravtsov, 1994: p. 1).
•

Kanizsa "Illusory Contours": To explain illusory contours such as the Kanizsa Square, Kravtsov

has its own explanation based on the spectral model noting that: “The most well known attempt
to explain this visual phenomenon was made by Kanizsa (1955), who described it in terms of

Gestalt theory. Accordingly, the characteristic perception of Figure 2.38a, from Albert (1993),
would occur because it is more ‘natural’ for the brain to ‘see’ four complete white discs disrupted
by the corners of a black square than four irregular white pacmen-shapes on a black background.
A disc is more symmetrical than a pacman-shape and therefore has ‘better form’, according to
Kanizsa. He argued, moreover, that Figure 2.38b exhibits a very weak illusory contour because
the four white crosses are symmetrical figures and hence, from the point of view of Gestalt theory,
have ‘good form’, which competes strongly with the black square. The theoretical explanation for
such figures proposed herein is based on a spectrum model of visual perception. Figures 2.38c
and d illustrate two squares, one with closed contours and the other with open contours; Figures
2.38C and D show their respective Fourier spectrums. Note that the spectrum of the ‘open’ square
has considerably wider vertical and horizontal ‘axes’ than those of the ‘closed’ square. If, as
suggested above, the brain analyzes the frequency space of a given visual field, the narrow
vertical and horizontal ‘axes’ induced in the Fourier spectrum by the shapes in Figure 2.38a would
lead to an interpretation by the brain of this image as a closed square (i.e., the brain sees a
‘nonexistent’ square). By the same reasoning, the brain interprets the spectrum of visual image
(Figure 2.38b) with its wide vertical and horizontal ‘axes’ as an open square, or, alternatively, as
four corners (i.e., sees four white crosses - does not see a square)” (Kravtsov, 1994: p. 1).
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Figure 2.38 “Explanation of the Kanizsa "Illusory Contours" through the frequency domain. (a) illustrates the illusory
shape of a black square framed by four "pacmen" shapes. In fact, there are only four white pacmen on a black background.
Figures such as this are called "illusory contours" because the contours are perceived within what is actually homogeneous
space”. (Kravtsov, 1994: Fig 2) © 2017 Boris Kravtsov. Used with permission.

•

The "Pop Out" Effect: Another interesting phenomenon originating from the Gestalt view in
perception that can be addressed by the spectral model is the Pop Out effect. “The conventional

explanation holds that the smaller difference between the images in Figures 2.39c and d, when
compared to the difference between Figures 2.39e and f, accounts for the greater difficulty in

discrimination. The weakness of this explanation lies in the fact that the images were changed in
the same ratio, and would therefore not be expected to present any change in degree of difference
or difficulty. Interpretation of the results of shape discrimination experiments is much more
meaningful when based on the spectral model. The amplitude Fourier spectrums in Figures 2.39C
and D (corresponding to the ‘open’ shapes) are practically indistinguishable. The amplitude
Fourier spectrums in Figures 2.39E and F (corresponding to the ‘closed’ shapes), on the other
hand, show a difference in the widths of their vertical ‘axes’. The vertical component in the Fourier
spectrum is induced by the horizontal lines used for closing the image shapes in Figures 2.39e
and f (note again the "perpendicularity" of the Fourier spectrum, as mentioned in the Muller-Lyer).

The influence of "closing" these shapes on visual discrimination is now easily understood”
(Kravtsov, 1994: p. 1).
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Figure 2.39 “Understanding the "Pop Out" effect by means of the spectral approach. The pop out effect is a useful
and effective tool in the investigation of the early stages of visual perception. I give consideration here to the ramification
of this effect in the area of shape discrimination for open and closed images. A commonly assigned visual task is that of
detecting a closed "target" in a field of open "distractors" (Caely, Julesz and Gilbert, 1978; Treisman and Paterson, 1984).
In the experiments of Elder and Zucker (1993) an interesting question was raised: Which combination of open and/or
closed targets and distractors make the targets easiest to discern. It was found that closing the contours of stimuli
dramatically enhances discrimination. This effect is illustrated in (a) and (b): the closed target in (b) is much more easily
detected than the open target in (a)”. (Kravtsov, 1994: Fig 3) © 2017 Boris Kravtsov. Used with permission.

•

The McKay Illusion: Figures 2.40c and d illustrate the ‘fan illusion’. “Multiple lines radiate out

from a center, while two vertical parallel lines crossing them appear to be curved. This distortion
displays the induced influence of the spectrum of background radial rays on the spectrum of

foreground parallel lines. The overall interference of these spectrums induces the illusory bend of
the actually straight lines. Visual signals containing periodical structures, such as the signals in
Figures 2.40a and b are commonly referred to as ‘over-saturated’. In my view, they would be
more correctly designated as ‘frequency localized’ signals. All their energy in frequency space is
localized within the range of a particular spatial frequency in accordance with the periodicity of
their structure. I suggest that there may be an area of the visual brain (most probably some
columns of cells in the striate cortex), which is tuned at appropriate spatial frequencies. In this
case, Figures 2.40a and b would provoke a very strong excitation perhaps even a ‘hyperexcitation’, which might be interpreted as the resonance of a neural ensemble of cells with the
same spatial-frequency tuning properties” (Kravtsov, 1994: p. 1).
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Figure 2.40 “The McKay Illusion explained by the spectral model. To be introduced to this optical illusion, following
McKay (1961), one must gaze for a few moments at (a) or (b), staring into the center of the image and then shifting the
gaze to a plain white surface. Note that when the initial, wavy illusory lines resembling the original image are brought into
sharper focus their direction is always perpendicular to the lines of the original image. That is, for (a) the illusory lines are
concentric circles rather than radiating spokes, and for figure 4b the illusory lines are horizontal rather than vertical. If (b)
is rotated to a particular degree, then the illusory lines will change their orientation to the same degree. That is to say, the
lines of the McKay Illusion are always oriented in accordance with the orientation of the lines in amplitude of the Fourier
spectrum induced by the same image”. (Kravtsov, 1994: Fig 4) © 2017 Boris Kravtsov. Used with permission.

The examples investigated by Kravtsov (1994) here are based on Fourier spectrum amplitude.
He concluded that: “Clearly, any more sophisticated model that may be developed should take phase
into account, as well. Two different images may be created from the same amplitude of spectrum,
and the choice of a basis for spectral transform has not as yet been firmly established. It is quite
possible that the visual brain performs a spectral transform based not on Fourier but on another set
of functions, as yet unknown to modern mathematics” (Kravtsov, 1994: p. 1).

2.5.2.2 Tile Illusions
a. Munsterberg and Café Wall
The Café Wall is a member of the Twisted Cord family of Geometrical Illusions, and some

reasonable convincing explanations have been given (Gregory and Heard, 1979; Earle and Maskell,

1993; Woodhouse and Taylor, 1987). The Munsterberg version (Munsterberg, 1897; Pierce, 1898)
of this pattern is a chessboard with dark very thin separators between shifted rows of black and white

tiles, giving the illusion of tilted contours dividing the rows. The Café Wall pattern (Figure 2.41-center)
has grey stripes or mortar lines dividing shifted rows of black and white tiles, inducing a perception

of diverging and converging of the mortar lines. The pattern was first introduced by Gregory and

Heard (1979) shown in Figure 2.41-center top. Morgan and Moulden (1986) suggest the mortar line
is critical to the strength of the illusion and the illusion has its highest strength when the luminance
of the mortar is in the intermediate luminance of the squares. Other variations include the ‘Hollow
Square’ (Bressan, 1985; Woodhouse and Taylor, 1987), Figure 2.41-center bottom, the ‘Fraser

pattern’, ‘the Spiral Café Wall’ (Figure 2.41-left), the ‘Spiral Fraser’; and even variations of the ‘Zollner’
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illusion (Figure 2.41-right) (McCourt, 1983; Bressan, 1985; Westheimer, 2007) where (typically)
horizontal or vertical lines appear to be tilted. The Café Wall illusion seems to originate from the
inducing effect of Twisted Cord (Fraser, 1908) elements and then integration of these to an extended
continuous contour along the entire mortar lines (Moulden and Renshaw, 1979).

Figure 2.41 Left: The Spiral Café Wall illusion (Kitaoka, 2007), Center-top: the Café Wall pattern, Center-bottom: The
Hollow Square (Bressan, 1985: Fig 8) © SAGE Publication. Used with permission, Right: The Zollner illusion (WebImage:
https://upload.wikimedia.org/wikipedia/commons/2/2d/Zollner_illusion.svg)

One of the first explanations for the Café Wall illusion was the Irradiation Hypothesis (Moulden
and Renshaw, 1979), which was first introduced by Helmholtz (Helmholtz, 1856), proposing that a
compressive transform causes a shift of high contrast boundary towards the dark side of its inflection
(Morgan and Moulden, 1986). The limitation of the Irradiation theory as the sole explanation of the
Café Wall illusion is that the hypothesis does not explain why the illusion is enhanced by the mortar
lines and why the pattern does not need to be of a very high contrast as explicitly required by the
Irradiation Theory. So this explanation is incomplete by its own.
Border Locking is another hypothesis used in high-level tilt induction explanations (Gregory and
Heard, 1979). The appearance of small wedges with local asymmetry is based on the luminance
contrast of the light/dark half tiles and their integration along the rows, so that they form long wedges.
Gregory and Heard state that the effect depends critically on luminance and that it disappears if the
mortar line is either brighter than the light tiles, or dimmer than the dark ones (Gregory and Heard,
1979).
Brightness Induction (BI) describes a change in the direction of perceived brightness, and is
another explanation for the Café Wall illusion. The change of direction can be towards the surrounds

(Brightness Assimilation) or away from it (Brightness Contrast) (Kitaoka, Pinna and Brelstaff, 2004).
McCourt (1983) has shown that a periodic inducing field would result in inducing brightness in a

homogeneous narrow grey field. He generated a new version of the Café Wall based on replacing

mortar lines with patches of light, dark and grey and explained the tilt effect as Brightness Induction,
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noting that alternately-reversing diagonal line elements can produce the characteristic illusory
convergence of the whole image.
Fraser (1908) proposed another hypothesis, connecting the Twisted Cord to the Café Wall illusion

without using filtering but his hypothesis is not a complete explanation of the illusion. His idea was

based on the fact that the tilt is perceived when two identically colored tiles joined by the mortar lines

at their opposite corners result in a Twisted Cord element. There are some other proposed
explanations such as Fourier-based Models, but it seems that the effect arises from small local
wedge shapes rather than global features. Therefore, what is needed is local frequency analysis,
rather than global transformation (Morgan and Moulden, 1986).
It is claimed that Bandpass spatial frequency Filtering is performed by the retinal ganglion cells
and the ON-center and OFF-center receptive fields, as modelled in (Morgan and Moulden, 1986) by
a simple discrete Laplacian filter mask viewed as an approximation to Difference of Gaussians
(noting that DoG gives the same results), and in (Earle and Maskell, 1993) by a Difference of
Gaussians viewed as ‘a very close approximation’ to a Laplacian of Gaussian (LoG).
There are some more recent explanations for the Café Wall illusion. A similar psychological

approach to (Gregory and Heard, 1979) was proposed by Kitaoka as the Phenomenal Model

(Kitaoka, Pinna and Brelstaff, 2004; Kitaoka, 2007), which is an elemental composition approach to

explain a wide variety of Tilt Illusions. Kitaoka and his team created many of these patterns using a
heuristic tool (Kitaoka, Pinna and Brelstaff, 2004) for graphical constructions of illuson stimuli from
elementary units. Their psychological approach is based on the ‘contrast polarities’ of a solid square
and its adjacent line segment to explain the Café Wall illusion. They have suggested that when

dark/light squares are adjacent with dark/light line segments, the direction of tilt is to counteract the
square angle, otherwise the square angle is going to expand.

Fermüller and Malm (2004) proposed a Point and Line Estimation Model for finding the
displacement of points and lines as the elementary units in images and used their techniques to
explain the effect of some Geometrical Illusions. As applied to the Café Wall, this theory is based on
categorizing the edges by saying that if mortar lines border both dark tiles and bright tiles, then the
two edges move towards each other. On the other hand, mortar lines between two bright regions or
two dark regions cause the edges to move away from each other. Their explanation is similar to
(Gregory and Heard, 1979; Kitaoka, Pinna and Brelstaff, 2004).
Arai (2005) proposed a computational nonlinear model for Contrast Enhancement in early visual
processing based on discrete maximal overlap bi-orthogonal wavelets. It is a multiscale model and
after the decomposition of input signals into four sub bands of approximations, horizontal (h), vertical
(v), and diagonal (d) details, a mathematical operator, which “enhances small values of detail if the
energy of detail is small, and inhibits large values of detail if its energy is large” (Arai, 2005: p.178)
is used. They have investigated the output of their system on Brightness/Lightness Illusions such as
the Herman Grid, the Chevreul, Mach Bands, the Todorovic, and the Café Wall.

The Irradiation Effect involving enlargement of bright regions to encroach on their dark sides was
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hypothesized for explaining shifted chessboard patterns by Westheimer (2007), who proposed a
model including a combination of ‘light spread’, ‘compressive nonlinearity’, ‘center surround
organization’ and ‘border locations’, to explain the Café Wall illusion. For the retinal spatial distribution
of excitation, he first calculated the convolution of the object with the retinal point spread function,

which then passed through a certain nonlinearity equation (Naka-Rushton), and then to the spatial

center-surround transformation with the excitatory and inhibitory zones to obtain the final result.
Elimination of the tilt effect in the Café Wall illusion is possible by enlargement of the black tiles

(Westheimer, 2007:Fig.11). This results in compensating the border shifts and corner distortions.
Similar elimination techniques can be used with additional superimposed dots in the corners

(black/white dots on white/black tiles), eliminating the corner effects (Fermüller and Malm, 2004:Fig
5; Kitaoka, Pinna and Brelstaff, 2004:Figs 5C;D). The elimination of the illusion is also possible by
replacing the black and white tiles with equiluminant but highly contrasting colour tiles (McCourt,
1983; Westheimer, 2008).

Figure 2.42 Cancellation of tilt cues in the Café Wall pattern. Left: Enlargement of black tiles and corner blunting.
Right: superimposed dots nullifying the corner effect (Westheimer, 2007: Fig 11; Fermuller and Malm, 2004: Fig 5). Left ©
SAGE Publication, Right © Elsevier Ltd. Used with permission.

There are some previous explanations for connecting ‘Brightness Induction’ illusions and

‘Geometrical Illusions’. The Café Wall pattern and its variations are counted as second-order tilt

patterns (Nematzadeh, Lewis and Powers, 2015; Nematzadeh, Powers and Lewis, 2017) involving
‘Brightness Assimilation and Contrast’ (Jameson and Hurvich, 1989) as well as ‘Border shifts’
(Westheimer, 2007; Morgan and Moulden, 1986). In a thorough review of lightness, brightness, and
transparency (LBT) (Kingdom, 2011) it has been noted that one of the most promising approaches
for modelling brightness coding is based on multiscale filtering (Blakeslee and McCourt, 1999) in
conjunction with contrast normalization. Lateral inhibition is a common feature of most of the above
models such as Irradiation (Moulden and Renshaw, 1979), Brightness Induction (McCourt, 1983),
and Bandpass filtering (Morgan and Moulden, 1986).

Going deeper into the explanatory models
i. Border Locking and Contrast Polarity
The tilt effect in the Café Wall pattern depends critically on luminance and it disappears if the

mortar line is either brighter than the light tiles, or dimmer than the dark ones (Gregory and Heard,

1979). They have proposed Border Locking theory, explaining the tilt effect in the Café Wall based
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on the ‘luminance contrast’ of the tiles (and their contour locations) that result in the appearance of
tiles as small wedges with local asymmetry that are integrated along the rows to form long wedges.
(Gregory and Heard, 1979).
They have considered different parameters in their investigations that affect the strength of
illusion such as mortar width and luminance. It is suggested that: “contiguous regions of different
luminance (and contiguous colour regions) are normally held in spatial register by locking from
common luminance boundaries. The Café Wall illusion is attributed to this border locking producing

inappropriate contour shifts from neighbouring regions of contrasting luminance when separated by

narrow gaps of neutral luminance” (Gregory and Heard, 1979: p. 1). This explanation has been
illustrated in Figure 2.43.

Figure 2.43 “Explanation of the Café Wall illusion: The ‘blow up’ indicates how border locking may work to give the
Café Wall illusion when the mortar lines lie within, or are not significantly outside, the dark—light tile luminance range. It
is suggested that spatial registration is normally maintained by signals from luminance transitions. locking contrasting
luminance and also colour regions together at common signalled borders. This is supposed to prevent registration errors
in most conditions, but to create distortions when locking operates across neutral gaps or lines. Thus, for the Café Wall
illusion, the dark/light tile borders would be pulled together across the neutral mortar line where the luminance differences
are large on opposite sides of the mortar. The dark and light tile borders should each lock onto their own side of the neutral
mortar line except when there is a strongly contrasting luminance on the other side, to capture the boundary and pull it
across the mortar. When the mortar luminance is significantly greater or less than the luminance of the light and dark tiles
respectively, locking will no longer occur across the mortar lines, for there will now be contiguous contrast borders along
the whole length of each tile on their own side of the mortar”. (Gregory and Heard, 1979: Fig 12) © SAGE Publication. Used
with permission.

Similar to Border Locking, a Phenomenal model has been proposed by (Kitaoka, Pinna and
Brelstaff, 2001; Kitaoka, Pinna and Brelstaff, 2004) that is based on the contrast polarities of a solid
square and its adjacent line segment to explain the Café Wall illusion as illustrated in Figure 2.44.
•

If dark/light squares and dark/light line segments are adjacent, the direction of tilt is to contract

the square angle.
•

If dark/light squares and light/dark line segments accompany each other, the tilt direction is

to expand the square angle.
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Figure 2.44 “Our rules for the combinations of contrast polarities of edges and of lines for the Café Wall tilt. The
upper line of each unit appears to tilt in the direction indicated by arrows and broken lines. CW means a clockwise tilt while
CCW indicates a counter clockwise tilt”. (Kitaoka, Pinna, et al., 2004: Figure 1) © SAGE Publication. Used with permission.

Novel Tilt Illusions have been introduced by Kitaoka and his team, which can be found in
(Kitaoka, 1998a; Kitaoka, Pinna and Brelstaff, 2001; Kitaoka, 2007). A variation of the Café Wall was

made called thw Enhanced checkered illusion with some superimposed dots on top of a simple
checkerboard that is shown in Figure 2.45 with more examples of other variations with the tilt effect.

He and his colleagues explained many of these Tilt Illusions using the Phenomenal model of the
contrast polarity. Illusions such as the Spring and the Sound Wave in Figure 2.1-4a, 4d are his

patterns (Kitaoka, 1998a, 2003; Fermüller, Ji and Kitaoka, 2010) as well as many more motion and
colour-related illusions (Kitaoka, 1998a, 2006, 2010; Fermüller, Ji and Kitaoka, 2010), which can be

found in his illusion web pages 3.

Figure 2.45 Top: from left to right: Illusion of Y-junction, illusion of fringed edge, The Popple illusion; Bottom: The
Montalvo illusion or Lavatory Wall illusion the Shifted gratings illusion and the Enhanced Checker illusion (modified from
Kitaoka, 2007: Figures 19, 20, 24, 31, 33, 43). © Japanese Psychological Association. Used with permission.

Kitaoka, Pinna and Brelstaff (2004) discussed the similarity of their approach to the Border
Locking explanation noting that: “Gregory and Heard (1979) illustrated how local tilts might arise in
Munsterberg and Café Wall figures due to the alternation of (strongly locking) solid regions and

(weakly locking) thin lines along their boundary trajectory in much the same way as our elementary
units alternate body and tail sections” (p. 18).

3

http://www.ritsumei.ac.jp/~akitaoka/index-e.html
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Figure 2.46 “A schematic description of the behavior of edge movement in scale space. The first row shows the
intensity functions of the three different edge configurations, and the second row shows the profiles of the (smoothed)
functions with the dots denoting the location of edges: (a) no movement, (b) drifting apart, and (c) getting closer”. (Fermuller
and Malm, 2004: Fig 1). © Elsevier Ltd. Used with permission.

Fermüller and Malm (2004) proposed a Point Estimation Model and suggested that the
underlying perception of illusory tilts is mainly based on uncertainties in both phases of formation
and processing in pattern analysis. Their theory is based on finding displacement of points and lines
as the elementary units in images and assumed this uncertainty to be the cause for many optical
visual illusions. For the Bulging pattern and the Café Wall illusion their explanation is based on

different edge categories given in Figure 2.46 with interpretation of each class as: edges of type (b)
drift apart under smoothing, edges of type (a) between the black and white tiles stay in place, edges
of type (c) are getting closer together.
In the Café Wall illusion, the mortar lines separate the rows of black and white checkers with a

half cycle shift in each consecutive row. In their explanation for the Café Wall illusion it is noted that:
•

When mortar lines border both a dark tile and a bright tile, two edges move towards each

other.
•

Mortar lines between two bright regions or two dark regions cause the edges to move away

from each other (Their explanation method is similar to Kitaoka’s Phenomenological model)
The hypothesis behind the Fermüller and Malm (2004) line estimations was relied on to
computationally integrate long lines by taking the positions and orientations of the edge elements as
the input to approximate longer lines. There would be two predictions of either ‘tilted lines’ in the Café

wall illusion, or ‘curved lines’ in the Sound Wave pattern. They investigated their proposed model on

a broad range of Tilt Illusion patterns such as the Zollner and Pogendorff illusions. More details can

be found in (Fermüller and Malm, 2004).

There are other explanatory models such as an early vision model proposed by Zarandy, Orzo,

Grawes et al. (1999) for explaining different categories of visual illusions such as the Müller-Lyer,

Hermann Grid, Café Wall and even the Kanizsa illusions, based on a cellular neural network (CNN).
This model was designed for colour vision and lightness determination, and contains three layers of
cone cells (sensory layer), horizontal cells (illumination estimator layer), and bipolar cells (output
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layer) for modelling the eye. For more information please refer to (Zarandi et al., 1999).
Recently, a few researchers in the field of illusion started to explore new variations of the Café

Wall illusion with modifications to the mortar lines such as the patterns presented in Figures 2.47,
2.50, 2.51, 2.55. The majority of explanatory models for these variations are based on contrast
polarities.

In 2006, Oronzo Parlangeli and Sergio Roncato (from the University of Padova/Italy) were
finalists in the ‘Best Illusion of the Year Contest’, named: “Clones and Donors Have Opposite
Inclinations (in Vision)”. Their illusion has been shown in Figure 2.47, and it is a version of the Café
Wall illusion (Gregory and Heard, 1979), but with a symmetric configuration, giving the impression
of bow rather than convergent/divergent tilt. There is also a half phase shift difference between the
rows of white and red squares.

When two dotted lines of straight lines are interposed at the dividing border of the two rows, they
seem to tilt towards the center of the stimulus (Figure 2.47-left). When the dotted lines are doubled
and positioned next to the dividing border, the direction of illusion reverses as shown in Figure 2.47right.
The effect persists even when one of the lines in each pair of dotted lines is deleted. In fact, the
origin of the effect is claimed to be the displacement of the horizontal lines from the intersection of
the rows. Therefore, if these lines are located within a short distance from the dividing border of the
rows, we will encounter a similar effect.

Figure 2.47 Clones and Donors: (a, b): “show the same inducing pattern. However, if the blue lines in (a) are seen as
donors, we can easily appreciate that when they give birth to two clones as in (b), these clones grow apart and they show
a diametrically opposed inclination: convex lines become concave and concave lines becomes convex. A clone for each
donor is sufficient to produce the effect”. (© 2006 Oronzo Parlangeli and Sergio Roncato: Figs. 1 and 2. Used with
permission.). From “Best illusion of the year contest” http://illusionoftheyear.com/cat/top-10-finalists/2006/

An explanatory hypothesis based on T-junction for the effect has been proposed by Parlangeli
and Roncato (2008) (demonstrated in Figure 2.48) noting that: “The two effects are generated within
a local pattern in which a T-junction is close to an edge parallel to its top edge. The circled area
encloses a T-junction. The top edge inverts the contrast sign when it is intercepted by the
perpendicular “stem-edge”, here a bounding process arises that leads to perceive the top edge to
join with the parallel edges of the same contrast sign. The arrows in Figure 2.48a and b depart from
the top edge of the T-junction where it changes the contrast sign and point to the nearest edge of
the same contrast polarity” (Parlangeli and Roncato, 2008: p.1). It can be verified that sliding up the
grey line in (b) generates a tendency to tilt in a direction opposite to the direction one observes in
Figure 2.48a.
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Figure 2.48 “A schematic explanation for the Clones and Donors illusion based on T-junction”. (Parlangeli and
Roncato, 2006: Figure) http://illusioncontest.neuralcorrelate.com/files/roncato/submission1/roncato_description.pdf
© 2006 Oronzo Parlangeli and Sergio Roncato. Used with permission.

The role of spatial and structural conditions for visual integration of parts has been investigated
through studies of Perceptual Grouping and Linking Phenomena. Field et al., (1993) introduced the
concept of ‘association field’ to specify the region around each element in which orientation
selectivity takes a place and leads to the ‘linking process’. The studies in this field have been
summarised by Parlangeli and Roncato (2008) noting: “according to Rubin (2001), visible or virtual
conjunctions are a manifestation of launching processes of propagation arising within a ‘completion
field’. Shipley and Kellman (2003) maintain that edges (“illusory contour inducing elements”) “send
activations along their linear extensions and less so along a family of nearby directions” (page 997).
When two of these sources meet, an illusory contour arises, but a single source can interact with a
figural unit, such as a point, that lacks oriented edges from which to project activations” (p. 536).
Parlangeli and Roncato (2008) hypothesise that: “within a ‘space of integration’, propagation
signals (Rubin, 2001) or paths of activation (Shipley and Kellman, 2003) may arise that are sensitive
to the contrast polarity; the activations propagating from an edge convey its contrast polarity and will
merge with paths of the same contrast polarity coming from opposite directions” (p. 536).
A few variations of the Café Wall pattern have been investigated by Parlangeli and Roncato

(2008) with modifications of the mortar lines, including the patterns shown in Figures 2.50 and 2.51.

Their finding is said to follow the Shipley and Kellman theory (2003) that “boundary completion
results from the interaction of edges as well as from edges and shapes lacking in oriented contours,
the latter serving as ‘receiving units’, anchoring the paths of activations generated by oriented edges”
(p. 535). Their proposed approach to explain the Café Wall illusion is an integration of this theory with

the hypothesis that “interactions sensitive to the contrast sign generate conjunction paths of edges
that alter their perceived orientation” (p. 355).

They have demonstrated paths of merged activations as exemplified in Figure 2.49 for explaining
variations of the Café Wall illusion. The arrows in Figure 2.49a show the main direction of edge

propagation and although they are colinear, but do not merge because they are of the opposite
contrast polarity. In Figure 2.49b they merge due to having similar contrast polarity that has been
shown with dotted white lines, instead. In Figure 2.49c and d, the edges are laterally displaced, and
the edges merge in c but not in d due to the arrangement of their contrast polarity. It is noted that:
“the inclination of this path of conjunction will perceptually emerge as a clockwise tilt of the interacting
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horizontal edges” (p. 537).

Figure 2.49 “Arrows indicate activations sent along the prolongation of horizontal edges. The arrows preserve the
contrast polarity of the generating edges that, in this case, do not coincide (coincidence is given by the same vertical sign
order). The merging of edges is not expected to occur. (b) The dotted white line indicates the conjunction of the two paths
of activation prolonging two collinear edges of the same contrast polarity. (c) Two edges of the same contrast polarity are
laterally displaced and the dotted curved line indicates the conjunction of the path of the edges. (d) When two edges of the
same contrast polarity are laterally displaced further than the range of interaction of the edges no merging effect is
expected”. (Parlangeli and Roncato, 2008: Figure 1) © SAGE Publication. Used with permission.

Figure 2.50 shows two symmetrical variations of the Café Wall illusion in which the mortar lines

have been replaced with dotted lines. We refer to this variation (a) as the dotted-version of the Café
Wall pattern (in contrary to the dashed-version explained before). In (b) the mortar lines are displaced

from the intersections of rows, inducing an opposite direction of tilt compared to (a).

Figure 2.50 “(a) A symmetrical version of the Café Wall illusion with the mortar lines replaced by dotted lines. The
lines are geometrically parallel straight lines. (b) The same as in (a) with the mortar lines displaced from the ideal line
dividing rows of adjacent tiles”. (Parlangeli and Roncato, 2008: Figure 5) © SAGE Publication. Used with permission.

Figure 2.51b-d shows three symmetrical variations of the Café Wall illusion in which the mortar

lines have been replaced with small obliqued bars, similar to the inducing line segments in the Zollner
illusion given in (a). We refer to these variations as the Zollner-version of the Café Wall pattern. In

2.49b and c the bars are symmetrically rotated. In (d) the mortar lines are displaced from the
intersection of rows, moved upwards with a small distance from the intersections of rows, inducing
an opposite direction of tilt compared to (c). The direction of inducing tilt seems to stay the same for
Figure 2.50a and Figures 2.51b and c-tilt towards the center. It is in the opposite direction for Figure
2.51d compared to b or c - tilts outwards from the center, the same as Figure 2.50b.
The theory of ‘Association Path’ is claimed to predict the illusory effect of all these modifications
even for the patterns where the small bars are misallocated from the intersections of the rows of
tiles. The conditions are defined based on the luminance and spatial parameters and are exemplified
in Figure 2.52. The direction of edge propagation in the figure are shown with dotted lines, and the
signs show the polarities. Note that the two components do not merge if they are of the opposite
contrast polarity (Parlangeli and Roncato, 2008).
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Figure 2.51 “(a) Linear arrangements of oblique bars flanked or collinear with their mirror repro- duction. The series
of bars appear to converge/diverge (Zollner illusion). (b) A Café-Wall-like pattern with the lines in (a) superimposed to lie
upon the ideal lines dividing the rows of squares. Note that the illusory effect is the same as observed in the classic Café
Wall pattern (figure 5a) and the apparent tilt is the opposite of the Zollner illusion in (a). (c) The same as (b) with the bars
symmetrically rotated. (d) The same as (b) with the bars vertically shifted”. (Parlangeli and Roncato, 2008: Figure 6) ©
SAGE Publication. Used with permission.

Figure 2.52 “The expected directions of edge merging (and local slant effect) on the basis of the `association path'
theory: (a) Continuous mortar line of intermediate grey. (b) Continuous mortar line darker than the tiles and the
background. Note that the contrast sign is constant all along the sides. (c) Fragmented mortar line of an intermediate grey
shade. (d) Fragmented mortar line with the darkest grey shade in the configuration. Note that the conjunction paths
alternate in opposite directions. (e) The condition with the mortar line interposed between the rows of tiles. The bidirectional
arrow indicates the distance between the edges that are hypothesised to interact. (f ) The condition in which the mortar
line is vertically shifted from the position between the rows of tiles. The bidirectional arrow indicates the distance between
the edges that are hypothesised to interact and to merge. Note the inversion of the local tilt effects. (g) The distance
between the merging edges in a continuous segment of mortar line (left tiles) and in a fragment of the same width (middle
tiles) is indicated by a bidirectional arrow. Note that the distance between the interacting edges is reduced when the mortar
line is fragmented into squares. The right tiles are intercepted by a fragment twice as wide; note that the interacting edges
are at the same distance as in the left tiles”. (Parlangeli and Roncato, 2008: Figure 8) © SAGE Publication. Used with
permission.
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Parlangeli and Roncato (2008) have also investigated other variations such as simple
checkerboards with light/dark grey tiles, and white and black dashes (or even filled circles) in the
intersection of tiles. The contrast polarity and the direction of tilt in these variations as well as the
versions in which the dashes are displaced from the intersections have been analysed in their work.
ii. Spatial Filtering
It is argued that Bandpass spatial frequency filtering is performed by the retinal ganglion cells
ON-center and OFF-center receptive fields, as modelled in (Morgan and Moulden, 1986). They have
illustrated that by applying a bandpass filter across a Café Wall stimulus, the Twisted Cord elements
along the mortar lines can be revealed. They are commonly believed to be the local tilt cues in the

pattern. They (Morgan and Moulden, 1986) have also suggested that the mortar line is critical to the
strength of illusion and the illusion has its highest strength when the luminance of the mortar is
intermediate relative to the luminance of the tiles.
Morgan and Moulden (1986) have used a simple discrete Laplacian filter mask viewed as an
approximation to Difference of Gaussian (noting that DoG gives the same results), by a Difference
of Gaussian viewed as ‘a very close approximation’ to a Laplacian of Gaussian (LoG). The result of
their filtering and the appearance of the Twisted Cord elements for two symmetric filters of 3×3 and

9×9 have been represented in Figure 2.53. They have also examined the effect of elongated filter of
size 12×3 on the stimulus to bring out the Twisted Cord elements more clearly along the horizontal

direction.

Figure 2.53 Left: “A version of the Munsterberg figure (also known as the Café Wall illusion) in which the thin mortar
lines are intermediate in luminance between the light and dark bricks”. Center: “A bandpass filtered version by convoluting
the image on the left with the 3×3 Laplacian mask illustrated in the inset. (White pixels in the mask have weights of 1and
the shaded pixel has weights -8)”. Right: “The filtered output of the same Café Wall figure using a mask to combine the
effects of low-pass filtering and spatial differentiation. Note that the mortar in the original figure is one pixel thick and that
the mask has been considerably magnified for clarity”. (Modified from Morgan and Moulden, 1986: Figs 1, 3) © Elsevier
Ltd. Used with permission.

DoG filters have also been employed as an approximation to LoG not really close by Earle and
Maskell (1993) with different pass bands. In the literature it has been shown that when the diameter
of the DoG operator (implementing center-surround operators) is larger than the mortar width, an
opposite phase brightness induction appears (Foley and McCourt, 1985). This has been reported as
a Reverse of Café Wall illusion by Earle and Maskell (1993). Lulich and Stevens (1989) also reported

“a reversal of the traditional Café Wall effect that is dependent upon mortar width” (p. 428) as
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illustrated in Figure 2.54. The ‘Reversed Twister Cord’ in thick mortar variations of the pattern is also
called the ‘Twisted Rope’ (Earle and Maskell, 1993) with an opposite direction to the Twisted Cord
elements along mortar lines to distinguish these two. They note that the effect of the Reversed

Twisted Cord occurs for a limited range of spatial frequency that is acting as bandpass filters. Outside
this limit, the Twisted Cord elements break into two parallel segments aligned with the mortar lines

(Earle and Maskell, 1993), and thus no Twisted Cord elements are presented. The result of the
Reversed Twisted Cords in the filtered DoG output have been shown in Figure 2.54-right (from Lulich

and Stevens, 1989) for a thick mortar variation, compared to the thin mortar lines in the original Café
Wall with its DoG presented in the left of the figure. As the figure indicates the brightness induction
direction has been reversed in the right.

Figure 2.54 “DOG convolution of a Café Wall pattern where the mortar is narrower (in a) and wider (in b) than the
DOG central excitatory diameter”. (Lulich and Stevens, 1989: Fig 4) © Springer-Verlag. Used with permission.

Classical low-level filtering explanations such as Moulden and Renshaw (1979); Taylor and
Woodhouse (1980); Morgan and Moulden (1986); Bressan (1985); Lulich and Stevens (1989); Earle
and Maskell (1993) all have shown the effect of filtering on the appearance of the tilt cues in the Café
Wall pattern but none of them has shown a quantitative prediction of the degree of tilt or the strength
of the Tilt Illusion in different variations of the pattern. We have filled this gap in our research.

Todorovic (2017) proposed a computational account of a class of orientation illusions referred to

as the Dashed-version of the Café Wall based on McCourt (1982) modifications. A symmetric version
of these variations has been cropped from the original figures by the author here and is shown in
Figure 2.55. All the dashes are arranged horizontally in these patterns but are perceived with a tilt

effect, also affecting their background appearance. The pattern on the right side of the figure contains
the interchanged dashes from the left pattern that is referred to as the ‘inverted version’ (the contrast
polarity of the dashes in respect to their background is inverted). We exhibit a different direction of

illusory tilt in this version with less saliency/strength. It is noteworthy that the position of the dashed
bars may be variant in different versions and can be located on the intersections or in the middle of
the tiles. Also different phase shifts between consecutive rows and even variations of the luminance
of the tiles and the mortar elements will produce a similar variation with a different inducing tilt.
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Figure 2.55 Top-Left: The Dashed-version of the Café Wall illusion based on McCourt (1982).The dashes are
arranged horizontally but are perceived as wavy lines. Right: The dashes are interchanged in this version made by
inverting their contrast polarity with respect to the background. The pattern on the right has a reverse tilt direction with
weaker effect (based on Kitaoka, 2007). Bottom: The representations of luminance distribution that illustrates the scale
and resolution of the input and output image. (Todorovic, 2017: Figs. 1, 2). © Used with permission from the author.

Examples of the receptive fields (RFs) with two odd-symmetric elongated Gaussians tuned to
horizontal orientation and with complementary sensitivity polarities are shown in Figure 2.56. The
frame colors (Green, Red) indicate the polarity of the RFs and the dot colours show the sign of the
activation (Orange: Excitation, and Blue: Inhibition), and their size specifies the amplitude of the
activation.

Figure 2.56 “Two odd-symmetric elongated Gaussians tuned to horizontal orientation modelling the receptive fields
with complementary sensitivity polarity. The dot colors show the activation types: Orange stands for the excitation, and
Blue for the inhibition effects. The frame colors (Green and Red) indicate the polarity contrasts in the output in a way that
the response to the left receptive field produces the Green activations, and to the right receptive field produces the red
activations in Figure 2.57 as the output of the model”. (Todorovic, 2017: Fig. 3) © Used with permission from the author.

The output of the model (reaction patterns) of a dashed-version of the Café Wall pattern has been

provided in Figure 2.57 with Green/Red dot colours indicating the activations of the units with the

corresponding receptive field polarity (frame colors in Figure 2.56). The size of dots indicates the
activity level. The alternating elongated streaks of activity of clusters of neurons of the same type is
highlighted in the left reaction pattern. “The neural orientation of these clusters is oblique, in the
sense that it subtends an angle with response to the neural orientation induced by veridically
perceived horizontal stimuli, such as simple horizontal edges” (Todorovic, 2017: p. 1). The
orientation of the streaks is found to be opposite in the right reaction pattern with much less
prominence for the inverted version of the stimulus. He has noted: “such oblique streaks appear in
neural images involving units within a relatively wide range of orientations of the receptive fields
around the horizontal orientation, but are not present for the remaining orientations. However, the

levels of activation of units within the former range is generally larger than for the remaining units. In
consequence, the oblique streaks are prominently present in aggregate neural images, summed
over a sample of all orientations” (p. 1). At the bottom of the Figure 2.57 the output of the model as
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a sum of 36 neural images is shown with receptive fields tuned to orientations between -90° and
+85° with 5° increments. Here the underneath input luminance image have been omitted for better
clarity in presenting the output.

Figure 2.57 Top: “Reaction patterns of the dashed-version of the Café Wall and its inverse (Figure 2.55), where the
colors of activations of units match with the receptive field polarity (frame colors in Figure 2.56) for the orientation of the
receptive fields around the horizontal orientation only-the filters in Figure 2.55. Bottom: Sums of 36 neural images with
receptive fields tuned to -90°to +85° with 5° increments. For clarity the luminance image has not been shown in these
outputs”. (Todorovic, 2017: Figs. 4, 5) © Used with permission from the author.

He suggested in conclusion that “contrast-dependent orientation illusions may be accounted for
at an early level of cortical processing, without the need to postulate actions of additional
mechanisms, such as cross-orientation inhibition, or others. Furthermore, they are relevant to
addressing a more general question of the neural basis of our awareness of a given degree of tilt of
an elongated visual stimulus. Whereas the conventional answer is that this basis is constituted by
the reactions of individual neurons which are specifically tuned to that degree of tilt, these simulations
suggest that it may be constituted by larger-scale ‘neural orientations’ of populations of neurons, and
that the exact orientation tunings of the members of these populations may be of secondary
importance” (Todorovic, 2017: p. 1).
iii. Other spectral Models
Arai (2005) proposed a computational nonlinear model for contrast enhancement in early visual
information processing based on discrete maximal overlap bi-orthogonal wavelets. In our visual
system there is a mechanism for enhancing a contrast if it is surrounded by low contrast pattern, and
inhibiting it if it is surrounded by high contrast pattern. He used a mathematical model of shape SN
(like a sigmoid) where “N-shaped function enhances small values while S-shaped functions inhibit
small values” (p. 178). The nonlinear system is called the SNW system. For simulating multichannels analysis either ‘Gabor filters’ or ‘DOG filters’ can be used. Their model includes the
following steps: The contrast normalization technique covers:
•

Decomposition of input signal into four sub band signals (approximations and, horizontal (h),

vertical (v), and diagonal (d) details), and the process continued to eight levels.
•

For nonlinear processing modelled after the contrast induction effect, “a mathematical

operator which enhances small values of a detail if the energy of the detail is small, and inhibits small
values of a detail if its energy is large” (p. 178) has been used.
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•

Computer simulations of sample lightness illusions such as the Hermann Grid, the Chevreul

illusion, Mach Bands, Todorovic’s illusion, and the Café Wall illusion. The explanation is based on

getting the outputs of the Brightness Illusion patterns from the SNW system, then extracting the

profile of output image for more investigation.

For Café Wall illusion studies such as Fraser (1908), Gregory and Heard (1979), McCourt (1983),

Earle and Maskell (1993), and Morgan and Moulden (1986) they build on Brightness Induction and

Bandpass Filtering, and they generally show that the Twisted Cord elements are implicitly detected

in the filtered output of the Café Wall pattern. The SNW system is proposed by Arai (2005) to produce
the Twisted Cord elements in the pattern, and he illustrates that when the mortars are wide, or when

its colour is darker than the dark tiles, his model has a correct detection of disappearance of the
illusion. The results are given in Figure 2.58.

Figure 2.58 Left: A Café wall illusion on the left with its output mapped to [0, 255] as the result of the nonlinear
processing modelled after the contrast induction by the SNW system. Right: A very thick mortar version of the Café Wall
pattern and the output of the model, showing no Twisted Cords detected (Arai, 2005: Figs 28-30). © 2005 by the Graduate
School of Information Sciences (GSIS), Tohoku University. Used with permission.

Tani, Maruya and Sato (2006) proposed a technique to measure the direction of the Cafe Wall

illusion in two stimuli, ordinary Café Wall figures with a square wave (SQ) profile and a variation of

the missing fundamental (MF) profile figure, which is simply derived from a SQ grating by only
subtracting the fundamental sinusoidal components as shown in Figure 2.59. He showed that in the
MF version the direction of illusions is changed every 60 deg. It has been mentioned that the Café
Wall illusion is affected by the amount of offset between adjacent rows, and the effect is at its highest

level, when the offset size is half the width of each tile. Also when the vertical edges of tiles are
aligned there would be no illusion.

Based on experimental findings Tani et al. (2006) showed that although the phase shift had little
effect on the direction of illusion in SQ stimuli, however in MF figures (where this component is
missing), the direction of illusions was revered twice in the vicinities of 60° and 120°. Therefore the
illusion direction alternates according to the pattern's main Fourier component of a grating when the
shift between adjacent rows was systematically varied.
Tani et al. (2006) concluded that: Perceptual models such as Kitaoka’s (Kitaoka, 1998a) should
be accounted for by low-level filtering type mechanisms, and suggested that “each spatial frequency
component of the grating has an independent effect and that the final illusion is produced by
integrating such individual effect” (Tani et al., 2006: p.3785). The past filtering studies (Earle and
Maskell, 1993; Morgan and Moulden, 1986) implied a close relationship between the generation of
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Twisted Cord as an indicator of the local tilt signal and the frequency content of gratings in Café Wall
figures. It has been explained that “the additive summation of illusion strength induced by each

frequency component of grating correlates well to the perceived ‘strength of illusion’. All simulations
in past studies (Earle and Maskell, 1993; Lulich and Stevens, 1989; Morgan and Moulden, 1986)
applied very small filters to raw unfiltered images and this seems the only way to obtain local tilt
signal” (Tani et al., 2006: p.3785). Such processing is done before the input is broken into multiple
spatial frequency representations, so suggested “the image information can be broken to separate
resolutions before extracting the Twisted Cords” (as noted by Tani et al., 2006: p. 3785).

Figure 2.59 “The Café Wall illusion, luminance profiles for SQ and MF gratings and the actual stimuli. For both figures,
the gray lines between the square-wave gratings are physically parallel, but they appear to converge leftward (a) and
rightward (b). The MF grating (c) is generated by subtracting the fundamental frequency component from a square-wave
grating (d). SQ and MF stimuli with three typical shift values are shown. If the illusion is based on Fourier components, an
MF figure with a 60° shift (e) should induce no illusion, and the direction of illusion for (f) should be opposite to that for (i).
For (g), it should be the same as that for (j). (To emphasize the divergence between the two types, the luminance contrast
of these figures is made much higher than the actual stimuli used in the experiment. The figures appear quite similar with
lower contrasts (Georgeson & Harris, 1990)”. (Tani et al., 2006: Fig 1) © Elsevier Ltd. Used with permission.

There are other wavelet-based investigations which are reported, for example Takeuchi (2005)
has done research on the effect of eccentricity and the shape of Gabor filters on the extraction of the
Twisted Cord elements in the Café Wall illusion.
iv. Composition Models

Wertheimer (2007) proposed a new model for measuring the magnitude of Irradiation and the

border shift based on combinational methods using contemporary estimates of the light spread of

the eye, intensity-nonlinearity, and centre-surround transformations in Irradiation pattern. The effect

of Irradiation and encroachment of the bright region into its dark sides has got its interpretation on
shifted chessboard (Munsterberg) patterns (Munsterberg, 1897; Fraser, 1908; Pierce, 1898) and the
Café Wall illusion.

In order to implement retinal spatial distribution of excitation, Westheimer (2007) first calculated

the convolution of the object with the retinal point-spread function, which then passed through the
Naka -Rushton nonlinearity equation, and then to the spatial centre - surround transformation with
its excitatory and inhibitory zones to obtain the final processing result given in Figure 2.60.
The circular-centre surround reorganization in the retinal processing (Kuffler, 1952; Kuffler, 1953)
can be effectively modelled by convolution with a DOG (Difference of Gaussians) function. “The
human fovea given the form: exp(-0.1r -2) – 0.275exp(-0.01r -2) where r is radial distance along the
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retina in min of arc. Accordingly, the spatial distribution of excitation arising in the outer retina - the
convolution of the object with the point-spread function then passed through the Naka -Rushton
nonlinearity is now subjected to the spatial centre - surround transformation with its excitatory and
inhibitory zones, giving it the form shown in Figure 2.60. It exhibits the pinching or crimping of the
rectangular corners, both black and white, that are a distinguishing perceptual feature in the Café
Wall illusion. Convolution with a DOG function is equivalent to bandpass spatial filtering, and its

possible role in these illusions had been advanced by Morgan and Moulden (1986)” (Westheimer,

2007: p.490).

For the shifted-chessboard illusion (Munsterberg) Westheimer (2007) noted that the perception

of a black-white border is towards the black side of its physical location. He measured the magnitude
of the effect for foveal vision and found that it is about 0.4 min of arc at medium photophic luminance.

The process of combining light spread and Naka-Rushton nonlinearity with the centre-surround
transformation keeps the edge shift introduced by Naka-Rushton nonlinearity with deeper gradient
as well as generating positive and negative overshoots. The overshoots are within about 1 min of
arc and not separately detectable.

Figure 2.60 Left: Transformation on a geometry of a black and white border by considering the light spread then
passing through nonlinearity and finally center-surround organization. Right: Contour lines showing rectangular corners
(Westheimer, 2007: Figure 8) © SAGE Publication. Used with permission.

Westheimer also explained two different tilt effects based on the corner directions as follows:
“When contiguous corners point in opposite directions, there is the same orientation shift at adjoining
corners, and it will cause the edge joining them to slope monotonically. On the other hand, where
contiguous corners point the same way, as in the long outer border of the squares, crimping at the
two corners would induce the appearance of a bowing of the edge rather than a tilt” (Westheimer,
2007: p.491).
For the final percept, he noted that: “in addition to light spread, compressive non-linearity, and
centre-surround reorganisation, which would be retinal in origin, there are some cortical stages, the
emergence of monotonic slope of the demarcation lines made of 'saw-tooth' positions and angle
shifts and finally when all the retinal effects have been nulled out, a Zollner-kind of orientation
deviation, due to offset pattern elements acting as tilted virtual contours” (Westheimer, 2007: p.487).
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b. Bulge patterns
Fermüller and Malm (2004) explained the bulge grid and checkerboard illusions of Munsterburg

and the Café Wall, based on their edge-classified version mentioned in Section 2.5.2.2-ai (p. 122),

when applied after some pre-processing stages to the patterns. “The edges of these bars (edges of
type (b)) drift apart under smoothing. The other edges (of type (a)), between the black and white tiles

of the checkerboard stay in place. As a result the edges near the locations of the white squares
appear bumped outward toward the white checkerboard tiles” Fermüller and Malm (2004: p. 730).

Figure 2.61 Left: “(a) Illusory pattern: ‘‘spring’’ (from Kitaoka, 2003). (b) Small part of the figure to which (c) edge
detection, (d) Gaussian smoothing, and (e) smoothing and edge detection have been applied”. Right: “(a) Illusory pattern:
‘‘waves’’ (from Kitaoka, 2003). (b) The result of smoothing and edge detection on a part of the pattern. (c, d) The drift
velocity at edges in the smoothed image logarithmically scaled for parts of the pattern”. (Fermüller and Malm, 2004: Figs
2, 3). Sound wave illusion. 1996. Personal Communication, http://www.psy.ritsumei.ac.jp/akitaoka/classic9e.html. © Elsevier Ltd. Used
with permission.

Two examples of these Tile Illusions are shown in Figure 2.61-the Bulging Grid/Spring (Kitaoka,

2003) on the left and the Sound Wave pattern (Kitaoka, 1998a) on the right. An edge displacement

explanation for these illusions has been proposed (Fermüller and Malm, 2004) based on the
preprocessing of Gaussian filtering to smooth the input image first, and then to apply LOG (Laplacian

of Gaussian) to the smoothed image for edge detection. The output of this processing has been
provided in the right side of each illuson pattern in the figure. See also (Stevanov, Markovic and
Kitaoka, 2012) for more variations of the Tile Illusions.
As discussed neural filtering models for the Münsterberg - Café Wall illusion have been presented

by many researchers such as Morgan and Moulden (1986), Earle and Maskell (1993), Lulich and
Stevens (1989), Bressan (1985), Fermüller and Malm (2004), Kitaoka, Pinna and Brelstaff (2004),

Takeuchi (2005). The illuson is first filtered by neural units modelling the retinal concentricantagonistic receptive fields and/or the cortical line-detectors (as noted in Todorović, 2014). These
approaches have shown that the output of such convolutions reveals both peaks and troughs along
the mortar lines, as in Fraser (1908) Twisted Cord elements, which are assumed to be the main

cause of the tilt effect in the Café Wall illusion. Todorović (2014) presented a related model that

accounts for a number of Luminance Contrast Illusions (which we refer to as Tile Illusions in our
study). It is shown that “patterns of simulated neural distributions corresponding to stimulus
configurations inducing illusory tilt are similar to patterns induced by actually tilted stimuli” (Todorović,
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2014: p. 56).
To explain the Induced Checkerboard presented in Figure 2.62, Todorović (2014) proposed a

neural model at two levels (both constituted by grids or sheets of 32×32=1024 units). Level 1 is the
input level showing pixels with various luminances to specify stimulus patterns. Level 2 is the output
level, “composed by simple simulated neurons, whose reactions to the stimuli form various patterns
of distributions of stimulated neural activity. Several types of receptive fields of level 2 units were
implemented. One set used were the so-called edge detectors, whose receptive fields have odd
symmetry and horizontal orientation (exactly as Figure 2.56). Two types with opposite polarity were
used, depicted in Figure 2.56a and b. Orange dots mark the excitatory portion, blue dots mark the
inhibitory portion, and their size corresponds to the sensitivity of the neuron at that position of the
receptive field; the red dot marks the receptive field center. The receptive field profiles were modelled
by Gaussians, and the simulations were done in Mathematica” (Todorović, 2014: p. 56).
As the results indicate in Figure 2.62, this approach predicts the tilt in the Induced Checkerboard

(Figure 2.62-left), and no tilts in the version of reversed polarity of the pattern given on the right. The

output of the model is called the ‘reaction patterns’ of these stimuli, where the colors of activations

of units match with the receptive field polarity (frame colors in Figure 2.56) for the orientation of the
receptive fields around the horizontal orientation only.

Figure 2.62 “Receptive fields of horizontal edge detectors (Excitatory and inhibitory): Left: Illusion inducing
chessboard with small squares, shifted rows pattern. Right: Non-illusion inducing chessboard with small squares, parallel
rows pattern”. (Todorovic, 2014: Figure 1) © Used with permission from the author.

c. Spiral Fraser and Spiral Café Wall
The Spiral Café Wall illusion shown in Figure 2.63a is from Kitaoka, Pinna and Brelstaff (2001).

Note that the mortar lines between the rings of tiles are not exactly circular (the enlarged version in

(c) makes it clearer). The illusion is that we see spirals not circles. Kitaoka et al. (2001) suggest two

possible structural explanations for the Spiral illusion. The first is called global luminance spirals as

a result of the transformation of black-and-white stripes in Figure 2.64a, into a curved polar format
that could contribute to the Spiral illusion. Cowan (1973) examined several variations of the Fraser

illusion with no global luminance spirals but with the spiral illusion effect. It is suggested that the

global luminance spirals make little contribution to the Spiral illusion (Kitaoka et al., 2001).

The second possible explanation is “the mere act of transforming the stimuli from rectilinear into
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curved polar format causes a distortion to the constituent elements at a local level and this then
produces the impression of a spiral. In this case, however, one would expect even a partial concentric
figure to generate a similar impression, yet it does not” (Kitaoka, Pinna and Brelstaff, 2001: p. 643).
Kitaoka et al. (2001) then added that: “perhaps, then, the spiral effect is a consequence of a
mechanism that fires a unitary spiral detector-in our case erroneously. There is cumulative evidence
for detectors of non-Cartesian receptive-field organization in the extra striate visual cortex or area
V4 (Gallant, Braun and Van Essen, 1993; Gallant, Connor, Rakshit et al., 1996; Wilson and
Wilkinson, 1998). These non-Cartesian forms included polar (concentric and radial), hyperbolic, and
spiral gratings, and Gallant et al (1993) showed a cell that responded better to spiral patterns than
to any concentric or radial pattern. This finding adds plausibility to the existence of the detector of
spirals” (p. 645). He finally concludes: “In summary, the new variations of the Spiral illusion

introduced here suggest that perceived spirals result whenever lines producing Tilt Illusions in a

coherent direction are converted into concentric circles. Moreover, we suggest that there might be
detectors of logarithmic spirals in the extra striate visual cortex and these detectors might collect
information from induced local tilts, resulting in the misperception of the spiral illusion. This would
accord with the notion of a collector unit (Morgan and Hotopf, 1989) and with the notion of a secondorder orientation unit (Morgan and Baldassi, 1997)” (p. 645).

Figure 2.63 (a) “The spiral illusion of the Café Wall illusion, in which gray concentric circles appear to be spirals or
appear to rotate clockwise toward the center”. (b) “A reference rectilinear version in which the gray vertical appears to tilt
clockwise” (Kitaoka, Pinna et al., 2001: Figure 1). (c) Enlarged crop of (a). © SAGE Publication. Used with permission.

In the Twisted Cord illusion (Figure 2.1-3d) the principle is simple and it can be illustrated “with

two column of diamonds or with a symmetrical design in which the connecting line elements appear
alternately askew. It is even possible to use the line elements alone to produce the named effect”

(Wade, 2016: p.129). In addition to the original version (straight version) of the Twisted Cord illusion,

Fraser introduced a more popular pattern out of the curved version of the pattern referred to as the
Spiral Twisted Cord (Figure 2.64-left) that has been widely developed by many artists. “It consists of

concentric circular twists that appear as spirals rather than circles. Fraser’s version is shown first
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and then some modern manipulations of the principle. In his 1908 article, Fraser provided several
variations on the twisted cord theme and they were accompanied by transparent overlays with
concentric circles that could be placed over the figure” (Wade, 2016: p.130). Wade (2016) showed
a fascinating variation on the Fraser Spiral, designed by Daniel Picon, as shown in Figure 2.64-right

noting that: “Fraser’s Twisted Cords are applied in order to confuse, with the maximum perceptual

perplexity created in the central cords. Because the ‘cording’ is oppositely directed in adjacent circles
the pattern seems to be intertwined” (p. 130). Other variations of Spiral illusion can be found in (Arai
and Arai, 2010).

Figure 2.64 Two variations of Spiral illusions; Left: ‘Spiral Fraser’ (Fraser, 1908), Right: 'Green Circles Confusion’
designed by Daniel Picon (Wade, 2016: p. 129, 130). © Springer International Publishing. Used with permission.

d. Other similar illusions
Perceptual grouping by real figural units and as illusory or ‘phantom’ figures has been
investigated in (Roncato, Guidi, Parlangeli et al., 2016), in which the generation of color spreading
in a regular repetitive patterns, results in some illusory bands filled with a brighter shade (or a colored
tinge) as an illusory effect. Theories explaining this effect are based on irradiation of illusory streaks
(Grossberg and Mingolla, 1985a, 1985b) as well as a few contour processing and perceptual
grouping approaches such as (Burr and Ross, 2006; Glass and Switkes, 1976), but none of them
have explained the effect completely. Based on phenomenological observations and experiments to
assess the role of geometric and photometric parameters in these illusions, it is noted that “sharp
angles, in low contrast with the surround, are the main source of the illusion which, however, only
becomes visible when at least two figures are close together” (Roncato, Guidi, Parlangeli et al., 2016:
p.1).
From the early Gestaltists (Wertheimer, 1923), the perceptual grouping of objects is assumed to
be “the results of integration/interpolation processes occurring at different stages: stimuli in the visual
field are either summarized or mediated, producing the perception of higher order figural units”
(Roncato, Guidi, Parlangeli et al., 2016: p.1). On the other hand vision research on figural grouping,
are more concentrated on phenomenological accounts of visual perception, and the role of wellknown gestalt rules such as orientation, closure, continuity and symmetry. Despite all these history
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behind, the role of photometric variables such as stimulus luminance and its early visual processing
are still not completely clear, probably due to our incomplete understanding of the psychophysiology
of early vision processes (Roncato, Guidi et al., 2016).
The literature on early processes involved in perceptual grouping has mainly focused on the role
of contrast polarity on a wide variety of stimuli. As noted by Roncato and Guidi et al. (2016) “contour
formation in Glass patterns (Glass and Switkes, 1976; Burr and Ross, 2006), illusory contour
formation (Prazdny, 1983; Dresp and Grossberg, 1997; Spehar, 2000), line contrast detection
(Wehrhahn and Dresp, 1998), orientation

discrimination with co-linear lines (Brincat and

Westheimer, 2000), perceptual closure (Spehar, 2002), contour detection (Field, Hayes and Hess,
2000), illusory misalignment and tilt of contours (Kitaoka, Pinna and Brelstaff, 2004; van Lier and
Csathó, 2006), and contours reassembling in perceptual transparency (Kitaoka, Pinna and Brelstaff,
2001; van Lier and Csathó, 2006). Despite all of the results reported from these studies, there are
considerable differences in sensitivity for contrast polarity in the stimuli examined, and we are far
from having a generalized theory to explain a wide range of stimuli by considering factors that
contribute to the perceptual grouping (Roncato, Guidi, Parlangeli et al., 2016).

Figure 2.65 Same pattern of small squares reproduced three times. (A) Without pluses, “C” with pluses inside each
square, (B) similar to “C” but against a darker background. Diagonals in (A) are illusory effects, also visible in (B), but less
vividly. (Modified from Roncato, Guidi et al., 2016: Figure 1) © CC-BY-NC

Roncato, Guidi, Parlangeli et al. (2016) suggest that to have a better understanding of the role
of luminance contrast we should distinguish between two kinds of phenomenally grouping
processes: “(1) a new perceptual unit results from the combination of differing elements (e.g., a
square made of four different segments); (2) the grouping of elements is mediated by the generation
of additional elements connecting various figures, such as a lattice made of neon light spreading
through the elements and connecting them (Van Tuijl, 1975; Grossberg, 1984)” (p. 2). Figure 2.65A
shows an illusory effect of a pattern with dark and light grey squares, separated by regular spaces
(lattice), arranged in a checkerboard configuration. “Dark diagonal streaks appear to cross the
brighter squares along the directions of the bisecting angles” (p. 2). These streaks are illusory and
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when the inner crosses are added with an opposite polarity to the center of squares (C), the strength
of illusion increases. With a darker background (Figure 2.65B), the phantom streaks nearly disappear
(Roncato, Guidi, Parlangeli et al., 2016).
Grossberg and Mingolla (1985b) exploited Gestalt psychology for the segregation of the figures
and the background, hypothesizing three interconnected systems. The first one is the Boundary
Contour System (BC system), that pre-attentively generates boundary representations from
luminance and color edges in the stimuli. The second is the Feature Contour System (FC system),
operating in parallel with the BC System, that is responsible for representing the features of surfaces
such as color and brightness. It not only receives the same bottom–up signals of oriented luminance
or color discontinuities in the earlier stages of visual processing as in the BC System, but also the
recurrent feedback from the BC System, in the form of organized boundary representations.
Grossberg and Mingolla (1985b: p.143) note: “The FC signals here initiate the filling-in processes
whereby brightness and colors spread until they either hit their first boundary contour or are
attenuated by their spatial spread”. The third system is the Object Recognition System (OR System),
that utilizes learned information from the BC System and can modify what was pre-attentively
processed and therefore affect the activity of the FC System (noted in Roncato, Guidi, Parlangeli et
al., 2016).

Figure 2.66 “Four types of experimental stimuli, one for each angle amplitude at corners. (A) acute angle (46°), (B)
acute angle (62°), (C) square angle(90°),(D) obtuse angles(alternating 110° and 160°)”. (Roncato, Guidi et al., 2016:
Figure 7) ©CC-BY-NC

To explain the brightness phenomenon in Figure 2.65A (designed by Beck et al., 1983), in which
flashing pale gray diagonal bands are seen joining the light grey squares, (Grossberg and Mingolla,
1985b: p.156) investigaed two properties of the BC System: “the contrast-sensitivity of the oriented
receptive fields and the lateral inhibition within the first competitive stage among like-oriented cells
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at nearby positions”. “In their view, during this stage, the highly contrasted oriented luminance
discontinuities at the borders of the dark squares, strongly activating responsive luminance-edge
cells in the BC System trigger lateral inhibition signals to nearby cells tuned to the same orientation
and contrast polarity. Activation in these cells, already weak due to the low contrast of the edges of
the pale gray squares, is thus turned off, preventing boundary closure in the corners of the squares.
By cooperation between contour generation and lateral inhibition processes, diagonal boundary
contours are generated at a second stage of figural segregation, once boundary assignment is
determined, and can contain the spreading of signals carrying featural information in the FC System”
(Roncato, Guidi, Parlangeli et al., 2016: p.3). “The lattice of diagonal boundary contours enables
gray featural quality to flow out of the squares and fill in the positions bounded by the lattice within
the FC System” (Grossberg and Mingolla, 1985b: p.156).

Figure 2.67 “Examples of experimental patterns. Streaks in negative contrast polarity (A) oriented diagonally from
top-left to bottom-right; in positive contrast polarity (B) oriented from bottom-left to top-right. In neither case do streaks
appear visible with inducers having obtuse angles (e.g., in lower part of figure)”. (Roncato, Guidi et al., 2016: Figure 9)
© CC-BY-NC

To measure the vividness of illusory streaks, Roncato, Guidi, Parlangeli et al. (2016) investigate
the effects of the following parameters in their experiments (as exemplified in Figure 2.67): corner
amplitude (with an expectation that sharper angles produce stronger illusory effects), contrast
magnitude (the illusory streaks appear from low-contrast corners), contrast polarity (the streaks were
expected to have the same contrast polarity as the corner surface), and luminance profile (the
inducers with an external profile, predicted to strengthen the illusion). Figure 2.66 shows four types
of experimental stimuli examined, with the inducers as two star-like squares and octagons. The
results show that: “the illusory lines were seen to cross the checkerboard diagonally, and appeared
as prolongations of the corners formed by the contours of intermediate luminance (i.e., a luminance
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ramp)” (p. 9).
Roncato, Guidi, Parlangeli et al. (2016: p.10, 11) summarized their findings as follows:
• “Illusory streaks are seen to join angles of 90° or less. The phenomenon is always recorded
when the angles are acute, although when the stimulus contour is a square, the illusion occurs in
most cases but with discordant judgments on the part of subjects. Wider angles eliminate this effect.
• The range of visibility of the illusion is not linearly related to angle amplitude. However, the
weakest manifestations were recorded with square inducers.
• The streaks have the same contrast polarity as the corner surfaces.
• A luminance ramp at the corners strengthens the illusion, as the highest intensities are
attained when smooth gradients (surface-contour-surround) are shown. However, even in the case
of isoluminance between contour and surround, illusions were perceived.
• The darker streaks persist over a larger range of variations of the background
They also note “in 36.8% of the trials, Phantom Streaks were seen even when the contour was

isoluminant with the background (i.e., one of the two thresholds coincided with a starting or ending
point of the series). This means that the luminance gradient is not a necessary condition for the
creation of the illusion. Interestingly, participants reported this effect in the presence of a luminance
step (the edges separating the inside of the inducers and the square, given the isoluminance of
square and contour) only when the contrast at this edge was low” (p. 9, 10). Figure 2.68 shows
visibility ranges as a function of the contrast polarity and contrast magnitude. The values are shown
as averages across participants and the direction of the effect. The graph shows that the range of
visibility of the phantom streaks has a linear relation to the intensity of the luminance contrast, but
this did not occur for the dark streaks.

Figure 2.68 “Ranges of visibility of illusory streaks as a function of contrast polarity and contrast magnitude. Figures
are averages across participants and direction of effect”. (Roncato, Guidi et al., 2016: Figure 10) © CC-BY-NC

2.6 Summary
In this chapter, which is the main literature review for this research, we have explored a broad
range of Tilt and Brightness/Lightness Illusions. We investigate further on a diverse range of highto low-level models proposed to explain these illusions. As noted before, the focus of our
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investigation is on low-level filtering processes at the early stages of vision in order to find out the
extent of the encoding of the visual data from simple cells that is sent for further processing to more
complex cells. All this processing is affected at the end by the feedback process from our previous
experiences and an inference-based refinement for our final perception. We will show in the next
chapter the details of our implementation of a classical receptive fields (CRFs) model that simulates
the responses of the retinal/cortical simple cells to any stimulus. For filtering, we have used a set of
the Difference of Gaussian (DoG) filters at multiple scales.
We believe that there is a high correlation between this bioplausible model for investigating the
illusory tilts we perceive in Tile Illusions and the low- to mid-level Brightness/Lightness models and
edge-integration models developed to explain brightness phenomenon. Further investigations are
required to highlight these connections with more quantitative details. In the next chapter, we
proceed to explain the details of the CRF model utilised in this research.
One connection of our model with existing explanations is the concept of assimilation and
contrast in perceived brightness. Jameson’s dual model of ‘Brightness Contrast and Assimilation’
(Jameson, 1985) explains Brightness/Lightness Illusions in terms of DoG filters with different
characteristics and dimensions. Here, the ratio of the filter size to image features results in some
brightness shifts, contrast or assimilation. Also this filtering representation at multiple scales might
be the underlying mechanism to connect similar explanations such as ours with some mid- to highlevel explanations for example the ‘Anchoring theory’ (Gilchrist et al., 1999) and its extensions such
as ‘Double-Anchoring’ (Bressan, 2006) and the idea of an illumination framework is proposed to
address brightness induction effects. Another important outcome of this DoG edge map
representation is that it highlights a possible neural mechanism in ‘perceptual organizations’ for local
and global percepts, the idea in Gestalt psychology for perceptual grouping of pattern elements
(Chapter 5). What we mean by ‘pattern elements’ are smaller elementary components of patterns
that lead to the final percept in general and perceiving illusions in particular.
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3 DIFFERENCE OF GAUSSIANS

3.1 Introduction
Over the last decade, a variety of new neurophysiological experiments have led to new insights
as to how, when and where retinal processing takes place, and the nature of the encoding of the
retinal representation that is sent to the cortex for further processing. Based on these neurobiological
discoveries, we provide computer simulation evidence to suggest that Geometrical illusions are
explained in part, by the interaction of multiscale visual processing performed in the retina. The
output of our retinal stage model is presented for several types of Tilt Illusion, in which the final tilt
percept arises from multiple scale processing of Difference of Gaussians (DoG) and the perceptual
interaction of foreground and background elements.
The bioplausible model used is similar to Robson's (1983) which found retinal ganglion cell (GC)
response to the pattern (image). He demonstrated that a model of a ganglion cell receptive field (RF)
with antagonistic center and surround organization of DoG can predict the cell response to any
arbitrary stimulus pattern. What is needed is to find the convolution between the pattern's luminance
function with the differences of Gaussians as the weighting function of ganglion cells RFs. One of
the first models for foveal retinal vision was proposed by Lindeberg and Florack (1994) and our
model is largely inspired by it. Their model is based on simultaneous sampling of the image at all
scales, and the multiple scale edge map in our model is generated in a similar way.
In this chapter, we start with an introduction to multiscale representation in vision and in computer
vision research (Section 3.2). Then we move to explain the Differences of Gaussians as a
bioplausible filtering approach for modelling lateral inhibition of simple cells in the retina and in the
cortex (Section 3.3). Then a formal description of the model is provided followed by various
parameters involved in the implementation of the DoG model. Next, an edge map representation of
a stimulus (a crop section of a Café Wall pattern) as the DoG response will be described with a
deeper investigation of the effect of the parameters of the model on this representation (Section 3.4).
We conclude this chapter by presenting a flowchart of the model and an introduction to an imageprocessing pipeline designed for tilt analysis by further exploration inside the edge map (Sections
3.5 and 3.6). A complete investigation of tilt analysis will be provided in Chapter 4.
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3.2 Multiscale representation in vision and vision models
Psychophysical and physiological findings have suggested a model of multiscale transforms for
the processing and projections in the visual cortex of mammals as well as the visual processing
inside the retina (Field and Chichilnisky, 2007; Gollisch and Meister, 2010; Gauthier, Field, Sher et
al., 2009). Kuffler was the pioneer who recorded the activity of retinal ganglion cells (RGCs) that
make up the optic nerve, and found two types of center surround cells (1952). Hubel and Wiesel also
devised and performed many pioneering experiments that increased our understanding of cortical
visual processing (Hubel and Wiesel, 1962). Daugman developed a mathematical model of cortical
cells using Gaussian windows modulated by a sinusoidal wave for this impulse response that
predicted specific spatial orientation tuning of these cells from dilation of modulated Gabor functions
(Daugman, 1980).
The need to extract multiscale image information in modeling the visual mechanism in Computer
Vision (CV) applications has been established by many researchers in the field (Rosenfeld and
Thurston, 1971; Marr and Hildreth, 1980; Marr, 1982; Burt and Adelson, 1983) and some of these
early ideas have later been subsumed by the wavelet paradigm. In a multiresolution algorithm (Burt
and Adelson, 1983), the search typically moves from coarse to fine scale, processing low-resolution
images first and then zooming selectively into fine scales of the visual data. Mallat (1996) showed
the impact of wavelets for low-level vision in multiresolution search, multiscale edge detection and
texture discrimination.
Pyramidal image representations and scale invariant transforms (Lowe, 1999) are well matched
to human visual encoding and do not need image partitioning like JPEG-DCT (Taubman and
Marcellin, 2012). A scale-space analysis is an emergent result of image decomposition as
differences between pairs of scaled filters with different parameterizations, subsuming the Laplacian
and Difference of Gaussian filters (LoG/DoG) (Jacques, Duval, Chaux et al., 2011; Lindeberg, 2011).
Note further that self-organizing models that demonstrate patterns of edge detectors at particular
angles are well established (von der Malsburg, 1973). Higher level spatial aggregation of regularly
spaced spots or edges in turn automatically gives rise to analogues of DCT and DWT type bases,
the latter with localization determined by the higher level lateral interaction functions or the
constraints of an underlying probabilistic connectivity model (Powers, 1983).
In our visual system, light is focused into receptors that transduce it to neural impulses that are
further processed in the retina (Smith, 2003). Then the middle layer of the retina, which is the focus
of our study, enhances the neural signals through the process of ‘lateral inhibition’ (Ratliff, Knight
and Graham, 1969), causing an activated nerve cell in the middle layer to decrease the ability of its
nearby neighbours to become active. This ‘biological convolution’ with its specific ‘Point Spread
Function’ (PSF) improves the ability of the eye to see the world but also, as we show, leads to optical
illusions. The effect of center-surround processing and lateral inhibition on an indistinctly defined
edge with a gradual change from dark to light is that it reinforces transition between the light and
dark making them appear more abrupt due to the appearance of overshoots and undershoots (Smith,
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2003). This results in sharpening the edges, and facilitates the visual tasks.
The first layer of the retina has a nonlinear mechanism for retinal gain control, flattening the
illumination component, and making it possible for the eye to see under poor light condition (Smith,
2003). The lateral inhibition in the middle layer of the retina thus evidences both a bandpass filtering
property and an edge enhancement capability. After the final layer, ganglion cells axons exit the eye
and carry the visual signals to the cortex. To addressing Brightness/Lightness illusions as well as
Geometrical/Tilt Illusions, it seems that the mechanisms of the first two layers of the retina provide
very important clues to consider in seeking to understand illusions involving edges.
The Contrast Sensitivity of the retinal ganglion cells can be modeled based on Classical
Receptive Field (CRFs) with their circular center and surround antagonism, which use differences
and second differences of Gaussian (Rodieck and Stone, 1964; Enroth-Cugell and Robson, 1966)
or Laplacian of Gaussian (Ghosh, Sarkar and Bhaumik, 2007) to reveal edge information. Marr and
Hildreth (1980) proposed an approximation of LoG with DoG based on a specified ratio of the
standard deviations (σ) of the Gaussians (Rodieck and Stone, 1964; Enroth-Cugell and Robson,
1966). Powers (1983) showed that DoG models can themselves result from a simple biophysical
model of ontogenesis and can usefully approximate the interaction functions proposed in a variety
of neural models.
Our visual perception of a scene starts by extracting the multiscale edge map, and a bioplausible
implementation of a contrast sensitivity of retinal RFs using DoG filtering produces a stack of
multiscale outputs (Romeny, 2003). In retinal encoding, what is sent to the brain is a stack of images
or a scale-space, not a single image. One of the first models for foveal retinal vision was proposed
by Lindeberg and Florack (1994) and our model is inspired by it. Their model is based on
simultaneous sampling of the image at all scales, and the edge map in our model is generated in a
similar way. The extracted edge map is an essential and primitive task in most image processing
applications, but according to Marr’s raw primal sketch to full primal sketch and perception of a 3D
view of the world (Marr and Hildreth, 1980) we need further information. There are also possibilities
of involvement of higher order derivatives of Gaussians, which can be seen in retinal to cortical visual
processing models such as: (Marr and Hildreth, 1980; Young, 1985; Young, 1987; Lourens, 1995;
Ghosh, Sarkar and Bhaumik, 2007), but there is no biological evidence for them.
Powers (1983) also proposed an ontogenetic Bernoulli-like model showing that an appropriate
lateral interaction function can self-organize, and can approximate many existing mathematical
models, including DoG models and LoG models (emergent as two levels of DoG processing) noting
that processing is not particularly sensitive to the parameterization or shape of the filter function.
Indeed, cluster-level aggregates of Powers’ Bernoulli model approximate to Poisson and Gaussian
models.
Our model analysis has some similarities with Brightness Assimilation and Contrast theory. An
early model covering both brightness contrast and assimilation was developed by Jameson (1985)
based on DoG filters with multiple spatial scales. In a later paper (Jameson and Hurvich, 1989) point
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out that parallel processing occurs as the result of the simultaneous appearance of sharp edges and
mixed colour that define delimited regions.

Their suggestion for the source of contrast and

assimilation is that the contrast effect happens when the stimulus components are relatively large in
size compared to the center of the filter, and the assimilation effect happens when components of
the stimulus are small compared to the filter center.
Recent physiological findings on retinal ganglion cells (RGCs) have dramatically extended our
understanding of retinal processing. Previously, it was believed that retinal lateral inhibition could not
be the cause of the Café Wall illusion because the effect is highly directional and the effect arises
from the preserving of both orientation as well as spatial frequency. Neuro-computational
implementations of eye models have been proposed (Young, 1987; Romeny, 2003) based on the
biological findings (Shapley and Perry, 1986) that take into account the size variation of RGCs due
to variation of the eccentricity and dendritic field size. Field and Chichilnisky (2007) published a
detailed study about circuitry and coding of the information processing inside the retina, and noted
the existence of at least 17 distinct retinal ganglion cell types and their specific role in visual
information encoding.
Some RGCs have been found to have orientation selectivity similar to the cortical cells (Barlow
and Hill, 1963; Weng, Sun and He, 2005). Also there is evidence that some retinal cells including
horizontals and amacrine interneurons can have an elongated surround beyond the CRF size. These
lead to the orientation selective models of the eye, called retinal non-CRFs (nCRFs) (Carandini,
2004; Cavanaugh, Bair and Movshon, 2002; Wei, Zuo and Lang, 2011).
The proposed underlying mechanisms of retinal multiscale processing from fine to coarse scales
gets clear support by these evidence from the diversity of intra-retinal circuits, and different types of
RGCs (Field and Chichilnisky, 2007; Gauthier, Field, Sher et al., 2009). Also there are variations of
the size of each individual RGC with the retinal eccentricity (Lourens, 1995). This indicates a high
likelihood of the involvement of retinal/cortical simple cells and their early visual processing in
revealing the tilt cues inside tile illusion patterns and in the Café Wall in particular.

3.3 The bioplausible Difference of Gaussian model
3.3.1 Formal description and parameters
The features of our bioplausible model should have the characteristics of a human’s early visual
processing. Based on numerous physiological studies for example (Field and Chichilnisky, 2007;
Gauthier, Field, Sher et al., 2009; Gollisch and Meister, 2010) there is a diversity of the receptive
field types and sizes inside the retina, resulting in multiscale encoding of the visual scene. This retinal
representation is believed to be scale invariant in general, and there is an adaptation mechanism for
the receptive field sizes to some textural elements inside our field of view (Craft, Schutze, Niebur et
al., 2007; Romeny, 2008).
Applying a Gaussian filter to an image results in a blurred version of it. For a 2D signal such as
image I, the DoG output (one scale of the edge map) of our retinal GCs model with center-surround
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organization is given by:
Γσ, sσ(x,y) = I*1/2πσ2 exp[-(x2+y2)/(2σ2)] – I*1/2π(sσ)2 exp[-(x2+y2)/(2s2σ2)]

(3.1)

where x and y are the distance from the origin in the horizontal and vertical axes respectively and σ
is the standard deviation/radius of center Gaussian (σc) (* is the convolution operator). As shown in
(2) sσ indicates the standard deviation of the surround Gaussian (σs=sσ). s is referred to as Surround
ratio in our model.
s= σsurround/ σcenter = σs / σc

(3.2)

As indicated in (1) and (2) by increasing the value of s, we reach a wider area of surround suppression, although the height of the surround Gaussian declines. Further explanation for the effect
of this parameter on the shape of the DoG filter is provided in Section 3.3.2 (p.162). In addition to
the s factor, the filter size is another parameter to be considered in the model. The DoG is only
applied within a window in which the value of both Gaussians are insignificant outside the window
(less than 5% for the surround Gaussian). A parameter is defined called Window ratio (h) to control
window size. The size is determined based on this parameter (h) and the standard deviation of the
center Gaussian (σc) as given in (3):
Window size=h× σc +1

(3.3)

Figure 3.1 Top: 2D representation of center and surround Gaussians with standard deviations of σc=8 and σs=16
(Surround ratio of s=2), and the result of Difference of Gaussian (DoG) filter in jetwhite colormap. Bottom: (Left) 3D surface
of the above DoG filter, and (Right): The relationship between Window ratio (h) and the coverage of the center and
surround Gaussians in the DoG filter.

Parameter h determines how much of each Gaussian (center and surround) is included inside the
DoG filter (+1 as given in (3) guarantees a symmetric filter). Further explanation for the effect of this
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parameter on the shape of the DoG filter is provided in Section 3.3.3 (p.163). For the experimental
results, in order to capture both excitation and inhibition effects of the retinal cell activities, the Window ratio has mainly been set to 8 (h=8) in our investigations in this chapter as well as the experiments in Chapters 5 to 8 as a general rule.
Figure 3.1 (a) illustrates a 2D representation of two separate Gaussian filters for center and surround with their difference giving the DoG filter, using the jetwhite colormap 1 (Powers, 2016). Figure
3.1 (b) shows a 3D surface of the DoG filter, and part (c) shows the connection of Window ratio (h)
to the shape of the DoG filter (σc and σs) in our model.
The Laplacian of Gaussian could be found by finding the Differences of two DoGs estimating the
second derivative of Gaussian. To model the receptive field of retinal Ganglion Cells, DoG filtering
(Rodieck and Stone, 1964; Enroth-Cugell and Robson, 1966) is a good approximation of Laplacian
of Gaussian (Logvinenko and Kane), if the ratio of dispersion of center to surround is close to 1.6

(Earle and Maskell, 1993; Marr and Hildreth, 1980) (s ≈1.6 ≈ φ, the ubiquitous Golden Ratio).

3.3.2 Surround ratio (s) and DoG filters

The reason for using s=2.0 (s=σs/σc: Surround ratio) in our model is that the ratio of 1:1.6 – 2.0

(indicating the size of center : surround Gaussians) is a typical range for modelling simple cells.

(1:1.6 is given by Marr and Hildreth (1980) for modelling retinal GCs in general, and Earle and
Maskell (1993) used this ratio for DoG modelling specifically to explain the Café Wall illusion). Other
ratios have been used by some researchers such as the ratio of 1:5.0 in Lulich and Stevens (1989).

We have tested a range of 1.4 to up to 8.0 (for s parameter) in our implementations. We reiterate
that our model is insensitive to changes in center surround ratio in the range tested from 1:1.4 to
1:8.0. Our model with its 1.6-2× ratio relates to simple cells (for example midget bipolar cells),
whereas the ratio 4-8× relates to complex cells (Schiller, 2010; see p. 17090).

One may expect for the geometry of the DoG filters in the model to closely resemble actual

ganglion cells and how this might affect the model’s performance. For a bioplausible implementation
of simple cells, we need biological evidence which is usually determined based on fitting models of
either two or three Gaussians to the response of specific retinal GCs (e.g. midget and parasol) or
different bipolar cells.
Evidence largely comes from non-humans including cats and monkeys. As noted in the
conclusion of Linsenmeier, Frishman, Jakiela et al. (1982) for the cat’s retina, different values for this
ratio were reported in the literature. For example, “Cleland, Levick and Sanderson (1973) found that
the surround diameter was on the average 5.13 and 4.25 times larger than the center diameter in
sustained and transient cells respectively; Enroth-Cugell and Robson (1966) found a value of 6.74
for their X cells; and in the LGN So and Shapley (1981) have reported values of 4.58 for X and 7.99
for a small sample of Y cells. Our value for X cells is 3.88, which is not too different, but for Y cells
we found an average of only 1.49” (p.1182).
1https://au.mathworks.com/matlabcentral/fileexchange/48419-jetwhite-colours-/content/jetwhite.m
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A recent human physiology study by Field and Chichilnisky (2007) indicates there are at least 17
distinct GCs in the retina. Each type has a diverse range of size in relation to the eccentricity of
neurons and the distance from the fovea. Even ON and OFF cells of each specific type have a
different size. Also the possibility of simultaneous activations of a group of GCs (combined activity)
in the retina by the output of amacrine cells is noted in the literature (Barlow, Derrington, Harris et
al., 1977; Frishman and Linsenmeier, 1982; Roska and Werblin, 2003).
It is noteworthy that despite the complexity and variety of retinal cells circuitry and coding, there
are a few constancy factors common to them, valid even for amacrine and horizontal cells. The
constancy of integrated sensitivity is an important factor noted in many of the abovementioned
references such as (Enroth-Cugell and Shapley, 1973; Linsenmeier, Frishman, Jakiela et al., 1982;
Croner and Kaplan, 1995). Croner and Kaplan (1995) note in their conclusion that “predicting
changes in the response properties of ganglion cells across the retina on the basis of receptive field
size may lead to erroneous conclusions” (p.23).
We investigate the effect of the Surround ratio (s) on the shape of DoG filter here. Variations of
DoGs have been tested with different values of s (1.4 ≤ s ≤ 5) while keeping σc and h constant. s=1
means a Zero filter, since the center and surround Gaussians cancel each other. As indicated in Eq.

3.1, by increasing the value of s, we specify wider area of suppression effect of the surround

Gaussian although its height declines due to normalization. We have examined these values here:
s=1.4, 1.6 (≈ φ), 2.0, 2.6, 2.8, and 5.0 for this parameter while keeping other parameters of the model

(σc and h) constant. The DoG filters at seven different scales (σc=4, 8, 12, 16, 20, 24, 28) and for h=8
have been presented in Figure 3.2 for these variations of s parameter in our model.

As the DoG scale (σc) increases (from 4 to 28), both σs and the window size increase (refer to

Eq. 3.2 and Eq. 3.3). The title of each DoG filter in the figure indicates the window size as well as σc
and σs of the filter. The results in Figure 3.2 indicate that the shape of DoG filter is not very sensitive
to this modification range.

3.3.3 Window ratio (h) and DoG filters
We have investigated the effect of Window ratio (h) on the shape of DoG filter in this section. As
explained before, h determines how much of the center Gaussian and the surround Gaussian are
included in the filter. Variations of DoGs have been tested with different values of h (2 ≤ h ≤ 12) while
keeping σc and s constant. Two values for s parameter have been considered (s=1.6 and s=2.0) to

generate DoG edge maps (Figures 3.9 to 3.16) of sample patterns at multiple scales.
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Figure 3.2 DoG filters at seven different scales (σc=4, 8, 12, 16, 20, 24, 28) of variations of Surround ratio (s=1.4, 1.6,
2.0, 2.6, 2.8, 5.0) with constant Window ratio (h=8), presented in the jetwhite colormap. At each individual scale (each row
in the figure), by increasing the s value (from Left to Right) we see a wider area of suppression effect caused by the
surround Gaussian. As the scale increases, the overall filter size increases, resulting in a smoother DoG filter with higher
computational cost. For the majority of experimental runs in this Chapter, we have examined further these two values of
s=1.6 and s=2.0, but for generation of DoG edge map representations of the patterns in our investigations in Chapters 5 to
7, we only show s=2.0.

The DoG filters with a constant Surround ratio of s=2.0 and at seven different scales (σc=4, 8, 12,

16, 20, 24, 28) are presented for h=2, 4, 6, 8, 10, and 12 in Figure 3.3. As the figure shows, due to the
constant value of Surround ratio (s=2), we see a change in the window size which increase from the

left to the right column in the figure. The title of each DoG filter indicates the window size as well as
σc and σs of the filter.
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Figure 3.3 DoG filters at seven different scales (σc=4, 8, 12, 16, 20, 24, 28) of variations of Window ratio (h=2, 4, 6, 8,
10, 12) with constant Surround ratio (s=2.0). Parameter h determines how much of the center Gaussian and the surround
Gaussian are included in the filter. Due to the constant value of Surround ratio (s=2), the only thing changing from Top to
Bottom in each column is the window size, resulting in larger smoother DoG filters. In each row, by increasing h value, the
window size also increases based on Eq. 3.3, and mainly what we see is more coverage of the center and surround
Gaussians in the DoG filters by moving from Left to Right.

In particular, h=2 corresponds to the diameter of the center Gaussian, the part
between the inflection points (68% center, 31% surround); h=4 corresponds to the diameter of outer

Gaussian (95% center, 68% surround); and h=8 corresponds to the standard p<0.05 significance for
the outer Gaussian (99.94% center, 95% surround). h=8 is used in experimental runs.
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3.4 DoG representation of an image
3.4.1 DoG edge map at multiple scales
Applying a Gaussian filter to an image results in a blurred version of the image in our DoG model.
Finding the Difference of two different scale Gaussian filters forms a corresponding scale of an edge
map representation. A representation of the image at multiple DoG scales is referred to as a “multiple
scale DoG edge map”.
A sample DoG edge map of a Tile Illusion pattern is shown in Figure 3.4. A crop section
(84×84px) of the Trampoline pattern (Kitaoka, 2000) was selected as an input image. The DoG
scales are the standard deviation (sigma-σc) of the center Gaussian and in the figure the edge map
is shown at five different scales: σc=0.5, 1.0, 1.5, 2.0 and 2.5. Other parameters of the model are the

Surround ratio of 2 (s=2) and the Window ratio of 8 (h=8). The DoG filters in Figure 3.4 have been

presented in the jetwhite colormap.

Figure 3.4 A DoG edge map of a crop section of the ‘Trampoline pattern’ (Kitaoka, 2000 © Used with permission from
the designer) as a sample of the tile illusion with the size of 84×84px. The scales of DoG filters are σc= 0.5, 1.0, 1.5, 2.0, 2.5.
Other parameters of the model are s=2, and h=8 (Surround and Window ratios respectively). The edge map result on the
left shows the extraction of different information from fine to coarse scales in the input pattern. We refer to this representation
as a multiple scale DoG edge map in our model. ‘Trampoline pattern’ in high resolution can be found at:
http://www.psy.ritsumei.ac.jp/~akitaoka/trampolineL.jpg

167 ■

Figure 3.5 DoG edge maps of a crop section of a Café Wall pattern with 200×200px tiles and 8px mortar of size (T+M)×2T (T: tile size, M: mortar size), for variations of Surround
ratio (s=1.4, 1.6, 2.0, 2.6, 2.8, 5.0) at a constant Window ratio (h=8), presented in Binary form at seven different scales (σc=4, 8, 12, 16, 20, 24, 28).
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Figure 3.6 DoG edge maps of a crop section of a Café Wall pattern with 200×200px tiles and 8px mortar of size (T+M)×2T (T: tile size, M: mortar size), for variations of Surround
ratio (s=1.4, 1.6, 2.0, 2.6, 2.8, 5.0) at a constant Window ratio (h=8), presented in the jetwhite colormap at seven different scales (σc=4, 8, 12, 16, 20, 24, 28).
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Figure 3.7 DoG edge maps of a crop section of a Café Wall pattern with 200×200px tiles and 8px mortar of size (T+M)×4.5T (T: tile size, M: mortar size), for variations of Surround
ratio (s=1.4, 1.6, 2.0, 2.6, 2.8, 5.0) at a constant Window ratio (h=8), presented in Binary form at seven different scales (σc=4, 8, 12, 16, 20, 24, 28).
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Figure 3.8 DoG edge maps of a crop section of a Café Wall pattern with 200×200px tiles and 8px mortar of size (T+M)×4.5T (T: tile size, M: mortar size), for variations of Surround
ratio (s=1.4, 1.6, 2.0, 2.6, 2.8, 5.0) at a constant Window ratio (h=8), presented in the jetwhite colormap at seven different scales (σc=4, 8, 12, 16, 20, 24, 28).
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Scale invariant processing in general is not sensitive to the exact parameter settings. The
model’s parameters ideally should be set in a way that at fine scales, they capture high frequency
texture details and at coarse scales the kernel has appropriate size relative to the objects within the
scene. We will explain how to define a proper set of values for parameters of our DoG model (σc, s,
h, #of scales) considering the pattern characteristics such as tiles and mortar sizes in the Café Wall
stimulus in more detail in Chapters 5 to 7.
The multiple scale edge map representation of two crop sections of a Café Wall pattern with
200×200px tiles and 8px mortar are shown in Figures 3.5 to 3.16, as the output of the model,

revealing the Twisted Cord elements along the mortar lines. This simple implementation of RGC
responses based on DoGs, not only revealed the sharp edges when fine scale filters are used, but

also by increasing the scale of the DoG (σc), other hidden information such as local texture
information was revealed as well. Of those geometrical clues and cues of the pattern, our model
(Nematzadeh, Lewis and Powers, 2015; Nematzadeh and Powers, 2017b; Nematzadeh and
Powers, 2016a; Nematzadeh, Powers and Lewis, 2016a, 2017) highlights the perception of
divergence and convergence of mortar lines in the Café Wall illusion shown in Figures 3.5 to 3.16
and the appearance of tilt in Tile Illusions in general. We will show in the following how the model is
capable of addressing the visual cues involved in the perception of illusory tilts such as the Café Wall
illusion in Sections 3.4.2 (p.171) and 3.4.3 (p.172), and some other Geometrical illusions that will be
explained in Chapters 5 and 8.

3.4.2 Surround ratio (s) and the DoG edge map
The DoG edge maps for Window ratio of 8 (h=8) and variations of s parameter (s=1.4, 1.6, 2.0, 2.6,

2.8 and 5.0) have been given in Figures 3.5 to 3.8 for two crop samples of a Café Wall pattern with

200×200px tiles and 8px mortar in Binary representation and in the jetwhite colormap.

As the edge maps at multiple scales in Figures 3.5 to 3.8 show, there is not much difference at

the finest scales (σc=4, 8) or very coarse scales (σc=24, 28) in this modification range of Surround
ratio (s) presented for a constant Window ratio of h=8 here. The main difference in the edge maps
are among the medium scales (σc=12, 16), which are the ‘transient states’ from grouping of tiles with

mortar cues horizontally at fine scales, to separate the grouping of tiles in zigzag vertical orientation
at coarse scales, due to disconnection and disappearance of the mortar cues in the DoG edge maps

at medium scales. The jetwhite false color representation of the DoG edge maps (Figures 3.6 and
3.8) highlight the differences at medium scales more clearly.
It becomes clear from Figures 3.5 to 3.8 that disconnection of mortar cues happens much quicker
between scales for a higher range of s value. It is worth mentioning that despite the high variations
of the surround Gaussians, there is not a drastic change in between DoG filters and the output edge
maps along these ranges of variations. We have chosen s=2 in the majority of our experiments in
this chapter and Chapters 5 to 7 at the Surround ratio s=1.6 (Earle and Maskell, 1993; Marr and
Hildreth, 1980) is used in Chapter 8 for the investigation of other Geometrical illusions.
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3.4.3 Window ratio (h) and the DoG edge map
As shown in Figure 3.1 (Bottom-right) for a constant Surround ratio (s=2), h=2 corresponds to the
diameter of center Gaussian, the parts between the inflection points, which is 68% center and 31%
surround; h=4 corresponds to the diameter of surround Gaussian between inflection points, 95%

center and 68% surround; h=8 corresponds to DoG filter with 95% surround; and h=12 corresponds
to more than 99.6% of the significance to be included in the surround Gaussian.

The DoG edge maps for variations of h parameter (h=2, 4, 6, 8, 10, 12) have been provided in

Figures 3.9 to 3.12 for s=1.6, and in Figures 3.13 to 3.16 for s=2.0 for two crop samples of a Café
Wall pattern with 200×200px tiles and 8px mortar in Binary representation and in the jetwhite

colormap. The size of crops are (T+M)×2T and (T+M)×4.5T (T: tile size, M: mortar size).There is not
a significant difference between the DoG edge maps at s=1.6 and s=2.0 (Figures 3.9 to 3.12 with
Figures 3.13 to 3.16).
The precision of DoG outputs are not quite satisfactory at h=2 and h=4 because filters are not
smooth, but the convolved DoG result is quite smooth with a high computational cost when h=12. A
feasible and reliable range for Window ratio is between h=6 to h=10. In this range, h=8 with less than
5% of the insignificance to lie outside the surround Gaussian is a good empirical value for this
parameter in our model. Technically, if we see a significant change as we increase h by 2, then h is
too small. Also, the window size does not affect the output once the surround approaches zero.

Comparing the DoG edge maps at variations of h parameter (Figures 3.9 to 3.16), we see that

for h=2, the cues of the mortar lines are still exist even at coarsest scale (σc=28). At fine to medium
scales when h increases, the persistence of mortar cues gets weaker. It is worth mentioning that
much of the information at different scales of the edge maps for h=2 and h=4 are redundant. If we
want to capture all the pattern features (mortar lines and tiles in this stimulus) in one edge map
representation, the number of scales should go way beyond the seven scales defined in our
investigations at this range of h value.
Comparing the edge maps for h=2 and higher values of h parameter, we see that h=8, 10, and 12

can detect both mortar lines and tiles information in a parsimonious manner at seven different scales

(σc=4, 8, 12, 16, 20, 24, 28). We also need a gradual change of scales especially at fine to medium

scales for detecting illusory cues in the Tilt Illusion patterns. Also needed is a set of DoG filters where

their scales are adjusted based on the pattern characteristics (the mortar and tile sizes in the Café
Wall). We will show in Chapter 7, how this gradual change of scales is necessary in our DoG model

for a reliable edge representation of pattern, and how it contributes to the persistence of mortar cues
in the edge map. We show how the persistency of mortar cues in the edge map indicates the strength
of tilt effect in variations of the Café Wall pattern in Chapter 7. In the majority of the experimental
runs, h=8 has been chosen for the Window ratio, which corresponds to the traditional loss of 5% of
the surround, keeping 95% of the outer Gaussian.
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Figure 3.9 DoG edge maps of a crop section of a Café Wall pattern with 200×200px tiles and 8px mortar of size (T+M)×2T (T: tile size, M: mortar size), for variations of Window
ratio (h=2, 4, 6, 8, 10, 12) at a constant Surround ratio (s=1.6), presented in Binary form at seven different scales (σc=4, 8, 12, 16, 20, 24, 28).
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Figure 3.10 DoG edge maps of a crop section of a Café Wall pattern with 200×200px tiles and 8px mortar of size (T+M)×2T (T: tile size, M: mortar size), for variations of Window
ratio (h=2, 4, 6, 8, 10, 12) at a constant Surround ratio (s=1.6), presented in the jetwhite colormap at seven different scales (σc=4, 8, 12, 16, 20, 24, 28).
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Figure 3.11 DoG edge maps of a crop section of a Café Wall pattern with 200×200px tiles and 8px mortar of size (T+M)×4.5T (T: tile size, M: mortar size), for variations of Window
ratio (h=2, 4, 6, 8, 10, 12) at a constant Surround ratio (s=1.6), presented in Binary form at seven different scales (σc=4, 8, 12, 16, 20, 24, 28).
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Figure 3.12 DoG edge maps of a crop section of a Café Wall pattern with 200×200px tiles and 8px mortar of size (T+M)×4.5T (T: tile size, M: mortar size), for variations of Window
ratio (h=2, 4, 6, 8, 10, 12) at a constant Surround ratio (s=1.6), presented in the jetwhite colormap at seven different scales (σc=4, 8, 12, 16, 20, 24, 28).
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Figure 3.13 DoG edge maps of a crop section of a Café Wall pattern with 200×200px tiles and 8px mortar of size (T+M)×2T (T: tile size, M: mortar size), for variations of Window
ratio (h=2, 4, 6, 8, 10, 12) at a constant Surround ratio (s=2.0), presented in Binary form at seven different scales (σc=4, 8, 12, 16, 20, 24, 28).
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Figure 3.14 DoG edge maps of a crop section of a Café Wall pattern with 200×200px tiles and 8px mortar of size (T+M)×2T (T: tile size, M: mortar size), for variations of Window
ratio (h=2, 4, 6, 8, 10, 12) at a constant Surround ratio (s=2.0), presented in the jetwhite colormap at seven different scales (σc=4, 8, 12, 16, 20, 24, 28).
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Figure 3.15 DoG edge maps of a crop section of a Café Wall pattern with 200×200px tiles and 8px mortar of size (T+M)×4.5T (T: tile size, M: mortar size), for variations of Window
ratio (h=2, 4, 6, 8, 10, 12) at a constant Surround ratio (s=2.0), presented in Binary form at seven different scales (σc=4, 8, 12, 16, 20, 24, 28).
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Figure 3.16 DoG edge maps of a crop section of a Café Wall pattern with 200×200px tiles and 8px mortar of size (T+M)×4.5T (T: tile size, M: mortar size), for variations of Window
ratio (h=2, 4, 6, 8, 10, 12) at a constant Surround ratio (s=2.0), presented in the jetwhite colormap at seven different scales (σc=4, 8, 12, 16, 20, 24, 28).
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3.5 Model and Image processing pipeline
We now discuss the details of an image processing pipeline used to extract edges and how to
analyse their angles of tilt, as shown in Figure 3.17 for a cropped section of a Café Wall pattern of
the size 2×4.5 tiles (the precise height of cropped section is 2Tiles+Mortar=2T+M). The processing
explanations concentrated on the analysis of the tilt effect in the Café Wall illusion, to include every
detail used, to simulate and quantify the tilt angle in this stimulus (Chapters 5 to 7).

3.5.1 MODEL – cropped DoG representation
The multiple scale DoG representation as the output of modelling ON-center OFF-surround
activation of retinal ganglion cells (RGCs) at different scales is presented in Figure 3.18 for the Café
Wall of 3×9 tiles with 50×50px tiles (T) and 2px mortar (M) (Café Wall 3×9-T50-M2). For convenience,

we focus on small cropped sections of the original image and this is illustrated in Figure 3.19, with
its DoG representation for a different range of σc, varied from 1 to 4. The crop is selected from the
Café Wall of 3×9 tiles described above. The most fundamental parameter in the model is the
diameter of the centre Gaussian (σc), and the point of maximum illusory effect occurs when 𝜎𝜎𝑐𝑐

matches the pattern elements and their characteristics, for the Café Wall, specifically the mortar size
(M). To extract the tilted line segments along the mortar lines, we thus set σc to be of the same order

as the mortar size. We undertook empirical test simulations to ﬁnd an appropriate range for σc, testing
range of 1/2M to 2M with incremental steps of 1/2M. Others use similar DoG representations in the
deepest layer of a DNN (Lv, Jiang, Yu et al., 2015).

Figure 3.18. Top: A Café Wall pattern of 3×9 tiles with 50×50px tiles and 2px mortar. Middle: Binary representation
of the multiple scale DoG edge map at three different scales (σc) ranges from 2 to 6. The other two parameters of the
DoG model are constant: s = 2, h = 8 (Surround and Window ratios respectively). Bottom: The jetwhite colormap
representation of the multiple scale edge map.

The DoG outputs in Figures 3.18 and 3.19 show that by increasing the scale, the corner effect is
highlighted. This effect with the appearance of tilted line segments in the edge map has an effect on
the appearance of square tiles which look similar to trapezoids, inducing convergent and divergent
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mortar lines. The trapezoid shape has been referred to as wedges in some previous studies on the
Café Wall pattern and declared to be the explanation for the tilt effect in the Café Wall illusion
(Gregory and Heard, 1979). On the other hand, the output of lower scale DoG ﬁlters preserves the
outline and shape of the tiles and the connectivity of them by the mortar line. This local connectivity
of tiles in adjacent rows by the mortar line tends to become disconnected, when the scale of the ﬁlter
is increased. So as the DoG response indicates, by a moderate change of scale, we can see two
‘incompatible groupings’ of pattern elements. The grouping of tiles in two consecutive rows by the
mortar lines at fine scales with nearly horizontal orientation, and then by increasing the scale, we
see a grouping of tiles in a zigzag vertical direction. We believe that these two groupings of pattern
elements that occur simultaneously at multiple scale, which are not consistent in their orientations,
cause the illusory tilt. These two incompatible groupings, along with systematic differences relating
to the relative size of Gaussian and pattern scales, result in illusory tilt effects that reflect changes in
size and density with eccentricity, predicting the change in illusion effects according to distances
from the focal point in the pattern versus distance in the retinal image from the fovea to the periphery.

Figure 3.19. Top: A crop section with a single slanted line segment from a Café Wall of 3×9 tiles with 50×50px tiles
and 2px mortar (Café Wall3×9-T50-M2). Middle: Binary representation of the multiple scale DoG edge map at four
different scales (σc) ranges from 1 to 4 (Left to Right), s = 2, h = 8 are constant in the DoG model here. Bottom: The
jetwhite colormap representation of the DoG edge map (The range of scales is chosen in such a way as to capture the
near horizontal tilt cues in the Café Wall pattern: σc=0.5M to 2M here).

3.5.2 Introduction to Tilt analysis pipeline

The DoG transformation reveals the tilt cues in Tilt/Tile Illusions, and the quantitative
measurement of tilt angles lets us compare them with the tilt perceived by a human observer. For
this, we embed the DoG model in a processing pipeline involving multiple standard image processing
transformations. As the focus in this chapter, we explained the details of DoG processing and the
edge map representations of the patterns in our model. The tilt analysis detail is provided in Chapter
4 in a completely separate chapter. Let us briefly explain the tilt analysis designed in our investigations
before the end of this chapter.
For the analytical approach presented in the right half of the flowchart-Figure 3.17, we have used
Hough space to extract tilt angles of the detected line segments in the edge maps. This analytical
approach can be replaced by any other application-based method to extract the relevant features
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necessary from the edge map for further investigations (the edge map is a DoG at multiple scales
and is actually the encoded information of the contrast inside an image). Figure 3.17 shows the
flowchart of our model and the analytical tilt processing in the right half that contains three stages of
EDGES, HOUGH and ANALYSIS. The output of the MODEL is an edge map at multiple scales that
is sent to these three Hough stages for further analysis of tilt. After applying the Hough Transform,
the edge information is mapped to a Hough space. We then are able to extract the angle of each line
segment that is detected from the edge map. By applying some constraints to the Hough algorithm
and elimination of the line segments, we can capture the information of the proper set of line segments
for further analysis across the multiple scales. In the final stage, we find the contributions of line
segments detected around the predefined reference orientations (along horizontals, verticals and
diagonals in our investigations). Further details of analytical tilt extraction and quantitative
measurement of tilt angles are provided in Chapter 4.

3.6 Summary
In this chapter, we further explored the neurophysiological model of low-level filtering at multiple
scales developed by Nematzadeh et al., (2015), based on the circular centre and surround
mechanism of the retinal receptive fields. To filter, a set of the Differences of Gaussians (DoG) at
multiple scales is used to model the multiscale Retinal Ganglion cells (RGCs) responses to the
stimulus. The simulation output is an edge map representation at multiple scales for the visual
scene/pattern, which is utilized to highlight the tilt effects in the investigated patterns in this research.
A systematic prediction of perceptual tilt is presented in (Nematzadeh and Powers, 2016b;
Nematzadeh, Powers and Lewis, 2016b; Nematzadeh and Powers, 2016c) using Hough space
(Illingworth and Kittler, 1988) for quantitative measurement of tilt inside the DoG edge map. This
multiple scale representation has some analogy to Marr’s and Hildreth’s (1980) suggestion of retinal
‘signatures’ of the three-dimensional structure from a raw-primal sketch, this being supported by
physiological evidence (Field and Chichilnisky, 2007; Martinez-Conde, Macknik and Hubel, 2004;
Shapley and Perry, 1986).
The formal descriptions and parameters of our bioplausible model are explained in details in this
chapter, with more focus on the edge map representations at multiple scales as the output of the
model for the patterns being investigated. Further analysis of the detected tilt cues in the edge map
and quantitative measurement of the degree of tilt of these line segments comes in Chapter 4.
Our results suggest that this multilevel filtering explanation, which is a simplified simulation for
the Retinal Ganglion Cell’s responses to these patterns is indeed the underlying mechanism
connecting low-level filtering to mid- and high-level explanations such as the Anchoring Theory and
Perceptual Grouping (Nematzadeh and Powers, 2017a) (more details in Chapter 5). So the contents
in Chapters 3 to 5, all together, provide a complete explanation of the model and the tilt analysis
approach proposed in this PhD research.
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4 QUANTITATIVE TILT MEASUREMENT

4.1 Introduction
In this chapter, we present a detailed explanation of how the DoG (and LoG) model predicts the
Café Wall Illusion and we illustrate how we have measured the degree of tilt quantitatively in each
scale of the edge map utilizing Hough space. The measurement of tilt should consider both global
tilt measurement (overall view of the pattern), as well as the ‘local focus on tilt’ predicting local tilt
perception or edge displacement. This is accomplished by investigating the edge maps at multiple
scales.
The Café Wall illusion is characterized by the appearance of Twisted Cord elements along entire
mortar lines (Earle and Maskell, 1993; Fraser, 1908; Morgan and Moulden, 1986), making the tiles
seem wedge-shaped (Gregory and Heard, 1979). These local tilt elements are believed to be
integrated to produce slanted continuous contours along the entire mortar lines (Grossberg and
Mingolla, 1985; Moulden and Renshaw, 1979) when the alternating converging and diverging mortar
lines is seen. To measure quantitatively the degree of tilt in the DoG representation, we have applied
a Hough analysis approach as the second stage of processing.
We mainly concentrate on the Café Wall illusion in this chapter, and explore predictions of the
model using quantified tilts across multiple scales of DoG. Details on the experimental results on the
inducing tilt effect in this illusion are provided in Chapters 6 and 7. We apply Hough analysis to a
broader range of Geometrical illusions in Chapter 8.
We start the chapter with an introduction to Hough Transform and move onto the present
representation of edge points of an image in Hough space, with the main focus on the Café Wall
illusion (Sections 4.2 and 4.3). Then we move to introduce the three main stages of our processing
pipeline: EDGES, HOUGH, and ANALYSIS (Figure 4.6) in our investigations to quantify the angles
of tilt in the Café Wall illusion (section 4.4). At the end of this section (section 4.4.4), we further
explain how we specify Hough parameters for the tilt analysis, considering specific aspects and
attributes of the patterns investigated prior to the summary of the chapter (section 4.5).

4.2 Introduction to the Hough Transform
Line detection is an important task in Computer Vision (CV) and pattern recognition. Classical
Hough Transform (Duda and Hart, 1972) is a convenient method to extract lines from binary edge
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image. Variations of Hough Transform were proposed later to identify positions of arbitrary shapes,
most commonly circles and ellipses (Hough, 1962; Illingworth and Kittler, 1988).
The connection of Hough parametric space with image space is the conversion of each edge
pixel (x,y) to a sinusoidal curve in Hough space, with (ρ,θ) parameters, where ρ represents the
distance between the line and the origin and θ is a free parameter corresponding to the angle of the
lines passing through the point (x,y) in image space. Therefore, the interconnection of the sinusoids
of pixels located on an edge line in the image space represents a point of (ρ,θ) in parametric Hough
space as shown in Figure 4.1.
𝑥

𝜃

𝜃

𝜌
𝜌 = 𝑥 cos 𝜃 +𝑦 sin 𝜃

𝑦

Image space

𝜌

Hough space

Figure 4.1 Hough Transform, mapping a line from image space (Left) to a point in Hough space (Right).

Standard Hough Transform (SHT) is a linear transform for detecting straight lines. The main idea
here is to consider the parametric values of a straight line not using its image points; x or y
(coordinates). One familiar parameter for line representation is the slope parameter, m, and the
intercept parameter, b. Based on these two parameters, a straight line in image space can be
represented by using the equation y=mx+b. So, the straight line y=mx+b can be represented as a
point (b, m) in the parameter space. The problem with this representation is that this gives rise to
representing vertical lines with undefined values of the slope parameter, m. To overcome this limit,
and in order to represent the whole image space inside the parametric space, as well as for
computational reasons, Duda and Hart (1972) proposed using the Hesse normal form instead based
on parameters ρ and θ, with a linear parametric equation connecting (x,y) in image space to (ρ,θ) in

Hough space is given using: ρ=x.cosθ+y.sinθ. As indicated before, ρ represents the distance between

the line and the origin, and θ is the counter-clockwise angle between the normal vector (ρ) and the
positive direction of the x-axis. Figure 4.1 shows the parameter plane of ρ and θ in Hough space. To
apply the Hough Transform on an image and extracting straight lines inside the image, Hough is
applied on the binary edge map of the image. The result of transformation inside Hough space is
given by showing all the possible lines that could pass through every edge point in the edge map.
The process of line detection on a binary image using the SHT is as below:
1. Select the Hough Transform parameters with the ranges of ρ min, ρ max, and θ min , θ max .
For an image of size N×N, the range of change of the ρ parameter is as follows:

-ρ resolution × ceil (√2 N/ ρ resolution ) ≤ ρ ≤ ρ resolution × ceil(√2 N/ ρ resolution )
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While θ value ranges in the interval of [0, π) to avoid wrap around and data redundancy in Hough
space.

0≤θ<π

2. For Quantizing the (ρ,θ) plane use an accumulator cell array H A (ρ,θ) - (Hough Accumulator) and
define the cell range for ρ in between ρ min and ρ max and for θ in between θ min and θ max .
3. Initialize the elements of an accumulator cell array, H A , to zero.
4. For each pixel in a binary edge image, do the following calculation: For each value of θ i in the
range of θ min and θ max find the corresponding ρ i using the equation: x .cos θ i + y. sin θ i = ρ i , and round
off the values to its nearest permitted ρ value. Then do the update of the accumulator array element,
H A (ρ i ,θ i ), using voting procedure.
5. Now the local maxima in the accumulator cell array, H A (ρ i ,θ i ), correspond to a number of pixels
lying in a corresponding line in the binary edge image. The computational cost is O(n×A), where n is
the number of edge points and A is the number of quantized angles in Hough space. So for higher
accuracy, more fine angles are needed, and hence the running time increases (Kumar 2012).

4.3 Hough representation of edge information
To illustrate how edge information is presented in Hough space, we have shown the output of the
Hough Transform after applying the hough function in MATLAB on two Geometric illusions of the

Café Wall and the Complex Bulge pattern (Kitaoka, 1998). Figure 4.2 shows the Hough space in 2D
and 3D surface for the Café Wall 3×8 (Figure 4.2 (a)) and 9×14 tiles (Figure 4.2 (b)) with tile size (T)

of 200×200px and mortar (M) of 8px (Café Wall 3×8-T200-M8 and Café Wall 9×14-T200-M8). The
Jetwhite colormap (Powers, 2016) is used for presenting the Hough space in these figures and the
colorbar next to each figure facilitates navigation through the Hough representations of these

patterns. In the Hough space, the peak points indicate the dominant lines inside an image. The only
lines that exist in the Café Wall pattern are either horizontal or vertical, with θ=±90° or θ=0°, and the
ρ values specify each line segment in the Hough representation of the pattern.
Figure 4.3 shows the Hough space for the Complex Bulge pattern (574×572px) (Kitaoka, 1998)
in 2D and 3D surface in the jetwhite 1 colormap. This pattern is a more complex tilt illusion compared
to the Café Wall pattern, but still the existing lines of the checkerboard background as well as the
white superimposed square dots are concentrated at θ=±90° or θ=0°, (horizontal or vertical lines) in
Hough space.
First, we applied the houghlines on the ‘Canny edge’ of the DoG representations as it is shown

in Figure 4.4 for one scale of the DoG edge map of the investigated tilt illusion patterns. The results

of detected lines (on the right) indicate that this processing eliminated the tilt cues in the DoG edge
map that we aimed to detect and quantify their angles as the explanation for the tilt effect in these
patterns. We could not detect lines with a reasonable length to measure the tilt induction in these
patterns following these processing steps. We may detect very short line segments, but their
1

https://au.mathworks.com/matlabcentral/fileexchange/48419-jetwhite-colours-/content/jetwhite.m
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orientations are misleading. After we found that this pre-processing edge detection prior to Hough
Transform cannot deal with the tilt explanation, we then applied the Hough Transform directly on the
multiple scale DoG edge map instead. The reason for this modification is that a multiple scale DoG
output of any pattern presents an edge map at different scales. We do not need any other edge
detection on top of this edge map and this is similar to how and what we see as the edges of the
scenery in multiple scales in our visual experience. This is our inspiration from Marr’s theory of edge
detection (Marr and Hildreth, 1980).

Figure 4.2 Hough space representation of Café Walls of 3×8 tiles on Top and 9×14 tiles at Bottom. Both patterns
have the same tile size (200×200px) and mortar size (8px). Two graphs in Center show the 2D Hough space of the
patterns, and graphs on Right show the 3D surface of this representation in the Jetwhite colormap.

Figure 4.3 Hough space representation for the ‘Complex Bulge pattern’ (Kitaoka, 1998) (574×572px; © Used with
permission from the designer) on the Left. The graph in Center is the 2D Hough space of the pattern, and the 3D surface
of this representation in the Jetwhite colormap is given on the Right.
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Café Wall 9×14-T200-M8

Complex Bulge Pattern

DoG- 𝜎𝑐 12.0 – s2.0 – h8.0

DoG- 𝜎𝑐 1.5 – s2.0 – h8.0

Houghlines of the Canny edge

Canny edge (sigma=1) of the DoG

NumPeaks=1000, Threshold=3, FillGap=40, MinLenght=450

Canny edge (sigma=1) of the DoG

NumPeaks=100, Threshold=3, FillGap=5, MinLenght=30

Houghlines of the Canny edge

Figure 4.4 The Café Wall of 9×14 tiles with 200×200px tiles (T) and 8px mortar (M) (Café Wall 9×14-T200-M8) on
Top and the Complex Bulge pattern (574×572px) at Bottom. The output of processing from Left to Right: First the DoG
output of the patterns is calculated with the details of the DoG filter given in the output’s title (σc is the diameter of the
centre Gaussian, s=2 is the Surround ratio, and h=8 is the Window ratio of the model). Then the Canny edge of the DoG
output is extracted, and finally the houghlines of the Canny edge of the DoG are calculated, with the outputs presented
on the Right. The houghlines parameters are given for both of the results on the Right.

Café Wall 9×14-T200-M8

Complex Bulge Pattern

DoG- 𝜎𝑐 12.0 – s2.0 – h8.0

DoG- 𝜎𝑐 1.5 – s2.0 – h8.0

Houghlines of the DoG

NumPeaks=1000, Threshold=3, FillGap=40, MinLenght=450

Houghlines of the DoG

NumPeaks=100, Threshold=3, FillGap=5, MinLenght=30

Figure 4.5 The Café Wall of 9×14 tiles with 200×200px tiles and 8px mortar (Café Wall 9×14-T200-M8) on Top and
the Complex Bulge pattern (Kitaoka, 1998) (574×572px © Used with permission from the designer) at Bottom. The results
on the Right show the detected houghlines in Green, displayed on one scale of the DoG edge map, given in the Centre
(σc is the diameter of the centre Gaussian, s=2 is the Surround ratio, and h=8 is the Window ratio of the model). The
Hough parameters are given on top of the houghlines results on the Right. ‘Complex Bulge Pattern: A Bulge’ the high
resolution image is downloaded from: http://www.psy.ritsumei.ac.jp/~akitaoka/Bulge02L.jpg
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After elimination of Canny edge detection of the DoG edge map in our processing, two sample
results are shown in Figure 4.5. This figure shows the detected houghlines on one scale of the DoG

representation of the previously investigated patterns of the Café Wall 9×14 tiles and the Complex

Bulge pattern. The results of detected houghlines have been provided on the right side of the figure,

displayed in Green on the binary DoG edge map at one scale. The Blue lines indicate the longest
detected line segment. As illustrated in the figure, the DoG representation of the patterns highlight

the tilt perception cues when the DoG scale is chosen in an appropriate range consistent with the
pattern characteristics. Also, the results of detected houghlines capture these tilted cues inside the

DoG representation, as it was aimed for tilt illusion explanation. The details of the DoG scale, and
Hough parameters have been provided in the figure caption.

4.4 Image processing analysis pipeline

We now discuss about further details of an image processing pipeline used to extract edges and
how to analyse their angles of tilt, as shown in Figure 4.6 for a cropped section of a Café Wall pattern
of the size 2×4.5 tiles (the precise height of cropped section is 2Tiles+Mortar=2T+M). The processing
explanations here are concentrated on the analysis of tilt effect in the Café Wall illusion here, to
include every details used, to simulate and quantify the tilt angle in this stimulus (Chapters 5 to 7).

4.4.1 EDGES – Hesse Normal Form representation – Hough Transform.
The output of the model is an edge map based on DoGs. Such edge maps, often derived from
multiple DoG scales, are common intermediate levels in a typical DNN (Lv, Jiang, Yu et al., 2015).
In place of the usual higher level layers of the deep neural nets (DNN), we introduced an analysis to
characterize the tilted line segments present in this edge map. The ﬁrst processing step for this
extraction of line orientation and length information is to represent the edge pixels of the pattern in
the ‘Hesse normal form’ (HNF) (Duda and Hart, 1972). First, the edge map should be converted to
a binary map. The HNF and the voting procedure are sometimes referred to as Hough Transform
(Ratliff, Knight and Graham). As discussed before, the Standard Hough Transform (SHT) (Hough,
1962; Illingworth and Kittler, 1988) is used to represent straight lines inside an image and uses a
two-dimensional array called the accumulator (H A ), with the dimensions equal to quantized values
of ρ and θ in the pair (ρ,θ), where θ is in the range of [0,π) (refer to Section 4.2-p.189). In this
representation, every possible line through the image is characterized by a (ρ, θ) pair that is the HNF,
being a point in Hough space. All pixels that sit anywhere on a line are counted inside a
corresponding bin in the accumulator matrix (H A ). Conversely, every edge pixel (x,y) in the image
space, corresponds to a sinusoidal curve in (ρ,θ) space as given by Eq. 4.1, with θ as free parameter
corresponding to the angle of the lines passing through the point (x,y) in image space:
ρ=x.cosθ+y.sinθ

(4.1)

where ρ represents the perpendicular distance between the line passing through that point with a
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speciﬁc θ and the origin, and θ is the counter-clockwise angle between the normal vector (ρ) and the
positive direction of the x-axis. Therefore, two or more points that form a line in image space will
produce sinusoids which cross at the point of (ρ,θ) in Hough space. So the output of the Hough
Transform is a two-dimensional accumulator matrix, H A , with the dimension of ρ×θ. Each element of
the matrix corresponds to the sum of the points or pixels that are located on the line represented by
quantized parameters of (ρ i ,θ i ). To compute the Hough Transform of a binary image, the MATLAB
hough function is used. The result of Hough is all possible lines that could pass through every edge

point in the edge map, although not all of these lines are of interest.

4.4.2 ANALYSIS.
The information of the detected line segments including their orientations, is saved and arranged
inside four matrices based on how close they are to one of the reference orientations deﬁned here
for analysis. The four reference orientations used are Horizontal (H), Vertical (V), positive Diagonal
(+45°,D1), and negative Diagonal (-45°,D2), and for the neighbourhood around them, an interval of
[-22.5°,22.5°) is chosen to cover the whole space. The parameter values deﬁned in the
implementation for tilt detection of the Café Wall pattern, categorize the detected line segments in
the horizontal class when the DoG scales are between 1/2M to 2M as described in Chapter 3. This
is because the DoG scales are around mortar size (M) and less than tile size (T). Therefore, even at
coarse scale (64px=2×M), the cues of the mortar lines still exist in the DoG output. The perception of
tilt in the Café Wall is near horizontal, except for the time when the distance is very far, so the model
prediction should be the same. When the DoG scale is quite large compared to the mortar size, then
it is able to capture the (white) tiles of the pattern and hence the near horizontal tilts are replaced by
zigzag vertical joining of similar coloured tiles.

Figure 4.7 HOUGH stage result. Tilted line segments detected, displayed in Green on a DoG edge map of a crop
section of a Café Wall pattern with 800×800px tiles and 32px mortar at four different scales (σc =16, 32, 48, and 64) from
Top-left corner to Bottom-right. Blue lines show the longest lines.
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Figure 4.8 HOUGH stage result – Distribution of detected line segments around horizontal in their angular positions,
for two scales of the DoG edge map (σc =32 - Left and σc =64 - Right). Mean tilt and variance are calculated and displayed
for each graph.

The reference orientations could be selected in smaller angular intervals for example in every
15° or 30° angles. But, for the tile illusions, a 45° increment for reference orientations is enough as

there are only horizontal and vertical edges. However, the range of 15° or 30° might be well matched

to other Geometrical illusions and better ﬁt the way humans distinguish between angles. The

statistical analysis of tilt angles of the detected lines in the neighbourhood of each reference
orientation is the output of this stage and includes the mean tilts and standard deviation around the
mean for each scale of the DoG. The histograms of line segments on their angular positions, around
reference orientations can be graphed representing the prominent tilt orientation as shown in Figure
4.9 and Figure 4.8. As the DoG scale increases, both the mean tilts and the standard deviation grows
and the distribution of detected line segments spreads out more, covering more angular tilt range.

4.4.3 HOUGH – Finding lines in the local maxima of the accumulator matrix.
In the EDGE-processing stage, all possible lines that could pass through every edge point in the
edge map are extracted, but we are just interested in the detection of tilt induction line segments
inside the Café Wall image. The local maxima in the accumulator space show the most likely lines
that can be extracted, and their approximate geometric deﬁnitions of (ρ,θ) values. We have exploited

two MATLAB functions called houghpeaks and houghlines that rely on further processing of the data
in the accumulator matrix (H A ). The values of the parameters deﬁned in these two functions should

be selected based on the resolution of the Café Wall pattern and the scale of the bioplausible model

in order to limit the line detection to the desired tilted line segments with the tilt inducing effect. More
information about their parameters is explained below.
•

The houghpeaks function ﬁnds the peaks in the Hough accumulator matrix H A . Its

parameters are NumPeaks (maximum number of lines and line segments to be detected),
Threshold (threshold value of H A for searching for the peaks), and NHoodSize (the size of
the suppression neighborhood that is set to zero after the peak is identiﬁed).
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Figure 4.9 Top: A small crop section of the Café Wall 3×9 pattern with 50×50px tiles (T) and 2px mortar (M) lines. Middle: Detected houghlines, displayed in Green on the DoG
edge map of the crop section sample at three different scales (σc =1, 2, 3) (Blue lines indicate the longest line segment). Bottom: Distributions of the detected line segments (near
Horizontal orientation), displayed above, in their angular positions. Mean tilts and the standard deviations have been displayed below each graph. The model’s DoG parameters are
σc, s: Surround ratio, and h: Window ratio, as well as the Hough parameters for the calculation, provided in the Left side of the figure.
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•

The houghlines function extracts line segments from the edge image associated with a

particular bin in a Hough accumulator matrix (H A ). Its parameters are FillGap (the distance
between two line segments associated with the same Hough bin. If the gap between them

is shorter than this value, they are merged into a single line segment), and MinLength
(speciﬁes keeping or discarding the merged lines. Lines shorter than this value are
discarded).
Figure 4.9 illustrates the output of the Hough analysis stage on a small crop section of a Café
Wall pattern with 50×50px tiles and 2px mortar. Its DoG edge map at 4 scales has been shown in

Figure 3.19. The output includes the detected houghlines, displayed in Green on a binary DoG edge
map at three scales (σ c = 1, 2, 3 here; Blue lines indicate the longest detected line segment). The
histograms of detected houghlines near horizontal orientation in their angular positions have been
graphed for each DoG scale. The absolute value of mean tilt and standard deviation of tilts are

presented below for each graph in the figure. The details of Hough parameters have been provided
in the left side of the figure.
The results of the Hough analysis stage for a different crop section of a Café Wall pattern with
higher resolution (given in Figure 4.10) are shown in Figure 4.7 and Figure 4.8. The crop section is
from the Café Wall pattern with 800×800px tiles and 32px mortar (Café Wall 3×9-T800-M32 - Figure
4.10-right). Detected line segments are displayed in Green on a binary DoG edge map at four scales
(σ c = 16, 32, 48 and 64) - As noted before, Blue lines indicate the longest detected line segment).

Figure 4.10 Left: 800×800px tile (T) and 32px Mortar (M) stimulus. Right: Cropped section of the pattern on the Left,
with the size of 2T+M (height), and 4.5T (width), enlarged.

Further explanations about the values of all parameters used in the model and the tilt analysis
are given in Section 4.4.3 (p.197). The absolute value of mean tilt and standard deviation of mean
are then calculated as a quantitative measurement for tilt deviation. The detected lines in the vicinity
of four reference orientations of Horizontal (H), Vertical (V), positive Diagonal (+45°, D1), and
negative Diagonal (-45°, D2) are saved here for further processing. Applying the Hough Transform
for line detection involves heuristics, rasterization and quantization errors (Duda and Hart, 1972;
Illingworth and Kittler, 1988; Nematzadeh, Powers and Lewis, 2016), so we present mean tilt and
variance. Figure 4.8 shows two graphs for distributions of detected line segments around horizontal
orientation in their angular positions. The absolute values of mean tilt and its variance of the cropped
section of the Café Wall pattern for two DoG scales (σ c =32, 64) are given in Figure 4.7.

The parameters of houghpeaks and houghlines functions have been selected empirically for
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correct detection of slanted line segments. For instance, the MinLength should be larger than the tile
size (T) to not detect the outlines of tiles. On the other hand, the FillGap parameter should fill the gap
that starts to appear by DoG filtering at fine scales and gets larger in size when the scale of the DoG
filter increases. Further explanations about hough parameters have been provided in Section 4.4.4
(p.200).

4.4.4 Hough Parameters for Tilt Investigations of the Café Wall Stimulus
We explain further about the Hough parameters, especially FillGap and MinLength, in our

evaluation of tilt angle with a focus on the Café Wall stimulus. An introduction to these parameters

is provided in Section 4.2 (p.189). Note that NumPeaks indicates the maximum number of lines and
line segments to be detected. FillGap shows the distance between two line segments associated

with the same Hough bin. The other parameter is MinLength, which speciﬁes keeping or discarding
the merged lines based on this minimum length, and lines shorter than this value are discarded.
These parameters are pattern specific, or more precisely scale specific. Therefore, it is important
to know what pattern elements are going to be extracted at what range of DoG scales. In the Café
Wall pattern, the appearance of Twisted Cord elements on the mortar lines starts at fine scales,
connecting white tiles in two consecutive rows as shown in Figure 4.6 for the DoG edge maps at
multiple scales. Figure 4.11 shows the results of houghlines for the DoG edge map at two different

scales (σ c =8 and 12) for a crop section of a Café Wall pattern with 200×200px tiles (T) and 8px
mortar (M) (Hough parameters are NumPeaks=100, Threshold=3, FillGap=40, and MinLength=450px).

Figure 4.11 The detected houghlines for a sample crop section of a Café Wall pattern with 200×200px tiles and 8px
mortar. The houghlines are displayed in Green on two scales of the DoG edge map – DoG8 (Left) and DoG12 (Right) (σc
=8 and 12). Hough parameter are NumPeaks=100, Threshold=3, FillGap=40, and MinLength=450px.

Considering just the multiple scale DoG representation, as Figure 4.11 illustrates, the Twisted

Cord elements have a minimum length of 2.5 ×Tile size. So for the extraction of these small local tilted
elements that then integrate to form an extended continuous contour (Moulden & Renshaw, 1979;
Grossberg & Mingolla, 1985) along the mortar lines in a more general global view of the pattern, the
MinLength value should be in a reliable range. Also we need to eliminate the detection of the
redundant line segments, such as the outlines of each individual tile. So at fine scales, when the
cues of the mortar lines still exist in the DoG output, a suitable value for this parameter is MinLength≈
2.5 ×tile size=500px. We set this parameter a bit smaller than this value equal to MinLength≈ 2.25
×tile size=450px for this experiment and the majority of experiments reported in Chapters 5 to 7. How
about the FillGap parameter? For detection of the Twisted Cord elements, the connections of white
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tiles with the mortar lines are quite strong at fine scales (σ c =4 and 8), but start to fade at medium
scale (after σ c =12), as shown in Figure 4.11-right. We have chosen a FillGap equal to 1/5th of the tile

size (1/5T) in the majority of our experiments. As the scale increases, the mortar line cues start to
fade in the DoG output, and we cannot detect near Horizontal lines at coarse scales (after σ c
=16=2×M) for the same FillGap parameter. We have increased this parameter in some of our
experiments in Chapters 5 to 7 to force the algorithm to detect near Horizontal tilted lines at medium
to coarse scales of the DoGs where possible.

NumPeaks is selected as 100, for some of our experiments, especially in the first few experiments
on the Café Wall in Chapter 6, while we analyse local tilt on small cropped samples of the Café Wall
pattern (for foveal samples). We have increased this value to even 1000, in global investigation of
tilt in larger Café Wall configurations (more details in Chapter 6), because the number of lines
increases in larger patterns compared to small cropped samples and also for a more accurate
evaluation of tilt angles (further explanation in Chapter 6─Section 6.4.2).

4.5 Summary
The DoG transformation, modelling retinal ganglion cell responses, creates an edge map
representation at multiple scales for the pattern, inducing the local tilted line segments in the Café
Wall illusion noted as Twisted Cord elements in previous literature (Bressan, 1985; Fraser, 1908;
Morgan and Moulden, 1986). Then for quantitative measurement of tilt angles in the edge map to
compare them with the tilt perceived by a human observer, we embed the DoG model in a processing
pipeline using Hough space. We use houghlines representation for the edges to determine the tilt
angles at different scales of the DoG edge maps.

In this chapter we have explained the quantitative measurement process we have developed.

The predictions of the model as the quantified tilts across multiple scales of the DoGs have been
described (with the main focus on the Café Wall illusion). The details of all the experiments done on
this stimulus are provided in Chapters 6 and 7. In the next chapter, we will connect this low-level
filtering approach to the Gestalt grouping principles and perceptual grouping in general which effect
our perception.

202 ■ Quantitative tilt measurement

Chapter References
Bressan, P. 1985. 'Revisitation of the family tie between Munsterberg and Taylor-Woodhouse illusions', Perception, 14(5),
579-585.
Duda, RO, and Hart, PE. 1972. 'Use of the Hough transformation to detect lines and curves in pictures', Communications
of the ACM, 15: 11-15.
Earle, D, and Maskell, S. 1993. 'Twisted Cord and reversall of Cafe Wall Illusion', Perception, 22(4), 383-390.
Fraser, J. 1908. 'A new visual illusion of direction', British Journal of Psychology, 1904-1920, 2(3): 307-20.
Gregory, RL, and Heard, P. 1979. 'Border locking and the Cafe Wall illusion', Perception, 8: 365-80.
Grossberg, S, and Mingolla, E. 1985. 'Neural dynamics of form perception: boundary completion, illusory figures, and neon
color spreading', Psychol Rev, 92: 173-211.
Hough, PV. 1962. 'Method and means for recognizing complex patterns (No. US 3069654)'.
Illingworth, J, and Kittler, J. 1988. 'A Survey of the Hough Transform', Computer Vision Graphics and Image Processing,
44: 87-116.
AND
Kitaoka,
A.
1998.
'A
Bulge',
http://www.psy.ritsumei.ac.jp/~akitaoka/Bulge02L.jpg
http://www.ritsumei.ac.jp/~akitaoka/index-e.html.
Kumar , D, Singh, D. 2012. 'Hough Transform for Skew Detection and Correction in documented images'.
Lv, YQ, Jiang, GY, Yu, M, Xu, HY, Shao, F, and Liu, SS. 2015. 'Difference of Gaussian Statistical Features Based Blind
Image Quality Assessment: A Deep Learning Approach', 2015 Ieee International Conference on Image
Processing (Icip): 2344-48.
Marr, D, and Hildreth, E. 1980. 'Theory of edge detection', Proc R Soc Lond B Biol Sci, 207: 187-217.
Morgan, MJ, and Moulden, B. 1986. 'The Monsterberg Figure and Twisted Cords', Vision research, 26(11), 1793-1800.
Moulden, B, and Renshaw, J. 1979. ' The Münsterberg illusion and ‘irradiation’', Perception, 8.3 275-301.
Nematzadeh, N, Powers, DMW, and Lewis, TW. 2016. 'Quantitative Analysis of a Bioplausible Model of Misperception of
Slope in the Café Wall Illusion', In Asian Conference on Computer Vision. Springer, Cham: 622-37.
Powers, DMW. 2016. 'Jetwhite colormap. Mathworks – https://au.mathworks.com/matlabcentral/fileexchange/48419jetwhite-colours-/content/jetwhite.m. '.
Ratliff, F, Knight, BW, and Graham, N. 1969. 'On Tuning and Amplification by Lateral Inhibition', Proceedings of the National
Academy of Sciences, 62: 733-40.

■ 203

CHAPTER

5 SCHEMATIC VIEW
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5

5 MULTISCALE FILTERING AND
PERCEPTUAL GROUPING
5.1 Introduction
The DoG transformation, modelling retinal ganglion cell (RGC) responses, creates an
edge map representation at multiple scales for the pattern, consisting of a set of tilted line
segments for the Café Wall stimulus at its fine scales, noted as Twisted Cord elements in the
literature (Fraser, 1908; Bressan, 1985; Morgan and Moulden, 1986). Then for quantitative
measurement of tilt angles in the edge map to compare them with the tilt perceived by a human
observer, we embed the DoG model in a processing pipeline using Hough space.
In the last two chapters, we have presented a detailed explanation of the extent to which
DoG (and LoG) model predicts the Café Wall Illusion specifically and have measured the
degree of tilt quantitatively in each scale utilizing Hough space. In this chapter, we explore the
concept of applying a second stage-processing model for orientation detection of tilt in a
broader range of tilt illusions such as Bulge patterns. The investigations on the Café Wall
illusion and the experimental results reflected in other publications will be reported in Chapters
6 and 7.
This chapter incorporates our published manuscript 1 in the Brain Informatics journal that
explores this model and the Tile Illusion patterns to find a connection of our ‘bioderived Lowlevel filtering’ model to some high-level ‘Perceptual grouping’ organizations with our main
focus on Gestalt grouping principles for example continuity (good continuation), connectivity,
and similarity.
The measurement of tilt value should consider both global tilt measurement (overall view
of the pattern), as well as the ‘local focus on tilt’ predicting local tilt perception or the edge
displacement. This will highlight a more precise connection of our tilt illusion explanation to
the perceptual grouping of visual data.
The experimental results provided in this chapter show that the output of the model as an
edge map representation of a stimulus, could provide us with not only the multiple scale edge
information as the indications for some shades around the edges, but also other hidden
1

This chapter reproduces Nematzadeh, N., Powers, D. M., & Lewis, T. W. (2017). Bioplausible multiscale filtering
in retino-cortical processing as a mechanism in perceptual grouping. Brain Informatics, 4(4), 271-293.
DOI 10.1007/s40708-017-0072-8.
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information such as local texture in the stimuli, as well as possible underlying mechanisms for
perceptual grouping arrangements at different scales. Therefore, the implementation of lateral
inhibition in RGCs using DoG processing at multiple scales creates a feasible perceptual
interpretation of the local structure in the pattern in a way that best meets its global perception.
The results of our investigations on a broader range of illusory patterns have been provided
later in Chapter 8.
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Abstract Why does our visual system fail to reconstruct
reality, when we look at certain patterns? Where do Geometrical illusions start to emerge in the visual pathway?
How far should we take computational models of vision
with the same visual ability to detect illusions as we do?
This study addresses these questions, by focusing on a
specific underlying neural mechanism involved in our
visual experiences that affects our final perception. Among
many types of visual illusion, ‘Geometrical’ and, in particular, ‘Tilt Illusions’ are rather important, being characterized by misperception of geometric patterns involving
lines and tiles in combination with contrasting orientation,
size or position. Over the last decade, many new neurophysiological experiments have led to new insights as to
how, when and where retinal processing takes place, and
the encoding nature of the retinal representation that is sent
to the cortex for further processing. Based on these neurobiological discoveries, we provide computer simulation
evidence from modelling retinal ganglion cells responses to
some complex Tilt Illusions, suggesting that the emergence
of tilt in these illusions is partially related to the interaction
of multiscale visual processing performed in the retina. The
output of our low-level filtering model is presented for
several types of Tilt Illusion, predicting that the final tilt
percept arises from multiple-scale processing of the
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Differences of Gaussians and the perceptual interaction of
foreground and background elements. The model is a
variation of classical receptive field implementation for
simple cells in early stages of vision with the scales tuned
to the object/texture sizes in the pattern. Our results suggest
that this model has a high potential in revealing the
underlying mechanism connecting low-level filtering
approaches to mid- and high-level explanations such as
‘Anchoring theory’ and ‘Perceptual grouping’.
Keywords Visual perception  Cognitive systems  Pattern
recognition  Biological neural network  Self-organizing
systems  Classical receptive field (CRF) models 
Geometrical illusions  Tilt effects  Difference of
Gaussians  Perceptual grouping  Gestalt grouping
principles

1 Introduction
We investigate here whether computational modelling of
vision can provide similar interpretation of visual data to
our own experiences, based on simple bioplausible modelling of multiscale retinal cell responses to the visual
scene. Our visual perception of the world is the result of
multiple levels of visual processing. This starts with multiple levels of visual filtering within the retina and ends in
multiple levels of processing in the visual cortex. The
bottom-up visual processing gives rise to simple percept or
features, but multimodal and top-down information flow
leads to more complex concepts, as well as influencing
basic perception. In our visual system, fast and accurate
visual processing functions as a parsimonious system with
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minimal redundancy, with the processing in the retina
serving different purposes and operating in different ways
from the later processing levels of the cortex. We regard
this assumption as fundamental to a biologically plausible
vision model, and human-competitive computer vision,
reflecting our understanding of human vision.
Even given the increasingly detailed biological characterization of both retinal and cortical cells over the last half
a century (1960s–2010s), there remains considerable
uncertainty, and even some controversy, as to the nature
and extent of the encoding of visual information by the
retina, and conversely of the subsequent processing and
decoding in the cortex (see e.g. the review of physiological
retinal findings by Field and Chichilnisky [1] and Golish
and Meister [2]).

N. Nematzadeh et al.

an intermediate brightness between the brightness of tiles,
giving rise to appearance of mortar lines as divergent and
convergent instead of parallel lines. On the other hand, in
the Bulge patterns, superimposed dots on top of a simple
checkerboard give rise to the impression of a bulge or tilt.
This is highly affected by the precise position of dots. The
illusory perception of these patterns is connected to the
figure and ground perception, and in particular, in the
Bulge patterns, grouping of dots together creates an illusory figure shape, on top of a textured background (here a
checkerboard can be also a grid). This produces apparent
border shifts of the checkerboard edges and increases or
reduces the impression of the bulges or bows in these
patterns.
1.2 Simultaneous Brightness/Lightness Illusions

1.1 History of Geometrical illusions
The visual distortion experiences we encounter in visual
illusions give clues as to some of the biological characteristics of our visual processing that result in some erroneous perception. The explanations of optical illusions rely
on our interpretation of the world, and the ambiguities
against our visual experiences result in the illusory percept.
There are various types of optical illusions, and in
‘‘Appendix’’ (Table 1) we illustrate important representatives of the various families including impossible 3D
arrangements such as Penrose Triangle and Penrose staircase [3–5], stimuli with multistable perception, flipping
back and forth between different perception such as Necker
cube [6]; also Herring’s and Orbison’s illusions [7–9]
consist of horizontal and vertical lines located on a part of a
radial display, inducing tilt/bow/bulge as a result of the
three-dimensional percept and the perspective clues. Hermann Grid and Mach Bands have commonly accepted
explanations involving the low-level visual retinal/cortical
processing by simple cells [10, 11] and the Lateral Inhibition (LI) mechanism, which some of them need highlevel explanations. Table 1 in ‘‘Appendix’’ reflects similarity of illusions, but due to the shortage of space and
table arrangement, it may not exactly match other illusion
classifications [12] based on other explanations. A complete reference list to the source and original illusory patterns given in Table 1 is also provided in ‘‘Appendix’’
(Table 2). A neurobiological explanation for a variety of
Geometrical illusion can be found in [13].
The patterns explored in this paper are ‘second-order
Tilt’ Illusions [14] (Tile Illusions) involving the enhancement of contrast between textural elements of a background such as a checkerboard, for example Café Wall and
Bulging checkerboard illusions. In the Café Wall illusion,
the illusory tilt percept is the result of mortar lines between
shifted rows of black and white tiles. The mortar lines have
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To be able to differentiate between competing explanations
for Geometrical illusions, consider the existing techniques
for explaining the simultaneous Brightness/Lightness Illusions such as variations of White’s effect [15–17]. When
investigating Brightness/Lightness Illusions, high-level
explanatory models are sometimes seen as a result of
lightness shift of the same luminance (thus brightness),
which decodes as different lightness for example, in [18].
High-level explanations need higher cortical processing of
visual clues such as lightness/transparency as well as past
experiences and inferences [19–21]. At the same time, to
address their final percept, they might involve ideas of
interpolation (1D) or filling-in (2D) [22–25] as well. More
recently, the ‘Anchoring theory’ of Gilchrist et al. [26] is
based on ‘grouping factors’ that signal depth information,
without any consideration of the spatial frequency of the
pattern. Further explanations for these illusions rely on
‘Junction analysis’ like T-junctions [27] and ‘Scission
theory’ [28, 29] which triggers the parsing of targets into
multiple layers of reflectance, transparency and illumination in which erroneous decomposition leads to Brightness/
Lightness Illusions.
Modern ‘low-level theories’ on Brightness/Lightness
Illusions, for example Kingdom and Moulden [30], and
Blakeslee and McCourt [17, 31], suggest that a set of
spatial frequency filters at early stages of visual processing,
mainly preprocessing in the retina are responsible for some
Brightness/Lightness Illusions. Recent investigations on
diverse range of lightness/brightness/transparency (LBT)
illusions by Kingdom [32] have shown different origins for
some of these effects due to whether illusion arises from
encoding of brightness or the lightness of the pattern. He
concluded that the most promising developments in LBT is
a model of brightness coding based on ‘multiscale filtering’
(models such as [17]) in conjunction with ‘contrast
normalization’.
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1.3 Tilt illusions
Throughout the history of Geometrical illusion, a variety of
low-level to high-level explanations have been proposed
covering many ‘Tilt Illusion’ patterns since Herring’s and
Helmholtz time as reflected in the recent overview by
Ninio [8]. However, there has been little systematic
explanation of model predictions of both illusion magnitude and local tilt direction of tilt patterns that reflect
subjective reports from the patterns especially on the
chosen Tile Illusions. Although Ninio investigated many
Tilt Illusion patterns and presented several principles such
as Orthogonal Expansion and Convexity Rule, he stated
that these explanations cannot address the family of twisted
cord [33] and Tile Illusions (investigated here), even
though some of these principles might be part of the
explanations. There are also other theories for explaining
these illusions. For example, Changizi and his team propose a new empirical regularity for systematization of
illusions [9], motivated by the theory of ‘perceiving-thepresent’. This theory is based on the neural lag, which is a
latency of 100 ms between retinal stimulus and final perception. The well-known hypothesis of ‘perceiving-thepresent’ [34, 35] has its foundation in the belief that ‘the
visual system possesses mechanisms for compensating
neural delay during forward motion’ [9, p. 459] and that we
tend to perceive the present rather than perceiving the
recent past. Although the hypothesis has been applied for
explaining Geometrical illusions in the past [36–39],
Changizi’s new prediction generalized this idea and categorized Geometrical illusions based on the central idea that
‘the classical Geometrical illusions are similar in kind to
the projections observers often receive in a fixation when
moving through the world’ [9, p. 461]. There are some
critiques of Changizi’s systematization of illusions,1 such
as Brisco’s article [40].
However, Tile Illusions have not been explained completely by these so-called generalized theories. Many of
these patterns might generally be considered as high-level
illusions relying on later cortical processing for their
explanation such as Complex Bulge patterns. In the Tile
Illusions, the Café Wall illusion [41–47] is the main pattern, which has been investigated broadly. In our previous
work [48–50], we have shown that a simple model of
multiscale retinal/cortical processing, in the early stages of

1

Changizi’s explanation and systematization of Geometrical illusions not only considers perspective clues, but also examines the
probable observer’s direction of motion using vanishing point cues, as
well as the changes we perceive following the neural lag in the
perceived projected size, speed, luminance–contrast, distance and
eccentricity of the stimulus which are six correlates of the optic flow,
used for illusion prediction and classification.

vision, is able to highlight the emergence of tilt in these
patterns with the main focus on the Café Wall pattern.
The current explanation techniques available for investigated patterns are mainly based on three different
approaches including the theory of ‘Brightness Contrast
and Assimilation’ mentioned by Jameson [51] and highlighted in Smith et al. [52], ‘Perceptual inferences and
Junctions analysis’ providing high-level explanations
(Grossberg and Todorovic [23]; Gilchrist et al. [26];
Anderson and Winawer [29]) and ‘Low-level spatial filtering’ (Morgan and Moulden [46]; Earle and Maskell [44];
Arai [53]). It is often not obvious how substantive the
difference between the explanations is, or whether these
explanations are just combinations of orthogonal mechanisms or compatible theories. For example, quite recently,
Dixon et al. [54] combined the ‘Low-level filtering’
explanation of Blakeslee and McCourt [17, 31] with
higher-level models such as ‘Anchoring Theory’ [26],
observing that the key idea or common principle in multiscale, inference base and Brightness/Lightness perception
is ‘high-pass filtering tuned to the object size’.
Based on new biological insights, it is now clear that the
retinal output is a stack of multiscale outputs (more details
in Sect. 3) and modelling this multilayer representation has
a significant power in revealing the underlying structure of
the percept in computer vision (CV) models [55–59] such
as edges, shades, some textures and even some preliminary
cues about the depth information, according to some neurocomputational eye models such as [60, 61]. We adopt a
parsimonious approach to modelling vision, in terms of
both organizations of complexity and computational cost.
1.4 The focus of our investigation
The patterns investigated have some similarities to
Brightness/Lightness Illusions such as Irradiation [45, 62],
Simultaneous Brightness Contrast (SBC) [63–65] and
White’s effect [15, 63, 65–69], but the difference between
the explanation of these two subclasses of illusion is that
for Tilt Illusions we seek for the prediction of tilt not the
changes of Brightness/Lightness profile used to describe
Brightness induction effects. The patterns under investigation seem to have mid- to high-level perceptual explanations, but in our previous investigations [14, 48–50] we
have shown that the illusory tilt cues in these patterns are
caused by multiscale retinal/cortical encoding by the simple cells and the Lateral Inhibition among them. We
demonstrated how a low-level explanation of these patterns
at multiple scales reveals the tilt cues in the local processing of the pattern, followed by higher levels of processing in the retina and the cortex for the integration of the
local tilt cues for the final percept. Two samples of Tile
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Illusions are shown in Fig. 1, namely Trampoline [70] and
Spiral Café Wall [71] patterns.
In this study, we further explore the neurophysiological
model of multiple-scale low-level filtering developed by
Nematzadeh et al. [14], based on the circular centre and
surround mechanism of classical receptive field (CRF) in
the retina. For filtering, a set of the Differences of Gaussians (DoGs) at multiple scales is used to model the multiscale retinal ganglion cell (RGC) responses to the
stimulus. The simulation output is an edge map representation at multiple scales for the visual scene/pattern, which
utilized to highlight the tilt effects in the investigated
patterns here. A systematic prediction of perceptual tilt is
presented in [48–50] using Hough space [72] for quantitative measurement of tilt inside the DoG edge map. This
multiple-scale representation has some analogy to Marr’s
and Hildreth [73] suggestion of retinal ‘signatures’ of the
three-dimensional structure from a raw primal sketch, this
being supported by physiological evidence [1, 74, 75].
One connection of our model with existing explanations
is the concept of assimilation and contrast in perceived
brightness. Jameson’s dual model of ‘Brightness Contrast
and Assimilation’ [51] explains Brightness/Lightness Illusions in terms of DoG filters with different characteristics
and dimensions. Here, the ratio of the filter size to image
features results in some brightness shifts, contrast or
assimilation. Also this filtering representation at multiple
scales might be the underlying mechanism to connect
similar explanations such as ours with some mid- to highlevel explanations for example ‘Anchoring theory’ [26]
and its extensions such as ‘Double-Anchoring’ [76] and the
idea of illumination framework proposed to address
brightness induction effects. Another important outcome of
this DoG edge map representation is that it highlights a
possible neural mechanism in ‘perceptual organizations’
for local and global percept, the idea in Gestalt psychology
for perceptual grouping of pattern elements. What we mean
by ‘pattern elements’ are smaller elementary components
of patterns that lead to the final percept in general and
perceiving illusions in particular.
In the next section, we present the psychological view of
perceptual grouping and Gestalt psychology in visual perception. The aim is to bridge between low-level spatial
frequency filtering (mainly retinal preprocessing) and highlevel perceptual organization (Sect. 2). We then move to a
detailed examination of the role of multiscale representation in computational models of vision, with a focus on
evidence of multiscale filtering within the retina (Sect. 3)
contrastively with other models and theories available in
prediction of Brightness/Lightness Illusions and Tilt Illusions. Next (Sect. 4), we explain the details of our simple
bioplausible Difference of Gaussian (DoG) model, implementing a classical receptive field (CRF) of simple cells in
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the retina/cortex, in which their scales are tuned to the
object size, ending with experimental results. We conclude
by highlighting the outcomes, advantages and disadvantages of our simple visual model and proceed to outline a
roadmap of our future work (Sect. 5).

2 Perceptual grouping
The perceptual view of visual psychology is mainly based
on Gestalt psychological findings [77–79]. These are related to the laws about perceiving meaningfully and generating whole forms by the brain as a global figure rather than
recognition of its simpler elements such as lines and points.
Therefore, the outlook of Gestaltism in perception is conceptually different from the structuralist view and hence
criticized by some scholars from computational neuroscience and cognitive psychology. They claim that Gestalt
principles can just provide descriptive laws rather than a
perceptual processing model [80]. However, the idea of
Gestalt psychology attracted many scholars on relevant
areas of vision research, which led to many research findings on object recognition and pattern perception in general
[81].
Two major reviews of empirical and theoretical contributions of Gestalt psychology in visual perception by
Wagemans et al. and Spillmann [77–79] have been released
to clarify the meaning and importance of this concept and
to bring it under the attention of researchers in the field of
vision. The book ‘Visual Perception’ [79] is among a few
that aimed primarily to correlate perceptual phenomena to
their underlying neural mechanism. Modern NeoGestaltist
views on cortical processing relates to how the brain is
working. ‘Often the whole is grasped even before the
individual parts enter consciousness’ [82, p. 10]. This
‘arises from continuous global process in the brain, rather
than combinations of elementary excitations’ [82, p. 11].
There are a few well-known visual theories in the same
spirit as Gestalt. One is the ‘Reverse Hierarchy theory’ [83]
claiming that there is a fast feedforward swap that quickly
activates global percept in high-level areas with large
receptive fields (RFs). There is feedback from these higher
areas to lower areas and recurrent processing in the lowerlevel areas. Processing in lower areas is with small
receptive fields for fine-grained processing of local detail
of visual input. Another theory is ‘General Theory of
Visual Object Recognition’ [84], in which two streams of
processing occur in parallel: high spatial frequencies of
input images which are processed relatively slow, and in a
feedforward sequence in the visual cortex (V1, V2, V4 and
so forth), and, on the other hand, low special frequencies of
visual input, which are quickly transmitted to area in prefrontal cortex to identify the object as well as their most
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likely scene context. These two streams are integrated and
refined in an interactive, reiterant way for the final percept.
Both of these theories postulate that global processing
comes first, and they have both dynamic views on cortical
processing.
In this context, Spillmann et al. state that ‘Over the
years, theoretical accounts for RF properties have progressively shifted from classic bottom-up processing
towards contextual processing with top-down and horizontal modulation contributing. These later effects provide
evidence for long-range interaction between neurons relevant to figure–ground segregation and pup out by brightness, color, orientation, texture, motion, and depth’ [85,
p. 1]. Specific models for uniform surfaces, filling-in and
grouping [86, 87] have been formulated and tested to
enable the transition from local to global processing by
using information from the beyond the classical RFs [85].
It has also been shown that Gestalt factor of good continuation is critical for contour integration [88].
It has been proven that neuronal response not only
depends on local stimulus analysis within the classical RFs,
but also from global feature integration as a contextual
influence, in which it can extend over relatively large
regions of the visual field [89]. This is another evidence for
the Gestalt credo that a whole is not reducible to the sum of
its parts [85]. ‘Classical RFs increase in size from near
foveal to peripheral location, from V1 to higher areas in the
extrastriate cortex. Smallest in the primary visual cortex
(V1), larger in V2, larger again in V3A and V4. Also the
slope of the functions describing the increase in size with
eccentricity increase progressively from lower to higher
visual area’ [85, p. 7].
The Gestalt principles of object and element perception
are about grouping of objects based on their similarity,
proximity or other cues. Within this global perception
processing, there are some innate mental laws reviewed in
Wagemans et al. [78]. We believe that in general, Gestalt
grouping laws of ‘closure’, ‘proximity’, ‘similarity’ and
‘continuity’ are among the principles, which their underlying neural mechanism can be revealed by some extent by
low-level vision models. The simple implementation of
retinal/cortical multiscale encoding in our model
[14, 48–50] provides some basic understandings of these
Gestalt principles, which will be explained further for
investigated patterns in Sect. 4.2.
The aim here is to connect multilevel explanations from
perceptual organization with global and local percept, to
the background low-level filtering explanations. There is a
similar connection of low-level retinal/cortical processing
to high-level Gestalt grouping principles stated by other
researchers in the field. For instance, Craft et al. [90]
propose a neural mechanism of ‘figure–ground organization’ based on border ownership to model complex cells in

the primary visual cortex (V1). In their investigation of
grouping cell connections, they linked their findings to
Gestalt grouping principles such as ‘connectivity’, and
‘convexity’ by applying connection weights based on different sizes of receptive fields in the cortex which was
modelled based on multiscale and orientated DoG filters.
Similarly, Roelfsema’s [91] findings in the perception of
‘pathfinder’ suggest that the Gestalt principle of ‘good
continuation’ can be understood in terms of the anatomical
and functional structure of the visual cortex.
We have shown [14, 48–50] that the retinal/cortical
simple cells processing, simulated in this model for these
stimuli (Tile Illusions), explains the emergence of tilt in
these patterns. It also provides a basic connection to perceptual grouping of pattern elements and their relational
organizations by simple modelling of classical receptive
fields (CRFs), tuned to the object size. We will show in
Sect. 4.2 how a specific group of pattern elements can be
generated in the edge map based on different parameters of
our bioderived DoG-based model, simulating the responses
of simple cells in the retina/cortex to a stimulus.
We close this section with the following key points by
Wagemans who asserts that ‘True Gestalts are dynamic
structures in experience and determine what will be wholes
and parts, figure and background’ [82, p. 18]. ‘In fact,
Gestalt phenomena are still not very well integrated into
mainstream thinking about the visual system operating
principles (e.g. selectivity and tuning of single cells, V1 as
a bank of filters or channels, increasing receptive field size
and invariance at higher levels of the hierarchy)’ [82,
p. 18].

3 Multiscale retinal/cortical representation/biology
and modelling
Hubel and Wiesel [92] showed that our visual system has a
multiscale and orientation filtering mechanism referred to
as an orientation tuner with columnar representation of
cortical cells. In contrast, other classical investigations
such as Barlow [93] and Kuffler [94] suggested that the
image encoding in the retina is based on a centre–surround
organization mechanism in retinal successive layers also
known in cortex.
Although physiological evidence of the existence of
multiscale filtering in the receptive fields of the retina is
well known, we highlight the changing size of Ganglion
cells (GCs) with eccentricity (that is their distance from the
fovea). A recent biological study [1] indicates there are at
least 17 distinct GCs in the retina. Each type has a diverse
range of size in relation to the eccentricity of neurones and
the distance from the fovea. The layer ganglia, covering the
retina, thus include different sizes and scale receptive
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Fig. 1 Sample Tile Illusion patterns. Left Trampoline pattern [70], right Spiral Café Wall illusion [71]

neurons, resulting in a multiscale retinal encoding of the
visual input that will be sent to the cortex. This is our
assumption for low-level visual processing in the retina.
There are other factors strengthening this assumption, such
as ‘Fixational eye movements’ [75] which are critical to
prevent fading the whole visual world. So the eyes are never
still and even when we are fixating, there is a visual mechanism of continuously shifting retinal image on the retina by
factor of a few 10–100 s GCs due to the type of fixational eye
movements. These include microsaccades, tremors and
drifts, which are unconscious source of eye movements.
There are also conscious eye movements such as saccades
that result on different retinal cells sensations. All the abovementioned evidence indicates the multiscale filtering representation in the retina due to the eccentricity relation of the
GCs sizes, which is their distance from the fovea.
Beyond the multiscale nature of retinal representation, it
has also been shown that some retinal receptive fields have
far extended surround seen in the lateral mechanism of
both horizontals and amacrine cells in the retina compared
to the retinal classical receptive fields (CRFs) size. The
idea of non-classical receptive fields (nCRFs) was first
introduced by Passaglia et al. [95] with modelling RFs
based on widely spread surround. This representation
provides some evidence for even specific orientation tuning
cells in the retina. Therefore, retinal visual output contains
not only the edge map with multiscale edge information
including the shades and brightness profile around the
edges, but also their orientations as a result of multiscale
and orientation processing of some retinal cells. This along
with other evidence suggests that in many stages of our
visual processing, there is spatial filtering adjustment
involved such as eye movements, which creates an
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adaptable spatial size mechanism in the retinal ganglion
cells [54]. Shapiro and Lu [64] argue that for brightness
perception, the spatial filter size is relative to the object size
in the whole image, which is consistent with the spatial
vision literature not the retinal spatial frequency. Our DoG
model has the same property.
The implementation of the receptive fields (RFs) in both
the retina and the cortex based on the Differences of
Gaussians (DoGs) dates back to 1960s when Rodieck and
Stone [96] and Enroth-Cugell and Robson [97] showed an
efficient model for retinal ganglion cell responses and the
centre–surround antagonistic effect. The explanations for
some Geometrical illusions such as Mach Bands, SBC and
Hermann Grid rely on the ‘Lateral Inhibition’ and ‘contrast
sensitivity’ of the RGCs [98, 99]. A model of ontogenesis
of lateral interaction functions was derived mathematically
by Powers [100] showing theoretically that it was possible
for commonly assumed types of lateral interaction function
to self-organize and in particular approximate the DoG and
LoG models, as well as other models related to the Poisson
and Gaussian distributions. Considering how this bootstraps to a higher-level model, such distributions can then
explain the repeated patterns of edge detectors at particular
angles through a self-organizing model [101]. Our investigation is based on applying a low-level DoG filtering
model, simulating the responses of RGCs to the Tile Illusion stimulus, to find a lateral inhibitory explanation for
these illusions.
Despite the controversy regarding low-level explanations for simultaneous Brightness/Lightness Illusions for
example [98, 102–104], low-level filtering techniques
showed their great power in addressing illusions of type
Brightness/Lightness
inductions
for
example
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[31, 67, 105, 106]. Some of these models build up their
methods on nCRFs implementation such as [17, 68] by using
elongated surround for orientation selectivity of some retinal
RF or cortical cells. Tile Illusions may have some similarities
to Brightness/Lightness Illusions, but they are usually given
different explanations [42, 45, 107–110]. We clarify that for
Tilt Illusions we should predict and measure the tilt orientation not the brightness profile changes, which is needed for
brightness induction explanations, although analysis of
brightness might provide us further clues having indirect
effect on tilt.
In our previous investigations [48–50], we have shown
that a simple classical receptive field model, implementing
multiscale responses of a symmetrical ON-centre and OFFsurround RGCs, can easily reveal the emergence of tilt in
these patterns. In the future, we intend to extend the model
to nonlinear spatial subunits and/or a nCRF implementation in order to identify angles of orientation on detected
tilts in the edge map quantitatively instead of our Hough
analysis stage.
The novelty of this work arises from its simplicity and
the multiple-scale representation view, to explain the
emergence of tilt in Tile Illusions based on a DoG edge
map of the visual stimulus, in which the scales of filters are
determined based on the characteristics of the investigated
pattern. More importantly, we believe that the edge map
explanation for the tilt effect and visual perception in
general bridges the low-level multiscale filtering with highlevel explanations of Gestalt perceptual grouping structures
by principles such as good continuation and connectivity of
the pattern elements. Furthermore, we should state here
that gradual changes of DoG scales in here make the model
more biologically plausible, and abrupt changes like doubling the scale in each level might end up losing some
important information, for modelling CV tools in general
and addressing Tilt Illusions.

filtering at multiple scales simulating retinal RF responses
to address Tilt Illusions in general. The output of the model
is a DoG edge map at multiple scales, in which each scale
of the DoG creates a new layer of visual information. Our
main intention here is to connect the edge map representation of our model (simulating retinal GC responses to
stimuli) to higher-level perceptual grouping mechanisms
such as Gestalt grouping principles.
4.1 Multiscale implementation of Difference
of Gaussians
The interaction of lateral inhibition by retinal GCs can be
modelled by differences of two Gaussians, one for the centre
and one for the surround, in which the surround has a larger
standard deviation compared to the centre. The DoG filtering
techniques are generally used for identifying the edges in CV
applications, and by additional multiple-scale DoG filtering,
an edge map representation for the pattern is extracted. The
multiscale Gaussian representations used in diverse range of
CV applications such as DoG/LoG pyramids [58], SURF
[117, 118] and SIFT [119] for image representation design,
by considering the trade-off between efficiency and complexity for both rendering smooth regions and detailed
contours and textures in the image [59]. Due to the bioplausibility goal, we have considered just a simple implementation of multiple-scale DoG filtering and have not used
any of those above-mentioned CV techniques to prevent any
alternation of the results. Also we change the DoG scales as
incremental/decremental stepwise in each level, to capture
the maximum output results as the levels of edge map,
instead of multiplying the scale in each step, which is mainly
used in the CV models.
For a pattern I, the DoG output of a retinal GCs model
with circular centre and surround organization is calculated
as follows:
DoGr; sr ðx; yÞ ¼ I  1=2pr2 exp½ðx2 þ y2 Þ=ð2r2 Þ

4 Our model

 I  1=2pðsrÞ2 exp½ðx2 þ y2 Þ=ð2s2 r2 Þ
ð1Þ

Biological evidence has shown that GC excitation has a
centre–surround organization [111] and could be modelled
by the differences of two Gaussians [112]. Marr and Hildreth [73] suggest for an involvement of higher-order
Gaussian derivatives, utilizing the Laplacian of Gaussian
(LoG) and its DoG approximation to model the initial
retinal filtering. Young [113, 114] applied linear combination of Gaussians and LoG instead of DoG, but there is
still no biological evidence for the structure of these
functions [115].
A neurophysiological inspired model implementing the
lateral inhibition by the retinal cells [96, 97, 116] is
employed by Nematzadeh et al. [14, 48] based on the DoG

where DoG is the convolved DoG result, x and y indicate
the distance from the origin in the horizontal and vertical
axes, respectively, r is the sigma or ‘scale’ of the centre
Gaussian (r ¼ rc ) and sr shows the scale of the surround
Gaussian (sr ¼ r). Therefore, s factor is referred to as the
Surround ratio as shown in Eq. (2). In vision models, this
factor is sometimes referred to as point spread function of
retinal cells [120].
s ¼ rsurround =rcenter ¼ rs =rc

ð2Þ

The value of s in our model set to 2. Other values, such
as 1.6, were tested with negligible difference in the result.
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Fig. 2 Left 3D surface of a Difference of Gaussian filter with the scale of the centre Gaussian equal to 8 (rc ¼ 8). The Surround ratio is s ¼ 2,
and the Window ratio is h ¼ 8. Right Top view (2D) of the DoG filter. Window size is 65 9 65. Jet white colour map is used to display the graph.
(Color figure online)

Increasing the s factor results in more surround suppression
effect on the final output, while the local weights are
decreasing (due to definition of a normalized Gaussian
kernel).
Rather than the s factor for the surround Gaussian, the
DoG window size is also another parameter to consider,
characterized by parameter h given in Eq. (3). Very large
windows result in long computation, and very small windows are just approximating a box blur filter not a weighted
Gaussian one. For the experimental results (Sect. 4.2), the
h value set to 8 times larger than the scale of the centre
Gaussian (rc ) to capture the inhibition effect as well as the
excitation and keep the significant values of both Gaussians
within the window (95% of the surround Gaussian is
included within the DoG filter). A three-dimensional surface graph and a top view of a sample DoG filter are shown
in Fig. 2 in jet white colour map.2
Window size ¼ h  rc þ 1

ð3Þ

So, to generate a multiple-scale DoG representation for
the pattern we apply DoG filter at different scales to the
pattern. The scales are pattern specific. The outputs of the
DoG model, as the edge maps of sample patterns, are
displayed in Figs. 3, 4, 5 and 6. On top of these figures, you
see the original patterns (Café Wall, Munsterberg, Crop of
Café Wall and Complex Bulge patterns) and an enlarged
DoG at a specific scale from the edge maps that highlights
the tilt effect in these patterns. The edge map representations at multiple scales (may be referred to as multiplescale DoG edge map for convenience in our work) have
been presented at the bottom half of these figures for six or
2

Downloadable from Mathworks—MATLAB central. http://www.
mathworks.com/matlabcentral/fileexchange/48419-jetwhite-colours-/
content/jetwhite.m.
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eight scales (six or eight levels of rc ). Rather than the
scales of the centre Gaussian, the other parameters of the
model and the characteristics of each pattern have been
provided in each figure. In the edge map output, the scale
of the centre Gaussian (rc ) increases first from left to right
within a row and then from one row to the next. We tried to
represent the multiple-scale representation of our bioplausible low-level filtering model, in a way that the output
result can be seen easily as a sequence of increasing scales,
which in total provides us the multiple-scale edge map
representation for each pattern.
The result of our computational model interestingly
reveals the possible underlying neural activation/inhibition
effect of the retinal ganglion cell (RGC) responses in our
simulations to these illusion stimuli (Tile Illusions). As the
results in Figs. 3, 4, 5 and 6 show, the edge map representation of these patterns connect to some ‘Gestalt perceptual grouping’ principles explaining high-level
perceptual organization of pattern elements such as
‘proximity’, ‘similarity’, ‘continuity’ and ‘good continuation’. These grouping principles are assumed to be the
basic blocks for our perception of the world.
Based on the experimental results provided in Figs. 3, 4,
5 and 6, we found that different grouping structures of
pattern elements emerge in the gradual change of scale in
the edge map. The grouping structure in the DoG edge map
at multiple scales is related to factors such as scale resolution including number of scales and increment/decrement
of scale level, the size of DoG filters, as well as the predefined scales in the model which determined by the spatial
frequencies of the objects/texture sizes in an investigated
pattern which is consistent with spatial vision literatures.
In physiological vision, it is more likely that there is
scale adjustment by a preprocessing retinal mechanism or a
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physical mechanism such as fixational eye movements
[75]. This would seem to optimize in some sense for the
later retinal processing and the encoding of its multiscale
representation for further analysis in the cortex and would
involve feedback mechanisms, which provide local supervision in what is overall an unsupervised system, again a
matter for further research. This scale adjustment could be
modelled in CV by pre-analysis of spatial frequency of the
pattern’s features before setting up the scale values for the
bioderived DoG model, to produce a parsimonious efficient
representation out of the pattern. We have defined the
scales of the DoG filters empirically, by considering the
size of elements inside each pattern.
Therefore, there is a connection between psychological
aspects of a pattern and its structural features (considering
the grouping factors of its elements) and a parametric lowlevel representation of the pattern (as its retinal encoding)
implemented in our model. So, by modelling the RGC
responses and generating an edge map representation of a
pattern, we are able to find a precise given range of DoG
scales, which reveals the emergence of a particular perceptual grouping structure from the pattern elements. We
will show this further in the following results.
4.2 Experimental results
The output of our bioplausible model [14, 50] for Tile
Illusions, including the ‘Café Wall’, ‘Munsterberg’ and
Complex Bulge’ patterns, shows that simply utilizing a
DoG processing at multiple scales, implementing lateral
inhibition in the RGCs, not only produces an edge map
when applying a fine-scale DoG, but also extracts other
hidden information such as shades and shadows around the
edges, and even the local texture information by increasing
the scale of the DoG filter.
These results not only highlight the connection of our
model to Jameson’s theory of ‘Brightness Contrast and
Assimilation’ [51], but also indicate that there are numerous Geometrical cues available that can be uncovered by
this simple edge map representation.
There are some previous explanations for connecting
‘Brightness/Lightness’ Illusions and ‘Geometrical’ illusions [46, 52]. The tilt perception in Tile Illusions seems to
be affected from ‘Brightness Contrast and Assimilation’ as
well as some ‘border shifts’ [14, 45].
The multiple-scale DoG edge map for the ‘Café Wall’
illusion indicates the appearance/emergence of divergence
and convergence of the mortar lines in the pattern shown in
Fig. 3, similar to how it is perceived. The Café Wall illusion originates from the twisted cord [33] elements with the
local inducing tilt and then integration of these local tilts to
an extended continuous contour along the whole mortar
line [47, 121]. The investigated pattern is a Café Wall of

3 9 8 tiles with 200 9 200 px tiles and 8 px mortar. We
start at finest scale below the mortar size at scale 4 (rc ¼ 4)
and extend the scales till scale 24 (rc ¼ 24) here, with
incremental steps of 4. At scale 28 (rc ¼ 28) which
investigated but has not been shown in the figure, the filter
captures nearly the whole tiles of the pattern [refer to
Eq. (3)]. Non-critical parameters of the model are s = 2
for the Surround ratio and h = 8 for the Window ratio.
Similar explanations for the Café Wall illusion have been
given by other scholars based on either ‘Low-level filtering’ models [41, 43, 44, 46, 110] or ‘higher-level’ psychological explanations such as ‘Border Locking’
explanation [42]. The illusion percept in the pattern could
be affected by the intermediate brightness profile of the
mortar lines with respect to the brightness of the tiles, the
height of the mortar lines, the ratio of the mortar height to
the tile size, the amount of tile shifts in consecutive rows
(phase of tile displacement) [41, 42] and even more
involvement of other perceptual parameters in the pattern.
The simulation results of our investigations on variations of
Café Wall patterns having different characteristics based
on the above-mentioned parameters have been presented in
our article [122]. The paper presents both qualitative and
quantitative comparison results of the tilt prediction of the
model for both the magnitude and the direction of tilt in
these variations. We note that even the strength of illusion
in different variations of the Café Wall pattern is predictable from the DoG edge map representation at multiple
scales. We are not aware of any other theories which have
produced quantitative predictions for this illusion.
A closer look at the multiple-scale representation of the
Café Wall pattern in Fig. 3 reveals further cues about how
perceptual grouping structures are generated during the
DoG processing. The grouping of white tiles in two adjacent rows by the mortar line connecting them starts to
appear at fine scales at 4 and 8 (rc ¼ 4; 8). As the scale
increases, this grouping structure (mortar line connection
with the tiles), referred to as ‘twisted cord elements’ [33] of
the pattern, starts to get disconnected, as shown at scales 12
and 16 (rc ¼ 12; 16) clearly. At the next scale (rc ¼ 20),
there is no grouping visible of the tiles and mortar cues,
although the appearance of tiles as wedge shape provides a
cue to support the near-horizontally diverging and converging perception of the location of the mortar lines, even
without the appearance of them in the DoG output at coarse
scales. From scale 20 (rc ¼ 20) onwards, a new grouping
arrangement arises, this time in the vertical direction. This
group arrangement connects identically coloured tiles in a
vertical zigzag direction exactly in the ‘opposite direction’
to the previously seen (near-horizontal) diverging/converging mortar groupings.
The ‘vertical zigzag groupings’ seem to be the result of
our global perception of the pattern, while the near-
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horizontal diverging/converging’ mortar lines are a local
percept arising from a local focus on the mortar lines
joining different tiles in adjacent rows. Therefore, there is a
simultaneous perception of both groupings due to rapid
changes in the focus point of the eye. Even at a focal view,
due to eccentricity relation of RGCs sizes and distance to
the fovea, we still have this multiscale retinal encoding of
the pattern. Although we might get an impression of either
the ‘local or global percept’ of the pattern in an instance of
time, it is more likely that the global percept would carry
more weight in the final perception of the illusion pattern,
but interestingly, even at coarse scales, where tiles are not
connected through the mortar lines, the wedge shape of
tiles provides the same stable direction for the divergence/convergence percept of the mortar lines in the DoG
edge map.
The edge map representation of the Café Wall illusion
indicates that, at different scales of the DoG, there are
‘incompatible grouping precepts’. In other words, according to ‘continuity’ principle at scale 8 (rc ¼ 8), we see a
column where the middle element is displaced to the right,
while at scale 20 (rc ¼ 20) it is displaced to the left. We
claim that the existence of different precepts at different
scales contributes to the tilt induction in the Café Wall
illusion [14, 48].
To further investigate the contribution of the mortar
lines on the tilt effect of the Café Wall pattern, we
investigated the ‘Munsterberg illusion’ [41, 46, 47], a
version of Café Wall pattern without any mortar lines in
between rows of tiles, as shown in Fig. 4. The tile sizes
are the same as the Café Wall pattern explained before
(200 9 200 px) and the parameters of the model have
been kept the same as described in Fig. 3. The Munsterberg pattern and the DoG output at scale 8 (rc ¼ 8)
have been shown on top, followed by the multiple-scale
edge map of the pattern at six different scales at the
bottom half of the figure.
The edge map of the Munsterberg pattern (Fig. 4) shows
that the early grouping of nearly horizontal diverging and
converging tilt cues along the mortar lines seen in the Café
Wall pattern at fine scales (rc ¼ 4; 8; 12; Fig. 3) does not
occur with the Munsterberg pattern at all. The only
grouping of pattern elements revealed in multiple scales of
the DoG edge map here is just the vertical zigzag or
columnar groupings of identically coloured tiles; therefore
and in direct contrast to the ‘Café Wall’ illusion, the
‘Munsterberg’ pattern has NO illusory perception of tilt.
The results support previous psychophysical findings
[41, 46, 47].
So, the DoG edge map of the ‘Café Wall’ qualitatively
reveals the tilt in the pattern. For quantitative analysis of
tilt, we have used Hough space to measure the absolute
mean tilt angles of the mortar cues in the edge map of the

123

N. Nematzadeh et al.

Café Wall pattern at multiple scales [48–50]. Figure 5
shows the tilt analysis results of a crop section of a Café
Wall pattern. The crop section consists of a 4 9 5 tiles and
selected from a Café Wall of 9 9 14 tiles with
200 9 200 px tiles and 8 px mortar as shown in Fig. 5
(top). At the bottom left, the edge map at six different
scales (rc ¼ 8 to 28) with incremental steps of 4 is displayed (in jet white colour map). The bottom right shows
the detected houghlines in green, displayed on the binary
edge map at six different scales and around four reference
orientations of horizontal, vertical and diagonals (blue lines
indicate the longest lines detected at each scale, and red
and yellow crosses show the beginning and end of detected
line segments). For further implementation details about
the quantitative measurement of the degree of tilt in the
pattern and detected houghlines, please refer to [48, 50].
The other investigated pattern here is ‘Complex Bulge’
pattern shown in Fig. 6. The pattern consists of a
checkerboard background and superimposed dots on top of
the checkerboard. The edge map of the pattern at eight
scales has been shown at the bottom half of the figure,
starting at scale 1 (rc ¼ 1), the finest scale, to scale 8
(rc ¼ 8), with incremental steps of 1. The DoG output at
scale 2 (rc ¼ 2) has been enlarged and displayed on top of
the figure, next to the original pattern. Here the Surround
ratio is chosen as s = 1.6 [73], and the Window ratio is
h = 8. As explained in Sect. 4.1, the ‘distributions of
spatial scales’ are specified by pattern elements. In Fig. 6,
the size of the Complex Bulge pattern is 574 9 572 px.
The dimensions of each individual tile and small dot in the
pattern are 36 px and 10 px, respectively. Therefore, in
order to capture both high-frequency details (superimposed
dots) and low-frequency contents (tiles) from the pattern
[using Eq. (3) and the constant value of 8 for the Window
ratio], the range of scale should start with a filter smaller
than the dots and extended to a maximum size larger than
the tiles in the pattern (Window size = 8 9 1 ? 1 =
9 \ 10 px; the size of dots; and Window size = 8 9
8 ? 1 = 65 nearly twice as the size of each tile to specify
the range of scales between 1 and 8 with incremental steps
of 1 in the edge map of this pattern).
The bulge effect might be addressed by ‘high-level’
explanations such as uncertainties in both formation and
processing of image features, for instance points and lines
[107] or even ‘psychological’ explanations based on categorization of edges due to different intensity arrangements around them [42, 71], but our explanation relies on
a ‘low-level multiscale filtering model to address the tilt/
bulge effects in these patterns. Based on our assumptions,
the ‘Bulge effect’ is happening due to a number of visual
clues, for instance the brightness perception of the
checkerboard background causing a simple border shift
outwards for the white tiles, and expansions in the

Bioplausible multiscale filtering in retino-cortical processing as a mechanism in perceptual…
Fig. 3 Top left Café Wall
pattern with 200 9 200 px tiles
and 8 px mortar. Top right
Enlarged DoG output at scale 8
(rc ¼ 8) in the edge map.
Centre The binary edge map at
six different scales
(rc ¼ 4 to 24 with incremental
steps of 4). Bottom Jet white
colour map of the above edge
map. Rather than the centre
Gaussian, other parameters of
the model are: s ¼ 2, and h ¼ 8
(the Surround and Window
ratios, respectively)
(Reproduced by permission
from [145]). (Color
figure online)

Fig. 4 Top left Munsterberg
pattern with 200 9 200 px tiles.
Top right Enlarged DoG output
at scale 8 (rc ¼ 8) in the edge
map. Bottom The binary edge
map at six different scales
(rc ¼ 4 to 24) with incremental
steps of 4. Other parameters of
the model are: s ¼ 2 and h ¼ 8
similar to Fig. 3 (Reproduced
by permission from [145])

intersection angles due to Brightness Contrast and
Assimilation theory [51]. More importantly, further clues
related to local positions of superimposed dots, which
may have frequency discharge or emission results in local
border tilts or bows [14].
In the ‘Complex Bulge’ pattern (Fig. 6), the output of
our DoG model again predicts two distinct groupings. At
fine scales from 1 to 3 (rc ¼ 1 to 3), there is a grouping of
a two-dimensional bulge, starting from the central tile
square, expanding towards the outer regions, like a circular
movement of a bulge from the centre to its surroundings.

The effect produces a kind of edge displacement or tilt of
the checkerboard edges with the induction of the bulge.
The DoG output at fine scales (rc ¼ 1 to 3) in Fig. 6
highlights a grouping of connected superimposed small
dots together, which has a close connection to ‘Similarity’,
‘Continuity’ and ‘Connectivity’ in the Gestalt grouping
principles. At fine scales of the DoG edge map, the ‘central
tile’ plays an important role in the inducing bulge effect.
By increasing the scale from 4 to 8 (rc ¼ 4 to 8), another
grouping structure starts to emerge, out of identically
coloured tiles with an X-shape structure combined with a

123

■ 218

N. Nematzadeh et al.

Fig. 5 Top A crop section of
4 9 5 tiles (enlarged) from a
Café Wall of 9 9 14 tiles with
200 9 200 px tiles and 8 px
mortar. Bottom left Edge map of
the crop section at six scales
(rc ¼ 8 to 28), with
incremental steps of 4 in jet
white colour map. Bottom right
Detected houghlines displayed
in green on the binary edge map
and around four reference
orientations of horizontal,
vertical and diagonals. Blue
lines indicate the longest
detected lines at each scale of
the edge map (Reproduced by
permission from [145]). (Color
figure online)

wave-like effect between the intersections of the X. Unlike
the first bulge grouping, which occurred as a result of finescale DoG filtering, the DoG output of the pattern at coarse
scales results in edge movements of the ‘central tile’ with
the tilt effect appearing in a different direction (nearly 45
rotated from the grid) due to the ‘X-shape grouping’
structure, which groups the background checkerboard tiles
together. Again, ‘Similarity’, ‘Connectivity’ and ‘Continuity’ are the Gestalt grouping principles that have been
shown by our simulated results modelling low-level processing of the simple cells in response to the pattern. The
difference between the structure of the X-shape group and
the Bulge group is that the X-shape grouping occurs for
coarse or low-frequency components of the pattern, that is
the checkerboard tiles, rather than the high-frequency
details, that is the small superimposed dots (appear in the
DoGs at fine scales) in which it generates the Bulge group.
The X-shape grouping has an inducing effect of shrinkage
on the central tile exactly opposite to its previous expansions with the DoG responses at fine scales.
As into the ‘Café Wall’ illusion explained before, in the
‘Complex Bulge’ pattern, the DoG output of the model
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includes two distinct grouping arrangements, in this case a
‘Central Bulge’ and an ‘X-shape’ induction, with incompatible effects on the border shifts. It seems that the ‘Xshape’ percept arises from global perception when we
focus on the periphery of the pattern, while the ‘Bulge
effect’ is the result of focusing on the central area close to
the central tile or on the inducing superimposed dot cues on
the checkerboard; therefore, it is a local percept. To summarize, the multiple-scale DoG edge map of the ‘Complex
Bulge’ pattern reveals two distinct and incompatible precepts or grouping structures arising simultaneously and
results from our local to global percept of the pattern,
contributing to bulge induction in the pattern.
Tilt effect in the Bulge patterns can also be explained in
terms of perceptual interaction of foreground and background elements. The checkerboard in these patterns plays
as a background and small superimposed dots as the
foreground object. Due to the blurring effect of multiscale
retinal GCs encoding and multiscale cortical processing of
retinal output, these superimposed dots get connected
(grouped) together and create a foreground subpattern as an
illusory figure. The final perception in these patterns arises
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Fig. 6 Top left Complex Bulge
pattern (574 9 572 px) and top
right The DoG output at scale 2
(rc ¼ 2)—enlarged that
highlights the bulge effect in the
pattern. Bottom The binary edge
map of the pattern at eight
different scales (rc ¼ 1 to 8)
with incremental steps of 1.
Other parameters of the DoG
model are: s ¼ 1:6, and h ¼ 8
(the Surround and Window
ratios, respectively)
(Reproduced by permission
from [145])

from the interaction of foreground superimposed dots (illusory figure of grouped dots) and the background elements
of checkerboard tiles. In our implementation, the blurring
effect on the final perception of the pattern is related to the
size of the DoG filters, which acts as a band-pass filter. It is
noteworthy that the shape of dots does not play an
important role in the final percept of these patterns,
although their sizes and positions (their relative distance to
the outlines of the tiles of the checkerboard) in the patterns
are important. They can be square, circle or any other shape
but as long as their relative sizes are the same, the overall
impression of tilt would be similar. The reason is that in the
multiple-scale DoG processing, which simulates visual
blurring at early stages of visual processing, the outputs get
very similar when the size of DoG filter reaches to the
overall size of the dots.
Rather than just showing the bulge/tilt effect qualitatively in this pattern, we have done some quantitative
measurement of tilt in Hough space. Detected houghlines
for two scales of 2 and 4 (rc ¼ 2; 4) of the DoG edge map
have been displayed in green on the binary edge map in
Fig. 7 (centre row). The two images at the bottom row of

the figure show the zoomed-in versions of the images in the
centre row. Here the technique used for quantitative tilt
measurement highlights two different groupings of pattern
elements at different scales of the edge map. We have
shown this quantitative tilt results and detected houghlines
on the Complex Bulge pattern here as a sample to show the
coverage of our model for more complex Tile Illusions.
Further details about the extraction of houghlines on this
pattern are out of the scope of this paper, but for Café Wall
pattern it can be found in [48–50].
We should note that although the DoG edge map representation of Tile Illusions reveals the local tilt cues at
multiple scales of the edge map (most probably reflects on
the encoding of the retinal ganglion cells), these local tilt
cues must be integrated at higher levels of visual processing (completed in the cortex). The mechanisms
involved in the edge integration are widely believed to be
the result of cortical complex cells (see, for example,
[47, 110, 121] for the Café Wall illusion). Based on the
neurophysiological evidence for the existence of some
retinal GCs with orientation selectivity property
[93, 123–125], as well as the possibility of a simultaneous
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activations of a group of GCs (combined activity) in the
retina by the output of amacrine cells [126–128], we suggest the possibility that the edge integration starts in the
retina to some extent, in which it reflects in the retinal spike
trains send to the cortex for the completion of the process.
We are not claiming that our simple multiple-scale DoG
model can replace all the mid- to high-level explanations
for similar illusions. We believe that many of these
approaches have broad value, for example in contour
illusion explanations or LBT illusions, which need further
analysis or even previous knowledge and inferences for
their explanation. What we have presented here builds on
previous work [14, 48–50], highlighting the power of a
first-stage multiple-scale model (with gradual changes of
scale) based on retinal physiological insights and its multiscale processing of a visual scene. The aim was to show
how much of visual information can be revealed and
encoded by low-level retinal/cortical simple cells processing. This first-stage multiple-scale output can then feed
to other high-level models for further application-based
processing (for instance reweighting for normalization
schemes or by the fusions of multiple scales into a multiscale representation).
Here we have connected the output of our DoG model at
multiple scales, to some prominent perceptual grouping
principles such as continuity, connectivity and similarity,
which are high-level perceptual explanations of our final
percept. What we believe is that bioplausible low-level
filtering techniques like ‘Lateral Inhibitions’ and ‘Contrast
Sensitivity’ models are able to answer many Geometrical
and Brightness/Lightness Illusions based on their nature of
multiscale processing. We have shown here that simple
circular centre and surround implementation of RGCs can
reveal the emergence of tilt in the Tile Illusions. Although
our model is a classical RF (CRF) implementation of RGC
responses at multiple scales, the scales of the DoG edge
map have been specified based on the characteristics of the
investigated pattern. Additional implementations for orientation tuning of retinal ganglion cells (either nonlinear
spatial subunits or nCRF implementations) might facilitate
the investigations on broader range of Geometrical and
Brightness/Lightness Illusions.

5 Conclusions and future work
We investigated the lateral interaction effect in visual
processing of the perceptual organization of pattern elements and how it is connected to mid- and high-level result
of grouping factors in our global percept, by simple computational modelling of retinal/cortical simple cells. In the
perception of a visual scene, the grouping means ‘putting
items seen in the visual field together, or organizing image
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data’ [129, p. 305]. It should be noted that the interest in
grouping processes originated with the effort of Gestalt
psychologists who have been the first to study grouping
comprehensively as part of the general process of perception [130] (1920s, 1930s) and formulated a set of rules to
explain the groupings perceived by humans. These grouping principles were typically justified by drawing parallels
with certain neurological theories that were known at the
time for their underlying neural mechanism.
In computational modelling of vision, Marr pointed out
the need for perceptual clustering algorithms for obtaining
full primal sketch from the raw primal sketch, using criteria
such as collinearity and size similarity [22]. Clustering and
segmentation algorithms broadly studied by the researchers
in the field of CV and our intention for explaining illusory
tilt effect focus on simple modelling of retinal low-level
processing. We presented our investigation on a variant of
the retinal classical receptive field (CRF) model implementing processing in the retinal ganglia and then used the
model to generate an edge map representation as a raw
primal sketch, which clearly highlight the emergence of tilt
on a few Tile Illusion patterns.
It is well established that the centre–surround receptive
fields of the RGCs are ‘contrast estimators’ [97]. We
implemented our model based on a circular centre and
surround organization of RGC responses considering the
lateral inhibition interaction among them and utilized the
DoG filtering at multiple scales to explain some of the
second-order Tilt Illusions [14, 50] (referred to as Tile
Illusions in our study), in particular ‘Café Wall’ and
‘Complex Bulge’ patterns here. We used this DoG edge
map at multiple scales on Tile Illusion patterns described
here for prediction and measurement of both tilt magnitude
and its direction, by further analysis on their DoG edge
maps by our model.
Although the edge map representation at multiple scales
with gradual change of scale as the model output might
seem over-complete, it has the potential to provide a lower
error model of the data and is more likely to provide the
information at the level of detail required for a particular
image or application. One advantage of such models is that
the model output is not sensitive to the exact parameter
settings. It is important that the range of scales in the
bioplausible DoG-based model is defined in such a way as
to capture both high-frequency edge and texture details and
the low-frequency profile information conveyed by
brightness/colour from the objects within the scene. Thus,
the neural processing of images that leads to the final
potentially illusory output occurs at multiple scale levels.
The number of such scales involved is a function of the
parameters of the model. In general, reducing the number
of scales is possible by increasing the incremental step, but
this needs to be managed in a way that does not lose any
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intermediate or preliminary perceptual information that
emerges during visual processing of a pattern or scene.
In this current work, we further investigated this
model and the Tile Illusion patterns to find a connection
of our ‘bioderived Low-level filtering’ model to some
high-level ‘Perceptual grouping’ organizations with our
main focus on Gestalt grouping principles, for example
continuity (good continuation), connectivity and similarity. The experimental results show that the output of
the model as an edge map representation of a stimuli
could provide us not only the multiple-scale edge
information as the indications for some shades around
the edges, but also other hidden information such as
local texture in the stimuli, as well as possible underlying mechanism for perceptual grouping arrangements
at different scales. Therefore, the implementation of
lateral inhibition in RGCs using DoG processing at
multiple scales creates a feasible perceptual interpretation of the local structure in the pattern in a way that
best meets its global perception.
We expect further that these low-level filtering approaches (retinal/cortical) have the ability to play a significant
role in other higher-level models in relation to depth and
motion processing which can contribute to the high-level
top-down explanations of visual processing and can be
extended to nCRF modelling for orientation selectivity of
visual complex cells. Even the combination of the nCRF
and the CRF for modelling RGCs could go a long way in
supporting low-level filtering models. There is still much
debate about the extent of coverage of isotropic filters in
low-level approaches to represent the visual cues. Two
successful models demonstrating the power of symmetrical
filters in brightness perception models can be found in
[131, 132]. Dakin and Bex [131] proposed a model for
amplification of the low spatial frequency information of
the image. Their model relies on a reconstruction phase
based on the natural statistics of the image using a series of
centre–surround, Laplacian of Gaussian filters. They
demonstrated that complex models of orientation selective
filters are not essential to successfully model brightness
phenomenon such as White’s effect and Craik–O’Brien–
Cornsweet (COC) illusions. They highlighted the importance of normalization within low-level models rather than
elongated filters. Zeman et al. [132] utilized a family of
exponential filters (again isotropic) with multiple sizes and
shapes instead of DoG/LoG for predicting the perceived
brightness in their model. Their simulation results are
comparable with the results achieved by the state-of-the-art
Brightness/Lightness models [17, 67, 68] addressing both
assimilation and contrast effects in Brightness/Lightness
Illusions. All of these CV models certainly should get
support from physiological evidence of retinal and cortical
visual processing.

The extent of retinal encoding of visual input is not yet
clear. The complexity of retinal processing of visual data is
summarized by Field and Chichilnisky who note that:
‘retinal spike trains are significantly more complex than
was commonly appreciated, exhibiting surprisingly precise
spike timing and highly structured concerted activity in
different cells’ [1, p. 2]. They also note that: ‘three-pathway model fails to capture the functional diversity in the
LGN. Furthermore, the specificity of connections from
LGN to primary visual cortex extends beyond the wellknown magnocellular/parvocellular separation [133–136]’
[1, p. 11]. Important challenges of neurophysiological
discoveries of the retinal encoding and circuitry are noted
to be: ‘identifying the distinct subcircuits that terminate on
each RGC type, identifying the diversity of amacrine cell
function and its contribution to shaping RGC responses,
and identifying how RGCs within and across mosaics
interact in communicating visual information to the brain’
[1, p. 11].
The patterns we investigated are black and white, but
individual cones are red, green or blue (M, L or S), and
RGCs of different types exhibit different colour opponency
properties and prevalences and thus different resolutions
for different opponent colours. Thus, the contrasts for a
black and white image that occur in the retina must be
mediated by B–Y or R–G opponents, with the former being
primary in mammals [137]. To explore the different spatial
frequency characteristics of different RGC types, DeValois
and DeValois [138] investigated both chromatic and
achromatic versions of the checkerboard illusion. For
chromatic and achromatic images of the same size, they
demonstrated the assimilation in chromatic checkerboards
where there was contrast for the achromatic version. They
explained that assimilation effect is due to the chromatic
system having much lower spatial frequencies compared to
the achromatic system. For the Tile Illusions, Westheimer
[139] investigate an isoluminant heterochromatic version
of one sample Bulge pattern [109] and suggest that the
illusion can disappear when the black and white tiles are
replaced by isoluminant ones. Although this is not clear in
the isoluminant version presented in the article, it can be
expected for the above reasons at certain sizes and scales.
More psychophysical experiments are needed to clarify the
role of colour in Tile Illusions, including testing these
illusions in both chromatic and achromatic versions on
colour blind people as well as normal subjects. Shapiro
[140] developed a quantitative model for the visual
response of the cone cells with two separate pathways, one
for luminance and chromatic information and one for
contrast information. He presented the output of the model
for disc-ring stimulus containing two discs of identical
chromaticity and luminance, one surrounded by light ring
and one surrounded by a dark ring. He showed that the
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Fig. 7 Detected houghlines
(centre) for two scales of 2 and
4 (rc ¼ 2; 4) from the edge map
of the Complex Bulge pattern
(top). The two images at the
bottom of the figure are
zoomed-in versions of the two
images at the centre row. The
parameters of the model and
Hough investigation have been
provided on the
figure (Reproduced by
permission from [145]). (Color
figure online)

123

N. Nematzadeh et al.

Bioplausible multiscale filtering in retino-cortical processing as a mechanism in perceptual…

contrast pathway appears to have a faster response compared to the colour pathway (Fig. 5 in [140]). A quantitative model of achromatic colour computation of similar
stimulus used in [140] has been investigated by Rudd and
Zemach [141] based on a distance-dependent edge integration mechanism. They have shown the outperformance
of the edge integration model over the highest luminance
rules of Anchoring theory [26].
In conclusion, we have presented a detailed explanation
of the extent to which DoG (and LoG) model predicts the
Café Wall illusion specifically and measured the degree of
tilt quantitatively in each scale utilizing Hough space
[48–50]. We have also explored the concept of applying a
second-stage processing model for orientation detection of
tilt in broader range of Tilt Illusions such as Bulge patterns.
The measurement of tilt value should consider both global
tilt measurement (overall view of the pattern) and the ‘local
focus on tilt’ predicting local tilt percept or the edge displacement. This will highlight a more precise connection of
our Tilt Illusion explanation to the perceptual grouping of
visual data. We need to estimate the illusion strength and
orientation based on a psychophysical assessment of the
model prediction, which is a priority in our future study.
In our future work, we intend to add orientation selectivity to the model and make an extension to an implementation of a nonlinear spatial subunits and/or a nCRFs
model, inspired by biological findings [95, 142–144].
These extensions can be achieved either by using a summation of Gaussian components at multiple spatial scales,
or nCRF implementations. This may be achieved by isotropic filters with three Gaussians such as extended CRF
model of Ghosh et al., with classical excitatory and inhibitory surround Gaussians, and a non-classical extended
disinhibitory field (surround) [65, 99], or by anisotropic

filters with elongated surrounds in different orientations
such as the Brightness/Lightness model of Blakeslee and
McCourt [31, 67]. The aim will be to explore more on
orientation tuning cells and their effects on the perceived
brightness, with an attempt to connect the edge map of our
model to brightness models, and most importantly to
design a bioderived second-stage processing in our model
for identifying angles of orientation on detected tilts in the
edge map quantitatively instead of the current Hough
analysis stage. This extension to the current model facilitates further processing of the revealed tilt in the edge map
representation of the patterns. Our intention would be to
build our analytical model similar to our visual processing
for searching of different visual clues in natural or illusion
patterns.
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Appendix
See Tables 1 and 2.
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Table 1 Geometrical and Brightness/Lightness Illusion patterns (Reproduced by permission from [145]). The source and original references of
illusions in this table are provided in Table 2
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Table 2 The source and original references of the illusion patterns in Table 1
Illusion patterns

Appendix
Row#a…d

Source/original
Author (date)

References
Source/original

Mach Bands

Rl-a

Penacchio et al. (2013)/Mach (1865), Fiorentini (1972)

[63]/[146, 147]

Chevruell

Rl-b

Geier (2011)/Chevreul (1890)

[148]/[149]

Pyramid
Grating Induction (GI)

Rl-c
Rl-d

Troncoso et al. (2005)/Vasarely (1966, 1970)
Penacchio et al. (2013)/McCourt (1982)

[150]/[151, 152]
[63]/[153]

Craik–O’Brien Cornsweet (COC)

R2-a

Web Img, Lu & Sperling (1995)/Craik (1940),
O’Brien (1958), Cornsweet (1970)

[154, 155]/
[156–158]

Irradiation

R2-b

Westheimer (2007)/Helmholtz (1896)

[45]/[62]

Simultaneous Brightness Contrast (SBC)

R2-c

Adelson (2000)/Heinemann (1955)

[19]/[159]

White’s effect (WE)

R2-d

Blakeslee and McCourt (1999)/White (1979)

[17]/[15]

Herman Grid

R3-a

Blakeslee and McCourt (1997)/Hermann (1870)

[106]/[160]

Café Wall

R3-b

[50]/[161–163, 33]
[71]/[33]

Fraser

R3-c

Nematzadeh (2015)/Gregory (1973), Munsterberg (1897),
Pierce (1898), Fraser (1908)
Kitaoka (2007)/Fraser (1908)

Twisted cord

R3-d

McCourt (1983)/Fraser (1908)

[41]/[33]

Spring

R4-a

Fermuller & Malm (2004)/Kitaoka (2003)

[107]/[164]

Spiral Café Wall

R4-b

Kitaoka (2007)/Kitaoka et al. (2001)

[71]/[165]

Spiral Fraser

R4-c

Kitaoka (2007)/Gregory & Heard (1979), Kitaoka et al. (2001)

[71]/[42, 165]

Sound Wave

R4-d

Stevanov et al. (2012)/Kitaoka (1998)

[166]/[109]

Zöllner

R5-a

Web–Wikipedia/Zöllner (1862)

[167]/[168]

Herring–Wundt

R5-b

Changizi et al. (2008)/Herring (1861), Wundt (1898)

[9]/[169, 170]

Orbison

R5-c

Changizi et al. (2008)/Orbison (1939)

[9]/[171]
[8]/[172]

Poggendorff

R5-d

Ninio (2014)/Zöllner (1860)

Ebbinghaus

R6-a

Ninio (2014)/Ebinghaus (1902)

[8]/[173]

Müller–Lyer

R6-b

Ninio (2014)/Müller-Lyer (1889)

[8]/[174]

Ponzo

R6-c

Ninio (2014)/Ponzo (1910)

[8]/[175]

Kanizsa Triangle

R6-d

Eagleman (2001)/Kanizsa (1974), Frisby & Clatworthy (1975)

[13]/[176, 177]

Face–Vase
Necker Cube

R7-a
R7-b

Sturmberg (2011)/Rubin (1915)
Sturmberg (2011)/Necker (1832)

[178]/[179]
[178]/[180]

Penrose Triangle

R7-c

Web—OpenClipArt/Pappas (1989)

[181]/[182]

Impossible Staircase

R7-d

Web—Wikipedia/Penrose (1958)

[183]/[184]

Knill & Kersten

R8-a

Adelson (2000)/Knill & Kresten (1991)

[19]/[185]

Wall of Block

R8-b

Logvinenko et al. (2002)/Adelson (1993)

[21]/[186]

Crisscross

R8-c

Adelson (2000)

[19]

Snake

R8-d

Adelson (2000)

[19]
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multiscale geometric representations, intertwining spatial, directional and frequency selectivity. Signal Process 91(12):2699–2730
60. Lourens T (1995) Modeling retinal high and low contrast sensitivity filters. In: From natural to artificial neural computation.
Springer, Berlin, pp 61–68
61. Romeny BMH (2003) Front-end vision and multi-scale image
analysis: multi-scale computer vision theory and applications,
written in Mathematica, vol 27. Springer, Berlin

Bioplausible multiscale filtering in retino-cortical processing as a mechanism in perceptual…
62. von Helmholtz H (1911) Handbuch der Physiologischen, Optik,
vol II. In: Southall JPC (ed) Helmoholc’s Treatise on Physiological. Optics, 1962, vols I, II. Dover, New York
63. Penacchio O, Otazu X, Dempere-Marco L (2013) A neurodynamical model of brightness induction in V1. PLoS ONE
8(5):e64086
64. Shapiro A, Lu ZL (2011) Relative brightness in natural images
can be accounted for by removing blurry content. Psychol Sci
22:1452–1459
65. Ghosh K, Sarkar S, Bhaumik K (2006) A possible explanation of
the low-level brightness–contrast illusions in the light of an
extended classical receptive field model of retinal ganglion cells.
Biol Cybern 94(2):89–96
66. Moulden B, Kingdom F (1989) White’s effect: a dual mechanism. Vis Res 29(9):1245–1259
67. Blakeslee B, McCourt ME (2004) A unified theory of brightness
contrast and assimilation incorporating oriented multiscale
spatial filtering and contrast normalization. Vis Res
44(21):2483–2503
68. Robinson AE, Hammon PS, de Sa VR (2007) Explaining
brightness illusions using spatial filtering and local response
normalization. Vis Res 47(12):1631–1644
69. Yu, Y., Yamauchi T., Choe Y (2004 Explaining low-level
brightness-contrast illusions using disinhibition. In: International
workshop on biologically inspired approaches to advanced
information technology. Springer, Berlin, pp 166–175
70. Kitaoka A (2000) Trampoline pattern (web image). http://www.
ritsumei.ac.jp/*akitaoka/motion-e.html
71. Kitaoka A (2007) Tilt illusions after Oyama (1960): a review.
Jpn Psychol Res 49(1):7–19
72. Illingworth J, Kittler J (1988) A survey of the Hough transform.
Comput Vis Graph Image Process 44(1):87–116
73. Marr D, Hildreth E (1980) Theory of edge detection. Proc R Soc
Lond Ser B Biol Sci 207(1167):187–217
74. Shapley R, Perry VH (1986) Cat and monkey retinal ganglion
cells and their visual functional roles. Trends Neurosci
9:229–235
75. Martinez-Conde S, Macknik SL, Hubel DH (2004) The role of
fixational eye movements in visual perception. Nat Rev Neurosci 5(3):229–240
76. Bressan P (2006) The place of white in a world of grays: a
double-anchoring theory of lightness perception. Psychol Rev
113(3):526
77. Wagemans J, Elder JH, Kubovy M, Palmer SE, Peterson MA,
Singh M, von der Heydt R (2012) A century of gestalt psychology in visual perception: I. Perceptual grouping and figure–
ground organization. Psychol Bull 138(6):1172
78. Wagemans J, Feldman J, Gepshtein S, Kimchi R, Pomerantz JR,
van der Helm PA, van Leeuwen C (2012) A century of Gestalt
psychology in visual perception: II. Conceptual and theoretical
foundations. Psychol Bull 138(6):1218
79. Spillmann L, Werner JS (eds) (2012) Visual perception: the
neurophysiological foundations. Elsevier, Amsterdam
80. Bruce V, Green P, Georgeson M (1996) Visual perception:
physiology, psychology, and ecology. Lawrence Earlbaum
Associates, Hove
81. Carlson NR, Buskist W, Enzle ME, Heth CD (2000) Psychology: the science of behaviour. Allyn and Bacon, Scarborough
82. Wagemans J (2014) How much of Gestalt theory has survived a
century of neuroscience. Perception beyond gestalt: progress in
vision research. Psychology Press, New York, NY, pp 9–21
83. Hochstein S, Ahissar M (2002) View from the top: hierarchies and
reverse hierarchies in the visual system. Neuron 36(5):791–804
84. Bar M, Kassam KS, Ghuman AS, Boshyan J, Schmid AM, Dale
AM, Halgren E (2006) Top-down facilitation of visual recognition. Proc Natl Acad Sci USA 103(2):449–454

85. Spillmann L, Dresp-Langley B, Tseng CH (2015) Beyond the
classical receptive field: the effect of contextual stimuli. J Vis
15(9):7
86. Grossberg S, Mingolla E (1985) Neural dynamics of perceptual
grouping: textures, boundaries, and emergent segmentations.
Attent Percept Psychophys 38(2):141–171
87. Spillmann L, Werner JS (1996) Long-range interactions in
visual perception. Trends Neurosci 19(10):428–434
88. Field DJ, Hayes A, Hess RF (1993) Contour integration by the
human visual system: evidence for a local association field. Vis
Res 33(2):173–193
89. Gilbert CD, Li W (2013) Top-down influences on visual processing. Nat Rev Neurosci 14(5):350–363
90. Craft E, Schütze H, Niebur E, Von Der Heydt R (2007) A neural
model of figure–ground organization. J Neurophysiol
97(6):4310–4326
91. Roelfsema PR (2006) Cortical algorithms for perceptual
grouping. Annu Rev Neurosci 29:203–227
92. Hubel DH, Wiesel TN (1962) Receptive fields, binocular
interaction and functional architecture in the cat’s visual cortex.
J Physiol 160(1):106–154
93. Barlow HB (1953) Summation and inhibition in the frog’s
retina. J Physiol 119(1):69–88
94. Kuffler SW (1952) Neurons in the retina: organization, inhibition and excitation problems. In: Cold Spring Harbor symposia
on quantitative biology. Cold Spring Harbor Laboratory Press,
New York
95. Passaglia CL, Enroth-Cugell C, Troy JB (2001) Effects of
remote stimulation on the mean firing rate of cat retinal ganglion
cells. J Neurosci 21(15):5794–5803
96. Rodieck RW, Stone J (1965) Analysis of receptive fields of cat
retinal ganglion cells. J Neurophysiol 28(5):833–849
97. Enroth-Cugell C, Robson JG (1966) The contrast sensitivity of
retinal ganglion cells of the cat. J Physiol 187(3):517–552
98. Pessoa L (1996) Mach bands: how many models are possible?
Recent experimental findings and modeling attempts. Vis Res
36(19):3205–3227
99. Ghosh K, Sarkar S, Bhaumik K (2009) A possible mechanism of
stochastic resonance in the light of an extra-classical receptive field
model of retinal ganglion cells. Biol Cybern 100(5):351–359
100. Powers DMW (1983) lateral interaction behaviour derived from
neural packing considerations. University of New South Wales,
School of Electrical Engineering and Computer Science, Sydney
101. Malsburg C (1973) Self-organization of orientation sensitive
cells in the striate cortex. Kybernetik 14(2):85–100
102. Economou E, Zdravkovic S, Gilchrist A (2007) Anchoring
versus spatial filtering accounts of simultaneous lightness contrast. J Vis 7(12):2
103. Otazu X, Vanrell M, Párraga CA (2008) Multiresolution wavelet
framework models brightness induction effects. Vis Res
48(5):733–751
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172. Zöllner F (1860) Ueber eine neue Art von Pseudoskopie und ihre
Beziehungen zu den von Plateau und Oppel beschriebenen
Bewegungsphänomenen. Ann Phys 186(7):500–523
173. Ebbinghaus H (1902) The principles of psychology. Veit,
Leipzig
174. Müller-Lyer FC (1889) Optische urteilstäuschungen. Arch Anat
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CHAPTER

6 SCHEMATIC VIEW

CHAPTER

6

6 FOVEAL AND PERIPHERAL MODELS

6.1 Introduction
In this chapter, we investigate the quantitative measurement of tilt angles in the Café Wall pattern
and the effect of the foveal and peripheral view on the stimulus for the perceived tilt through a set of
simulation experiments. We start with the implementations of the ON- and OFF-center with an
antagonistic surround modelling simple cells in the retina and the cortex (section 6.2)1. We then
proceed to investigate the effect of the resolution of the stimulus on the detected tilt ranges across
different scales (section 6.3)(1,5). Further exploration of the local and global perception of the induced
tilt effect and the detected tit ranges at multiple scales of the DoG edge maps are provided in more
detail in Sections 6.4(2,3,5) and 6.5(3,5).
The experimental results described in this chapter have been published in three International
conference papers and an Australian workshop during 2016 (ACCV 1, DICTA 2, ISVC 3, NeuroEng 4).
In this chapter we illustrate the details of the main experiments conducted. We regard the publication
of the predictions before running psychophysical experiments to validate them as essential to the
integrity of science.
In the ACCV paper, we describe experiments to sample analysis of tilt in the Café Wall reported
in Sections 6.2 (p.232) and 6.3 (p.233) and partly in 6.4.1 (p.235). In the DICTA and ISVC papers,
we concentrated more on the foveal and peripheral tilt investigations and variant foveal sampling
sizes and different sampling approaches described in Sections 6.4 (p.235) and 6.5.1 (p.244). A
complete review of Sections 6.4 (p.235) and 6.5 (p.244), reporting the predictions of the model for
local and global analysis of tilt as well as investigations on variant configurations of the Café Wall in
a global view as given in Section 6.5.2 (p.246) is accepted by the Applied Computational Intelligence
and Soft Computing 5 journal (special issue of Imaging, Vision, and Pattern Recognition)-in press.
1

Nematzadeh, N., Powers, D. M., & Lewis, T. (2016, November). Quantitative analysis of a bioplausible model of
misperception of slope in the Café Wall illusion. In Asian Conference on Computer Vision-ACCV (pp. 622-637). Springer,
Cham.
2 Nematzadeh, N., & Powers, D. M. (2016, November). A quantitative analysis of tilt in the Café Wall illusion: a
bioplausible model for foveal and peripheral vision. In International Conference on Digital Image Computing: Techniques
and Applications-DICTA (pp. 1-8). IEEE.
3 Nematzadeh, N., & Powers, D. M. (2016, December). A Bioplausible Model for Explaining Café Wall Illusion: Foveal
vs. Peripheral Resolution. In International Symposium on Visual Computing-ISVC (pp. 426-438). Springer International
Publishing.
4 Nematzadeh, N., Powers, D.M.W., & Lewis, T.W. (2016). A Neurophysiological Model for Geometric Visual Illusions.
NeuroEng 2016: 9th Australasian Workshop on Neuro-Engineering and Computational Neuroscience.
5 Nematzadeh, N., & Powers, D. M. The Café Wall Illusion: Local and Global Perception from multiple scale to

231

232 ■ Foveal and Peripheral Models
As in Chapter 4, we have italicized the Hough parameters, and used a separate font face
(Cambria) for the two MATLAB methods utilized (houghpeaks and houghlines).

6.2 ON- and OFF- Cell Responses to the Café Wall Stimulus
The biological function of ON- and OFF- cell responses encodes visual objects in terms of their

deviation from mean luminance. This is done by two sets of neurons, ON-cells for light increment,
and OFF-cells for light decrement (Baumgartner and Pavlos, 1962; Spillmann, 2014).
The tilt illusion in the Café Wall pattern seems to be the result of the appearance of the small
slanted line segments on the mortar lines that connect two identically colored tiles in two adjacent
rows in the pattern. These slanted line segments are sometimes referred to as the Twisted Cord
elements (Earle and Maskell, 1993; McCourt, 1983; Morgan and Mulden, 1986; Nematzadeh, Lewis
and Powers, 2015) inside the pattern. The sensitivity profile and circularly symmetric activity of the
ON-center and OFF-center ganglion cells creates peaks and troughs, which generate these
elements as their processing output of the stimulus.

Figure 6.1 Left: Café Wall of 8×12 tiles with 50×50px tiles and 2px mortar. Center: ON-center OFF-surround RF
response. Right: OFF-center ON-surround RF response – The parameters of the model are σc =3, s=2 (Surround ratio),
and h=8 (Window ratio).

The color of the mortar line should be a grey in the intermediate range between black and white
tiles (Gregory and Heard, 1979; Morgan and Mulden, 1986). The reason is that an illusory tilted
segment from a white tile to a white tile is perceived when the mortar is lighter than the two black
tiles on each side, due to the OFF-center detectors, but the corresponding tilted segment from a
black tile to a black tile is perceived when the mortar is darker than the two white tiles on each side.
For both effects to happen with equal strength requires roughly equal distance between the mortar
shade and the black and white shades. We have further investigated the effect of mortar brightness
on the detected tilts in Chapter 7-Section 7.3.
The stimulus in Figure 6.1-left is a Café Wall of 8×12 tiles with 50×50px tiles (T) and 2px mortar
(M) thickness (Café Wall 8×12-T50-M2). In both ON- and OFF- cells implementations, the model
parameters are σc =3 (scale of the center Gaussian), s=2 (Surround ratio), and h=8 (Window ratio;
multiscale. Applied Computational Intelligence and Soft Computing journal, special issue of Imaging, Vision, and Pattern
Recognition-in press.
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refer to Chapter 3 for more details on these parameters). The ON-center and OFF-center RFs
responses on the given Café Wall pattern, Figure 6.1-left are presented in the center and right side
of the Figure. The output of their responses indicates that both ON- and OFF-cell responses to the
stimulus highlight the same direction of convergence and divergence in the tilt effect. The only
difference in the output result is that every one of them clearly highlights the Twisted Cords between
the two identically colored tiles due to the connection of mortar lines and the ON-center and OFFcenter activities noted before (in ON-Center implementation of RGCs, the white tiles and grey mortar
are responding to the filter, and conversely in OFF-center, black tiles and grey mortars generate the
response). Therefore, in the modelling of RFs for tilt detection in the Café Wall pattern, it makes no
difference which RGC type is implemented. Both provide similar tilt orientation. For detection and
measuring tilt angles we have used ‘ON-center implementation’ in our experiments.

6.3 Resolution Analysis
The aims of the resolution experiment are to confirm that the resolution of an image does not
affect the detected range of tilt, if their perceived sizes (visual angles) are the same and the DoG
filtering is kept to scale. Viz. different resolutions of the Café Wall pattern with the same perceived
size either displayed on a monitor or printed on paper should have approximately the same tilt effect.
From a practical perspective, this exploration of the role of resolution and subjective identification of
the range of resolution that is reasonable to consider, is important to allow us to focus our quantitative
experiments.
There is a close relationship between the resolution of the pattern and the pattern's visual angle.
The ‘visual angle’ shows the person's subjective experience of how large an object or pattern's
element looks. Stating the visual angle is a direct way to simply reference the size of the image on
the retina rather than having to include both the size and distance parameters as it makes (apparent)
size independent of distance.
It is possible that two distal stimuli subtend the same visual angle even though they have different
extents. So, the visual angle as the pattern reference in retinal stimulation (or retinal image) is a
more appropriate measure than the extent of the distal stimulus. We have not performed any
psychophysical tests here, therefore, the image resolution is used as a reference not the visual
angle.
As shown in Table 6.1, for resolutions 3, 4 and 5 when the diameter of the center Gaussian is
equal to the mortar size (σc =M), the detected mean tilts stay the same. There is one-degree

difference versus the lower resolution results. By increasing σc, there would be an increase in the
mean tilt and variance. This is because the edge map gets thicker in the surrounding area at coarse

scales, and the detection of tilted lines with wider angular range is possible within these thick outlines.
The houghpeaks and houghlines parameters are given in the last two rows of Table 6.1 for each

resolution and the FillGap and MinLength are doubled as the resolution is increased (doubled). The
results of the absolute mean tilts and variance at different DoG scales for the three highest
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resolutions of the cropped Café Walls of 3×9 tiles (Resolutions 3, 4 and 5) have been graphed in
Figure 6.3 with additional DoG scales compared to the values represented in Table 6.1.
For the resolution analysis experiment, five different resolutions of the Café Walls of 3×9 tiles

were generated. The characteristics of these variations of the Café Wall pattern are given in Table
6.1. An identical cropped window with width of 4.5T, and the height of 2T+M has been selected in all

of these versions (T: tile size, M: mortar size). The cropped sections have the same height above
and below the mortar. Figure 6.2-top shows the highest resolution of the Café Wall 3×9 pattern that

has been generated, with T = 800×800px and M = 32px (left), and the enlarged cropped section of

the pattern (right). Figure 6.2-bottom shows one scale of the DoG edge map of two cropped samples

with 200×200px tiles, 8px mortar, and 800×800px tiles, 32px mortar, represented as resolution3 and
resolution 5 in Table 6.1 in the false-color jetwhite colormap. The Figure reveals that if the size of

DoG filters is kept to scale, by increasing the resolution, we reach a similar DoG output. Here the
DoG scales are equal to the mortar size (σc =M).

Comparing the results of mean tilt values in these three resolutions of the Café Wall pattern in

Figure 6.3 shows that when the DoG size is kept to scale in all resolutions, the tilt range stays nearly
the same in our investigations. It starts at ~4° at finest scale (σc =1/2M) and reaches to ~11.5° at
coarsest scale (σc = 2M) here. Therefore, based on the tilt results, we have shown that the resolution

of an image does not affect the detected range of tilt, as it was expected.

Figure 6.2 Top: Same as Figure 4.8 – from left to right: Café Wall of 800×800px tile (T) and 32px Mortar (M), and a
cropped section of the stimulus with the size of 2T+M (height), and 4.5T (width), enlarged. Bottom: Examples of cropped
Café Walls at two resolutions from a pattern with 3×9 tiles. The crop sizes are (2T+M) ×4.5T. The DoG scales are equal to
the mortar size here (σc =M), and s = 2, h = 8 are constant. Left: T = 200×200px, M = 8px, and σc = 8. Right: T = 800×800px,
M = 32px, and σc = 32 displayed in the jetwhite colormap.

■ 235
Table 6.1 Arithmetic Mean ± Standard Deviation of tilt angles for different resolutions of cropped Café Walls of 3×9
tiles, and the parameters of the model and tilt analysis pipeline.
Resolution1

Resolution2

Resolution3

Resolution4

Resolution5

Tile and Mortar Size (T,M)
𝜎𝜎𝑐𝑐 = (1/2 mortar)
Tilt Mean and variance
𝜎𝜎𝑐𝑐 = (1 mortar)
Tilt Mean and variance
𝜎𝜎𝑐𝑐 = (3/2 mortars)
Tilt Mean and variance
𝜎𝜎𝑐𝑐 = (2 mortars)
Tilt Mean and variance

50, 2
1
3.3±1.2
2
8.25±1.3
3
9.75±3.6
4
9.3±7.5

100, 4
2
3.6±1.2
4
8.25±1.3
6
9.87±3.7
8
10.44±4.25

200, 8
4
4±1
8
7.2±1.6
12
9.9±3.5
16
10.9±5.7

400, 16
8
4.5±0.5
16
7.2±1.6
24
9.75±3.6
32
11.5±5.7

800, 32
16
3.67±1.24
32
7.2±1.6
48
9.9±3.5
64
11.7±5.7

NumPeaks, Threshold
FillGap, MinLength

50, 3
10, 120

50, 3
20, 240

50, 3
40, 480

50, 3
80, 960

50, 3
160, 1920

Houghpeaks and Houghlines parameters

Figure 6.3 Arithmetic Mean ± Standard Deviation for three resolutions of 3, 4, and 5 of a cropped section of the Café
Wall 3×9 pattern (200×200px tiles with 8px mortar, 400×400px tiles with 16px mortar, and 800×800px tiles with 32px
mortar). The details of each resolution is provided in Table 6.1.

6.4 Local Tilt Investigation
6.4.1 Falling and Rising Mortar Investigation
The goal of this experiment is to explain the effect of a focal area or cropped region of the pattern
on detected tilt as well to evaluate the accuracy of the tilt detection in our model for two types of
mortar lines. To make a distinction between the convergent and divergent mortar line, we talk about
‘Falling’ and ‘Rising’. In the Falling mortar, the right side of the mortar line is lower than its left side
compared to the Horizontal direction and for Rising mortar it’s vice versa. For instance in Figure 6.2top the top mortar line in the Café Wall stimulus is Falling while the 2nd/bottom mortar line is Rising.
The cropped section is speciﬁcally selected in such a way as to contain only one mortar line, results
in a single slanted line segment that highlight the emergence of tilt in only one direction in the edge
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map at multiple scales. Our samples have a width of 4.5×T and a height of 2×T + M (T: tile size, M:
mortar size), with the same height above and below the mortar line in this experiment. We test
cropped sections of different sizes and randomized cropping techniques later in Section 6.4.2
(p.238).
To fix parameters not being investigated, we restrict consideration initially to the Café Wall of 3×9

tiles that is similar to Figure 6.2-top but with a different resolution, which is 400×400px tiles (T) and

16px mortar (M) (resolution4 in Table 6.1). 50 samples are taken from the Falling mortar (top mortar

line) and 50 samples from the Rising mortar (2nd/bottom mortar line). Sample dimensions are the

same in this experiment as explained before. The sampling process starts from the left side of the

pattern, with a resolution of 32 pixels between samples for both shift size and offset. A few examples

of the Falling and Rising samples have been given in Figure 6.4. Note that the Falling and Rising tilt
cues are even observable in our local view of the pattern (each samples in Figure 6.4), and the
model should have the same tilt detection results if it is a bioplausible model.

Figure 6.4 Samples of Systematic cropping along Falling and Rising mortar lines - 50 samples are taken along each
mortar line from Café Wall of 3×9 tiles with 400×400px tiles and 16px mortar (Café Wall 3×9 T400-M16) (T: tile size, M:
mortar size) with an offset of 32px between samples. Top: Examples of Falling samples, Bottom: The symmetrical samples
of the Top but from Rising mortar lines.

The result of horizontal investigation of the mean tilt and variance of the detected lines, for all 50

samples of Falling and 50 samples of Rising mortar lines, have been analysed for every DoG scale.
As the scale of the bioplausible model (σc) increases, the variance also increases. The result of mean
tilts and variance are shown in Figure 6.5 for similar cropped sections of Falling and Rising mortars
of the Café Wall of 400×400px tiles (T), and 16px mortar (M), similar to Figure 6.2-top right) for a

DoG edge map at four different scales (σc) from 8 to 32 (1/2M to 2M) and with the step size of
1/2M=8px. Note that σc should have the same order as the mortar size if we want to find a reliable

tilt angle of divergent/convergent mortar lines near the horizontal, which is comparable with

subjective experience of tilt in the stimulus. The horizontal axis in these graphs indicates each
individual sample specified from 1 to 50 as a sample #. The results of mean tilts of the DoG edge
maps at four scales for all 50 samples of Rising and Falling cropped sections of the mortar lines as
shown in Figure 6.5 indicate that they both follow nearly the same pattern.
The graphs of the distributions of the detected near horizontal line segments at four different
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DoG scales in this experiment (σc =8, 16, 24 and 32) are shown in Figure 6.6 for the Falling (Blue
bars) and Rising (Red bars) mortar lines.

Figure 6.5 Mean tilts and variance error bars for each 50 samples of Falling and 50 samples of Rising mortar lines
(Bottom)(100 samples in total-sample numbers are shown on horizontal axis), cropped from Café Wall of 3×9 tiles with
400×400px tiles (T) and 16px mortar (M)(Café Wall 3×9-T400-M16). Cropped samples have a size of (2T+M) ×4.5T.

Figure 6.6 Distribution of slanted line segments around horizontal reference orientation, for the total 100 samples
(Falling and Rising mortar) of cropped sections of (2T+M)×4.5T from Café Wall 3×9-T400-M16. Mean tilt angles are shown
in horizontal-axis. σc ranges from 8 to 32 (1/2M to 2M) with step sizes of 1/2M=8px here. Other parameters are: s=2, h=8,
with NumPeaks=50, Threshold=3, FillGap=80, and MinLength=960 as the Hough parameters.

Horizontal investigations of the detected lines based on their orientations is summarized in Figure

6.7, indicating the normalized number of detected line segments from the 100 samples in total. The
graph indicates the effect of the multiple scale edge map on the range of detected tilts. This range
covers a wider neighbourhood area around the horizontal when the DoG scale increases as shown
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in Figure 6.6.
As shown in Figures 6.6 and 6.7 at scale 32 (σc = 32 or DoG32) there is a wide range of variations

of tilt angle that is not reflected in our subjective perception of the pattern. Furthermore, the angular

values of detected slanted lines are very small at scale 8 (σc = 8). So based on these results, the
most informative parameter for the DoG scale in order to detect the convergence and divergence of

the mortar lines and perceived consistent subjective tilt, is a center Gaussian scale near the size of
the mortar, here DoG16 (σc =16). The primary parameter of the DoG model is the scale factor (2σ is

the diameter between the inflection points of the Gaussian and the range is smallest when this

corresponds to the mortar size) with empirically insignificant parameters including the ratios between

the Gaussians or to the window size used for filtering. The best way to confirm the prediction of this
mortar-parameterized model as a plausible range for σc is by psychophysical experiments (future
work).
The results of these three experiments, Sections 6.2 (p.232), 6.3 (p.233), and 6.4.1 (p.235) have
been published in a conference paper (Nematzadeh, Powers and Lewis, 2016).

Figure 6.7 The normalized graph of near horizontal detected lines in their angular positions (x-axis) at four different
DoG scales (σc = 8, 16, 24 and 32) of the 100 cropped samples of the Café Wall 3×9-T400-M16 pattern. 50 Samples are
taken along Falling mortar and 50 samples from Rising mortar with 32px between samples as the offset/shift. The size of
samples are (2T+M)×4.5T.

6.4.2 Variant Sampling Sizes – Two Methods of Sampling
As discussed before, the bioplausible model of ON-center retinal processing that is employed
here, uses an analytic processing pipeline to measure, quantitatively, the angle of tilt content in the
model. This variation is verified and quantified in simulations using two different sampling methods.
Several sampling sizes and aspect ratios, modeling variant foveal views, are investigated across
multiple scales in order to provide confidence intervals around the predicted tilts, and to contrast
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local tilt detection with a global average across the whole Café Wall image that will be discussed in
Section 6.5 (p.244).
The intentional and unintentional eye movements while we look at the scene (pattern), notably
overt saccades and gaze shifts, allow the high-resolution fovea to rapidly scan the field of vision for
pertinent information. Therefore, different parts of the visual scene are processed at different scales
at different times.
Our visual perception of tilt is affected by our fixation on the pattern. When we fixate on a part
of the Café Wall pattern, the tilt in a region around fixation point weakens, but the peripheral tilts still
exist. It seems that the peripheral tilt recognition has a greater effect on our final perception of the
pattern compared to the foveal/local tilt perception. This is because peripheral/global understanding
provides a wholistic impression of the visual field, and can be linked to a Gestalt (psychology)
(Nematzadeh, Powers and Lewis, 2017) of tilt induction and its perception (as provided in our
publication described in Chapter 5).
The aims of the experiments here are to evaluate the effect of sampling size as well as the
sampling methods, on detected mean tilts of the Café Wall pattern, and the possible correlations that
might exist with our foveal/peripheral view of the pattern due to gaze shifts and saccades. The
investigation uses local ‘cropped’ samples, simulating foveal-sized locus only, but different scales of
DoG representing different degrees of eccentricity in the periphery.
To fix parameters not being investigated, we restrict consideration initially to Café Wall 9×14 with

200×200px tiles and 8px mortar (Figure 6.8-left). In this experiment three “foveal” crop sizes are

explored, Crop4×5 (Cropped section of 4×5 tiles), Crop5×5, and Crop5×6 (Figure 6.8-right). Here, the

sample sizes are selected for convenience without having a specific image size, viewing distance or
human subject in mind, although the size of foveal image can be estimated given these.
We have applied two sampling methods. The first method is called ‘Systematic Cropping’
(Nematzadeh and Powers, 2016b) where for each specified cropped window size, 50 samples are
taken from Café Wall 9×14 tiles. For the first sample, the top left corner is selected randomly from

the pattern and for the rest of the samples, the cropped window shifts horizontally to the right with
an offset of 4 pixels in each step. We have a total shift of a tile size (200px) at the end. So, there are

no repeated versions of any samples. In the second method which is called ‘Random Cropping’

(Nematzadeh and Powers, 2016a), for each specified cropped window size, all 50 samples are taken
from randomly selected locations (top-left corner of cropped window) with the only consideration of
the crop borders to stay inside the pattern.
For the edge map representation of the samples based on the DoG model, the 𝜎𝜎𝑐𝑐 parameter is

chosen in the range of 0.5M to 3.5M with incremental steps of 0.5M, since coarser scales exceeding

the tile size (T), result in a very distorted edge pattern. The parameters of houghpeaks and houghlines

functions should be selected properly to detect the slanted line segments in the pattern at fine scales.
For example, FillGap should be assigned a value to fill small gaps between line segments located on
the edge map to detect near horizontal tilted lines, and MinLength should be larger than tile size (T)
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to avoid the detection of the outlines of the tiles. These parameters have been chosen empirically
based on these intuitions and the pattern’s attributes, and kept constant for this experiment.
NumPeaks=100, Threshold=3, FillGap=40, and MinLength=450.

Figure 6.8 Left: Café Wall stimulus with 200×200px tiles and 8px mortar. Right: Three “foveal” sample sizes explored.
(CropH×W is H×W tiles).

Figure 6.9 shows a binary DoG edge map at seven different scales and in the jetwhite colormap

(middle), as well as the detected houghlines of the edge map, displayed in green (Bottom) for a
sample of a Crop4×5 tiles which has been selected from the Café Wall of 9×14 pattern, as given in

Figure 6.8 with 200×200px tiles and 8px mortar.

Figure 6.9 Top: A binary DoG edge map at seven different scales (σc = 4, 8, 12, 16, 20, 24, 28) of a crop section of size
4×5 tiles from a Café Wall with 200×200px tiles and 8px mortar. Middle: The DoG edge map at multiple scales in the
jetwhite colormap. Bottom: Detected houghlines displayed in Green on the binary edge map. Hough parameters are:
NumPeaks=100, Threshold=3, FillGap=40, and MinLength=450.

The results of mean tilts of the DoG edge maps at seven different scales (top) are shown in
Figure 6.10 (a,b) for each sample set in box plot representation, for the two sampling methods and
the four reference orientations of Horizontal (H), Vertical (V), and Diagonals (D1, D2). As Figure 6.10
indicates the ‘Random Cropping’ method provides us with more stable tilt results across different
cropped window shapes compared to the ‘Systematic’ sampling method. Also the Random Sampling
is a more standard statistical approach, but the Systematic version is closer to the bias of our
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saccades and gaze shifts toward points of interest. At fine to medium scales of both sampling
methods in Figure 6.10 (a, b), only horizontal and vertical lines are detected and the horizontal tilted
line segments, inducing the tilt effect, appear at these scales. (Only at Crop5×5 do we have a few
samples with border effect that have D2 components-only 4/50 samples). Among these four scales,
DoG8 (σc =8) detects the horizontal tilt in a nearly stable range around 7° in all samples (it apparently

correlates with the mortar size). As the scale increases from 20 onwards, there are no near horizontal

lines detected, but more vertical and diagonal lines are extracted. This is due to the disappearance
of the mortar lines and the enlargement of the outlines of the tiles by increasing σc, which results in

more line detection at coarse scales of the edge map. For horizontal mean tilts deviation, as the
scale of the DoG model increases, the mean tilts also increase, although it is nearly 8° at scales 8

and 12 (DoG8 and 12). However, at finest scale (σc = 4 or DoG4) the horizontal tilt angle is quite
small (3.5°) compared to scale 8 (DoG8). This suggests why the tilt effect in the pattern is much

weaker when we fixate on the pattern, since in the fovea the acuity is high because of high density

and small size receptors. For vertical deviation, the mean tilts are not stable at the first few scales

(σc = 8 and 12) and stay around 5° to 6° from vertical orientation (V axis) at medium to coarse scales.

The diagonal mean tilts are mainly around 4° to 5° from D1 and D2 axes which can be seen again

at medium to coarse scales (after scale 20, σc = 20).

Comparing the results of the detected mean tilts at a given scale shows slight differences across

sample sets, and this is expected because of random sampling and the fixed parameters of
houghpeaks and houghlines that are not optimized for each scale and sampling size, and kept

constant here for the consistency of the higher level analysis/model. The tilt detection results are

sensible when compared to our angular tilt perception of the pattern, while the computational cost of

the model and tilt analysis is reasonable. But more accuracy may be achieved by optimizing
parameters.
Figure 6.11 (a, b) shows the distribution of lines near each reference orientation (H, V, D1, D2)
for the three foveal sampling sets and the two sampling methods for the DoG edge maps at seven
different scales. The results of near diagonal tilted lines have been graphed together for fairer
representation. Figure 6.11 (a, b) shows that the detected tilt angles in (b) is more normally
distributed around reference orientations compared to (a). All the graphs indicate the effect of the
multiple scale edge map on the range of detected mean tilts. This covers a wider angular range
when the DoG scale increases. Also the number of detected lines is highly dependent on the sample
size. We explain the details of Figure 6.11 (b) but the same explanation can be used for part (a).
In Figure 6.11 (b)-left column, the detected near horizontal lines are given for the three foveal
sets. At σc = 4, the detected tilt angles are very small, ranging from 2-5°, with a peak of 4°.

Furthermore, at σc = 16, there is a high range of variations of tilt angle that is not reflected in our
perception of the pattern. So based on these results, the most informative parameter in the DoG
model in order to detect the convergence and divergence of the mortar lines, is the center Gaussian

scale close to the size of the mortar, here DoG8. At scale 8 (DoG8 - σc = 8), the mean tilts are
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between3-10° with a peak of 7° for most lines, and at scale 12 (DoG12 - σc =12) the tilt ranges are

increased to14°. At scale 16 (DoG16 - σc =16) there is a wider range of horizontal lines and a fairly
broad range of vertical lines, and this fits as a transition stage between the horizontal and vertical
perception of the pattern elements.

Figure 6.10 Mean tilts for the three “foveal” sample sizes explored, the four reference orientations (H, V, D1, D2), and
the two sampling approaches of (a) Systematic (Left) and (b) Random (Right) methods. The parameters are: the DoG
scales (σc =4, 8, 12, 16, 20, 24, 28), s=2, h=8, with NumPeaks=100, Threshold=3, FillGap=40, and MinLength=450.

In Figure 6.11 (b)-center column, the detected near vertical lines are given, and similar to the
indications of Figure 6.10, they start to be detected at fine scales due to some edge effects in a few
samples, but the majority of vertical lines are detected at scales 20 and 24 (σc =20 and 24) as the

color code indicates, with the mean tilts in the range of 2-15° and the peak close to the V axis. In

Figure 6.11 (b)-right column, the distributions of the detected near diagonal lines around D1 and D2
axes are represented in the same graph for each sample set. The graphs show that the dominant
scales for detection of diagonal lines are mainly at coarse scales (DoG24 and 28 - σc =24 and 28)

with approximately 1-2.5° deviation from the diagonal axes (D1, D2).
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Figure 6.11 The distribution of near horizontal (Left-column), near vertical (Center-column), and near diagonal (Right
-column) detected line segments for the three “foveal” sample sets, with the two sampling methods (a) Systematic, and (b)
Random cropping (Bottom) of the DoG edge maps at seven scales (σc =4, 8, 12, 16, 20, 24, 28) and fixed parameters for
houghpeaks and houghlines, the same as Figure 6.10. hough parameters are NumPeaks=100, Threshold=3, FillGap=40, and
MinLength=450.
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Now we move to global investigation of tilt in the Café Wall pattern and to explain the results of
contrasting local tilt detection with the global average across a whole Café Wall pattern.

6.5 Global Tilt Investigation
6.5.1 Global Tilts in the Café Wall of 9×14 tiles
The Café Wall illusion is characterized by the appearance of Twisted Cord elements along the
mortar lines (Earle and Maskell, 1993; Morgan and Mulden, 1986), making the tiles seem wedgeshaped (Gregory and Heard, 1979). These local tilt elements are believed to be integrated and
produce slanted continuous contours along the whole mortar lines by the cortical cells (Grossberg
and Mingolla, 1985a; Moulden and Renshaw, 1979) result in alternating converging and diverging
mortar lines at a global view.
Because the tilt effect in the Café Wall is highly directional, it raises the question of whether
lateral inhibition and point spread function (PSF) of retinal cells can explain the tilt effect in the pattern
or not. We demonstrated that a bioplausible model (Nematzadeh, Lewis and Powers, 2015;
Nematzadeh and Powers, 2016a, 2016b), with a circularly symmetric organization as a simplified
model for the retinal GC responses (Enroth-Cugell and Robson, 1966; Rodieck and Stone, 1964), is
able to reveal the tilt cues in the Café Wall illusion across multiple scales of the edge map. To explain
the emergence of tilt in the Café Wall, there is no need to utilize complex models of non-CRFs
(Blakeslee and McCourt, 1999; Passaglia, Enroth-Cugell and Troy, 2001; Carandini, 2004; Craft,
Schutze, Niebur et al., 2007) implementing the retinal/cortical orientation selective cells.
In this section, the intension is to investigate the Gestalt pattern, simulating peripheral awareness
across the entire image and overcome the shortcomings of our previous investigations. We
investigate here the global tilts in the Café Wall of 9×14 with 200×200px tiles and 8px mortar (Figure
6.8-left) and on its DoG edge map at seven different scales to quantify the tilt angles around the four
reference orientations. The DoG scales have a range from 0.5M to 3.5M with the incremental steps
of 0.5M the same as the foveal samples in Section 6.4.2 (p.238).
In our first attempt to examine the robustness of the model for global tilt analysis, the analysis
was done with the parameters appropriate for local features. We have tested NumPeaks=100 in
(Nematzadeh and Powers, 2016b) and NumPeaks=520 in (Nematzadeh and Powers, 2016a), but
we have not achieved convincing results. Increasing the value of NumPeaks from 100 to 520 did not
show any significant change to the mean tilts although it was substantially increased the variance.
The results showed that the near horizontal mean tilts was approximately 7° at scale 8 nearly the
same as the foveal sample sets (Figure 6.10). The near vertical mean tilts at medium to coarse
scales were around 2°, while they were around 6° in the foveal sets. The near diagonal mean tilts
were approximately 3° and they were in the range of 5-6° in the foveal sample sets. Please refer to
(Nematzadeh and Powers, 2016a: Fig 6) for more details. In this experiment, we perform a global
analysis with larger numbers of line segments as appropriate to the large global pattern. NumPeaks
is a size relevant parameter, and its value is critical for achieving reliable results. Increasing this
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value for hough analysis on the foveal sets does not affect on the detected houghlines there, but an
appropriate value for large samples are essential to detect all the relevant houghlines available in

the edge map with smooth variations reflecting our estimation of tilt that is comparable with the
detected lines in the foveal sets in our simulations.

The new experimental results for mean tilts and standard errors of the detected tilt angles have been
presented in Figure 6.12 for the Café Wall of 9×14 tiles with NumPeaks=1000 (Nematzadeh and
Powers, 2017a). The other parameters are kept the same as Figures 6.10 and 6.11 for the foveal
sets. As indicated in the left graph in Figure 6.12, the near horizontal mean tilt is approximately 7.5°
at scale 8 nearly the same as the foveal sample sets (Figure 6.10). In the horizontal graph, we see
that by increasing the DoG scale, the mean tilt also increases from 7.5° to ~10° at scale 12 with
higher variations compared to the foveal sample sets. The new results for the vertical and diagonal
mean tilts at coarse scales have been improved dramatically from our previous reports (explained in
previous paragraph), and show a variation of tilt angles for the detected houghlines. The near vertical
mean tilts at medium to coarse scales were around 2° that are quite negligible in the previous report;

now they are around 10° while they were around 6° in the foveal sets. The near diagonal mean tilts
at medium to coarse scales were approximately 3° in the previous reports; now it is ~10° and they
were in the range of 5-6° in the foveal sample sets. We have shown here that the new results with
periphery appropriate parameterization are reliable and comparable with the previous results for

foveal parameterization (Section 6.4.2). We will explain more on these results in Sections 6.5.2 and
6.6.

Figure 6.12 . Mean tilts and the standard errors of detected tilt angles around the four reference orientations (H, V,
D1, D2) from the DoG edge map at seven different scales of the whole Café Wall of 9×14 with 200×200px tiles and 8px
mortar. Green errorbars correspond to Hough NumPeaks=1000, with mean values shown in Red.

The results of foveal vs peripheral tilt investigations in the Café Wall pattern, Sections 6.4.2
(p.238) and 6.5.1 (p.244), have been published in two conference papers (Nematzadeh and Powers,
2016a, 2016b) and a journal paper(Nematzadeh and Powers, 2017a).
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6.5.2 Variant Sized Café Wall Patterns with the Same Aspect Ratios of Tile size
to Mortar Size
We have explored the correlation between the tilt effect and the layout of the pattern in general
(how the tiles are arranged to build the stimulus). Variations of the Café Wall pattern have been
investigated here with the same aspect ratios of tile size (T) to the mortar size (M) (T/M=const., the
same as the Café Wall 9×14 pattern with 200×200px tiles and 8px mortar) in order to check whether

#rows and #columns in the overall arrangement of tiles in the Café Wall pattern have an effect on
the detected tilts in our simulation results or not. In other words, we check the Gestalt perception of

the Café Wall pattern, and its relation to visual angle of the whole pattern (not just the visual angle
of an individual tile and mortar line investigated so far (Nematzadeh and Powers, 2016a, 2016b;
Nematzadeh, Powers and Lewis, 2016).
We will show here that our model can predict slightly different tilt results for these variations,
similar to our global perception of tilt in the pattern in the same way that humans are affected by the
configurations of the pattern. This is being reported for the first time with the quantitative results
(Nematzadeh and Powers, 2017b). We believe that the tilt perception of the Café Wall illusion starts
with a wholistic view of the pattern, which then extends to a local focusing view along the mortar
lines in search of further cues of tilt in the pattern. Both of these local and global views of the Café
Wall pattern have their own effect on the strength of our perceptual understanding of tilt in this illusory
pattern.
The patterns explored here have the same size of tiles (200×200px) and mortar lines (8px) with
these variations: Café Walls of 3×11, 5×5, 5×13, 7×11, 11×7, and 11×11 tiles, as shown in Figure
6.13. Looking at these variations, we see, for instance, a stronger tilt effect in the 5×13 tiles compared
to the 5×5 tiles. Similarly, a stronger tilt effect is perceived in the variation of 7×11 tiles compared to

a weaker tilt in the 11×7 tiles.

To eliminate the effect of NumPeaks on detected houghlines in this experiment, we have selected

a large value such as 1000 for this parameter to attain more accurate tilt measurements when the

overall size of the Café Wall samples are not the same (such as samples in Figure 6.14). The rest
of the parameters are kept the same as Figures 6.10 to 6.12 f for the local and global investigations
of tilt in variations of the Café Wall pattern. The hough parameters are: NumPeaks=1000, FillGap=40,

and MinLength=450 for all scales of the DoG edge map (σc =4, 8, 12, 16, 20, 24, 28).

Summary tables in Figure 6.14 present the quantitative mean tilt results for the global tilt

investigations on these configurations of the pattern. These include the mean tilts and the standard
errors of the detected tilt angles around the four reference orientations of Horizontal (H), Vertical (V),
and Diagonals (D1, D2).

■ 247

Figure 6.13 Different configurations of the Café Wall pattern, from the Café Wall of 3×11 tiles on Top-left to the Café
Wall of 5×13 tiles at the Bottom-right. All the patterns have the same tile size of 200×200px and the mortar size of 8px.

The DoG outputs of these variations are the same across multiple scales, since the tiles and
mortar lines have fixed sizes and the same set of parameters for the Surround and Window ratios
(s, h respectively) have been used in the DoG model. Utilizing the Hough analytic pipeline for

quantifying the tilt angles, we have measured slightly different tilts across the multiple scales of the
edge maps of these variations around the four reference orientations. This is because Hough

analyses more dominant lines (longest lines) first by applying the houghpeaks function prior to
detecting lines with the houghlines function (MATLAB functions).

When the pattern is wider in horizontal direction such as the 3×11, 5×13 or 7×11 it seems that

we see a stronger tilt effect along the mortar lines compared to the other variations. The quantitative

mean tilts near horizontal orientation occur at fine to medium scales (σc =4, 8, 12) of the edge maps.
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The near horizontal lines can be captured up to scale 16 (σc =16), with this mortar width (considering
the same aspect ratio of the tile size to the mortar size), as well as the mid luminance of the mortar
lines relative to the luminance of the tiles (Nematzadeh and Powers, 2017b). This can be seen also

for the edge map of the cropped section of a Café Wall in Figure 6.9. There is a transient stage at
scale 16 (σc =16), connecting the detected near horizontal lines to the zigzag vertical line segments

due to the arrangement of tiles in the zigzag vertical orientation at medium to coarse scales in the

edge maps. The highest tilt range is shown in Figure 6.14 for the 5×13 configuration which is 3-10.6°
at fine to medium scale (σc =4, 8, 12), as expected. Then the variations of 7×11 (3.8-10.3°) and 11×11

(4-10.5°) come next, followed by the 3×11, 5×5 and 11×7 tiles. Considering the two square patterns

(the 5×5 and 11×11 tiles), there are similar horizontal mean tilts, starting around 4.0° at the finest

scale (σc =4) and it is one degree wider in the 11×11 variation at scale 12 (σc =12), ~10.5° compared
to ~9.5° in the 5×5, but the differences are only significant for σc =4.

The near vertical mean tilts at medium to coarse scales (σc =20, 24, 28) show good results. The

weakest vertical mean tilts correspond to the Café Wall of 3×11 tiles, ranging from 7.1° to 7.5°. For
the patterns of medium size height such as the 5×13 and 7×11 tiles, it is ~9-10°. It is in the highest

range around 10.5° when the pattern is spread along the vertical orientation such as the 11×7 and
11×11 variations. This is nearly the same for the 5×5 tiles having the ratio of Height/Width=1 and
with a maximum value for the 11×11 tiles (˃10.6°). So the Café Wall of 5×13 tiles from the samples

explored has the strongest horizontal tilt range while the 11×7 tiles shows the strongest vertical tilt

range. It seems that there is a trade off in the mean tilts of the vertical and the horizontal, and for a

stronger effect of vertical tilts, we encounter weaker horizontal tilts along the mortar lines. For the
diagonal mean tilts the results show roughly similar deviations (in both positive and negative
diagonals) at the coarse scales (σc =24, 28) which is ~11-12° across the samples tested.

We note that the results reported here are based on our investigations on the number of lines

detected at their angular positions and we have not considered any weights for the length of the lines
in the mean tilts calculations. For the horizontal mean tilts this does not affect the results, since at
fine to medium scales the local tilted line segments (Twisted Cord elements) which are extracted for
all of these variations nearly the same. The detected houghlines at scale 12 (medium-scale) for all

variations are tested have been provided in Figure 6.15, highlighting local tilts of the horizontal

Twisted Cords and small tilt deviations from the vertical. However, if a Café Wall pattern is more
spread along the vertical orientation compared to the horizontal, then longer lines are detected with
less deviation along the vertical at coarse scales (whole tiles are present in the edge maps with no
mortar cues left at these scales). Figure 6.16 clarifies this. The detected houghlines at scale 28 (the
coarsest scale) have been presented for these variations, indicating the global tilts of the lines

detected with zigzag vertical orientation. In fact, as we expect from the tilt estimation, deviations from
the vertical increase as the lines found get shorter.
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𝝈𝝈𝒄𝒄

H

Café Wall 3×11 (Mean Tilt ± StdErr)

4
8
12
16
20
24
28

04.50±0.25
07.15±0.54
10.00±0.59
12.74±1.07
NaN
NaN
NaN

𝝈𝝈𝒄𝒄

H

V

NaN
14.00±0.0
10.63±0.49
07.30±0.58
07.20±0.66
07.13±0.64
07.55±0.59

D1

NaN
NaN
NaN
18.71±0.72
12.84±0.84
13.06±0.77
13.69±0.77

D2

NaN
NaN
NaN
19.40±0.45
12.45±0.82
12.93±0.70
14.07±0.72

Café Wall 5×5 (Mean Tilt ± StdErr)

4
8
12
16
20
24
28

04.00±0.0
07.33±0.63
09.46±1.01
12.94±1.04
NaN
NaN
NaN

𝝈𝝈𝒄𝒄

H

V

NaN
NaN
08.66±0.60
08.02±0.70
09.78±0.72
10.14±0.63
10.82±0.68

D1

NaN
NaN
NaN
19.33±0.45
13.11±0.89
12.08±0.70
12.54±0.72

D2

NaN
NaN
NaN
19.00±0.57
12.89±0.90
12.37±0.68
12.74±0.69

Café Wall 5×13 (Mean Tilt ± StdErr)

4
8
12
16
20
24
28

03.00±0.35
07.13±0.38
10.63±0.43
12.32±0.70
NaN
NaN
NaN

𝝈𝝈𝒄𝒄

H

V

NaN
NaN
09.74±0.46
08.41±0.62
07.63±0.45
09.27±0.48
09.08±0.45

D1

NaN
NaN
NaN
19.43±0.34
11.88±0.71
11.40±0.56
11.74±0.61

D2

NaN
NaN
NaN
19.22±0.31
11.30±0.70
11.73±0.54
12.41±0.60

Café Wall 7×11 (Mean Tilt ± StdErr)

4
8
12
16
20
24
28

03.88±0.29
07.26±0.35
10.39±0.38
11.79±0.60
NaN
NaN
NaN

𝝈𝝈𝒄𝒄

H

V

NaN
14.00±0.0
09.10±0.42
07.49±0.46
08.74±0.41
09.12±0.40
09.15±0.40

D1

NaN
NaN
NaN
18.89±0.40
11.62±0.65
11.68±0.54
12.00±0.55

D2

NaN
NaN
NaN
18.73±0.31
12.01±0.70
11.54±0.54
12.05±0.55

Café Wall 11×7 (Mean Tilt ± StdErr)

4
8
12
16
20
24
28

04.00±0.0
08.09±0.29
09.96±0.42
12.63±0.63
NaN
NaN
NaN

𝝈𝝈𝒄𝒄

H

V

NaN
NaN
09.42±0.46
08.27±0.57
10.63±0.48
10.85±0.43
10.62±0.42

D1

NaN
NaN
NaN
18.67±0.36
12.58±0.63
12.46±0.54
12.01±0.56

D2

NaN
NaN
NaN
19.64±0.43
12.14±0.71
11.83±0.56
11.62±0.55

Café Wall 11×11 (Mean Tilt ± StdErr)

4
8
12
16
20
24
28

04.05±0.09
07.50±0.33
10.47±0.31
11.96±0.54
NaN
NaN
NaN

V

NaN
15.00±0.0
09.39±0.36
06.27±0.47
10.70±0.40
10.15±0.37
10.50±0.35

D1

NaN
NaN
NaN
19.57±0.25
13.15±0.55
12.10±0.50
11.81±0.50

D2

NaN
NaN
NaN
18.79±0.35
11.44±0.62
11.16±0.50
11.20±0.52

Figure 6.14 Left-column: Different configurations of the Café Wall, from Café Wall of 3×11 tiles on Top to Café Wall
of 11×11 tiles at Bottom. Right-column: Mean tilts and the standard errors of tilt angles for each variation on the left are
summarised on the right side in the mean tilts (Abs) tables for four reference orientations of Horizontal (H), Vertical (V),
and Diagonals (D1, D2) at seven different scales of the edge maps (σc =4, 8, 12, 16, 20, 24, 28). All the patterns have the
same tile size of 200×200px and a mortar size of 8px.
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Figure 6.15 Detected houghlines displayed in Green, overlayed on the binary edge maps at scale 12 (σc =12) of
different configurations of the Café Wall pattern in Figure 6.13. Hough parameters are: NumPeaks=1000, Threshold=3,
FillGap=40, and MinLength=450.

6.6 Comparison of Local and Global Tilts in the Café Wall Illusion
We have shown in the last two sections that the mean tilt results with periphery appropriate
parameterization are reliable and comparable with the previous results for foveal parameterization.
The results for near horizontal global tilts in these variations are nearly the same as the local tilts
detected in the foveal sample sets (Section 6.4.2) ~7° at scale 8. At scale 12, we have a higher tilt

angle ~9.5-10.5° here compared to the local tilts around 8°. The results of the vertical and diagonal
mean tilts are slightly larger than the predicted values for the foveal samples (7-10° for the vertical
and 11-12° for the diagonal tilts here compared to ~6° for the vertical and 5-6° for the diagonal in the
foveal samples). The results here seems more realistic in our perception of zigzag vertical lines at
coarse scales considering the phase shift of rows of tiles in the Café Wall pattern (the deviations
from the diagonal axes are more than 5°, considering the geometry of the pattern).
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Figure 6.16 Detected houghlines displayed in Green, overlayed on the binary edge maps at scale 28 (σc =28) of
different configurations of the Café Wall pattern in Figure 6.13. Hough parameters are: NumPeaks=1000, Threshold=3,
FillGap=40, and MinLength=450.

The quantitative modelling presented for the perceived tilt in the Café Wall illusion considering
the foveal/local aspects as well as the peripheral/global view to the pattern leads us to achieve
reliable results in our investigations. However, we illustrate some improvements to the current
evaluation for future studies on the topic. First, for near horizontal mean tilts, although the tilt analysis
pipeline in our model detects the local Twisted Cord elements as local tilt cues as shown in Figure
6.15 (for scale 12 for these variations), but it seems that in our perception of tilt, we intend to integrate
these local tilt cues to construct a slanted continuous contour along the entire mortar as either

diverging or converging (Grossberg and Mingolla, 1985a, 1985b; Moulden and Renshaw, 1979) tilt.
Therefore, an edge integration technique is required for predicting a more precise value for the near
horizontal tilts as we perceive tilts in the Café Wall. Second, in the investigated tilts around the
vertical, we expect to see less deviations for the vertically spread configurations compared to the
horizontally spread ones. However, the results showed the maximum vertical deviations for the Café
Walls of 11×7 and 11×11 around 10.5° compared to 9° in others, except 7.5° for the Café Wall of

3×11. In the 3×11 tiles, we see more deviations around the diagonals compared to the rest of the

configurations (as it is expected), which is ~12.5-14° compared to 11-12.5 °, also less deviations
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from the vertical due to the groupings of detected lines for the reference orientations. Our explanation
of the results are getting clear by looking at the houghlines presented in Figure 6.16. In the Hough

analysis, we have applied a same weight for all the detected lines. Therefore for the patterns that

are spread along the vertical, although houghlines detects many longer lines with less deviations in

the edge map, but houghpeaks lets more smaller line segments to be detected (up to the maximum

value of NumPeaks), with more deviations from the vertical. For final validations of these results,
psychophysical experiments are required as the priority of our future work. The results from
psychophysical experiments lead us to assign weights to each scale and approximate tilt angles in
our model based on the perceived tilt in real subjects.

6.7 Summary
A low-level filtering approach (Nematzadeh and Powers, 2016a; Nematzadeh and Powers,
2017c; Nematzadeh, Lewis and Powers, 2015; Nematzadeh and Powers, 2016b; Nematzadeh,
Powers and Lewis, 2016; Nematzadeh and Powers, 2017b; Nematzadeh, Powers and Lewis, 2017)
has been explored here, modelling the retinal/cortical simple cells in our early vision to reveal the tilt
cues involved in the local and global perception of the Café Wall stimulus. The model has an
embedded which is a processing pipeline utilizing the Hough transform to quantify the degrees of the

inducing tilts appeared in the low-level representation for the stimulus in our model, referred to as
the edge map at multiple scales.

We showed that the implementations of ON-center or OFF-center RFs do not have an effect on
simulating the induced tilt in the Café Wall illusion, so we have used ON-center RFs for our later
experiments. In addition, we have confirmed that the resolution of an image does not affect the
detected range of tilt if the DoG filtering is kept to scale as well as the Hough parameters.

The experiments reported have contributed new understanding of the relationship between the

strength of tilt effect perceived in the Café Wall illusion as a function of eccentricity, that is whether

a cell or edge is foveated or perceived in the periphery. Different size/shape cropped samples of the
Café Wall pattern were used to model the role of the shape and size of the fovea and larger samples
tended to induce a larger number of longer shallower lines, particularly in the vertical dimension.
When we foveate a particular cell we tend to see that as having more horizontal mortar boundaries,
while those outside the fovea are perceived as having larger tilts. This is consistent with the larger
tilts perceived at lower resolutions, modelling the periphery, and the almost horizontal tilts seen in
the foveal region, corresponding to the centre of a larger pattern. This makes this a multiple scale
model.
We hypothesize that the multiple scale information from the retina is integrated later in the cortex
into a true multiscale model, and that the Gestalt illusions result from the angle misperceptions that
are already encoded in the retina. The quantitative predictions are based on the analysis of Hough

transform of the edge maps here with promising results reported (Nematzadeh and Powers, 2017b).
This tilt investigation can be replaced by any more bioderived techniques, modelling mid- to high-
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level tilt integrations, capable of quantifying different degrees of tilt in variations of the gestalt view
of the pattern, as we perceive the tilt differently in those variations.
A priority for future development of our research is psychophysical experiments to validate the
predictions of the model.
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CHAPTER

7 SCHEMATIC VIEW

CHAPTER

7

7 VARIATIONS ON THE CAFÉ WALL

7.1 Introduction
We have investigated the effect of foveal and peripheral vision on the induced tilt of the Café
Wall illusion in Chapter 6 and how the local and global aspects of our vision affect the detected tilt
ranges in our model. In this Chapter, we investigate further other more pattern specific parameters
involved in the tilt effect in this stimulus.
We examine the capability of a bioplausible vision model, simulating retinal/cortical simple cells
to address the illusory percept in variations of the Café Wall pattern in this chapter. Exploring the tilt
effect in the Café Wall illusion, we have shown that a simple DoG model of lateral inhibition in
retinal/cortical simple cells leads to the emergence of tilt in the pattern. Our model generates an
intermediate representation at multiple scales that we refer to as an edge map. For the recognition
of a line at a particular angle of tilt, further processing by orientation selective cells in the retina and/or
cortex is assumed (Moulden and Renshaw, 1979; Grossberg and Mingolla, 1985) but we have
exploited an image processing pipeline for quantitative measurement of tilt angle using Hough
transform.
A wide range of parameters of the stimulus, for example mortar thickness, luminance, tiles
contrast, and phase of the tile displacement has been studied in our investigations in this chapter.
We show here that the persistence of mortar cues plays a major role in determining how strongly
we perceive the induced tilt in the Café Wall illusion. Quantitative predictions of tilt at multiple scales
for a wide range of conditions and specifically the predictions of the strength of illusion when the
conditions vary have been shown for the first time by our predictive model and the DoG edge map
representations at multiple scales. All the experimental findings in this Chapter on variations of the
Café Wall illusion have been presented in a manuscript recently submitted1 (Nematzadeh and
Powers, 2017b).

1
Nematzadeh, N., & Powers, D. M. (2017). A Predictive Account of Cafe Wall Illusions Using a Quantitative Model”,
Submitted. arXiv preprint arXiv:1705.06846.
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7.2 Investigated Patterns
The tilt perception in the Café Wall pattern is not only affected by foveal and peripheral
registration of the pattern elements, as investigated in Chapter 6 and our previous studies
(Nematzadeh and Powers, 2016b, 2016a; Nematzadeh, Powers and Lewis, 2016), but also by the
specific attributes of the patterns, such as mortar brightness, size, phase of tile displacement, tile
contrast and so forth. To evaluate the tilt detection results of our model, and to find out how close
our predictions are to previously reported and proposed psychophysical experiments, we have
generated different variations of the Café Wall pattern similar to previously tested ones in the
literature. These psychophysical tests have measured the strength and orientation of the tilt effect in
some variations of the Café Wall pattern based on subjective experience of tilt. All the generated
patterns of the Café Wall illusion here have been summarized in Figure 7.1, and all have the same
configuration of 3×8 tiles (rows x columns), with tile sizes of 200×200px.

The investigated patterns include ‘Mortar Brightness’ (MB) variations from Black (MB=0) to White

(MB=1), and three levels of Grey in between the Black and White: MB=0.25, 0.5 and 0.75 (5 patterns
in total) displayed in the Top section of Figure 7.1.

We also investigated ‘Mortar Width’ (MW-thickness) variations, ranging from no-mortar lines

(MW=0px: the Munsterberg pattern) and then MW= 4, 8, 16, 32 and 64px (6 patterns in total)
presented in the middle section of Figure 7.1.

At the bottom of Figure 7.1, we have shown other investigated variations of the Café Wall pattern

showing ‘Grey tiles’ (with brightness of tiles equal to 0.25 for Dark Grey, and 0.75 for Light Grey, and
different levels of mortar brightness, for below, between, and above the brightness of both Grey tiles

(MB=0, 0.5, 1.0) on Top, then two variations of ‘Phase of tile displacement’ with shifts of 1/3 and 1/5

of a tile in even rows in the Center, and finally mirror image inducing opposite direction of tilt effect
(referred to as ‘Direction Change’) and the ‘Hollow Square’ version of the pattern at the bottom.

7.3 The Effect of Mortar Brightness on Tilt Detection in the Café Wall
Illusion
7.3.1 Pattern Characteristics
The patterns under investigation are Café Walls of 3×8 tiles with 200×200px tiles (T) and 8px

mortar (M) (Café Wall 3×8-T200-M8). To evaluate the model’s tilt detection for different shades of
mortar brightness, five levels of brightness have been investigated from Black to White such as:

Black with mortar brightness (MB) of MB=0, then three levels of Grey with mortar brightness of
MB=0.25, 0.5, 0.75, and White with MB=1. In all variations in Section 7.3, the mortar size has been

kept constant (Mortar size=M=8px). These variations of the Café wall pattern are shown in Figure
7.2 separately. We denote Mortar Brightness with MB for an easier referral to this pattern
characteristic in the rest of this chapter.
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Figure 7.1 Investigated patterns – All the variations are Café Walls of 3×8 tiles, and 200×200px tiles. Top: Mortar
Brightness (MB) variations from Black (MB=0) to White (MB=1), and three levels of Grey in between Black and White:
MB=0.25, 0.5, and 0.75. Middle: Mortar thickness (Width –MW) variations, starting from no-mortar lines (MW=0) and MW=
4, 8, 16, 32, 64px. Buttom: Other variations that have been investigated, including Grey tiles and different levels of mortar
brightness, below, between, and above the brightness of tiles on Top, then phase of tile displacement, variations of shifts
of 1/3 tile and 1/5 tile between consecutive rows in the Center, and mirror image inducing opposite direction of tilt as well
as the Hollow Square pattern at the Bottom.

We note here that in the manuscript we have replaced Mortar-Brightness with MortarLuminance to cover a reviewer’s comment, but we prefer to keep it as Mortar-Brightness in this
chapter. It is well established that the center-surrond receptive fields of GCs are ‘contrast estimators’
(Enroth-Cugell and Robson, 1966) and that the contrast sensitivity of RGCs are ‘encoding
brightness’ such as (Schiller, 2010) which is used in our model. In the manuscript, we substituted
‘luminance’ for ‘brightness’ on the basis that ‘brightness’ is perceived luminance or the perceptual
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correlate of perceived luminance (Kingdom, 2011). In other words ‘luminance’ is ‘physical stimulus
intensity’ (Blakeslee and McCourt, 2015), and in achromatic vision, we see patterns of varying
luminance, and judgements of brightness, lightness, and contrast would be identical in this case (as
noted in the conclusions of Blakeslee & McCourt, 2015). Arend and Spehar (1993b, 1993a) defined
‘brightness’ as ‘apparent luminance’ that is consistent with the Blakeslee and McCourt (2015) view,
but for instance Gilchrist (2006) defined ‘brightness’ as the perception of a proximal quality—the raw
intensity of some part of the image which is the raw (unprocessed) intensity distribution incident on
the retina.
To generate the Café Wall patterns in all of our experiments, we have used a numerical
representation for Grey scale images, in which intensity of pixels is shown in the interval of [0, 1], 0
stands for black and 1 for white, and for presenting grey shades any value in this range is possible.
The unit of ‘luminance’ is cd/m2, so an appropriate replacement for brightness might be relative
luminance or for an image on paper would most accurately be reflectance. The non-unit version of
luminance we used for generating the sample variations of the Café Wall illusion is actually more
like ‘relative luminance’ not ‘luminance’ and we reflect this in the manuscript.
As Figure 7.2 indicates, there are three levels of Grey mortar variations between Black to White
[0,1] which are defined by adding 0.25 to the brightness at each Grey level. By looking at these

variations of Mortar-Brightness, we see a very minor tilt effect for Black (MB=0.0) and White mortars

(MB=1.0), compared to Grey mortar variations (MB=0.25, 0.5, 0.75). Previous psychophysical

experiments have shown that the strongest tilt effect in the Café Wall pattern occurs when the mortar
luminance is in the intermediate range between Black and White tiles (Mid-Grey mortar lines)
(Morgan and Moulden, 1986). Next, we will show the results of our model for these variations, and
compare our results with previously reported psychophysical experiments.

Figure 7.2 Five different variations of Café wall 3×8 pattern based on five mortar brightness levels. Top: Black mortar
lines, with mortar brightness (MB) of zero (MB=0) on Top-Left and White mortar lines (MB=1) on Top-Right. Bottom: Three
levels of Grey mortar lines with MB=0.25, 0.5, and 0.75 from Left to Right. All these variations have the same tile size of
200×200px and mortar size of 8px.
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7.3.2 DoG Representation
The range of DoG scales starts from 0.5M=4px and continues to 3.5M=28px with incremental

steps of 0.5M=4px. This allows for extraction of both mortar lines (at fine scales) and the Café Wall

tiles (at coarse scales), as well as revealing the tilt cues in the edge maps by a gradual increase of
the DoG scales. The range of σc is chosen based on the parameters of the model, especially the
Window ratio which is h=8 and the window size which is 8× σc +1 (Chapter 3─Section 3.3). Since the

mortar size is 8px, we start with half of this value, at σc =0.5M=4px, and at the end of the range, we
stop at σc =3.5M=28px. This is because the DoG filter will have a size of 8× σc =8×28=224 which

exceeds the Tile size=200px. At this DoG scale, the tiles are extracted, and increasing the scale from
this point results in a very distorted Café Wall edge map, due to the DoG averaging and the filter
size which do not concern us.

The results of DoG edge maps at seven different scales for these five variations of Café Wall
pattern with different mortar brightness (Figure 7.2) are shown in Figure 7.3. Note that for detection
of near horizontal tilted line segments, as the perceived mortar lines in the Café Wall illusion, the
DoG scale should be in the intermediate range, close to the mortar size, σc ~M=8px.
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Figure 7.3 DoG edge maps at multiple scales for five different brightness variations of the mortar lines, given in the last row, from Black (Left –MB 0.0) to White (Right –MB 1.0)
for the Café Walls of 3×8 tiles with 200×200px tiles and 8px mortar. The edge maps include seven scales of σc=4, 8, 12, 16, 20, 24, 28. In all experiments here the parameters of the
DoG model are kept constant as s=2 (Surround ratio), and h=8 (Window ratio).
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Comparing these edge maps at coarse scales shows similar DoG outputs. This is because at
the coarse scales, the scale of the DoG is large enough to capture the tile information (σc=20, 24,

28), where in all variations the tiles are 200×200px. The difference between these edge maps are

mainly at the first few fine scales of the DoGs (σc=4, 8, 12, 16). At scale 16 (σc=16) we see a ‘transient
state’, between nearly horizontal tilted line segments connecting tiles with the Twisted Cord elements

along the mortar lines, to zigzag vertical grouping of tiles at the coarse scales, in a completely
opposite direction. At this scale, we still see some mortar cues left in the edge maps of some of these
variations, while in others, those mortar cues disappear completely. We will explain more about the
prediction of the strength of the illusion based on the degree of the revealed mortar cues in the edge
maps at multiple scales in the following sections.
The edge map has the ability to show some elementary factors that are involved in our local and
global views of the pattern (at least in part represented by foveal and peripheral vision). We believe
that the tilt effect in the Café Wall illusion arises from two incompatible groupings of pattern elements
(tiles and mortar) that are present simultaneously as a result of multiscale retinal visual encoding of
the pattern. At fine scales, there are grouping of two identically colored tiles with the mortar line in a
near horizontal direction (appearance of Fraser’s Twisted Cord elements in focal view). At coarse
scales, when the mortar cues disappear from the edge map, another grouping starts to appear in an
orthogonal direction, grouping tiles in a zigzag pattern with a broadly vertical orientation. These two
incompatible groupings, along with systematic differences relating to the relative size of Gaussian
and pattern scales, result in illusory tilt effects that reflect changes in size and density with
eccentricity, predicting the change in illusion effects according to distances from the focal point in
the pattern versus distance in the retinal image from the fovea to the periphery.
We expect the quantification results of the Hough analysis stage in our model applied to the DoG

edge maps to detect and show the fine scale DoG differences in the edge maps of these variations,
and we will explain how the Hough analysis stage fulfils this task.

Now we need to quantify the mean tilts in the edge maps for these patterns using the Hough

analysis pipeline in our model (Chapter4─Section 4.4.2-p.197).

7.3.3 Quantitative Tilt Results
The Hough parameters FillGap and MinLength are changed from the fine scales (σc =4, 8, 12) for

detection of near horizontal lines, to the coarse scales (σc =16, 20, 24, 28) for detection of zigzag

vertical tilted lines (near vertical and diagonal line segments) in this section. The FillGap is increased
(doubled) from 40px to 80px, and MinLength is decreased by 50px from 450px at fine scales to 400px
at coarse scales. This is because, at coarse scales, the cues of mortar lines completely disappear
in the DoG edge maps, and shorter lines compared to the Twisted Cord elements at fine scales

should be detected, due to the connecting of identically colored tiles in zigzag vertical arrangements
at the coarse scales (Grouping of tiles without the interference of the mortar lines).
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Figure 7.4 Detected houghlines for Black mortar line variation (Munsterberg) with mortar brightness (MB) of MB=0.0,
200×200px tiles and 8px mortar (Café Wall 3×8-T200-M8), displayed in Green on the edge map at seven different scales
(σc=4, 8, 12, 16, 20, 24, 28).Blue lines indicate the longest detected line. Left: The houghlines results for NumPeaks=100.
Right: The houghlines results for NumPeaks=1000 Bottom: The absolute mean tilts and the standard errors of tilt angles of
houghlines for four reference orientations of Horizontal (H), Vertical (V), and Diagonals (D1, D2). Hough parameters are
adjusted in this variation to detect near horizontal lines at fine scales (σc =4, 8 ). Hough parameters are given below mean
tilts tables.
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Figure 7.5 Detected houghlines for Dark-Grey mortar line variation with mortar brightness of MB=0.25, 200×200px
tiles and 8px mortar, displayed in Green on the edge map at seven different scales (σc =4, 8, 12, 16, 20, 24, 28).Blue lines
indicate the longest detected line. Left: The houghlines results for NumPeaks=100. Right: The houghlines results for
NumPeaks=1000 Bottom: The absolute mean tilts and the standard errors of tilt angles of houghlines for 4 reference
orientations of Horizontal (H), Vertical (V), and Diagonals (D1, D2). There are two sets of Hough parameters for detection
of near horizontal orientation at fine scales, and near vertical orientation at coarse scales, as the details of mean tilts tables
are given below.
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Figure 7.6 Detected houghlines for Mid-Grey mortar line variation with mortar brightness of MB=0.50, 200×200px tiles
and 8px mortar, displayed in Green on the edge map at 7 different scales (σc =4, 8, 12, 16, 20, 24, 28).Blue lines indicate
the longest detected line. Left: The houghlines results for NumPeaks=100. Right: The houghlines results for NumPeaks=1000
Bottom: The absolute mean tilts and the standard errors of tilt angles of houghlines for 4 reference orientations of Horizontal
(H), Vertical (V), and Diagonals (D1, D2). There are two sets of Hough parameters for detection of near horizontal orientation
at fine scales, and near vertical orientation at coarse scales, as the details of mean tilts tables are given below.
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Figure 7.7 Detected houghlines for Light-Grey mortar line variation with mortar brightness MB=0.75, 200×200px tiles
and 8px mortar, displayed in Green on the edge map at seven different scales (σc =4, 8, 12, 16, 20, 24, 28).Blue lines indicate
the longest detected line. Left: The houghlines results for NumPeaks=100. Right: The houghlines results for NumPeaks=1000
Bottom: The absolute mean tilts and the standard errors of tilt angles of houghlines for four reference orientations of
Horizontal (H), Vertical (V), and Diagonals (D1, D2). There are two sets of hough parameters for detection of near horizontal
orientation at fine scales, and near vertical orientation at coarse scales, as the details of mean tilts tables are given below.
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Figure 7.8 Detected houghlines for White mortar line variation with mortar brightness of MB=1.0, 200×200px tiles
and 8px mortar, displayed in Green on the edge map at seven different scales (σc =4, 8, 12, 16, 20, 24, 28).Blue lines
indicate the longest detected line. Left: The houghlines results for NumPeaks=100. Right: The houghlines results for
NumPeaks=1000 Bottom: The absolute mean tilts and the standard errors of tilt angles of houghlines for four reference
orientations of Horizontal (H), Vertical (V), and Diagonals (D1, D2). There are two sets of Hough parameters for detection
of near horizontal orientation at fine scales, and near vertical orientation at coarse scales, as the details are given below
of mean tilts tables. For the finest scale (σc =4 , further modifications of Hough parameters done to detect lines at this
scale. The details of Hough parameters are given below of mean tilts tables.
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For some variations of the Café Wall with Black and White mortar lines (MB=0 - Figure 7.4, and
MB=1 - Figure 7.8), we have done some modifications to Hough parameters empirically, in order to

detect lines especially at fine scales. But for the Grey mortar lines (MB=0.25, 0.5, 0.75 with their
houghlines presented in Figure 7.5 to Figure 7.7, the sets of parameters are kept the same for

analysis of tilts at each scale of the edge maps, summarized below the mean tilts tables in Figure
7.5 to Figure 7.7.

7.3.3.1 Modified Hough parameters
Detected houghlines have been shown in Figure 7.4 to Figure 7.8 on the binary edge maps at

seven different scales (σc =4, 8, 12, 16, 20, 24, 28 for Mortar Brightness variations. For easier
comparison of the detected tilts, the mean tilts and the standard errors of tilt angles of houghlines

around the reference orientations have been tabulated below each Figure (Figure 7.4 to Figure 7.8).
On the left column of the Figures, the houghlines results are shown for NumPeaks=100, while the
right columns present the detected houghlines for NumPeaks=1000. The rest of the parameters have
been provided below the mean tilts tables in the Figures.

For comparison of the mean tilts, we further investigate the analytical results for NumPeaks=1000

on the right columns of Figure 7.4 to Figure 7.8, since they provide more reliable tilt ranges that might
happen in our perceptual understanding of tilt in general. One main drawback for NumPeaks=100 in
the Figures is that it detects houghlines with either +45° or -45° angles with no deviation from positive
and negative diagonal axes (D1, D2). This is not a correct tilt angle in the Café Wall pattern since the

tiles are not connected corner to corner like in a checkerboard, or perceived to be. The tiles have a
half tile shift, as a phase difference between consecutive rows of tiles. We need to detect tilts similar
to our perception of tilt in the pattern. Therefore, the tilt results based on NumPeaks=1000 have been
used for further tilt analysis at different scales of the DoG edge maps.
For the variation of MB=0 (Black mortar-Munsterberg), the Hough algorithm could not detect lines

at the first few fine scales, if we keep the parameters the same as the Grey mortar lines variations
(MB=0.25 to MB=0.75). So to detecting near horizontal lines along mortar lines, FillGap should be
increased to 110px, and any smaller values than this, results in no detection of lines at the fine
scales. We decreased MinLength by 50px from 450px to 400px for this pattern. As Figure 7.4 shows
the near horizontal mean tilts are ~6°-14.5°. The tilt results at scales σc =4, 8, 12 are at least 2°-3°

more than the results in Grey mortar lines variations (Figure 7.5 to Figure 7.7). This overestimation
of tilt values in this pattern (Black mortar) is the result of high values for the FillGap parameter
compared to the other Café Wall variations. We will show how we can achieve a reliable comparison
of detected tilts, by fixing the Hough parameters for all of the Mortar Brightness variations in the next

experiment, Section 7.3.3.2 (p.271). The vertical mean tilts are ~1° more than the Grey mortar

variations (~12° compared to ~11°), and the diagonal mean tilts are ~11° compared to ~10° in the

Grey mortar variations. It is worth mentioning that the tilt results might not be comparable with other
Mortar Brightness variations because of the modifications done to the Hough parameters in this
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variation of the pattern.
Comparing the tilt results of Grey mortar variations (MB=0.25, 0.5, 0.75) reveals an interesting

outcome. For MB=0.25 (Figure 7.5) the range of near horizontal mean tilts is between 3.5° to 9.7° (at
σc =4, 8, 12), and there are no near horizontal lines to be detected at σc =16, since all mortar cues

have disappear completely at this scale of the edge map (refer to Figure 7.3). But for brighter mortar
lines, MB=0.5 and MB=0.75 (Figure 7.6 and Figure 7.7), the cues of the mortar lines still exist at scale
16 (σc =16; Figure 7.3). The range of detected horizontal tilts is between 3.5° to 12° for MB=0.5 pattern,

and between 4.5° to 11.2° for the MB=0.75 variation. Based on the current results, we can conclude
that detected tilts along mortar lines are stronger in Mid- to Light-Grey mortar variations compared

to the darker mortar lines such as the MB=0.25 pattern. But which one of these two variations (MB=0.5
or 0.75) has a stronger tilt effect based on the DoG representation and the predicted tilt results in our
model?

In the Mid-Grey mortar variation with MB=0.5 (Figure 7.6), the near horizontal mean tilts detected

have a wider range at fine to medium scales (σc =4, 8, 12, 16), which start at a lower value of 3.5°

compared to 4.5° in MB=0.75 pattern. The DoG edge map of the variation of mortar brightness of

MB=0.75 at scale 16 (σc =16) - Figure 7.3; shows that the mortar cues are stronger compared to the

MB=0.5 variation. Although comparing the mean tilts in Figure 7.6 and Figure 7.7 indicates a lower
mean tilt of 11.2° (MB=0.75) compared to ~12° (MB=0.5), it has lower standard errors. Note that the
Mortar Brightness variation of MB=0.75 has more persistent mortar cues at the first four DoG scales

of its edge map (σc =4, 8, 12, 16) compared to the rest of the Grey mortar variations, which may be

an indication of a stronger tilt effect.

The results of vertical and diagonal mean tilts deviations around V, D1, and D2 axes at the coarse

scales, show a vertical mean tilts around ~11°, and the diagonal mean tilts range from ~10° to 11°

in the Grey mortar variations.

The results of houghlines for the White mortar variation (MB=1) have been presented in Figure

7.8. In this stimulus, like the Black mortar pattern, the Hough parameters have been modified for

detection of near horizontal lines at the finest scale (σc =4), but for the rest of DoG scales of the edge
map of this pattern, the same sets of Hough parameters have been used as with the Grey mortar
variations for detection of houghlines (Figure 7.5 to Figure 7.7). At the DoG scale of 4 (σc =4), the

FillGap parameter is increased from 40px to 80px. Comparing the near horizontal mean tilt results
in Figure 7.8 with the results in Figure 7.5 to Figure 7.7 (Grey mortar variations) shows that the
detected mean tilt angles are at least 2° to 3° less than the mean tilts in Grey mortar variations. This

shows that even with the modifications of the Hough parameters to detect near horizontal lines at

the finest scale here, the variation of White mortar has a lower tilt effect, if any, compared to Grey

mortar variations. The vertical mean tilts are nearly the same as the Grey mortar variations at ~11°,

while diagonal mean tilts are ~10°, close to the Grey mortar variations.
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Figure 7.9 Detected houghlines for 5 different brightness variations of mortar lines, from Black (Left-MB 0.0) to White (Right-MB 1.0) displayed in green on the DoG edge maps
at seven different scales (σc =4, 8, 12, 16, 20, 24, 28) – Hough parameters are adjusted to MB 0.0, and MB1.0 to detect near horizontal lines at fine scales (σc =4, 8 ). There are two
sets of parameters for detection of near horizontal lines at fine scales, and near vertical lines at coarse scales, as the details given in Figures 7.4 to 7.8 below mean tilts tables for
each pattern. NumPeaks=1000 has been considered for reliable tilt ranges and to eliminate the effect of this parameter on the mean tilt results as much as possible.
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Figure 7.10 Mean tilts and standard errors of detected tilt angles of houghlines for five different Mortar Brightness variations of the Café Wall 3×8 with tiles of 200px, and mortar
of 8px. Top: MB=0.0, 1.0 (Black and White mortar) variations, Bottom: MB=0.25, 0.50, 0.75 (Grey mortar) variations. The results have been provided for the DoG edge maps at seven
different scale (σc =4, 8, 12, 16, 20, 24, 28), and around 4 reference orientatons of Horizontal (H), vertical (V), and Diagonals (D1, D2). Hough parameters have been defined so as to
detect near horizontal lines in place of the mortar lines. There are two sets of parameters for detection of near horizontal lines at fine scales (σc =4, 8, 12), and near vertical and
diagonal lines at coarse scales (σc =12, 16, 20, 24) with the details given under each table (Modified Hough parameters).

■ 271
To conclude, since we have used the same sets of Hough parameters for Grey mortar variations,

we can compare the mean tilt results in these patterns. What we found was that the variations of
MB=0.75 and MB=0.5 (Light- and Mid-Grey) have the highest range of detected tilts, indicating

stronger tilt effects in these variations of Grey mortar lines. But comparing these results with Black
and White mortar variations of the Café Wall pattern is not a reliable comparison due to the changes
of the Hough parameters which were applied to force the algorithm to detect lines at all scales of the
DoGs. In the following experiment (Section 7.3.3.2), we will show how we have repeated the
experiment, by considering a single set of Hough parameters for all of the Mortar-Brightness

variations to detect mean tilts of these patterns in order to have reliable and comparable tilt results.

For easier comparison of the results of this experiment, the details in Figure 7.4 to Figure 7.8

have been summarized into the following two figures. Figure 7.9 summarizes the detected
houghlines for NumPeaks=1000 for these five different Mortar Brightness variations, and Figure 7.10
summarizes the mean tilts and the standard errors of detected tilt angles of these variations around
four reference orientations (H, V, D1, D2).

Finally, we should emphasise that the only way we can reach a precise conclusion about the
strength of the tilt effect of these variations is by psychophysical experiments, which is our future
works.

7.3.3.2 Fixed Hough parameters
For quantitative analysis of tilt in this Section, a single set of Hough parameters has been applied

for all of these variations and for every seven DoG scales of the edge maps to arrive at reliable tilt
results, which are comparable between these variations. The fixed Hough parameters are:

NumPeaks=1000, FillGap=40px, and MinLength=450px. Due to fixed Hough parameters, if the
algorithm cannot detect any lines at some of these scales, we simply report it as no detection of lines
at these scales.

Figure 7.11 summarized the results of the detected Houghlines for the DoG edge maps at 7

different scales (σc =4, 8, 12, 16, 20, 24, 28) for these 5 Mortar-Brightness variations of the Café Wall

pattern (Tiles of 200×200px, and mortar of 8px; given in Figure 7.2). The absolute mean tilts and the
standard errors of detected tilt angles of houghlines are summarized in Figure 7.12.

As the left column in Figure 7.11 shows, for Black mortar variation (MB=0.0-Munsterberg pattern),

there are no detected lines at the finest scale (σc=4). As the mean tilt results in Figure 7.12 show, in
particular there is no near horizontal line detected at any of the DoG scales in the Black mortar
variation (Munsterberg pattern). The detected Houghlines at medium scale (σc=12) are near vertical

lines, with near diagonal lines at larger scales (σc=20 to 28). As the DoG edge map of the pattern

shows the apparent grouping of tiles is a zigzag vertical pattern. So the edge map leads to the same

conclusion we had in the houghlines analysis, with no near horizontal tilts along the mortar lines in

this pattern. There is no confusion of visual cues in our results that contributes to the tilt effect in this
pattern, so we state that there is no tilt illusion in the Munsterberg (Black mortar) pattern.
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As the right column in Figure 7.11 shows, for White mortar variation (MB=1.0), there is no
detected lines at finest scale (σc=4), similar to MB=0.0 pattern. But there are a few lines with ~1°

horizontal deviation at the next scale (σc=8). The detected tilts range is much below the Grey mortar

variations (Figure 7.12), which is more than ~6.5° at scale 8 (σc=8). Even at scale σc=12, the mean

tilt is ~3° less than the Grey mortar variations. For the variation of White mortar (MB=1.0), we see

some cues of mortar lines in the edge map at fine scales, but these are different than the Grey mortar
variations. If there is any illusion in this pattern (White mortar), the tilt effect is much weaker in this
pattern compared to Grey mortar variations as explained before.
Now let concentrate on the houghlines results of Grey mortar patterns (MB=0.25, 0.5, 0.75), (Dark-

, Mid-, and Light-Grey), which have shown in the three columns in the center of Figure 7.11. The
absolute mean tilts and the standard errors of detected tilt range for these patterns have been shown
at the bottom of Figure 7.12.
For two variations of MB=0.25 (Dark-Grey) and MB=0.5 (Mid-Grey), the mean tilts at finest scale
(σc=4) are ~3.5°, compared to ~4.5° in MB=0.75 (Light-Grey). As Figure 7.12 shows, we are still able
to detect horizontal lines at scale σc=16 for variations of MB=0.5 and MB=0.75, but not for MB=0.25

(Dark-Grey) pattern. This is because at the DoG edge maps (Figure 7.3), the mortar cues are still
strong to be detected at this scale in these two variations (Mid-, Light-Grey), but not in the Dark-Grey
pattern. The detected near horizontal tilts are around ~12° at this scale in both of these patterns. We
can conclude by the result that, the range of detected mean tilts is nearly ~1° more, between ~3.5°

to 12° for MB=0.5 variation, but between ~4.5° to 12° for MB=0.75 pattern. This could be an indication
for a stronger tilt effect in the MB=0.5 (Mid-Grey) pattern compared to the MB=0.75 (Light-Grey)

variation. This result supports previous psychophysical findings that the highest strength for tilt effect
in Café Wall illusion is when the luminance of the mortar is intermediate relative to the brightness of
the light and dark tiles (Morgan and Moulden, 1986).
At coarse scales after σc=16, we have the zigzag vertical grouping of tiles. Figure 7.11 shows
that at scales σc=16 and 20, the vertical lines are fitted in the edge maps with a reliable tilts range.

The deviations from vertical axis is ~6° to 9° in different variations at coarse scales (σc=16 to σc=28).
Detected houghlines around diagonal axes (D1, D2) start at coarsest scales (σc=24 and 28). The

deviations from diagonal axes are in the range of ~13° for Grey mortar variations, slightly higher

~13.5° for White mortar (MB=1.0) pattern, and a bit lower ~11.5° for Black mortar (MB=0.0) variation.

7.3.4 Discussion

The perceptual grouping of Café Wall pattern with White mortar seems a bit different from the
Munsterberg pattern with Black mortar. In the literatures it has been reported that these variations of
Café Wall illusion do not have any illusory effect (Morgan and Moulden, 1986; Gregory and Heard,
1979) or better to say, not as strong as the intermediate brightness of Grey mortar lines. It has also
said that the mortar should be very thin for Munsterberg version to induce the tilt. We have tested
one sample of Munsterberg pattern in here. Our results for Black and White mortar variations show
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Figure 7.11 Detected houghlines for 5 different brightness variations of mortar lines, from Black (Left – MB 0.0) to White (Right - MB 1.0) displayed in green on the edge maps at
seven different scales (σc =4, 8, 12, 16, 20, 24, 28) – Hough parameters are kept the same in all variations of Mortar Brightness (MB=0.0, 0.25, 0.5, 0.75, 1.0), and for every DoG scale to
detect near Horizontal, Vertical and Diagonal tilted lines in the edge maps. NumPeaks=1000, FillGap=40px, and MinLength=450px for every DoG scales.
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Figure 7.12 Mean tilts and the standard errors of detected tilt angles of houghlines for 5 different brightness variations of mortar lines, from Black (MB 0.0) and White (MB 1.0) on
Top, and Grey mortar lines (MB=0.25, 0.5, 0.75) at Bottom, for DoG edge maps at seven scales (σc =4, 8, 12, 16, 20, 24, 28) – Hough parameters are kept the same in all variations of
the Mortar Brightness, and for every DoG scale to detect near horizontal (H), vertical (V) and diagonal (D1, D2) tilted lines in the edge maps. NumPeaks=1000, FillGap=40px, and
MinLength=450px for all DoG scales of the edge maps
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none to very weak tilt results which supports previously reported findings.
It was also suggested that the highest strength for the illusion is when the luminance of the mortar
is intermediate relative to the brightness of the light and dark tiles (Morgan and Moulden, 1986). Our
results on Grey mortar variations are consistent with this suggestion. We have shown that although
both patterns of MB=0.5 and MB=0.75 (Mid-, Light-Grey mortar) have high persistent mortar cues at
fine scales of the DoG edge maps, from finest scale to medium scale (σc =16), but mean tilt results
for the MB=0.5 pattern show a higher range of tilt angles compared to the MB=0.75 variation (1° more

- starting from a lower angle at the finest scale with more rapid tilt increase in the medium scales).
This indicates a stronger tilt effect for the Café Wall illusion where mortar lines with an intermediate
brightness (of the light and dark tiles) are used.

Figure 7.13 Six variations of the Café Wall 3×8 with 200×200px tiles and different mortar thickness (Width-MW),
starting from no-mortar lines (MW=0px) at the Top-Left, to MW=64px at the Bottom-Right. The mortar brightness is the
intermediate Grey between Black and White (MB=0.5) in all of these patterns.

7.4 Effect of Mortar Thickness on Tilt Illusion in the Café Wall Pattern
7.4.1 Pattern Characteristics
The patterns under investigation are Café Walls of 3×8 tiles with 200×200px tiles and Grey mortar

lines with intermediate brightness between Black and White (MB=0.5). To evaluate the model’s tilt
detection for different mortar thickness (Mortar Width-MW), six variations of the Café Wall (Tiles of
200×200px) have been generated and investigated, starting from no-mortar line or mortar width of

zero px (MW=0px), and then mortar width of sizes MW=4, 8, 16, 32 and 64px. So in these variations,

we have considered the ratios of Mortar size (M) to the Tile size (T) as M/T=0, 4, 8, 16, 32, 64/200 =

0, 0.02, 0.04, 0.08, 0.16, 0.32. We emphasize that in all these variations of the Café Wall pattern, the
mortar brightness (MB) was kept constant (MB=0.5). These variations of the Café wall pattern are

shown in Figure 7.13. It has been reported that by increasing the height (width) of mortar line, an
inverse of the Café Wall illusion happens (Earle and Maskell, 1993). This has been investigated in
this Section as well as in Section 7.4.4 (p.301). The Mortar Width (Size) is denoted by MW for an
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easier referral to this pattern characteristic. Note that for these samples, we have used MW to specify
the patterns which belong to the Mortar-Width category. When we talk about the characteristics of
the Café Wall pattern in general, we refer to mortar size simply by using M (Mortar size, thickness,
and width all refer to the size of mortar).

7.4.2 DoG Representation
Since the mortar sizes are different in these variations, and tile sizes are the same, we have
selected one of the patterns with mid-size mortar thickness, the MW=8px pattern as a base, to define
the scales of the DoG edge maps for the patterns (DoG scales from 0.5M to 3.5M with incremental

steps of 0.5M). So considering the mortar of 8px, the same DoG scales are σc=4, 8, 12, 16, 20, 24, 28

for all the Mortar-Width variations, given in Figure 7.13. The results of the DoG edge maps at seven

different scales in the jetwhite colormap and in binary form have been presented in Figure 7.14 to
Figure 7.19 for the Mortar-Width (size) variations. For easier comparison of the edge maps of these
variations of the Café wall pattern (Figure 7.13), the results of the binary edge maps in Figure 7.14

to Figure 7.19, have been summarised for MW=0, 4, 8px patterns in Figure 7.20, and for MW=16, 32,

64px variations in Figure 7.21.

Since the tile sizes are the same, by comparing the DoG edge maps in Figure 7.20 and Figure

7.21 we see that at the coarsest scale (σc=28), the DoG filter size is large enough to capture all of
the tiles (Window size=8×σc=224 ~Tile size=200px– Section 7.3.2-p.259). So at all of these Mortar-

Width variations of the Café Wall pattern, the last two scales of σc=24 and 28 show very similar DoG

outputs. However, we see some substantial changes in the last two variations of very thick mortar
lines (MW=32 and 64px patterns) at these coarse scales.

The cues of mortar lines are still available for the MW=64px pattern even at scale σc=28. The

Enlarged Twisted Cord elements on the mortar lines for two variations of very thick mortars (MW=32
and 64px), can be seen more clearly on the jetwhite colormap representations of these edge maps
as shown in Figure 7.22. These brightness artifacts can be seen at σc=8 and 12 for the MW=32px
pattern and at σc=12, 16 and 20 for the MW=64px pattern (Figure 7.22).

In addition, there is another difference in these two variations versus the rest of thinner mortar

patterns. At finest scales, σc=4 and 8 for the MW=32px pattern (Figure 7.22-center column), and at
scales σc=4, 8 and 12 for the MW=64px pattern (Figure 7.22-right column), the directions of groupings

of identically colored tiles are not completely clear, as they were in other patterns with thinner mortar
lines (This is the same for brightness induction direction along each mortar line which is not
completely clear). The mortar in these two patterns is quite thick, wide enough to separate the tiles
completely, and our only perception when viewing these patterns, is the changes of brightness along
the mortar lines. We refer to this effect as the ‘Enlarged Twisted Cord’. The directions of these
brightness changes are similar to what was detected at their fine DoG scales. However, in these
variations, we do not see the tilt effects as clearly as we perceive they on the other thinner mortar
variations. Here they have a strong brightness induction, but not a strong tilt effect. The only thing
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Figure 7.14 The DoG edge map at multiple scales for mortar size (mortar width-MW) of MW=0px of the Café Wall 3×8
with 200px tiles. This version does not have any mortar lines in between rows of tiles, and it has a ratio of mortar size to
tile size as 0.0. The edge map contains seven scales of σc =4, 8, 12, 16, 20, 24, 28. Left: The DoG edge map presented in
the jetwhite colormap. Right: The binary DoG edge map.

that bridges between tilt effects to brightness induction in these patterns is the increase of the mortar
size in thick mortar variations. The brightness induction and the direction of Enlarged Twisted Cord
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Figure 7.15 The DoG edge map at multiple scales for mortar width of MW=4px of the Café Wall 3×8 with 200px tiles.
This variation has a ratio of mortar size to tile size as 0.02. The edge map contains seven scales of σc =4, 8, 12, 16, 20, 24,
28. Left: The DoG edge map presented in the jetwhite colormap. Right: The binary DoG edge map.

elements seem to be more subject-dependent in these very thick mortar variations.
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Figure 7.16 The DoG edge map at multiple scales for mortar width of MW=8px of the Café Wall 3×8 with 200px tiles.
This variation has a ratio of mortar size to tile size as 0.04. The edge map contains seven scales of σc =4, 8, 12, 16, 20, 24,
28. Left: The DoG edge map presented in the jetwhite colormap. Right: The binary DoG edge map.
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Figure 7.17 The DoG edge map at multiple scales for mortar width of MW=16px of the Café Wall 3×8 with 200px tiles.
This variation has a ratio of mortar size to tile size as 0.08. The edge map contains seven scales of σc =4, 8, 12, 16, 20, 24,
28. Left: The DoG edge map presented in the jetwhite colormap. Right: The binary DoG edge map.

■ 281

Figure 7.18 The DoG edge map at multiple scales for mortar width of MW=32px of the Café Wall 3×8 with 200px tiles.
This variation has a ratio of mortar size to tile size as 0.16. The edge map contains seven scales of σc =4, 8, 12, 16, 20, 24,
28. Left: The DoG edge map presented in the jetwhite colormap. Right: The binary DoG edge map.
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Figure 7.19 The DoG edge map at multiple scales for mortar width of MW=64px of the Café Wall 3×8 with 200px tiles.
This variation has a ratio of mortar size to tile size as 0.32. The edge map contains seven scales of σc =4, 8, 12, 16, 20, 24,
28. Left: The DoG edge map presented in the jetwhite colormap. Right: The binary DoG edge map.
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Figure 7.20 DoG edge maps at multiple scales for 3 different variations of the mortar lines thickness, from nomortar lines (mortar width – MW 0px) to 8px mortar (MW 8px) for the Café Walls of 3×8 tiles with 200×200px tiles. The
edge maps include seven scales of σc =4, 8, 12, 16, 20, 24, 28. In all experiments the parameters of the DoG model are
kept constant at s=2 (Surround ratio), h=8 (Window ratio). The last row shows each variation of the investigated patterns.

In the literature it has been shown that when the diameter of the DoG operator (implementing

center-surround operators) is larger than the mortar width, an opposite phase brightness induction
appears (Foley and McCourt, 1985). This has been reported as a Reverse of Café Wall illusion by
Earle and Maskell (1993). The ‘Reversed Twisted Cord’ in thick mortar variations of the pattern is
also called the ‘Twisted Rope’ with an opposite direction to the Twisted Cord elements along mortar
lines to distinguish these two. The ‘Enlarged Twisted Cord’ in our explanation is the same as the
Twisted Rope mentioned in (Earle and Maskell, 1993). They note that the effect of the Reversed
Twisted Cord occurs for a limited range of spatial frequency that is acting as band-pass filters.
Outside this limit, the Twisted Cord elements breaks into two parallel segments aligned with the
mortar lines, and thus no Twisted Cord elements are presented. This breakage of Twisted Cords
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Figure 7.21 DoG edge maps at multiple scales for 3 different variations of the mortar lines, from mortar lines of width
16px (MW 16px) to 64px (MW 64px) for the Café Walls of 3×8 tiles with 200×200px tiles. The edge maps include seven
scales of σc =4, 8, 12, 16, 20, 24, 28. In all experiments here the parameters of the DoG model have been kept constant at
s=2 (Surround ratio), h=8 (Window ratio). The last row shows each variation of the investigated patterns.

explained in (Earle and Maskell, 1993) can be observed in the DoG edge maps presented in Figure
7.21 for thick mortar variations, at scale 8 for the MW=64px pattern and at scale 4 for the MW=32px

variation. They also show that by increasing mortar width the induction effects along the mortar are
further diminished and disappear when the mortar width is about twice the size of the DoG operator
(Lulich and Stevens, 1989). The brightness induction observed and explained here is also consistent
with Morgan and Moulden’s (Morgan and Moulden, 1986) conclusion that the effect is a
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consequence

Figure 7.22 DoG edge maps at multiple scales for thick mortar variations displayed in the jetwhite colormap. The
original patterns are Café Walls of 3×8 tiles with 200×200px tiles and mortar size variations of MW 16, 32, and 64px. The
edge maps include seven scales of σc =4, 8, 12, 16, 20, 24, 28. The rest of the model parameters are the same as Figure 621.

of band-pass filtering. We will come back later to these thick mortar variations to explain the detected
mean tilt results of these patterns in Section 7.4.4 (p.301).
For the MW=0px pattern, in which there is no mortar between the rows of tiles (Figure 7.20-left
column), the only grouping of pattern elements that can be seen in the edge map at multiple scales
is the zigzag vertical grouping of tiles. We can state, based on these results, that there is No tilt
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illusion in this variation, as its DoG edge map indicates. Morgan and Moulden suggest that the mortar
line is critical to the strength of illusion (Morgan and Moulden, 1986) and our result supports this
suggestion. For MW=4, 8 and 16px (Figure 7.20-center and right columns, and Figure 7.21-left

column), based on the defined DoG scales, we can see the mortar cues from finest scale, up to the
maximum scale of σc=20 for the MW=16px pattern. The edge maps show that the mortar cues do not

disconnect soon after the DoG filter reaches the mortar size. For instance, in the MW=8px pattern,
the near horizontal tilt cues along mortar lines are quite persistent from finest scale (σc=4) up to scale
16 (σc=16) which is twice the mortar size. From the edge maps in Figure 7.20 and Figure 7.21 we
see that there is a definite correlation between the width of the mortar lines and the strength of the

tilt illusion in these variations. The results show that increasing the height of the mortar results in
decreasing the illusion’s strength. The mortar’s height range reported in the literature, is said to be
between 1 and 10 min of arc (Gregory and Heard, 1979) for the illusion to appear due to the eye’s

sensitivity and interpretability by band pass filtering (Morgan and Moulden, 1986). In this chapter,
we use our model to predict the mortar thickness with the highest tilt effect in order to generate tilt
illusion patterns with the strongest effects.
Now we move to quantitative mean tilt results for these patterns, which are calculated using the

Hough analysis pipeline in our model (Chapter4-Section 4.4.2).

7.4.3 Quantitative Tilt Results

7.4.3.1 Modified Hough parameters
Detected houghlines have been shown in Figure 7.23 to Figure 7.28, for two values of 𝑁𝑢𝑚𝑃𝑒𝑎𝑘𝑠

parameter, 100 and 1000. Other Hough parameters are very similar to our first Mortar-Brightness
experiment (Section 7.3.3.1-p.267).

The detected houghlines in Figure 7.23 to Figure 7.28 have been summarised based on

NumPeaks=1000 for MW=0, 4, 8px variations in Figure 7.29, and for MW=16, 32, 64px patterns in

Figure 7.30. Figure 7.31 shows the summarised absolute mean tilts and the standard errors of
detected tilt angles of houghlines given in Figure 7.23 to Figure 7.28 for easier comparison.

Due to the modifications of Hough parameter for the no-mortar variation (MW=0px) of the Café

Wall pattern to detect near horizontal lines at fine scales, the horizontal mean tilts are misleading
here. We cannot simply compare the mean tilts of this pattern with other Mortar-Width variations

since different Hough parameters are used for analysis. We will check the mean tilts of this pattern
in the next experiment, when a fixed set of Hough parameters are used for all of these variations.

By increasing the mortar width from 4px to 32px, we see an increase of near horizontal tilt angles

from ~3.3° in the variation of the MW=4px to ~5.8° in the MW=32px pattern, at the finest scale (σc

=4). We see a decrease of mean tilts from the variation of the MW=32px (~5.8°) to the variation of

the MW=64px (~4.6°), but this result needs further checking.

The near horizontal mean tilts at fine scales in the patterns of MW=4, 8, 16px have a range of

~3.5° to ~9.5° at fine scales (DoG scales below σc =12). At scale 16 (σc =16), we see an increase of
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tilt range from ~12° to ~14° by increasing the mortar width from MW=8px to MW=16px. At this scale,

the mortar cues have completely disappeared in the MW=4px pattern and the detected horizontal
lines are the border effects, not the real tilts along mortar lines.

The mean tilts of near horizontal lines are increased when the scale increases at fine scales, and
the detection of near horizontal lines mainly stops at coarse scales or starts to decrease the mean
tilts angles after scale 16 (σc =16). In the MW=32px variation, since we still have the mortar cues at
coarse scales (𝜎

24, 28) of the DoG edge map, the near horizontal houghlines at the coarse scales

are detected for this pattern as well.

The detected houghlines of the MW=64px pattern show that at the medium scales (σc =12, 16),

the detected lines along the mortar lines have opposite directions, like a cross. Since we are
measuring the mean tilts, the tilts of these lines are not going to cancel each other, but in real visual
processing, they might. This also can be connected to the brightness induction direction of the
Enlarged Twisted Cord elements in this pattern. This state of confusion lasts for a few scales and
the grouping of tiles become clear after σc =20 in this pattern. We will further investigate the pattern

with very thick mortar (32, 64px) in the following Section (7.4.4-p.301), to enrich our understanding

of mortar size and its effects on mean tilts as well as brightness induction in the Café Wall illusion.

The vertical and diagonal deviations of the houghlines are nearly the same in these variations.

The vertical mean tilts are ~11°-11.5°, while the diagonal mean tilts are between ~9.5° to ~10.5° at

coarse scales (σc =20, 24, 28) in the Mortar-Width variations.
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Figure 7.23 Detected houghlines for no-mortar variation or mortar width of MW=0.0px of the Café Wall 3×8 with 200px
tiles, displayed in Green on the DoG edge map at seven different scales (σc =4, 8, 12, 16, 20, 24, 28). Blue lines indicate the
longest detected line. Left: The houghlines results for NumPeaks=100. Right: The houghlines results for NumPeaks=1000.
Bottom: The absolute mean tilts and the standard errors of tilt angles of houghlines for 4 reference orientations of Horizontal
(H), Vertical (V), and Diagonals (D1, D2). The Hough parameters have been provided below mean tilts tables.
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Figure 7.24 Detected houghlines for the variation of mortar width of MW=4px of the Café Wall 3×8 with 200px tiles,
displayed in Green on the DoG edge map at seven different scales (σc =4, 8, 12, 16, 20, 24, 28). Blue lines indicate the
longest detected line. Left: The houghlines results for NumPeaks=100. Right: The houghlines results for NumPeaks=1000.
Bottom: The absolute mean tilts and the standard errors of tilt angles of houghlines for 4 reference orientations of Horizontal
(H), Vertical (V), and Diagonals (D1, D2). The Hough parameters have been provided below mean tilts tables.
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Figure 7.25 Detected houghlines for the variation of mortar width of MW=8px of the Café Wall 3×8 with 200px tiles,
displayed in Green on the DoG edge map at seven different scales (σc =4, 8, 12, 16, 20, 24, 28). Blue lines indicate the
longest detected line. Left: The houghlines results for NumPeaks=100. Right: The houghlines results for NumPeaks=1000.
Bottom: The absolute mean tilts and the standard errors of tilt angles of houghlines for 4 reference orientations of Horizontal
(H), Vertical (V), and Diagonals (D1, D2). The Hough parameters have been provided below mean tilts tables.
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Figure 7.26 Detected houghlines for the variation of mortar width of MW=16px of the Café Wall 3×8 with 200px tiles,
displayed in Green on the DoG edge map at seven different scales (σc =4, 8, 12, 16, 20, 24, 28). Blue lines indicate the
longest detected line. Left: The houghlines results for NumPeaks=100. Right: The houghlines results for NumPeaks=1000.
Bottom: The absolute mean tilts and the standard errors of tilt angles of houghlines for 4 reference orientations of Horizontal
(H), Vertical (V), and Diagonals (D1, D2). The Hough parameters have been provided below mean tilts tables.
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Figure 7.27 Detected houghlines for the variation of mortar width of MW=32px of the Café Wall 3×8 with 200px tiles,
displayed in Green on the DoG edge map at seven different scales (σc =4, 8, 12, 16, 20, 24, 28). Blue lines indicate the
longest detected line. Left: The houghlines results for NumPeaks=100. Right: The houghlines results for NumPeaks=1000.
Bottom: The absolute mean tilts and the standard errors of tilt angles of houghlines for 4 reference orientations of Horizontal
(H), Vertical (V), and Diagonals (D1, D2). The Hough parameters have been provided below mean tilts tables.
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Figure 7.28 Detected houghlines for the variation of mortar width of MW=64px of the Café Wall 3×8 with 200px
tiles, displayed in Green on the DoG edge map at seven different scales (σc =4, 8, 12, 16, 20, 24, 28). Blue lines indicate
the longest detected line. Left: The houghlines results for NumPeaks=100. Right: The houghlines results for
NumPeaks=1000. Bottom: The absolute mean tilts and the standard errors of tilt angles of houghlines for 4 reference
orientations of Horizontal (H), Vertical (V), and Diagonals (D1, D2). The Hough parameters have been provided below
mean tilts tables.
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Figure 7.29 Detected Houghlines for 3 different variations of the mortar lines thickness-Width, from no-mortar lines
(mortar width - MW=0px) to 8px mortar (MW=8px), displayed in green on the DoG edge maps at seven scales (σc=4, 8,
12, 16, 20, 24, 28). The Hough parameters have been provided in the mean tilts tables for each variation in Figures 623 to 6-25 with two sets of parameters for detection of near horizontal lines at fine scales (σc =4, 8, 12), and near vertical
and diagonal lines at coarse scales (σc =16, 20, 24, 28). NumPeaks=1000 has been considered for reliable tilt ranges and
to eliminate the effect of this parameter on the mean tilt results as much as possible. In all experiments the parameters
of the DoG model are kept constant at s=2 (Surround ratio), h=8 (Window ratio). The last row shows the investigated
patterns.
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Figure 7.30 Detected Houghlines for 3 different variations of the mortar lines thickness-Width, from 16px mortar
(mortar width - MW=16px) to 64px mortar (MW=64px), and for the Café Walls of 3×8 with 200×200px tiles, displayed in
green on the DoG edge maps at seven different scales (σc =4, 8, 12, 16, 20, 24, 28). The Hough parameters have been
provided in the mean tilts tables for each variation in Figures 6-26 to 6-28 with two sets of parameters for detection of
near horizontal lines at fine scales (σc =4, 8, 12), and near vertical and diagonal lines at coarse scales (σc =16, 20, 24,
28). NumPeaks=1000 has been considered for reliable tilt ranges and to eliminate the effect of this parameter on the
mean tilt results as much as possible. In all experiments the parameters of the DoG model are kept constant at s=2
(Surround ratio), h=8 (Window ratio). The last row shows the investigated patterns.
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Figure 7.31 The mean tilts and the standard errors of detected tilt angles of houghlines for 6 different variations of mortar lines thickness, from no-mortar (MW 0px) to 64px mortar
width (MW 64px) of the Café Walls of 3×8 tiles with 200px tiles and 8px mortar. Detected houghlines are found on the DoG edge maps at seven different scales (σc=4, 8, 12, 16, 20, 24,
28), and around 4 reference orientations of Horizontal (H), vertical (V), and Diagonals (D1, D2). Hough parameters have been defined in a way to detect near horizontal lines in place
of the mortar lines. There are two sets of parameters for detection of near horizontal lines at fine scales (σc=4, 8, 12), and near vertical and diagonal lines at coarse scales (σc=12, 16,
20, 24) with the details given under each table (Modified hough parameters).
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7.4.3.2 Fixed Hough parameters
The quantitative measurement of detected tilts in the DoG edge maps of Mortar-Width variations
(MW=0, 4, 8, 16, 32 and 64px), given in Figure 7.13, have been measured based on the same

parameters of Hough for all of these variations, and for every DoG scale of the edge maps (σc =4, 8,

12, 16, 20, 24, 28). This ensures reliable tilt results, which are comparable between these variations.
The fixed Hough parameters are NumPeaks=1000, FillGap=40px, and MinLength=450px, similar to
Section 7.3.3.2-p.271.

Figure 7.32 and Figure 7.33 show the results of detected houghlines displayed in green on the

DoG edge maps at seven different scales (σc =4, 8, 12, 16, 20, 24, 28) for 6 patterns of Mortar-Width
variations of the Café Wall pattern (Figure 7.13). The absolute mean tilts and the standard errors of
detected tilt angles have been tabulated for easier comparison in Figure 7.34.

In the no-mortar variation (MW=0px; Figure 7.32-left column), there are no detected houghlines

around horizontal orientation in the first two fine scales (σc=4 and 8). The results of the mean tilts

and the standard errors of tilt angles of houghlines in Figure 7.34 show that not only at fine scales,

but also in other DoG scales, there are no horizontal houghlines detected in this pattern. The only

grouping of pattern elements that can be seen in the edge map at multiple scales of the pattern and
the detected houghlines, are the zigzag vertical groupings of tiles, with a vertical deviation of ~7.5°-

8°, and diagonal mean tilts of ~9.4°- 10.4°. Based on the edge map at multiple scales and Hough
analysis results, we can conclude that there is no tilt illusion along the mortar lines in this pattern.

The mean near horizontal tilts at fine scales in three patterns of MW=4, 8 and 16px show a range

of ~3.5°- 9.5° at scales σc=4, 8 and 12. Figure 7.34 also indicates that by increasing mortar width from

4px to 32px, there would be an increase of detected tilt angles from ~3.3° in the MW=4px pattern to
~5.8° in the MW=32px variation. This supports previous findings that in the Café Wall pattern with
thick mortar, the induction bands (Twisted Cords) appear at a steeper angle to the horizontal
compared to thinner mortars (Lulich and Stevens, 1989). There are no horizontal lines detected at

the medium to coarse scales; in MW=4px there is none after σc=16, in MW=8px there is none after
σc=20, and in MW=16px there is none after σc=24. The maximum mean tilts of ~14° in the patterns
of MW=32 and 64px cannot be detected for thinner mortar variations (MW≤16px). The vertical and

diagonal deviations of the detected houghlines are nearly the same in these variations. The near
vertical mean tilts are ~7°- 8.5°, while the range of diagonal mean tilts is between ~11.8°- 13.8° for
MW=4, 8 and 16px patterns at coarse scales (σc=20, 24 and 28).
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Figure 7.32 Detected houghlines for 3 different variations of mortar thickness, from no-mortar lines (mortar width
-MW 0px) to 8px (MW 8px) , and for the Café Walls of 3×8 with 200×200px tiles, displayed in green on the DoG edge
maps at seven scales (σc=4, 8, 12, 16, 20, 24, 28) – Hough parameters are kept the same in all variations of the mortar
thickness (MW=0, 4, 8, 16, 32, 64px), and for every DoG scale for detecting near horizontal, vertical and diagonal tilted
lines in the edge maps. NumPeaks=1000, FillGap=40px, and MinLength=450px for all DoG scales (σc=4, 8, 12, 16, 20, 24,
28). In all experiments the parameters of the DoG model are kept constant at s=2 (Surround ratio), h=8 (Window ratio).
The last row shows each variation of the investigated pattern.
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Figure 7.33 Detected houghlines for 3 different variations of mortar thickness, from mortar thickness of 16px
(MW 16px) to 64px (MW 64px), displayed in green on the DoG edge maps at seven scales (σc=4, 8, 12, 16, 20, 24,
28) – Hough parameters are kept the same in all variations of the mortar thickness (MW=0, 4, 8, 16, 32, 64px), and
for every DoG scale for detecting near horizontal, vertical and diagonal tilted lines in the edge maps.
NumPeaks=1000, FillGap=40px, and MinLength=450px for all DoG scales (σc=4, 8, 12, 16, 20, 24, 28). In all
experiments the parameters of the DoG model are kept constant at s=2(Surround ratio), h=8 (Window ratio). The
last row shows each variation of the investigated patterns
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Figure 7.34 The mean tilts and the standard errors of detected tilt angles of houghlines for 6 different variations of mortar lines thickness, from no-mortar (MW 0px) to 64px mortar
(MW 64px) and for the edge maps at seven different scales (σc=4, 8, 12, 16, 20, 24, 28) – Hough parameters are kept the same in all variations of the mortar thickness (MW 0, 4, 8, 16,
32, 64px), and for every DoG scale for detecting near horizontal, vertical and diagonal tilted lines in the edge maps. NumPeaks=1000, FillGap=40px, and MinLength=450px for all DoG
scales (Fixed Hough parameters).
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Now let’s concentrate on the thickest mortar variation in our samples (MW=64px). Since the
mortar size is huge compared to the other variations, the mortar cue still exists in the coarsest scale
(σc=28) of the edge map. At scale 28, the DoG captures a complete tile, and houghlines results show
that near horizontal lines can be detected up to the coarsest scale. There are no detected horizontal

lines at finest scale (σc=4), and the range of horizontal mean tilts is between ~10.5°- 17° along

different scales. The mean tilts in this pattern (MW=64px) are more than ~5° larger than the range

of horizontal mean tilts in other variations (which is ~3.5°- 9.5° in MW=4 and 8px patterns and ~5°-

14° in MW=16 and 32px patterns). When we compare the tilt effect in this pattern with thinner mortar

variations such as the MW=8px pattern, we see that the tilt effect is very weak here (due to a weak

persistence of the mortar cues in relation to the width of the mortar - Figure 7.38), but the detected
mean tilts along mortar lines show a strong tilt effect. We will investigate these thick mortar variations
further in Section 7.4.4 (p.301) to explain our quantitative tilt results. The diagonal mean tilts in this
pattern become stable around ~12.8° at scale σc=28. The only scale with detected houghlines around

the vertical orientation is σc=12 with the mean tilt of ~20° which is misleading and again larger than
the deviations of other variations from the vertical axis. As Figure 7.33 shows, the zigzag vertical
grouping of tiles did not occur, not even at scale 28 (σc=28).

7.4.4 Very Thick Mortar Variations

In the experiments reported so far in our study, we have assumed the common hypothesis that
for detection of near horizontal tilted line segments along mortar lines or the appearance of Twisted
Cord elements in the literature, the DoG scale (σc) should be close to mortar size (σc ~ M )

(Nematzadeh, Lewis and Powers, 2015; Nematzadeh and Powers, 2016a; Nematzadeh, Powers
and Lewis, 2016; Lulich and Stevens, 1989).

We show now that this is not precisely true when mortar size exceeds 16px in our samples (our

Café Wall samples have tiles of 200×200px). For the two patterns of MW=32 and 64px this

hypothesis is not valid. We will show that the mortar cues have completely disappeared in the DoG
edge maps of these patterns at scales much smaller than the mortar size.

In our previous experiments, we have used a fixed number of scales for the DoGs (seven scales)
for all of the Mortar-Width variations (Section 7.4.3 – p.286). The pattern of MW=8px was selected
as a base to specify the range of scales as σc=4, 8, 12, 16, 20, 24, 28 (for detecting both mortars and

tiles). So these seven scales of the DoGs started at one scale below the mortar size (M=8px) at scale
σc =4, and by incremental steps of 0.5M=4, the range of scales were: σc =4, 8, 12, 16, 20, 24, 28. Recall

that for extracting tiles at coarse scales the size of filter should be adapted as:

Window size = 8× σc (at scale 28) = 8×28 = 224 ~ tile size=200 px
Window size = 8× σc (at scale 24) = 8×24 = 184 ˂ tile size=200 px

For very thick mortar variations (MW=32 and 64px), we found that in the defined range of scales
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for the DoGs, the mortar cues still exist at the coarsest scale (σc=28). In addition, we have detected

brightness induction in the DoG edge maps of these variations, much stronger than patterns with
thinner mortar lines although the perception of tilt in these variations is very weak. The mean tilt
results presented in Section 7.4.3.2 (p.297) (Figure 7.34-bottom center and right) are overestimated
and show a strong tilt in these variations.
Since the ratios of the mortar size to tile size were nearly the same in the investigated patterns,

except for these Mortar-Width variations, we simply defined the range of scales as a function of
mortar size (Width) (0.5M to 3.5M with incremental steps of 0.5M), which can detect both mortar and

tile cues in the Café Wall pattern. Also, it was quite clear that to compare the mean tilt results in
these variations, a similar set of scales was needed for the DoG processing on all these variations.

In the Mortar-Width investigation, since the tile size are fixed in all variations (200×200px), and
the mortar thicknesses are changing among different patterns, we found that simply setting the DoG
scales as a function of mortar size (from 0.5M to 3.5M with incremental steps of 0.5M) might not

always lead to correct mean tilt results for very thick mortar variations such as MW=64px. If we follow
the same routine to generate DoG filters here, we will reach a very distorted edge map after a few

scales. For instance, the seventh scale would be a huge filter compared to the tile size as calculated
bellow:
The Window size at the seventh scale (σc =3.5M) = 8×3.5×64=1792~9 tiles (for MW=64px)

Also if the finest scale is set to 0.5M and the incremental steps are equal to 0.5M for this pattern

(MW=64px), at the first scale (σc =32), we have the tiles as well as the mortar lines in the DoG output.
After this scale, there would be no mortar cues, but there are the groupings of connected tiles in a

zigzag vertical direction with very rounded corners in the DoG edge maps. This is because the filter
size does not have an appropriate size to detect pattern characteristics properly, and therefore the

edge map contains some redundant information. The question is how to design a proper set of DoG
filters at multiple scales in our model for thick mortar variations (MW=16, 32 and 64px) of the Café
Wall pattern.

Figure 7.35 shows the DoG edge map at seven different scales for the MW=16px pattern in the

jetwhite colormap and binary form, the finest scale starts at 0.5M with incremental steps of 0.5M. This

defines the DoG scales of σc =8, 16, 24, 32, 40, 48, 56 for the edge map. The Figure shows that except

for the first few scales (σc =8, 16, 24), the rest of the edge map is redundant information. Figure 7.36
shows the DoG edge map at seven different scales for the MW=32px variation in the jetwhite color

and in binary form, with the exact same scales defined for the MW=16px in Figure 7.35. To find the
relationship between the DoG scales and the mortar size here (M=32), the range of scales are shown
from 0.25M with incremental steps of 0.25M, that leads to the σc =56 at the seventh scale as shown

in Figure 7.36.

Comparing Figure 7.35 and Figure 7.36, we see the edge maps of these patterns (MW=16px,

32px) are very similar after scale 32 (σc =32), when the tiles are extracted completely. The zigzag
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vertical grouping of tiles starts at σc =32 and lasts till the coarsest scale. We see a change of grouping

Figure 7.35 DoG edge maps at multiple scales for Café Wall 3×8, with 200px tiles, and mortar size (mortar width) of
MW=16px. This version has a ratio of mortar size to tile size of 0.08. Left: seven scale DoG edge map in the jetwhite
colormap. Right: The binary DoG edge map. The range of DoG scales are from 0.5M to 3.5M with incremental steps of
0.5M, results in the scales of σc =8, 16, 24, 32, 40, 48, 56.
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Figure 7.36 DoG edge maps at multiple scales for Café Wall 3×8, with 200px tiles, and mortar size (mortar width) of
MW=32px. This version has a ratio of mortar size to tile size of 0.16. Left: seven scale DoG edge map in the jetwhite
colormap. Right: The binary DoG edge map. The range of DoG scales are from 0.25M to 1.75M with incremental steps of
0.25M, results in the scales of: σc =8, 16, 24, 32, 40, 48, 56. The scales are exactly the same as the scales in Figure 6-35.

■ 305

Figure 7.37 DoG edge maps at multiple scales for Café Wall 3×8, with 200px tiles, and mortar size (mortar width) of
MW=64px. This version has a ratio of mortar size to tile size of 0.32. Left: seven scale DoG edge map in the jetwhite
colormap. Right: The binary DoG edge map. The range of DoG scales are from 0.25M to 1.75M with incremental steps of
0.25M (the same as the scale definition in Figure 6-36 for MW=32px), results in σc =16, 32, 48, 64, 80, 96, 112.

of tiles from near horizontal to zigzag vertical at scale σc =24 for the MW=16px pattern, and at σc =32

for the MW=32px variation. The other thing worth mentioning is that the mortar lines are detected at
the scale of 16 (σc =16=M) in the MW=16px pattern, but not at the scale of 32 (σc=32=M) in the
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MW=32px

Figure 7.38 DoG edge maps at multiple scales for 3 different variations of the mortar lines, from mortar lines of width
- MW 16px) to (MW 64px) for the Café Wall pattern 3×8 tiles with 200×200px tiles. The edge map includes seven scales of
σc =8, 12, 16, 20, 24, 28, 32. In the MW=64px, if we want to capture the zigzag vertical grouping of tiles which is in the
opposite direction to the mortar lines grouping of tiles at fine scales, we need more coarse scales such as the scale of 48
(σc =48) as well for this pattern. In all experiments here the parameters of the DoG model have been kept constant at s=2
(Surround ratio), h=8 (Window ratio). The last row shows each variation of the Café wall 3×8 pattern.

pattern!, although they have been detected in the previous scale (σc=24). This might be an indication

for a very weak tilt effect, if there is any, in the MW=32px pattern compared to the MW=16px variation.
Figure 7.37 shows the DoG edge map at seven different scales for the MW=64px pattern, with
the range of scale from 0.25M=16 (the finest scale) and the incremental steps of 0.25M, reaching
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scale σc=112 at the seventh scale. So the scales are σc=16, 32, 48, 64, 80, 96, 112. The huge filters
after σc=64 show very distorted DoG outputs in the edge map as shown in the Figure.

Since the tile sizes are the same (200×200px), we need the coarse scales to be similar in these

variations. The DoG edge maps of patterns MW=16, 32 and 64px at seven different scales were
shown previously in binary form in Figure 7.21, and in the jetwhite colormap in Figure 7.22. As

indicated in Figure 7.21 for the MW=64px pattern, we have mortar cues at the coarsest scale (σc =28)
and a large deviation from horizontal at this scale along the mortar lines. We could not detect the

grouping of tiles in a zigzag vertical direction similar to the rest of the other Mortar-Width variations.

The zigzag vertical grouping of tiles which appeared clearly at coarse scales of the DoG edge maps
of the MW=16 and 32px patterns, are not shown for the MW=64px pattern in this range of DoG

scales. So we have examined a few scales above 28 for these patterns, and gathered some of the

important results in Figure 7.38. The Figure shows the DoG edge maps at 8 different scales (σc =8,

12, 16, 20, 24, 28, 32, 48) for thick mortar patterns. There is a big gap from scale 32 to 48 compared

to incremental steps of 4 between the rest of the scales, since we wanted to show the DoG output

at this scale (σc =48) specifically for pattern MW=64px. On the other hand, we kept incremental steps

between fine scales of the DoGs small enough to check the persistency of mortar cues at fine scales
of the DoG edge maps for prediction of the strength of illusion.

Figure 7.38 shows that the edge maps of thick mortar patterns (MW=16, 32 and 64px) are very

similar after the scale of 32 (σc =32), when the tiles are extracted completely. We see a change of
groupings of tiles from near horizontal to zigzag vertical at scale σc =24 for the MW=16px pattern,

and at σc =32 for the MW=32px pattern. Figure 7.38 also shows that, although at scale 28 (σc =28)

we can detect the tiles, but detecting the zigzag vertical groupings of tiles appeared in the next few
scales at scale σc =48 for the MW=64px pattern.

The other thing worth mentioning is that the mortar lines are detected at scale 16 (σc =M=16) for

the MW=16px pattern, but not at scale 32 (σc =M=32) for MW=32px pattern (they are detected in the

previous scale; σc =24). As with the MW=32px pattern where the mortar lines could not be detected

at a scale equal to the mortar size (σc =M=32), we have the same scenario in the MW=64px pattern.

There are no mortar cues at scale σc =M =64 here. In the edge map of this pattern, the mortar cues
are available until scale σc =32, which is half the size of the mortar lines! This might be an indication

of a very weak tilt effect, if there is any, for the MW=32 and 64px patterns compared to the MW=16px

variation. Let us explain this in more detail.

If we look back to the variation of MW=8px (Figure 7.20-right column), we see the mortar cues

are not only detected at scale σc =M=8, but also in the following two scales (σc =12 and 16).

Comparing two variations of MW=8px with MW=16px (Figure 7.21-left column), we see for the
MW=16px pattern, the mortar cues have nearly disappeared, in just one scale after the mortar size

(at σc =20) except for very small dots in their place. The persistency of mortar cues in the edge map

of this pattern is not as strong as the MW=8px pattern which last for a few consecutive scales larger
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than the mortar size (σc =12 and 16). We now compare the MW=8px pattern with the MW=4px pattern.
The edge map of the MW=4px variation (Figure 7.20-center column) shows persistent mortar cues

from finest scale (σc =4=M) up to σc =12, similar to the MW=8px pattern. The persistency of mortar

cues seems to play a major role in defining the strength of the tilt illusion, and how strong we perceive

the illusory tilt in the Café Wall illusion. So we conclude that between Mortar-Thickness (Width)
samples tested here (Figure 7.13), very thin mortar variations (MW=4 and 8px) have the strongest

tilt effect.

Finally, for an adequate edge map representation for the thick mortar variations (MW=32 and

64px) the following sets of DoG scales seem to generate a proper representation for these patterns:
For the MW=32px pattern: Scales from σc =0.25M = 8 and incremental steps of 4:
σc =8, 12, 16, 20, 24, 28, 32

For the MW=64px pattern: Scales from σc =0.125M = 8 and incremental steps of 8:

7.4.5 Discussion

σc =8, 16, 24, 32, 40, 48, 56

The DoG edge map at multiple scales for the no-mortar variation of the Café Wall pattern
(MW=0px) indicates the same non-illusory percepts as previous reports by others (McCourt, 1983;
Moulden and Renshaw, 1979).
Our DoG edge map results support the previous findings that the strongest tilt effect in the Café
Wall illusion happens with the thin mortar lines (MW=4 and 8px in our samples). Also the edge map

at multiple scales nicely unveils the mysteries in the thick mortar variations of the Café Wall illusion
(Refer to Section 7.4.2-p.276). In these variations (very thick mortar), the Enlarged Twisted Cord

elements result in weak tilt effects plus a different effect, traditionally explained as brightness
induction, where an illusory rope like ‘Reversed Twisted Cord-Twisted Rope’ (Earle and Maskell,
1993) produces along the mortar as it perceived and our DoG model picks up a reversed angle of
twist (Sections 7.4.2-p.276 and 7.4.4-p.301).

7.5 Other Variations of the Café Wall Pattern
Beyond explorations of the mortar line variations of the Café Wall pattern (different levels of
Mortar Brightness-Section 7.3 (p.256), and Mortar Width- Section 7.4 (p.275), we have also
examined other variations of the Café Wall pattern. These variations include low contrasted tiles,
which we may refer to as ‘Grey tiles’ variations displayed at the Top of Figure 7.39, ‘Phase of tile
displacement’ presented in the middle of Figure 7.39, and two other patterns of Mirror image
(Direction Change) and Hollow Square at the bottom of Figure 7.39. For generation of all these
patterns, we kept the tile sizes the same as our previously investigated patterns, which is 200×200px
tiles. More details of these variations are explained in the following.
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7.5.1 Grey Tiles Variations
Grey tiles variations are lower contrasted tiles versions of the Café Wall pattern, in which instead
of Black and White tiles with maximum contrast, the tiles here are 2 shades of Grey color. These
variations are called ‘Grey tiles’ with typically the brightness of tiles equal to 0.25 for Dark-Grey and

0.75 for Light-Grey. This results in the generation of Café Wall patterns with half of the contrast of

the original Black and White tiles. For the separator mortar lines between rows of tiles, three levels

of mortar brightness have been defined which is below, between, and above the brightness of both

Grey tiles. Therefore, three patterns are generated with mortar brightness of MB=0 (Black), 0.5 (Mid-

Grey), and 1.0 (White). These patterns are presented at the Top of Figure 7.39.

Figure 7.39 Top: Grey tiles variations with tiles brightness of 0.25 (Dark-Grey), and 0.75 (Light Grey) and from Left to
Right: when the mortar brightness is below (MB=0) both Dark and Light tiles, in the intermediate level (MB=0.5) between
Dark and Light tiles, and above (MB=1) both Dark and Light tiles. Middle: Phase displacement variations, from Left to Right:
phase shifts of 1/3 tile and 1/5 tile. Bottom from Left to Right: Direction Change with mirror image of the original Café wall
pattern and Hollow Square pattern. Tile sizes are 200×200px, and mortar size is 8px in all of these patterns.

7.5.1.1 DoG representation
The results of DoG edge maps at seven different scales for these 3 variations of low contrasted
tiles (Grey tiles) (Figure 7.39-top) have been displayed in Figure 7.40. The scale of the DoGs are
σc=4, 8, 12, 16, 20, 24, 28 similar to the previous investigations in Sections 7.3-p.256 and 7.4-p.275.

As explained the brightnesses of tiles is equal to 0.25 (Dark-Grey) and 0.75 (Light-Grey) with three

different mortar brightness of Black (MB=0.0) - below the brightness of tiles, Mid-Grey (MB=0.5) - in
between the brightness of tiles, and White (MB=1.0) - above the brightness of tiles. For easier
comparison of detected mortar lines at multiple scales of the DoG edge maps in these variations,
the DoG edge map of the original Café Wall with Black and White tiles and mortar brightness of
MB=0.5 (tiles of 200×200px, mortar of 8px) has been provided in the Figure 7.41-left column.

By comparing the edge map of the intermediate mortar brightness (MB=0.5) in the Grey tiles
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variations (Figure 7.40) with the original Café Wall pattern (Figure 7.41-left column), we see very
similar tilt cues along the mortar lines at multiple scales of these DoGs (However there are some

Figure 7.40 DoG edge maps at multiple scales for 3 variations of Grey tiles with Black mortar (MB=0.0)-Left column,
Mid-Grey mortar (MB=0.5)-Center column, and White mortar (MB=1.0)-Right column. The tiles have brightness of 0.25 for
Dark-Grey, and 0.75 for Light-Grey tiles. The tile’s contrast in these variations are half (1/2) of the contrast between the
Black and White tiles in the original Café Wall pattern. All of these variations are Café Walls of 3×8 tiles with 200×200px
tiles and 8px mortar. The edge maps include seven scales of σc=4, 8, 12, 16, 20, 24, 28. In all experiments here the
parameters of the DoG model have been kept constant as s=2 (Surround ratio), and h=8 (Window ratio). The last row
shows the investigated patterns.

border effects revealed around all of these low contrasted tiles variations, that are not present in
Black and White variations of the pattern investigated so far).
An interesting edge effect happens in the DoG edge maps of the Black and White mortar patterns
(Figure 7.40). In the Black mortar (MB=0.0) variation, we see two detected edges at fine scales (for
inner and outer regions of tiles) along mortar lines, and a blurring effect of these small edges as the
DoG scale increases results in this edge map. But in the White mortar (MB=1.0) variation, we see
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just one detected edge along the mortars at fine scales. This is due to the nature of our On-Center
RF implementations for RGCs responses in our model. Now we move to quantitative mean tilt results

Figure 7.41 DoG edge maps at multiple scales for 3 patterns of the original Café Wall (Left-column), and two variations
of phase of tile displacement with the shifts of 1/3 of tile in the Center-column and shift of 1/5 tile in the Right-column. All
these variations are Café Walls of 3×8 tiles with 200×200px tiles and 8px mortar. The edge maps include 7 scales of σc=4,
8, 12, 16, 20, 24, 28. In all experiments here the parameters of the DoG model have been kept constant as s=2 (Surround
ratio), and h=8 (Window ratio). The last row shows the investigated patterns.

for these patterns, which are calculated using the Hough analysis pipeline described in
Chapter4─Section 4.4.2.

7.5.1.1 Quantitative tilt results
Detected Houghlines have been shown in Figure 7.43 for seven different scales of the DoG edge

maps (σc =4, 8, 12, 16, 20, 24, 28) of these three variations of Grey tiles (Figure 7.39-top). The Hough

parameters are kept the same, as in our previous experiments (Sections 7.3.3.2-p.271 and 7.4.3.2-

p.297). The fixed parameters are: NumPeaks=1000, Threshold=3, FillGap=40, and MinLength=450.

312 ■ Variations on the CAFÉ WALL
The absolute mean tilts and the standard errors of detected tilt angles of the low contrasted tiles
patterns have been summarised in Figure 7.46-top.

Figure 7.42 DoG edge maps at multiple scales for 3 patterns of the original Café Wall in the Left-column, mirror
image of Café Wall (Direction Change) in the Center-column, and Hollow square in the Right-column. All these patterns
are Café Walls of 3×8 tiles with 200×200px tiles (8px mortar in mirror image of the Café Wall pattern). The edge maps
include 7 scales of σc=4, 8, 12, 16, 20, 24, 28. In all experiments here the parameters of the DoG model have been kept
constant as s=2 (Surround ratio), and h=8 (Window ratio). The last row shows the investigated patterns.

The mean tilts and the standard errors of detected tilt angles for the original Café Wall have been
provided here for easier comparison of tilt results of other variations of the pattern with this pattern,
at bottom-left corner of the Figure. (This is the result from Figure 7.12 (MB=0.5) OR Figure 6-34
(MW=8px)). The original Café Wall has shown the maximum detected tilt range among the previously
investigated patterns.
Comparing the mean tilt results of the Black mortar pattern (MB=0.0) in Grey tiles variations with
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the original Café Wall pattern in Figure 7.46 shows that the near horizontal mean tilts are much lower
than the original Café Wall and the rest of the low contrasted tiles patterns (MB=0.5, and MB=1.0). At
scale 8 (σc =8), it is at ~2° in Black (MB=0.0) and White (MB=1.0) mortar patterns and ~4.5° for Mid-

Figure 7.43 Detected houghlines for 3 Grey tiles variations (Black-Left, Mid-Grey-Center and White-Right mortar lines
for tiles with brightness of 0.25-Dark Grey, and 0.75-Light Grey) displayed in green on the DoG edge maps at 7 scales (σc
=4, 8, 12, 16, 20, 24, 28) – Hough parameters are kept the same in all variations, and for every DoG scale for detecting
near horizontal, vertical and diagonal tilted lines in the edge maps. NumPeaks=1000, Threshold=3, FillGap=40, and
MinLength=450 for all DoG scales. In all experiments the parameters of the DoG model are kept constant as s=2 (Surround
ratio), and h=8 (Window ratio). The last row shows the investigated patterns.

Grey (MB=0.5) mortar variation. Gregory and Heard (1979) note that the effect depends critically on
luminance and that it disappears if the mortar line is either brighter than the light tiles, or dimmer
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than the dark ones, and our results are consistent with these psychophysical findings. Even in
MB=0.5 with an intermediate brightness between the light and dark Grey tiles, the mean tilts are
nearly 2° smaller than the detected mean tilts in the original Café Wall pattern at scales 8 and 12

Figure 7.44 Detected houghlines for 3 patterns of the original Café Wall-Left column, and two variations of phase of
tiles displacement with the shifts of 1/3 tile in the Center-column, and 1/5 tile in the Right-column, displayed in green on
the DoG edge maps at seven scales (σc =4, 8, 12, 16, 20, 24, 28) – Hough parameters are kept the same in all variations,
and for every DoG scale for detecting near horizontal, vertical and diagonal tilted lines in the edge maps.
NumPeaks=1000,Threshold=3,FillGap=40,and MinLength=450 for all DoG scales. In all experiments the parameters of the
DoG model are kept constant as s=2 (Surround ratio), and h=8 (Window ratio). The last row shows the investigated
patterns.
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(σc =8, 12) (~4.5° to 7.5° compared to ~6.6° to 9.5°).

The results also show that the White mortar (MB=1) variation has a higher mean tilts range

around

Figure 7.45 Detected houghlines for 3 Grey tiles variations (Black-Left, Mid-Grey-Center and White-Right mortar lines
for tiles with brightness of 0.25-Dark Grey, and 0.75-Light Grey) displayed in green on the DoG edge maps at 7 scales (σc
=4, 8, 12, 16, 20, 24, 28) – Hough parameters are kept the same in all variations, and for every DoG scale for detecting near
horizontal, vertical and diagonal tilted lines in the edge maps. NumPeaks=1000, Threshold=3, FillGap=40, and MinLength=450
for all DoG scales. In all experiments the parameters of the DoG model are kept constant as s=2 (Surround ratio), and h=8
(Window ratio). The last row shows the investigated patterns.
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horizontal orientation compared to the Black mortar (MB=0.0) pattern. Also at coarse scales, our
results show near horizontal tilts at ~2° in Grey tiles variations compared to none in the original Café

Wall pattern. Checking the Houghlines in Figure 7.43 shows that these detected lines are the

artefacts of border lines which do not concern us.

The diagonal mean tilts in the Grey tiles variations are ~2° smaller in MB=0.5 (Mid-Grey mortar,

and Gary tiles), which is ~11.5°-12° compared to ~12.5°-13.5° in the original Café Wall. So both of

the horizontal mean tilts at fine scales and diagonal mean tilts at coarse scales indicate a higher
range of detected tilts in the original Café Wall pattern compared to less contrasted tiles variations
(Grey tiles).

7.5.1.2 Discussion
We have shown here that although the illusion persists in the Grey tiles variation with an
intermediate mortar brightness between the brightness of both Grey tiles (MB=0.5 pattern), the
illusion strength is not as high as the original Café Wall pattern, which is consistent with previous
reports. It has been noted in previous literature that the strength of illusion in low contrasted tiles
variations of the pattern is less than the original Café Wall with tile’s contrast around the unity
(Gregory and Heard, 1979; Morgan and Moulden, 1986). Also lower contrasted tiles needed thinner
mortar lines to have the same degree of apparent convergence/divergence in the illusion percept
(Gregory and Heard, 1979), which is not yet tested by our model.

7.5.2 Phase of Tile Displacement
Two more patterns are generated based on two different phase of tile displacements, which is
the amount of tile shift between consecutive rows in the Café Wall pattern. One of these patterns
has a shift of 1/3 of a tile and the other one a shift of 1/5 of a tile, which are both displayed in Figure

7.39-center.

7.5.2.1 DoG representation
The results of DoG edge maps at seven different scales for 2 variations of phase of tile
displacement (Figure 7.39-center) with shifts of 1/3 tile and 1/5 tile have been presented in Figure

7.41. The scale of the DoGs are σc=4, 8, 12, 16, 20, 24, 28 as in the previous investigations in Sections
7.3-p.256, 7.4-p.275 and 7.5-p.308. Comparing these edge maps at multiple scales with the original

Café Wall pattern on the left column of the Figure shows that the tilt cues are perceived to be much
weaker in these two tile shift variations. For shift=1/5 tile variation, we see the weakest tilt effect and

near horizontal tilts revealed only at finest scales, σc=4 and 8. We see the mortar cues of inducing

near horizontal tilts which exist up to scale 12 (σc=12) for shift=1/3 tile pattern. But, as indicated in
the left column for the original Café Wall pattern with shift=1/2 tile between consecutive rows, the

mortar cues last up to scale 16 (σc=16). We believe that the persistency of mortar cues in the edge
map representation at multiple scales is an indication for the strength of the tilt effect in the Café Wall
illusion.
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Now we move to quantitative mean tilt results for these patterns, which are calculated using the
Hough analysis pipeline in our model (Chapter4─Section 4.4.2).

7.5.2.2 Quantitative tilt results

Detected Houghlines have been shown in Figure 7.44 for the DoG edge maps at seven different

scales (σc=4, 8, 12, 16, 20, 24, 28) of these two variations of phase shift displacement (Figure 7.39-

center). The Hough parameters are kept the same, as in our previous experiments (Sections 7.3-p.

256 and 7.4-p.275). The fixed parameters are: NumPeaks=1000, Threshold=3, FillGap=40, and
MinLength=450.
The absolute mean tilts and the standard errors of detected tilts for two patterns of phase of tiles
displacement (shifts of 1/3 tile and 1/5 tile) are shown at the bottom of Figure 7.46. Comparing these

results with the mean tilt results of the original Café Wall at the bottom-Left corner reveals that in the
small shift of 1/5 tile, there are no detected near horizontal lines along the mortar at fine scales.

There are a few detected near horizontal lines at scales 12 and 16 (σc =12, 16) which is much larger

than the original Café Wall pattern (~15.5°-18.9° compared to ~9.5°-12°). Refer to Figure 7.43 for

the details of detected houghlines. We found that these lines are not a very good indicator for near
horizontal tilts along the mortar lines, since the scales are much larger than the mortar size (M=8px).

By comparing the variation with a shift of 1/3 tile with the original Café Wall pattern with a shift of 1/2

tile, we still see a lower range of tilts which is ~4°-9.5° compared to ~3.5°-12° at the fine scales (σc
=4 to 12).

The vertical mean tilts in the pattern with a shift of 1/5 tile is much smaller than the original Café

Wall pattern, around 2.5°-3.5° at different scales. It is a bit higher in the variation with a shift of 1/3

tile ranges ~4°-6° (recall that for near vertical and diagonal tilts, we should consider DoG scales

larger than σc =12). Checking the detected houghlines in Figure 7.44 shows an interesting result for

extracted lines at scale 8 (σc =8). The vertical grouping of tiles start to appear at scale 8 in these two
variations of tile shift compared to scale 12 (σc =12) in the original Café Wall pattern. This is a good

indication for a weaker tilt effect in a horizontal direction along the mortar lines in these variations

compared to the original Café Wall because the tilt cues are more persistent at the fine scales in the
original Café Wall pattern. In addition, we see sharper vertical lines with less deviation from the
vertical axis, highlighting the vertical grouping of tiles along different scales of the edge maps. Near
diagonal tilts for these two patterns (shifts of 1/3 tile and 1/5 tile) are more than 3° lower than the tilt

ranges along diagonal axes compared to the original Café Wall (~9.5° compared to ~12.5°-13.5°).

7.5.2.3 Discussion

Our quantitative mean tilt results show a higher range of detected mean tilts near the horizontal
for the original Café Wall pattern compared to these variations of phase of tile displacement (shifts
of 1/3 tile and 1/5 tile). Our results are consistent with the literature that states the tilt effect is

maximal with half cycle phase shift between consecutive rows and minimal or no distortion when it
is in a checkerboard phase (McCourt, 1983).
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Figure 7.46 Top: Mean tilts and the standard errors of detected tilt angles of houghlines for 3 variations of Grey tiles (with mortar brightness of Black-Left, Mid-Grey-Center and
White-Right mortar lines for tiles with brightness of 0.25 for Dark Grey, and 0.75 for Light Grey), Bottom: Mean tilts and the standard errors of detected tilt range for 3 patterns of the
original Café Wall pattern on Left, and two variations of phase of tiles displacement including the shifts of 1/3 tile in the Center, and 1/5 tile on the Right. The calculations are done for
the edge maps at seven different scales (σc=4, 8, 12, 16, 20, 24, 28) – Hough parameters are kept the same in all variations, and for every DoG scale for detecting near horizontal, vertical
and diagonal tilted lines in the edge maps. NumPeaks=1000, Threshold=3, FillGap=40, and MinLength=450 for all DoG scales.
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Figure 7.47 Left: Mean tilts and the standard errors of detected tilt angles of houghlines for mirror image (Direction
Change), Right: Mean tilts and the standard errors of detected tilt range for the Hollow Square pattern. The calculations
are done for the edge maps at seven different scales (σc=4, 8, 12, 16, 20, 24, 28) – Hough parameters are kept the same in
all variations, and for every DoG scale for detecting near horizontal, vertical and diagonal tilted lines in the edge maps.
NumPeaks=1000, Threshold=3, FillGap=40, and MinLength=450 for all DoG scales.

7.5.3 Mirror image and Hollow Square variations
The mirror image of the Café Wall pattern results in opposite direction of inducing tilt. So, we
may refer to this pattern as the Direction Change variation of the Café Wall pattern in our
explanations or Figures. This pattern is presented at the bottom-left of Figure 7.39. The final pattern
we consider is the Hollow Square pattern, which consists of Hollow tiles the same size as the Café
Wall tiles. The outlines of tiles are thinner than the mortar size. The border thickness of these Hollow
tiles produces roughly similar size to the mortar size of 8 (M=8px) in the Café Wall pattern, since two

Hollow tiles are adjacent to each other. The Hollow Square pattern is presented at the bottom-right
of Figure 7.39.

7.5.3.1 DoG representation
The results of DoG edge maps at seven different scales for 2 patterns of mirror image inducing
the opposite direction of tilt and the Hollow Square pattern (Figure 7.39-bottom) have been displayed
in Figure 7.42. The scales of the DoGs are σc=4, 8, 12, 16, 20, 24, 28 as in the previous investigations

in Sections 7.3, 7.4, and 7.5 (p.256, 275, 308). For easier comparison, we have again provided the
DoG edge map of the original Café Wall pattern in this Figure as well. The DoG edge map of the
mirror image of the Café Wall pattern (Direction Change) shows exactly the same tilt cues at multiple
scales of the DoGs, but with the opposite direction for convergence/divergence along mortar lines,
supporting the previous finding that the tilt effect reverses with half cycle shift (Gregory and Heard,
1979).
The edge map of the Hollow Square pattern detects two edges around every Hollow tile (square)
–an inner and outer region. The edge map is completely different from the rest of the Café Wall
variations. What we see at fine scales are groupings of tiles in a vertical-zigzag direction by the high
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frequency details of the edges. We have seen these vertical grouping of tiles at coarse scales in
most of the investigated variations of the Café Wall pattern. There are no near horizontal tilts in the
place of mortar (connecting section of rows of Hollow tiles) in this pattern at fine scales. Now we
move to quantitative mean tilt results for these patterns, which are calculated using the Hough

analysis pipeline in our model (Chapter 4─Section 4.4.2).

7.5.3.2 Quantitative tilt results
Detected houghlines have been shown in Figure 7.45 for the DoG edge maps at seven different

scales (σc=4, 8, 12, 16, 20, 24, 28) of the mirror image of the Café Wall (Direction Change) and the

Hollow Square pattern (Figure 7.39-bottom). The Hough parameters are kept the same, as in our
previous experiments in Sections 7.3 (p.256), 7.4 (p.275) and 7.5 (p.308). The fixed parameters are:
NumPeaks=1000, Threshold=3, FillGap=40, and MinLength=450.

The mean tilts and the standard errors of detected tilt angles of houghlines have been presented

in Figure 7.47. In the mirror image pattern (Direction Change), the near horizontal tilt range is quite

similar to the original Café Wall pattern ranging from ~3.5° to 12°. The mean tilts along vertical and

diagonal orientations are again very similar to the original Café Wall pattern. Slight changes less
than a degree (˂1°) are in the acceptable mean tilt range due to the standard errors of around 0.6°-

0.7° in the original Café Wall (Figure 7.46), and this error indicates that the results are statistically
very close to each other in these two variations. This is what we expected, and we have shown that

the tilt effect has an opposite direction of divergence/convergence along the mortar lines in the
detected houghlines shown in Figure 7.45.

The last pattern we consider is the Hollow Square. The mean tilts and the standard errors of

detected tilt angles of houghlines have been shown on the right side of Figure 7.47. Comparing near

horizontal mean tilts of this pattern with the original Café Wall pattern (Figure 7.46) at finest scale σc

=4 shows that the detected horizontal lines have 5° deviations from the horizontal axis compared to

3.5° in the original Café Wall pattern. There is similar mean tilt ~6° (compared to ~6.6°) at scale 8

(σc =8). But it is important to consider is that although the detected lines have mean tilts deviation
around 6°, the lines have both positive and negative orientations along each mortar position at σc =8
(connecting of hollow tiles in rows) compared to a single tilt orientation (either positive or negative

tilt) for detected lines along each mortar in the original Café Wall pattern (based on detected
houghlines in Figure 7.44). In real vision, at this transition resolution, these contradictory tilts tend to

cancel each other and result in a lower tilt range than our predicted absolute mean tilt results (~6°).
We see many artefacts of border effects and many detected houghlines with diverse orientations
which show an unstable tilt direction at the mid scales (σc =12 and 16). Based on the Hough

parameters that are kept the same for tilt analysis of the investigated patterns, we found a much

smaller tilt deviation from the diagonal axes, which is ~3.5°-6°, compared to 13° in the original Café

Wall pattern. As with the diagonal mean tilts, we again see a smaller deviation from the vertical axis
for the detected lines which is 2°-5° compared to 6.5°-9.5° in the original Café Wall pattern.
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7.5.3.3 Discussion
We have shown here that lower contrasted tiles compared to the contrast of unity in the original
Café Wall pattern have a lower range of detected mean tilts, indicating weaker tilt illusion compared
to Black and White tiles in the original Café Wall pattern. Among three different variations of Grey
tiles we have shown that the mortar brightness should be in the intermediate range for a strong tilt
effect. It has been suggested that a decrease of mortar width in low contrasted tiles variations of the
Café Wall enhances the tilt effect (Gregory and Heard, 1979). This has not yet been tested by our
model. Also our quantitative mean tilt results showed the maximum mean tilts near horizontal with
half tile shift (the original Café Wall) and the effect is diminished close to a chessboard phase. Our
results also showed an opposite direction for illusory tilt in the mirror image of the Café Wall variation
(half cycle shift of the Café Wall pattern), as well as a weak tilt effect in the Hollow Square pattern
(the tested variation here). It has been reported that a decrease in contrast reduces the apparent tilt
of the Hollow Square illusion (Woodhouse and Taylor, 1987) that has not yet been tested by our
model.
We have made quantitative predictions of tilt for a wide range of conditions, and specifically, the
predictions of the strength of illusion as conditions vary. For the first time, we have early stage vision
that makes quantifiable predictions about a family of illusions.
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7.6 Summary
The appearance of the Twisted Cord elements has previously been shown as the filtered output
after either DoG or LoG on a Café Wall image at specific filter sizes (scales) (Morgan and Moulden,
1986; Earle and Maskell, 1993).We used a DoG derived model (Nematzadeh, Lewis and Powers,
2015; Nematzadeh and Powers, 2017b, 2017a; Nematzadeh and Powers, 2016a, 2016b) that
highlights the perception of divergence and convergence of mortar lines in the Café Wall illusion. We
show that the model is capable of revealing the illusory cues in the pattern qualitatively, as well as
allowing us to measure the strength and orientation of the tilt effect quantitatively in a wide range of
Café Wall patterns.
We present solid experimental results that our model can not only detect the tilt in the Café Wall
pattern, but also can predict the strength of the illusion and quantify the degree of tilt. We argue here
that the persistence of mortar cues plays a major role in determining how strongly we perceive the
induced tilt in the Café Wall illusion. Our model seems to be a good fit to our biological understanding
of the early stages of vision. Quantitative predictions of tilt at multiple scales for a wide range of
conditions and specifically the predictions of the strength of illusion when the condition vary have
been shown for the first time by our predictive model and the DoG edge map representations at
multiple scales (Nematzadeh and Powers, 2017b).
The results of our simulations are consistent with previous psychophysical findings across the
full range of Café Wall variations tested. Our results also suggest that the Difference of Gaussians
mechanism is at the heart of the effects explained by, and the mechanisms proposed by the
Irradiation, Brightness Induction, and Bandpass Filtering models. We have also shown empirically
that this model has a high potential to reveal the underlying mechanism connecting low-level filtering
approaches to mid- and high-level explanations such as ‘Anchoring theory’ and ‘Perceptual grouping’
(Nematzadeh, Powers and Lewis, 2017) described in Chapter 5.
Although we have covered many of the aspects involved in the illusory perception of variations
of the Café Wall pattern in our model (Nematzadeh and Powers, 2017b), there are still many things
left to be explored including relating the tile, mortar and DoG filter sizes to their visual angle and
making specific predictions for the effect at different distances and viewing sizes. These
psychophysical experiments are our future research priorities to confirm the predictions implicit in
our results, and are expected to lead us to a more precise multiple scale filtering which is adaptable
to the pattern’s characteristics.
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CHAPTER

8

8 EXPLAINING OTHER ILLUSIONS

8.1 Introduction
In the previous chapters, we show that our model can not only detect the tilt in the Café Wall
illusion, but also allows us to predict the strength of the illusion and quantify the degree of tilt. For
the first time, quantitative predictions of a model are reported for the Café Wall stimulus considering
different characteristics of the pattern. The results of our simulations are consistent with previous
psychophysical findings across the full range of Café Wall variations tested.
We highlight in this chapter, the efficiency of the computational filtering model utilised for
modelling the lateral inhibition of RGCs and their responses to a broader range of Geometrical
Illusions using isotropic DoG filters. Our model creates a raw-primal representation for Tile Illusions
(patterns investigated in this research) and for many other types of visual data, referred to as the
‘edge map’ represented at multiple scales. Tile Illusions are second-order tilt effects which arise from
the contrast of background and tilt cues such as in the Café Wall and Complex Bulge pattern
(Kitaoka, 1998). Our experimental results suggest that low-level DoG filtering at multiple scales has
a significant role in explaining the induced tilt in Tile Illusions in general (Nematzadeh and Powers,
2017a, 2017b; Nematzadeh and Powers, 2016a; Nematzadeh, Powers and Lewis, 2017). Even
given the increasingly detailed biological characterization of both retinal and cortical cells over the
last half a century (1960s-2010s), there remains considerable uncertainty, and even some
controversy, as to the nature and extent of the encoding of visual information by the retina, and
conversely of the subsequent processing and decoding in the cortex (see e.g. Field & Chichilnisky
(2007) and Gollisch & Meister (2010).
In this chapter we further investigate the edge maps of four variations of Geometrical Illusions
which consist of the Hermann Grid, Zollner, Spiral Café Wall, and Complex Bulge illusions, to evaluate

the efficiency of our low-level filtering approach for modelling the induced tilt effects in them. We
applied the same analysis pipeline for the second stage processing on these illusions. The results

of Hough analysis on the Spiral Café Wall and Complex Bulge patterns are presented showing how
the tilt cues are mapped within the Hough lines detected across multiple scales of the DoG edge
maps of these stimuli.
To assist the reader in following the explanations about specific illusions in this chapter, we have
highlighted them with a different font face (‘Cambria’ instead of Arial). Also, the ‘explanatory
approaches’ for these illusions have been italicized and usually their first letters have been
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capitalized.

8.2 DoG edge maps of well-known illusory patterns
Optical illusions highlight the sensitivities and limitations of human visual processing, and
studying these leads to insights about perception that can potentially help computer vision match or
exceed human performance. Geometric illusions are a subclass of illusions in which orientations and
angles are distorted and misperceived.
Retinal ganglion cells (RGCs) are the retinal output neurons that convert synaptic input from the
inner plexiform layer (IPL) and carry the visual signal to the brain. The diversity of RGC types and
the size dependence of each specific type to the eccentricity (the distance from the fovea) are
physiological evidence (Field and Chichilnisky, 2007) for multiscale encoding of the visual scene in
the retina. Consequently, low-level computational models of retinal vision have been proposed based
on the simultaneous sampling of the visual scene at multiple scales (Lindeberg and Florack, 1994).
We explore the response of a simple bioplausible model of low-level vision (Nematzadeh, Lewis and
Powers, 2015) on Geometric/Tilt Illusions, reproducing the misperception of their geometry, for the
Café Wall and other Geometric illusions. Although the misperception of orientation in Tilt Illusions,
may suggest physiological explanations involving orientation selective cells in the cortex, our work

shows that the emergence of tilt in these patterns is initiated before reaching orientation-selective
cells as a result of known retinal/cortical simple cell encoding mechanisms.

The sigma of the center Gaussian (σc) is the central parameter of the model and its optimal value
is dependent on the dimensions of the pattern’s elements. For instance, to extract the tilted line
segments along the mortar lines in the Café Wall illusion, σc should be similar in size to the mortar

thickness (Nematzadeh and Powers, 2016b; Nematzadeh, Powers and Lewis, 2017). Our
explanation considers both local and global tilt effects of the pattern, as well as their relationship to
the visual angle and viewing distance of the pattern. This distance determines our perception of the
pattern due to differences in what pattern elements are observable from near and from far, which is
captured here as multiple edge map representations at different DoG scales.

The edge maps of four variations of Geometrical Illusions (the Hermann Grid, Zollner, Spiral Café

Wall, and Complex Bulge patterns) have been provided in Figures 8.1 to 8.4 based on a constant

value of s=1.6 and h=8 as the Surround and Window ratios respectively in the model. Here instead

of a Surround Ratio of s=2.0 used in our previous experiments, we have used s=1.6 (Marr and
Hildreth, 1980). These figures consist of three sections. On top, the multiple scale edge maps are
presented at fifteen different scales (σc= 1 to 15) with incremental steps of 1 for the Geometrical

Illusions investigated in the jetwhite colormap. In the middle section, the multiple scale edge maps
are presented in binary form, and at the bottom, the illusion patterns are shown, framed in Yellow
next to the figure captions.
The Classical Receptive Field (CRF) is the area in which a visual stimulus evokes a charge in

the firing activity of a cell, which can explain perceptual effects in illusions such as the Hermann Grid

■ 327
and Mach Bands. It should be noted that it is not sufficient to explain global perceptual effects. The
classical explanation of the appearance of Grey spots in the intersections of horizontal and vertical

Black bars is that when GCs, positioned at the crossings (intersections), the effect of inhibitory
surround would be four, but when the GC is looking at a street (Bars but not their intersections) it
gets only two inhibitory patches, so it will have a higher spike rate compared to the ones at the
crossings. This was measured by Baumgarthner (1960) as explained in Chapter 2. So inhibitory
response occurs as a result of increasing the white surround in our pattern. The pattern may have
the opposite arrangement compared to the investigated pattern with White bars on top of a Black
background.
Figure 8.1 shows the DoG edge maps (in the jetwhite colormap-top and in binary form-middle)
for the Hermann Grid illusion (given at the Bottom-Right of the figure). The pattern has a size of

512×512px with bar width of 16px. There is no tilt effect in this pattern, but the explanation for the
appearance of flashing Grey spots (dots) in the intersections of Black bars which has been given in

the literature is the result of lateral inhibition (LI) and ON and OFF center-surround activity of the
retinal GCs. The Grey spots appear in the peripheral view of the pattern, and disappear at focal view
resulting in flashing Grey spots (REF) as presented at the bottom-left of the figure.
Our DoG edge map representation of the pattern nicely illustrates this explanation for the
appearance of Grey spots in this pattern. Considering the jetwhite representation of the edge map,
at fine scales (σc= 1, 2, 3), we see light-Blue spots appear at the intersections of bars. By increasing

the DoG scale (σc), a transient state emerges (from light-Blue to dark-Blue spots in the intersection
points of bars on the edge map). It is worth mentioning that the brightness level of these spots (dots)
relates to the DoG convolution and its averaging process, as well as the position of DoG filter and
its size (scale) for generating the DoG edge map representation. The color bar on the right side of
the jetwhite representations of the edge maps in Figure 8.1 to Figure 8.4 facilitates navigation on the
DoG convolved outputs (e.g. it shows that both light-Blue and dark-Blue are negative values, with
dark-Blue being more negative). In the binary form, the appearance of spots is not as clear as in the
jetwhite representation, but we see dark Grey dots at fine scales and light-Grey dots at coarse scales
in the edge map simulating larger RFs.
Due to simultaneous sampling of RGCs and multiscale retinal encoding of the pattern, the visual
appearance of spots is not persistent, and seems to flash while shifting our gaze on the pattern. At
focal view to the intersections, due to very fine scale RGCs in the fovea, we get a sharp fine scale
response with no spots visible in the intersections of the bars, similar to σc= 1 in Figure 8.1 in our
simulations.

Our explanation considers both local and global views of the pattern at fine to coarse scale DoG

edge maps, which simulate foveal to peripheral retinal GCs in the retina. It seems that the final
perception of the pattern is affected by our local to global view of the pattern, highlighting the
appearance of flashing Grey spots in the intersections of Black bars.
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Figure 8.1 DoG edge maps at fifteen different scales
(σc= 1 to 15) from Left to Right and Top to Bottom, with
incremental steps of 1, presented in the jetwhite colormap
(on Top), and in binary form (in the Middle) for the Hermann
Grid illusion framed in Yellow at the Bottom. The
investigated pattern has a size of 512×512px, with bar
widths of 16px. Bottom-Left: Different positions of the retinal
RFs from Left to Right: on the crossing, on the street, and
for very small RFs in the fovea. s=1.6, h=8 (Surround and
Window ratios) are constant in the DoG model here.
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Figure 8.2 DoG edge maps at fifteen different scales (σc=
1 to 15) from Left to Right and Top to Bottom, with incremental
steps of 1, presented in the jetwhite colormap (on Top), and in
binary form (in the Middle) for the Zollner illusion framed in
Yellow at the Bottom. The investigated pattern has a size of
540×540px. s=1.6, h=8 (Surround and Window ratios) are
constant in the DoG model here.
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The next pattern we examined is the Zollner illusion. The pattern consists of a series of parallel

Black lines in diagonal orientation, intersected by a pattern of short inducing line segments,
alternating between horizontal and vertical along the long parallel Black lines. These short inducing

lines create an illusory percept of the long Black lines as not being parallel. The angle of short line
segments to the longer lines results in this impression of converging and diverging illusory effects of
long parallel lines. It has been claimed in some literature that the maximum effect is when the acute
angle of inducing lines and long lines is between 10° to 30° (Bressan, 1985; McCourt, 1983;
Westheimer, 2007).
The multiple scale DoG edge maps of this pattern are presented in Figure 8.2 in the jetwhite
colormap and in binary form at fifteen different scales from σc= 1 to 15 with incremental steps of 1.

The Zollner pattern investigated has a size of 540×540px. This Geometrical Illusion is regarded as

one of the Café Wall illusions (Nematzadeh, Powers and Lewis, 2016).

As the DoG edge map reveals, at fine to medium scales (σc= 1 to 7), the fine details of short

inducing line segments are detected, preserving two opposite orientations of either vertical or

horizontal direction along each long parallel lines (diagonal lines). As the scale increases, around

scale 8 and 9 (σc= 8, 9), the orientation of the small line segments starts to fade and after scale 10
(σc= 10) they are completely lost in the edge map. What we see are nearly similar wiggling lines

(zigzag lines on the long diagonal parallel lines), which are the integration of DoG outputs of the
short inducing line segments, joined together at these scales of the DoGs along the long diagonal
parallel lines. By increasing the DoG scale to coarse scales (σc= 14, 15), what the DoG edge map
reveals is just long slanted lines in diagonal orientation, with no cues of intersected short inducing

lines on top of them.

We believe that the perception of converging and diverging of long parallel slanted lines in the
pattern (with diagonal arrangement) is the result of multiscale encoding of the retinal cells and
incompatible grouping of pattern elements that happen simultaneously at different scales, which
contribute to the illusory tilt perception in the pattern.
Figure 8.3 shows the edge map representations for the Spiral Café Wall illusion with the size of

875×875px. The edge maps are presented at fifteen different scales (σc= 1 to 15) with incremental
steps of 1 in the jetwhite colormap on top and in binary form in the middle. The pattern is among the

complex Tile Illusion patterns compared to the Café Wall illusion. Although the rows of Café Wall tiles

are arranged in a circular way with mortar lines in between (like rings of tiles), we get an impression
of their arrangement as being in spiral organization that is an illusory percept of the pattern. Due to
the circular design of the pattern, the size of tiles and mortar lines has been increased from the
center to the surround region of the pattern and encoding of tiles as well as mortar lines are different
from the original Café Wall pattern which consists of a constant tile size and mortar size. The

appearance of a complete tile in the edge map is dependent on the scale of the edge map relative
to each individual tile size in a ring of tiles in this pattern. This is the same for the mortar lines as
well.
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What we see at fine scales of the edge map are the extraction of fine details from mortar lines to
tiles edges in the pattern. The tiles are connected through mortar lines at very fine scales (σc= 1, 2).
As the scale increases, we see some blending of color in the DoG output and that the mortar cues

start to disconnect. As a result, the grouping of tiles by the mortar lines disappears and a different

grouping of tiles starts to be revealed at scale 4 (σc= 4) for the central tiles, and near scale 7 (σc= 7)

for the peripheral ones close to the outer border of the pattern. The new grouping of tiles generates
curved lines, from the center of the pattern to the periphery, which are thin at the center and thick at

the other end. Similar groups appear around the whole pattern, moving from the center to the outer
region with a slight circular rotation of a similar curved line at mid to coarse scales in the edge map.
Another thing worth mentioning is the size extension of the central hole in the DoG edge map as the
scale increases. All of these cues can contribute to the perception of the Spiral Café Wall rather than
the circular arrangement of the Café Wall tiles in the pattern.

The last Geometrical Illusion investigated here is the Complex Bulge pattern (Kitaoka, 1998). This

pattern consists of a simple checkerboard background and some superimposed White/Black dots

on Black/White tiles, arranged in the center of the checkerboard, giving the impression of a central
bulge in the pattern. We refer to these tilt patterns as second order tilt effect illusions, and the
superimposed dots on their backgrounds give some impression of foreground background percept.
Different positions of dots on the textured background result in some tilt, bow or wave perceptions
along the edges as well as expansion and contractions on checkers corners (Nematzadeh, Lewis
and Powers, 2015).

The multiple scale DoG edge maps of the Complex Bulge pattern are presented in Figure 8.4 in

the jetwhite colormap (top) and in binary form (middle) at fifteen different scales (from σc= 1 to 15

with the incremental steps of 1). The pattern investigated has a size of 574×572px. At fine scales
(σc= 1, 2), the DoG output reveals the fine details of the pattern including the edges of tiles and the

superimposed dots. What we see at fine scales is a grouping of tiles with superimposed dots in a
circular arrangement around the center.

The impression of central bulge in the edge map lasts till nearly scale 5 (σc= 5), and at this scale

we see a transient state from the central bulge effect as the result of the grouping of tiles with
superimposed dots to a different grouping of tiles in an X shape organization of identically colored

tiles in the pattern. This grouping of tile elements persists from mid to coarse scales when the cues
of fine scale superimposed dots have been disappeared in the edge map.
Again, what we believe as the explanation of the illusory percept of the central bulge in the pattern
is simultaneous sampling of the pattern elements at multiple scales in the retinal encoding of the
pattern, which results in two incompatible groupings of pattern elements which contribute to the
illusory perception of central bulge in the pattern. Based on the relative size of superimposed dots
and the tiles of the checkerboard, we see the impression of central bulge very clearly for the given
pattern. It is obvious that decreasing the size of superimposed dots results in less persistency of dot
cues at fine scales of the DoG edge map, and a weaker illusory bulge effect at the center.
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Figure 8.3 DoG edge maps at fifteen different scales
(σc= 1 to 15) from Left to Right and Top to Bottom, with
incremental steps of 1, presented in the jetwhite colormap
(on Top), and in binary form (in the Middle) for the Spiral
Café Wall illusion framed in Yellow at the Bottom. The
investigated pattern has a size of 875×875px. s=1.6, h=8
(Surround and Window ratios) are constant in the DoG
model here.

■ 333

Figure 8.4 DoG edge maps at fifteen different scales
(σc= 1 to 15) from Left to Right and Top to Bottom, with
incremental steps of 1, presented in the jetwhite colormap
(on Top), and in binary form (in the Middle) for the Complex
Bulge pattern framed in Yellow at the Bottom. The
investigated pattern has a size of 574×572px. s=1.6, h=8
(Surround and Window ratios) are constant in the DoG
model here. Used with permission from the designer
(Kitaoka, 1998 – A Bulge). The high resolution image is
downloadable
from:
http://www.psy.ritsumei.ac.jp/~akitaoka/Bulge02L.jpg
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8.3 Detecting tilts in the edge maps
Our model provides new insights into physiological models (Carandini, 2004; Field and
Chichilnisky, 2007; Gollisch and Meister, 2010) as well as supporting Marr’s theory of low-level vision
(Marr and Hildreth, 1980; Marr and Ullman, 1981). At the end of this section we briefly illustrate how
we further analyse the detected tilted lines in the DoG edge maps of the investigated patterns at
multiple scales (presented in Figure 8.1 to Figure 8.4) using the Hough analysis pipeline (refer to
Chapter 4─Section 4.4: p.197).
The model’s early stage output is investigated to quantify the degree of tilt using the Hough
Transform in place of the later higher-order cortical processing. Mean tilt and standard deviation of the
detected tilt line segments are calculated for every scale of the edge map, providing quantified
predictions for these experiments with human subjects.
Two output results of the HOUGH stage are presented in Figure 8.5, as detected houghlines

shown in Green, displayed on the binary edge maps at multiple scales of the DoGs. The parameters

of the model to generate the edge maps are s=1.6 and h=8 for the Surround and Window ratios
respectively here. The DoG scales (σc) are presented on the Left corner of each scale of the edge
maps in the figure.
On the top of Figure 8.5, the detected houghlines are shown in Green, displayed on the DoG

edge map of the Spiral Café Wall illusion at twelve different scales (from σc= 0.5 to 5.5 with incremental

steps of 0.5). The hough parameters for detecting tilt angles are provided in the figure caption. At

fine scales (σc= 0.5 to 1.5), we see small detected line segments connecting the iles’ edges with the

mortar lines in a circular manner around the center and since the edges are dense at the central part

of the pattern, the hough algorithm detects other lines with another direction from the center to the

outer region, concentrated in the central part of the pattern at the finest scale (σc= 0.5) which extends
to the surround region as the scale increases. At scales 1.5 and 2.0 (σc= 1.5, 2.0), we see similar

distributions of these two different lines with a circular organization around the center (connecting
tiles with mortar lines) as well as small line segments whose integrations result in some kind of
curved lines from the center to the periphery of the pattern, connecting tiles together in the regions
where the mortar cues are disappeared in the edge map.

At medium scales (σc= 2.0 to 3.5)-second row of the edge map (with modified hough parameters),

we can see these lines more clearly, showing how the majority of houghlines are detected along the

center to the periphery with their integration resulting in construction of curved lines from the center

to the surround region of the pattern (concentrated on the central regions and up to the middle of the

pattern) where the mortar cues start to fade. In the outer region of the pattern, when the mortar cues
still exist in the edge map, the houghlines are detected connecting tiles with the mortar lines in nearly
circular arrangements. Also we can see the increasing size of the central hole in the edge map of

the pattern by increasing the DoG scale. At coarse scales (σc= 5, 5.5)-third row of the edge map, the
integrated curved lines are extended to the border of the pattern.
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Figure 8.5 Top: Edge/tilt detection of the multiple scale edge map for the Spiral Café Wall illusion (σc= 0.5 to 5.5 with
incremental steps of 0.5) with hough parameters of FillGap=5, MinLenght=50 (1st row) and FillGap=5, MinLenght=100 (2nd
and 3rd Row). Middle: Edge/tilt detection of multiple scale edge map of the Complex Bulge pattern (σc= 1 to 4.5 with
incremental steps of 0.5) with hough parameters of FillGap=5, MinLenght=50 (1st row) and FillGap=10, MinLenght=100 (2nd
row). Crosses mark start (yellow) and end (red). Other parameters of the model are s=1.6, and h=8 (Surround and Window
ratios respectively) which are constant here.

We have shown here that the result of the detected houghlines matches the tilt cues as they

appear in multiple scales of the DoG edge map of the pattern. This is exactly what we had aimed to
find an explanation for the tilt effect in the pattern, highlighting different groupings of pattern elements
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at different scales of the edge map, as we can observe in the edge map representation.
The bottom of Figure 8.5, shows the detected houghlines for the Complex Bulge pattern in Green,

displayed on the edge map at multiple scales. The is are shown for eight different scales from σc= 1

to σc= 4.5, with incremental steps of 0.5. The hough parameters are provided in the figure caption. As
the detected houghlines in Green show in the figure, at fine scales-top row, the detection of slanted

line segments on the edge map starts at scale 1.5 (σc= 1.5) with their integration resulting in a central

bulge from the center outwards. This is getting more clearer at scale 2.0 (σc= 2.0), with the detected

tilted lines around the center with an impression of bulge and then the detection of the tiles’ edges

out of the central region with no superimposed dots. The hough parameters are provided in the figure
caption.

As the scale increases (σc= 3 to 4.5-second row), hough detects other line segments in nearly

diagonal orientations (positive and negative), originating at the center whose integration results in
an X shape grouping of these lines. Again our proposed hough analysis, correctly detects the tilt

cues as they appear in the DoG edge map of this pattern at multiple scales. The result of this
investigation on these illusory patterns has been delivered in a workshop poster 1.

8.4 Summary
The current models for geometric illusions are quite complicated and more research is needed to
improve models of vision while directing them towards less sophisticated and more bioplausible
detection of visual cues and clues. We believe that further exploration of the role of simple Gaussianlike models (Marr and Hildreth, 1980; Lv, Jiang, Yu et al., 2015) in low level retinal processing, and
Gaussian kernels in early stage DNNs, and its prediction of loss of perceptual illusion will lead to more
accurate computer vision techniques and models and potentially steer computer vision towards or
away from the features that humans detect. These effects can, in turn, be expected to contribute to
higher-level models of depth and motion processing and generalized to computer understanding of
natural images.
We show that in all these illusions investigated, two or more incompatible groupings of pattern
elements arise simultaneously as a result of our local and peripheral views of these stimuli. That is
a major factor which contributes to the induced tilt in these illusions.
We suggest that for complex Tile Illusions similar to patterns investigated in this chapter that
contain a diverse range of tilt and brightness/contrast cues, some kind of fusion of multiscale (local
and global) representations of the input pattern will be required, considering the focus point (change
of illusory effect with saccade) as well as a wholistic view of the pattern for a complete explanation.
A psychophysical assessment of the model predictions will also help the design of an analytical
model to search for different visual clues in natural or illusion patterns similar to our visual processing.
Based on the experimental results we state that more sophisticated models of non-classical
1 Nematzadeh, N., Powers, D. M., & Lewis, T. (2016) “A neurophysiological model for Geometric visual
illusions”. NeuroEng 2016: 9th Australasian Workshop on Neuro-Engineering and Computational Neuroscience.
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receptive fields (nCRFs) with anisotropic filters are not essential to reveal the emergence of tilt in
these illusions, although we should note that for the final perception of these illusory tilts, higher level
cortical processing by more complex cells is required.
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CONCLUSIONS

CONCLUSIONS AND FUTURE WORK

Geometrical illusions are a subclass of optical illusions in which the geometrical characteristics
of patterns, in particular orientations and angles are distorted and misperceived. This is hypothesized
to be the result of low- to high-level retinal/cortical processing. Modelling the detection of tilt in these
illusions, and its strength is a challenging task and leads to development of techniques that match
with human performance.
In this research we have explored the tilt effect in Tile/Tilt Illusions in general and in the Café
Wall pattern in particular, utilizing a Classical Receptive Field model. Our study employed a
Difference of Gaussians model of retinal to cortical “ON” center and/or “OFF” center receptive fields.
The model constructs an edge map representation at multiple scales that reveals the tilt cues and
clues involved in the illusory perception of these patterns. For the recognition of a line at a particular
angle of tilt, further processing by orientation selective cells in the retina and/or cortex is assumed
(Grossberg and Mingolla, 1985; Moulden and Renshaw, 1979) but we have exploited an image
processing pipeline for quantitative measurement of tilt angle using Hough transform in this research
that is not intended as a bioplausible model. This procedure is closely related to template matching,
generates data concerning curve detection, i.e. line detection in the given solution (Ballard and
Brown, 1982). The biological evidence for template matching has been proposed by Hubel and
Wiesel (Hubel and Wiesel, 1979) that the mammalian visual system responds to edges based on a
special low-level template matching edge detectors.
In the Café Wall illusion, parallel mortar lines between shifted rows of black and white tiles appear
to converge and diverge. We have investigated the lateral interaction effect in visual processing of
the perceptual organization of the pattern elements (tiles and mortar) in the Café Wall illusion (as
well as Complex Bulge pattern) and how it is connected to mid- and high-level grouping factors in
our global percept (Chapter 5). We have shown that the edge map displays elementary features that
are involved in our local and global view of the pattern (at least in part represented by foveal and
peripheral vision). We conclude that the tilt effect in the Café Wall illusion arises from two
incompatible groupings of pattern elements that are present simultaneously as a result of multiscale
retinal encoding of the pattern. At fine scale, there are groupings of two identically coloured tiles with
the mortar line in a near horizontal direction (appearance of Fraser’s Twisted Cord elements in focal
view). At medium to coarse scales, when the mortar cues disappear from the edge map, another
grouping starts to appear in an orthogonal direction, grouping tiles in a zigzag with a broadly vertical
orientation. At medium scales a swapping of the local groupings of the adjacent identically coloured
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tiles occurs, that contradict with the grouping of the Twisted Cord elements at fine scales. These two
incompatible groupings, along with systematic differences relating to the relative size of Gaussian
and pattern scales, result in illusory tilt effects that reflect changes in size and density with
eccentricity (predicting the change in illusion effects according to distances from the focal point in
the pattern versus distance in the retinal image from the fovea into the periphery). We have shown
empirically that this model, has a high potential in revealing the underlying mechanism connecting
low-level filtering approaches to mid- and high-level explanations such as ‘Anchoring theory’ and
‘Perceptual grouping’ (Nematzadeh, Powers and Lewis, 2017).
The possible correlations that might exist between the tilt effect to our foveal/peripheral view of
the pattern due to gaze shifts and saccades were also investigated (Chapter 6). To model the foveal
and peripheral vision in the induced tilt of the Café Wall illusion we investigated the predicted tilt
angles for several sampling sizes and aspect ratios (modelling variant foveal views) as well as
different configurations of the whole pattern (modelling variant Gestalt views). We present a
quantified comparison contrasting local tilt detection in the foveal sets with a global average across
all of the Café Wall configurations tested (Nematzadeh and Powers, 2017).
We have also examined the capability of the filtering model to recognize different degrees of tilt
in the Café Wall illusion based on different characteristics of the pattern (Chapter 7). A wide range
of parameters of the stimulus, for example mortar thickness, luminance, tiles contrast, phase of the
tile displacement, have been studied for their effects on the inducing tilt. We have shown that our
model can not only detect the tilt in this pattern, but also can predict the strength of the illusion and
quantify the degree of tilt. The results of our simulations are consistent with previous psychophysical
findings across the full range of Café Wall variations tested (Gregory and Heard, 1979; McCourt,
1983; Morgan and Moulden, 1986; Woodhouse and Taylor, 1987; Earle and Maskell, 1993; Foley
and McCourt, 1985; Lulich and Stevens, 1989; Moulden and Renshaw, 1979).
We have shown that explanatory models and hypothesis for Café Wall illusion such as the
Irradiation (Moulden and Renshaw, 1979), Brightness Induction (McCourt, 1983), and Bandpass
filtering (Morgan and Moulden, 1986) appear to share the central mechanism of lateral inhibition that
ultimately underlies the tilt effect in this pattern. We further expect that these retinal filter models will
prove to play an important role in higher–level models of simulating depth and motion processing.
This supports the use of Gaussian filter and their differences or derivatives in Computer Vision.
This research is unique in that for the first time we have demonstrated a mathematical model
that actually predicts the precise distortion angles a human will see and is thus empirically testable.
A priority for future research is to carry out psychophysical experiments to validate the predictions of
the model we make here.
We hypothesize that the multiple scale information from the retina is integrated later in the cortex
into a true multiscale model, and that the Gestalt illusions result from the angle misperceptions that
are already encoded in the retina. The quantitative predictions in this study are based on the analysis
of Hough transform of the edge maps with promising results reported. The ad hoc tilt investigation
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using Hough should be replaced by a bioplausible technique that models mid- to high-level tilt
integrations, and is thus also capable of quantifying different degrees of tilt. A further way where the
model should be developed is to replace the use of the Hough line detection with the proposed
successive layers of biologically plausible neurons, similar to the approach of Von der Malsburg (von
der Malsburg, 1973).
In our future work, we also intend to add orientation selectivity to the model and make an
extension to an implementation of a nonlinear spatial subunits and/or a non-Classical Receptive
Field (nCRF) model, inspired by biological findings (Carandini, 2004; Cavanaugh, Bair and Movshon,
2002; Passaglia, Enroth-Cugell and Troy, 2001; Tanaka and Ohzawa, 2009). These extensions can
be done either by using a summation of Gaussian components at multiple spatial scales, or nCRFs
implementations. This might be achieved by isotropic filters with three Gaussians such as the
Extended-CRF model of Ghosh et al., with classical excitatory and inhibitory Difference of Gaussians
plus a non-classical extended disinhibitory field (Ghosh, Sarkar and Bhaumik, 2006). Another model
worth explaining is anisotropic filters with elongated surrounds in different orientations such as the
brightness/lightness model of Blakeslee and McCourt (Blakeslee and McCourt, 2003, 2004). The
aim is to explore more on orientation tuning cells and their effects on the perceived brightness, with
an attempt to connect the edge map of our model to brightness models, and most importantly to
design a bioderived second stage processing in our model for identifying angles of orientation on
detected tilts in the edge map quantitatively instead of the current Hough analysis stage. This
extension to the current model facilitates further processing of the revealed tilt in the edge map
representation of the patterns. Our intention is to build our analytical model similar to our visual
processing for searching of different visual clues in natural or illusion patterns.
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APPENDICES
The outcomes of my Ph.D. research have been published and acknowledged in international
peer-reviewed conference papers (ISVC2016, DICTA2016, ACCV2016, ICAART2015, and
NeuroEngineering2016). This year (2017), we have two journal papers accepted (in Springer’s
Brain Informatics, and Hindawi’s Applied Computational Intelligence and Soft Computing), and
a third manuscript which is recently submitted. Please check the details of each publication in
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Abstract:

Visual illusions emerge as an attractive field of research with the discovery over the last century of a variety
of deep and mysterious mechanisms of visual information processing in the human visual system. Among
many classes of visual illusion relating to shape, brightness, colour and motion, “geometrical illusions” are
essentially based on the misperception of orientation, size, and position. The main focus of this paper is on
illusions of orientation, sometimes referred to as “tilt illusions”, where parallel lines appear not to be
parallel, a straight line is perceived as a curved line, or angles where lines intersect appear larger or smaller.
Although some low level and high level explanations have been proposed for geometrical tilt illusions, a
systematic explanation based on model predictions of both illusion magnitude and local tilt direction is still
an open issue. Here a neurophysiological model is expounded based on Difference of Gaussians
implementing a classical receptive field model of retinal processing that predicts tilt illusion effects.

1

INTRODUCTION

Our visual perception of the world is the result of the
underlying processing of both parallel and
progressive (multilevel) visual information, starting
from the low level visual processing done in the
retina and passing information through multiple
levels of processing in the visual system. Visual
illusions are some of the visual distortion
experiences we encounter due to the limitations of
our visual information processing. It is likely these
effects emerge in specific processing stages either in
low level processing done in the retina or higher
level information processing in the cortex. Visual
illusions are often evident near or beyond the
thresholds of what our visual system can handle. So
by studying the visual illusions, we can better
understand the underlying mechanism and
limitations, and more generally the processing done
in our visual system. In the process we can also
develop new understanding and techniques for
computer and robot vision.
There are many approaches to the study of
illusion perception such as Gestalt psychology
(Gregory & Heard, 1979; Gilchrist et al., 1999),
computational models (Fermüller & Malm, 2004;

Robinson et al., 2007), neuro-biological, and
cognitive neuro-science approaches (Grossberg &
Todorovic, 1988; Penacchio & Otazu, 2013). Our
model is a bioplausible computational model
inspired by the low level multiscale filtering
performed in the retina itself.
The patterns explored are tilt illusions involving
enhancement of texture backgrounds such as
Checkerboard, Café Wall and bulging checkerboard
illusions. These types of illusions could be explained
in three different ways including: The theory of
‘contrast and assimilation’ (Smith et al, 2001),
‘perceptual inferences and junctions analysis’
providing high level explanations (Gilchrist et al.,
1999; Grossberg & Todorovic, 1988; Anderson,
1997, 2005), or ‘low level spatial filtering’
(Jameson, 1985; Blakeslee & McCourt, 2004).
For high-level explanation models, the ‘Scission
Theory’ proposed by Anderson (1997, 2005) triggers
the parsing of targets into multiple layers of
reflectance, transparency and illumination and
predicts that erroneous decomposition leads to
brightness illusions. Another high-level model is
‘Anchoring Theory’ (Gilchrist et al., 1999) based on
‘grouping factors’ that signal depth information.
Low-level theories are based on the mechanisms
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in early visual processing, e.g. simple image features
such as contrast edges rather than global scene
interpretation. For instance Jameson (1985)
proposed ‘Contrast/Assimilation Model’ which
qualitatively modelled both brightness contrast and
assimilation based on parallel processing at multiple
spatial scales by ‘Difference of Gaussians’ (DoG)
filters. Another example is Oriented-DoG (ODoG)
model proposed by Blakeslee and McCourt (1999,
2004) applying multiple scale and oriented DoG
filters to address many brightness/lightness illusions.
There is evidence that visual processing in the
retina is based on many resolutions simultaneously
(ter Haar Romeny, 2003). The idea mentioned by
Marr and Hildreth (1980) decades ago suggesting
that retinal processing carries ‘signatures’ of the
‘three-dimensional structure’ though did not
received physiological evidence at that time. It
seems that retinal low level multiscale processing
provide band pass visual information of the scene
which is an important factor in our real time quick
visual processing.
About how close these different explanations can
be, Dixon et al., (2013) claimed for connections
between ‘ODoG model’ (Blakeslee & McCourt,
1999) with higher level models such as ‘Anchoring
Theory’ of Gilchrist (1999). The key idea that is a
common principle in multiscale, inference base
brightness/lightness perception, mentioned to be
high pass filtering tuned to the object size.
In this paper we explore a multiscale model
based on the circular centre and surround
mechanism of classical receptive field (CRF) in the
retina relying on difference of Gaussian (DoG)
filters while assuming some limited number of
scales for the filter. The model’s output is a
multiscale pyramid of DoG filtered outputs in which
each scale of the filter creates a new layer of visual
information. The amount of information and its
accuracy is based on the neighbourhood size around
the edges that defined by the surround size of retinal
receptive field (RF) and proper scales of the DoG
filters.
The outputs from different scales of the DoG
filter can then be integrated. This multilayer
representation has a significant power in revealing
the underlying structure of the percept. It provides us
with enough information to start processing and
getting some preliminary 3D percept of the pattern,
containing edges, shades, some textures and even
may be some cues about the depth information. This
multiscale DOG filtering representation might be the
underlying mechanism to connect our model to some
high level explanations (e.g. Gilchrist et al., 1999).

This paper is organised as follows. Section Two
explains multiscale representation and spectral
analysis in computer vision (CV). Section Three
seeks for biological connections of these
mathematical transformations to our vision mainly
relying on the mechanism of retinal RFs and
classical receptive fields (CRFs) models. Section
Four includes the details of our model, the
experimental results on some tilt illusion patterns
and a roadmap for our ongoing and future research.

2

FILTERING AND VISION

There is considerable physiological evidence for
frequency and orientation tuning cells in our visual
system like (Hubel & Wiesel, 1962) and image
spectral analysis provides us important clues for the
final percept as the result of our visual processing.

2.1

Multiscale Representation

Experimental research in psychophysics and
physiological findings has suggested the multiscale
transforms as models of the processing and
projections in the visual cortex of mammals. Hubel
and Wiesel (1962) discovered a class of cells they
called simple cells, which have their response based
on the frequency and orientation of the visual stimuli
based on their examination on the cat’s visual
cortex. The physiological experiments showed that
their response could be modelled with linear filters,
whose impulse response has been measured at
different locations of the visual cortex. Daugmann
(1980) showed an approximation of impulse
response of these cortical cells by applying Gaussian
windows modulated by a sinusoidal wave in which
spatial orientation tuning of these cells modelled by
dilation of modulated Gaussians (e.g. Gabor
functions).
In the 1970s and 1980s, the need to extract
multiscale image information was established by
many researchers (Rosenfeld, 1971; Marr, 1982;
Burt & Adelson, 1983; Witkin, 1983) and some of
their ideas have later been subsumed by the wavelet
paradigm. The use of multiresolution sensor
provides high-resolution information (fine scales) at
selected locations and a large field of view with
relatively little data (coarse scale) at the same time.
Multiresolution algorithms can be implemented
using the multiresolution pyramid introduced by
Burt and Adelson (1983). Among many recent
studies on wavelets, Mallat (1996) was one of the
first to show the impact of wavelets for low-level

vision by concentrating on three major applications
of wavelets, including multiresolution search,
multiscale edge detection and texture discrimination.
Pyramidal image representations such as scale
invariant transforms (Lowe, 1999) are better
matched to human visual encoding than JPEG-DCT,
and in particular don’t need to partition an image
into blocks before processing. Scale-space analysis
can be performed based on image decomposition by
finding the differences between a pair of scaled
filters with different parameterizations e.g.
Laplacian or Difference of Gaussian filters create a
pyramidal scale hierarchy (Lindeberg, 2011). A
comprehensive comparison of diverse range of
geometric representations for different multiscale
spatial, directional and frequency selectivity
techniques is gathered by Jacques et al., (2011).
Although
pyramidal
representation
with
additional scales is arguably over-complete, it has
the potential to provide a lower error model of the
data, and is more likely to provide the information at
the level of detail required for a particular image or
application. We further connect this to Marr’s idea
of 3D structure above the edge map (Marr &
Hildreth, 1980). We will present illusion processing
results that show evidence for this primitive causal
effect in low level retinal visual. Currently the
simulations of these high-level explanations for
illusion magnitude and error predictions result in
very complex CV models, which tend not to
generalize!
Note further that self-organization models of
repeated patterns of edge detectors at particular
angles are well established (von der Malsburg,
1973). Higher level spatial aggregation of regularly
spaced spots or edges in turn automatically gives
rise to analogues of DCT and DWT type bases, the
latter with localization determined by the higher
level lateral interaction functions or the constraints
of an underlying probabilistic connectivity model
(Powers, 1983).

2.2

Image Spectral Analysis in CV

Image processing in spatial (pixel) domain and in
spectral (frequency) domain have specific
applications in CV, though frequency analysis of the
visual scene seems more biologically plausible. The
more popular discretised spectral transforms are
includes DCT (Discrete Cosine Transform), DFT
(Discrete Fourier Transform), STFT (Short Term
Fourier Transform), and DWT (Discrete Wavelet
Transform).
Such families of functions include not only

bioplausible interaction functions as discussed in the
previous section, but are also fundamental to JPEG
and JPEG2000 compression. Those that are based on
true sinusoidals and/or Gaussians are perhaps not
directly bioplausible, but usefully approximate those
that are bioderived.
One of the main advantages of Fourier
transformation is facilitating image filtering and
convolution (Smith, 2003). The high/low pass
filtering function clearly can contribute to a
multiresolution model, as well as image sharpening
and noise removal, and we can also model edge
detection and texture matching in these terms.
DFT/DCT are intrinsically global and also suffer
from a “Leakage” problem (Merry & Steinbuch,
2005) due to periodically extending the signal.
Whenever localization either in space or time of
spectral components is needed, windowed or
enveloped versions can be used. For example STFT
is calculated by finding DFT after multiplication by
a window function, which is sliding over the entire
image. A main drawback of STFT arises from the
Nyquist-Heisenberg uncertainty principle (Merry &
Steinbuch, 2005), meaning that finding an
appropriate window size is a trade-off between time
and frequency resolution.
Wavelets are a more general approach, and DWT
has had a high impact on signal and image. By
dilation and translation of a mother wavelet,
extraction of very low frequency components at
large scales and very high frequency component at
small scales are possible. The conventional wavelet
has some limitations like shift sensitivity, poor
directionality and lack of phase information, with
newer techniques introduced to address them (Führ
et al., 2006).
Gabor wavelets are product of elliptical Gaussian
and complex plane wave that provide directionality.
Based on dilations and rotations of this generating
function, a set of self-similar Gabor filters generates
for different orientation and scale. This is a reliable
technique for direction and scale tuneable edge and
line detection. Gabor wavelet has the ability to
characterize the underlying texture and image
characteristics due to its ability in finding local
features in small windows, with additional
directional information (Xie et al., 2008; Ali &
Powers, 2014). In our biological model, a Gabor-like
family of wavelets is implied, at different positions
in the retinal map, and at different frequencies at
different levels of processing. Figure 1 illustrates
three different oriented filter banks on a sample
scale.
Although there is physiological evidence for
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frequency and orientation tuning cells both in the
retina and cortex and the ‘self-organization map’ of
orientation sensitivity (von de Malsburg, 1973),
there is still no specific evidence about the
bioplausibility
of
particular
mathematical
transformations in our visual system, or
demonstration that specific models are more likely
than others.

Figure 1: One sample scale of 6 oriented filter banks (top)
DoG, (middle) LoG, and (bottom) Gabor wavelet.

3
3.1

BIOLOGY OF THE RETINA
Receptive Fields from Retina to
Cortex

The retina is a nerve tissue layer arranged in three
main layers including photoreceptors (rods and
cones), bipolar cells and ganglion cells (GCs). These
layers are then connected through two intermediate
layers of horizontal cells and amacrine cells (Fig 2).
The photoreceptors are the only retinal cells
which directly convert light into nerve impulses and
then transmit the impulses to layer two and three of
the retina the bipolar neurons, and ganglion neurons
respectively. Ganglion cells axons exit the eye and
carry the visual signals to the visual cortex. The
neurons in the intermediate layers also contribute in
the visual processing. Horizontal cells transmit the
photoreceptors outputs to a few surrounding bipolar
neurons, and the amacrine cells; activate the GCs
that are in their vicinity.

ON-centre and OFF-centre bipolar cells respond
differentially to the light stimuli on their receptive
field centres by either depolarization or
hyperpolarization. Like bipolar cells, the GCs have a
centre surround antagonism of concentric receptive
fields, and in response to stimuli, increase and
decrease the rate of action potential discharges
(McGill, 2014). Excitation and inhibition effect
happening based on light stimuli on the centre of an
ON-centre or OFF-centre GCs that can be easily
implemented by DoG filters.
Recent physiological findings have identified
further features of retinal ganglion cells (RGCs)
dramatically expanding our understanding of retinal
processing. Field and Chichilnisky (2007) published
a detailed study about circuitry and coding of the
information processing inside the retina, mentioning
that there are at least 17 distinct retinal ganglion cell
types and explained how they contribute in the
visual information encoding. Biological findings in
size variation of RGCs due to eccentricity and
dendritic field size (Shapley & Hugh Perry, 1986)
have been implemented in neuro-computational eye
models (e.g. Lourens, 1995; ter Haar Romeny,
2003).
A few types of RGCs found having orientation
selectivity similar to the cortical cells (Barlow &
Hill, 1963; Weng et al., 2005), even for horizontal
and amacrine cells neurobiological evidence showed
their elongated surround well beyond the CRF size
believed to be responsible for orientation detection
in the retina which modelled as retinal non-CRFs
(nCRFs) models (Carandini, 2004; Cavanaugh et al.,
2002; Wei et al., 2011).
All of these evidences indicate that based on the
diversity of intra-retinal circuits, different types of
RGCs (Field & Chichilnisky, 2007), and the
variations of the size of each individual RGCs due to
the retinal eccentricity (Lourens, 1995), the retinal
cells have the underlying mechanics of multiscale
processing from fine to coarse scales supporting
Marr’s indication of full primal sketch in early
stages of vision.

3.2

Figure 2: Retina layers including three main layers of
photoreceptors, bipolar cells and ganglion cells, and two
intermediate layers of horizontal cells and amacrine cells.
The figure reproduced using (McGill, 2014).

Retinal Low Level Visual
Processing

Linear filtering has many applications in CV such as
techniques for image improvement by sharpening
the edges and reducing noise. These procedures take
place by convolving the original image with an
appropriate kernel. In convolution, a rectangular grid
of coefficients (weights) known as the kernel is
multiplied by the activations of the neighbourhood

elements of a particular pixel, and summed (or
averaged or integrated). We now explain the
relationship between the convolution operator and
the point spread function inside retina.

3.3

Lateral Inhibition and Point
Spread

Images can be viewed as a summation of impulses,
for instance variations of scale and shifted delta
function can generate an image. The characteristics
of a linear systems evaluated based on their impulse
responses, therefore the output image would be
equal to the input image convolved with the system's
impulse response. The impulse response is often
called the point spread function (PSF) (Smith, 2003).
The human visual system is an excellent example
of this concept. The first layer of the retina
transforms an input of a pattern’s light image into
another pattern consisting of nerve impulses. The
middle layer of the eye passes the bright spike, and
produces a circular region of increased darkness.
This process known as ‘lateral inhibition’, means
that if a nerve cell in the middle layer is activated, it
decreases the ability of its nearby neighbours to
become active. This biological convolution with its
specific PSF improves the ability of the eye to
understand the world.
The object recognition task and identifying
nearby objects in visual system is based on
distinguishing regions from their brightness and
colours. The mechanism in layer 2 of the retina by
sharpening the edges, facilitate this task. In the
processing of poor and blurry defined edge with
gradual change from dark to light such as ramp
Mach bands illusion, the brightness profile
appearing on the optic nerve as the output from
layer 2, has overshoot and undershoot presence,
reinforces the two regions between the light and
dark areas to appear more abrupt (Smith, 2003).
The lateral inhibition mechanism in layer 2 of the
retina seems to be the underlying mechanism of low
level models for addressing brightness lightness
illusions. The middle layer of the retina is an edge
enhancement or high-pass filter, but the first layer of
the retina with nonlinear mechanism, approximately
taking the logarithm of the incoming image for
retinal gain control. This nonlinearity results in
flattening the illumination component and makes it
possible for the eye to see under poor light condition
(Smith, 2003). Both the nonlinearity and filtering in
layer 2 of the retina seem to be important clues for
addressing brightness lightness illusions (Kingdom,
2011), as well as the tilt illusions, which have been

less well studied but are our present focus.

3.4

Classical Receptive Field Models

Classical receptive field (CRFs) models mainly
emphasize the contrast sensitivity of the retinal
ganglion cells and are modelled based on the
circular centre and surround antagonism using
differences and second differences of Gaussians
(DoG) or Laplacian of Gaussian (LoG) (Ghosh et
al., 2007) to reveal the edge information.
The retinal CRF models date back to the 1960s
when Rodieck & Stone (1965) and Enroth-Cuggel
(1966) used the DoG model for implementing RFs
of the RGCs based on their contrast sensitivity with
centre having smaller Gaussian variance compared
to the surround. Marr and Hildreth (1980) proposed
replacing DoG with LoG and claimed the
equivalence of DoG and LoG based on a certain
ratio of
(sigma) of the centre and surround
Gaussians. Powers (1983) showed that DoG models
can themselves results from a simple biophysical
model of ontogenesis and can usefully approximate
the interaction functions proposed in a variety of
neural models.
Jameson (1985) developed an early model of
brightness assimilation and contrast based on DoG
filters with multiple spatial scales. In a later study
(Jameson & Hurvich, 1989) they pointed out that
this processing occurs in parallel and accounts for
the simultaneous appearance of sharp edges and
blended colour that define delimited regions. They
claimed about the source of contrast and assimilation
by saying that contrast effect happening when the
stimulus components are relatively large compared
to the centre of the filter, and assimilation effect
arise when stimulus components are small compared
to the filter centre. Similar explanations have been
proposed for the checkerboard illusion by modelling
multichannel analysis of human contrast sensitivity
based on pattern’s spatial frequency (Devalois &
Devalois, 1988).
Our visual perception of a scene starts by
extracting the edge map of the scene and DoG is a
bioplausible implementation to model this process.
The extracted edge map is an essential and primitive
task in most image processing applications, but edge
map alone cannot provide any information about the
shades, lights, and also three dimensional structure
of the image (Ghosh et al., 2007). Therefore
according to Marr’s ‘raw primal sketch’, there is a
need for further processing to get the ‘full primal
sketch’ for a 3D view of the world (Marr & Hildreth,
1980).
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Applying LoG (Marr & Hildreth, 1980) instead of
DoG shows the possibility of involvement of higher
order Gaussian derivatives in the filtering functions
in retinal visual processing. Young (1985, 1987)
introduced modelling of the retinal and cortical RFs
of many neurons based on linear combination of
Gaussians and higher derivatives of Gaussian. In a
recent study, Ghosh et al., (2007) used the 4th and 6th
order derivatives of Gaussians to extract the shade
information next to the edges. Still there is no
biological evidence on the structure of these
functions.
The existence of new features in retinal cells
showed more delicate retinal information processing
which introduced the concept of non-classical
receptive fields (nCRFs) of RGCs. The experimental
findings done by Passaglia et al. (2001) indicated
that the surround has an extension well beyond the
CRFs. Based on the nCRFs implementation (ChaoYi & Wu, 1994; Wei et al, 2012) Blakeslee and
McCourt (2004) proposed a directional multiscale
DoG filter model for explaining the magnitude of
various White’s effect patterns. There are also
approaches for nCRFs implementation of the
cortical cells (Rao & Ballard, 1999; Grigorescu et
al., 2003; Tanaka & Ohzawa, 2009).

4

(1)
where the distance from the origin in the horizontal
and vertical axes are x and y respectively, is the
sigma of centre Gaussian, and
indicates the
sigma of the surround Gaussian. Therefore based on
the K factor, the ratio of the surrond Gaussian to the
centre Gaussian is defined. This is the retinal PSF
introduced in section 3.3 modelling lateral inhibition
in layer 2 of the retina.

OUR MODEL

It has shown that the GCs excitation can be best
described by centre surround organization (Mangel,
1991), which can be modelled by differences of two
Gaussians (Linsenmeier et al., 1982). A ‘neurophysiological model’ has been proposed here based
on multiscale DoG filtering for retinal RF’s
implementation. Our goal here is exploring more
about the mechanism and the outputs coming from
layer 2 of the retina, and analyse whether this low
level visual representation could provide us with
enough information for revelling the tilt illusion
effect or not?

4.1

produces the second output with less blurring effect.
The final result calculated by finding the difference
between the two blurred results of the original
image. The zero crossings of the final result define
the edges, as the pixel values having some variation
in their surrounding neighbourhood.
For a 2D signal such as pattern I, the DoG output
of our retinal GCs model with centre surround
organization is given by:

Multiscale Implementations of
Difference of Gaussians (DoG)

Difference of Gaussians is a filtering technique for
identifying the edges and multiscale representation
of DoG filters can produce the multiscale edge map.
DoG edge detection process starts by first
performing a Gaussian blurring with a specified
sigma ( ) on the original image, results in a blurred
version of the image. Then another blurring with the
second Gaussian with sharper sigma (finer scales)

Figure 3: Difference of Gaussian filter with sigma of 7 for
the centre and 14 for the surround. Window size is
112×112 pixels.

A 3D graph of a sample DOG filter is shown in
Figure 3. The value of K in our model set to 2 as
used in the ODoG model (Blakeslee & McCourt,
2004), but our model have a circular centre surround
organization instead of the oriented elongated
surround used in the ODoG model. By increasing
the K factor in Eq. (1), the surround suppression
affects more on the final predicted output. Rather
than the K factor, the DoG window size is another
parameter in the model. Very large windows result
in long computation, and very small windows are
just approximating a box blur filter not weighted
Gaussian one. We set a parameter to define the
window size based on the sigma of the centre
Gaussian and tested different ratios from 3 to 20. For
the experimental results in section 4.4 the window
size set to 6 times larger than the centre Gaussian to
both capture the excitation and inhibition effect.

What we found is that the model is not sensitive to
exact parameter setting. Ideally the models’
parameters are set so that at the finest scale, it can
capture high frequency texture details and at coarse
scales, the kernel has appropriate size relative to the
objects within the scene.
The suggestion of involvement of higher order
Gaussian derivatives first mentioned by Marr’s LoG
approximation in retinal image processing (Marr &
Hildreth, 1982), and the idea used on many research
such as Young (1985, 1987) who applied linear
combination of Gaussian and LoG instead of DoG
(Figure 1), but there is still no biological evidence
for the structure of these functions.
Powers (1983) also proposed an ontogenetic
Bernoulli-like model showing that an appropriate
lateral interaction function can self-organize, and
can approximate many existing mathematical
models, including DoG models and LoG models
(emergent as two levels of DoG processing) noting
that processing is not particularly sensitive to the
parameterization or shape of the filter function.
Indeed cluster-level aggregates of Powers’ Bernoulli
model approximate to Poisson and Gaussian models.
The idea of scale-space analysis is based on
image decomposition, then finding the differences
between a pair of scaled filters (e.g. DoG or LoG)
with different parameterizations, which then used to
create a pyramidal scale hierarchy (Lindeberg,
2011). Our model has a multiscale stack of filtered
outputs to reveal the final percept.
Building a pyramid with additional scales or
multiple models is over-complete but has the
potential to provide a lower error model of the data,
and in particular is more likely to provide the
information at the level of detail required for a
particular image or application. This would in turn
support the connections of Marr’s raw primal to full
primal sketch and his speculation of 3D structure
above the edge map (Marr & Hildreth, 1980). Our
results show evidence for this primitive causal effect
in low level retinal visual processing in terms of
perceptual illusion models. These effects can in turn
be expected to contribute to higher level models of
depth and motion processing.

4.2

Investigated Patterns

The patterns we have investigated here are given in
Figure 4. All of the patterns in this class have a
background effect (such as checkerboards) as well as
other cues such as mortar lines in the Café Wall
illusion or superimposed dots on complex bulge
patterns, which all affect the final percept. From

now on, we refer to this type of tilt illusions as ‘2nd
order’ tilt effects. The complex bulge pattern
designed by Kitaoka (“A Bulge”, Figure 4), and
similar patterns generated in the present project with
different shapes of inducing dots (Figure 5), belong
to 2nd order tilt effect illusions, and the
superimposed dots on their backgrounds give some
impression of foreground background percept.
Different position of dots on the textured
background, result in some tilt, bow or wave
perception along the edges as well as expansion and
contractions on checkers corners.

Figure 4: Investigated patterns (top): Café Wall, simple
bulge Checkerboard, and (bottom) Complex bulge pattern
(Kitaoka: “A Bulge”) - http://www.ritsumei.ac.jp/
~akitaoka/index-e.html.

4.3

Alternate Explanations

Results from psychophysical and computational
research have shown that the low level visual
processing models are able to explain some low
level visual illusions. As an example, the ODoG
model presented by Blakeslee and McCourt (2004)
claimed to be a parsimonious model for brightness
induction illusions (Kingdom, 2011) with the ability
to predict both the illusion magnitude as well as its
orientation.
For
improvement
of
global
normalization step in the ODoG model, two
extensions of the model proposed by Robinson et al.,
(2007) to implement local normalization of
multiscale oriented outputs. There are other similar
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models based on higher order derivatives of
Gaussians (e.g. Ghosh et al., 2007).

Figure 5: Similar complex bulge patterns with circular and
rectangular superimposed dots on a checkerboard result in
‘2nd order’ tilt effects.

There have been attempt to explain geometrical
illusion patterns as well as brightness illusion
patterns by using high level visual models, such as
the perceptual inferences and fill in models proposed
by Grossberg and Todorovic (1988), as well as
Gestalt grouping and junction analysis (Gilchrist et a
l., 1999). But we are exploring the explanatory
power of retinal level filtering, showing that this low
level processing mechanism can provide enough
information to explain a significant family
geometrical illusion effects without requiring the
high computational and training cost of high level
visual models.
There has also been experimental research (e.g.
Jameson 1985; Westheimer, 2007) that specifically
connects ‘brightness induction’ illusions and
‘geometric illusions’. For instance, some
explanations for ‘SBC’ (Simultaneous Brightness
Contrast illusion: Figure 6-left), where a gray test
patch looks darker on a white background compared
to an identical patch on a black background,
suggested the involvement of some neurons with
small excitatory center and elongated surround
(nCRFs) that could be modeled with either ‘wavelet
based modeling’ (Otazu et al., 2008) or ‘DoG based
models’ (Blakeslee & McCourt, 1999, 2004).

Figure 6: (left) SBC (Simultaneous Brightness Contrast)
illusion, where identical gray test patches appear with
misperception of brightness, and (right) Irradiation pattern
where equal sized black and white test patches appear with
the misperception of size.

Another similar illusion is ‘irradiation pattern’
(Figure 6-right) in which two equal size test patches
of white and black, when positioned on the opposite
colour backgrounds, result in size misperception and
white patch on the black background appears larger.
Westheimer (2007) explained the irradiation effect
and Café Wall illusion by addressing the border shift
in those patterns due to the ‘retinal light spread’,
‘compressive nonlinearity’ and the ‘centre-surround
organization’ of retinal cells. He then mentioned
other factors involved for the final percept such as
cortical stages of straight and sharp borders, pointed
corners, slope of lines, and angle shifts.
Therefore the illusion perception in these 2nd
order tilt patterns seems to get effect from
‘brightness assimilation and contrast’ as well as
some ‘border shifts’ similar to our investigated
patterns. So for these categories of illusions, the
final percept is not only affected by the brightness
induction, but is also certainly influenced by the
bulging effect happening in the corners of the test
patch, which is basically of geometrical measures
not the exact intensity ones. We are looking to find
whether our multiscale retinal model is able to
address both ‘brightness induction’ and ‘geometrical
clues’ at the same time or not. The model analysis
could potentially be extended to even patterns
related to some other brightness induction illusions
with some minor changes to the model such as
additional multi orientation information.
Some researchers suggest a connection between
brightness induction and geometrical illusions by
other names, such as ‘brightness contrast and
assimilation’ by Jamson (1985), ‘encroachment of
bright regions into dark ones’ and ‘corner effect’ in
Westheimer (2007), ‘diagonal grouping’ along
checkerboard
tiles
connecting
brightness
assimilation to the contrast by Gilchrist (1999),
‘diagonal components’ by Ninio (2006) which claim
to be the missing clue for the tilt illusion
explanations. There thus may be interacting or
related mechanism affecting these two supposedly
distinct illusion categories, and multiscale oriented
spatial filtering could explain the basic underlying
mechanism for the appearance of these effects. In a
complete review of lightness, brightness, and
transparency (LBT), Kingdom (2011) presented a
quarter century of new ideas, mentioned one of the
most promising developments in LBT are models of
brightness coding based on ‘multiscale filtering’ in
conjunction with ‘contrast normalization’.
The contribution of our work to the current
studies is to highlight the multiscale edge map
information derived from a bioplausible modelling

of CRFs by multiscale DoG filters, and use this
multiscale edge representation as a basic neural
model that explains low level illusion precepts.
(a)

(b)

(c)

Figure 7: Café Wall results with centre/surround/window
in the ratio 1:2:6. (a) Multiscale output result for scale
varying from fine to coarse scale starting from the centre
Gaussian of 1 (top-left), increasing 1 pixel at a time to 12
pixels (bottom-right). Original image for the Café Wall
illusion (b) with enlarged output (c) for.

4.4

Model’s Predictions and Results

A common assumption is that information in the
visual systems is processed at multiple levels of
resolution, perhaps simultaneously, perhaps
sequentially in some sense. The information in each
scale of our pyramidal bioplausible representation
result creates a new layer of visual information and
investigation of this pyramidal output result from
different scales provides us the multiscale edge map
containing edges, shades around edges, some
textures and even may be some clues about the depth
information as mentioned in full primal sketch of the
3D scene by Marr and Hildret (1980).
(a)

(b)

(c)

Figure 8: (a) Multiscale output result from = 1 to 7 scale
processing for a simple bulge pattern (b) and enlarged
output (c) for.

The result of our current experiments shows that
the low level visual processing in layer 2 of the
retina, is able to reveal and explain many unsolved
visual illusion perceptions. We have shown the
simulation result of our simple multiscale CRF

model based on circular centre and surround
organization using multiscale DoG based filtering
representation. We are currently exploring adding
orientation resolution to our model and extending it
to nCRFs model based on more recent physiological
findings related to orientation based multiscale
filtering in the retina (Carandini, 2004; Cavanaugh
et al., 2002; Passaglia et al., 2001; Tanaka &
Ohzawa, 2009).
The output results of the 2nd order tilt patterns
investigated here are organised in the Figures 7, 8
and 9 from low to high scale of the DoG filters
starting from top-left corner by moving to the right
in each row and downwards to go to the next row.
We tried to represent the multiscale representation of
our bioplausible retinal model, in a way that the
output result can be seen easily as a sequence of
increasing scales. Also the result shows an enlarged
output for a specific scale of the DoG filter, which
highlight the illusion effect well. The output results
on the 2nd order tilt patterns of Café Wall, simple
3×3 Bulge patterns, and complex bulge pattern,
showed that utilizing simply a multiscale DoG
filtering analysis based on classical model for RFs
on those patterns, not only revealed the sharp edges
when small scale filters are used, but also by
increasing the filter scale, other hidden information
such as local texture information was revealed as
well. These results not only add weights to the
findings behind the Jameson’s (1985) ‘contrast and
assimilation theory’, but also indicated that there are
lots of geometrical clues which can be revealed from
this bioplausible multiscale representation.
Of those geometrical cues, our model highlights
the perception of divergence and convergence of
mortar lines in the “Café Wall” illusion shown in
Figure 7. Similar explanation for Café Wall illusion
is given by other researchers in the field based on
low level filtering models (Tani et al., 2006;
McCourt, 1983), although there are some
psychological explanations for it as well (Gregory &
Heard, 1979).
The experimental results show that on the
“Bulge patterns” in Figures 8 and 9, a bulge effect
occurs both in the simple pattern as well as the
complex one, which based on our assumption, is
happening due to a few visual clues for instance the
brightness perception of the checkerboard
background causing a simple border shifts outwards
for white tiles, the expansions happening in the
intersection angles, and some further clues related to
local position of dots, which may have frequency
discharge or emission results in local border tilts or
bow. This might be addressed by high level effects
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or psychological explanations for bulge effect
patterns such as uncertainties in both formation and
processing of image features such as points and lines
(Fermüller & Malm, 2004) and also categorization
of edges based on different intensity values around
them (Gregory & Heard, 1979; Kitaoka, 2007), but it
has a biological neural explanation for that which we
are interested in.
The pyramidal outputs from our model seem to
easily connect to ‘Gestalt grouping’ principles for a
psychological point of view that assumes the
grouping rules as basic blocks for perception of the
world. Our model suggests grouping principals as
we find different perceptual groupings occur at
different scales of the DoG filter applied to the
pattern.
(a)

(b)

(c)

Figure 9: (a) Multiscale output result for = 1,2,3 (first
row), and 4,6,8 (second row) for complex bulge pattern (b)
with enlarged scale output (c) for.

For example in “Complex Bulge” pattern for
lower scale filters (Fig 9) we first see the central
bulge which gradually expands to a level in which
another grouping principle dominates in as an X
rather than a bulge. In the “Café Wall” illusion (Fig
7) the appearance of diverging and converging
mortar lines when the DoG filter has a mid-range
scale appear, and by increasing the scale the effect
of mortar lines disappear and another perceptual
grouping of tiles along vertical direction opposite to
the direction of near horizontal mortar effect start to
appear. It is quite likely that this multiscale
representation is the underlying mechanism of not

only perceptual grouping but also some of the higher
level illusion explanatory models.

5

CONCLUSIONS

We have presented our preliminary investigation of
a variant of the classical retinal receptive field
(CRFs) model that implementing a circular centre
and surround mechanism and uses DoG to explain
some of the tilt illusion patterns such as Café Wall
and both Simple And Complex Bulge patterns which
we refer to them all as ‘2nd order’ tilt patterns. We
focus on low level processing based on what takes
place in the retinal ganglia. We further expect that
these retinal filter models will prove to play a
significant role in higher level models of depth and
motion processing. Currently the simulations of
these high-level explanations for illusion magnitude
and error predictions result in very complex CV
models, which tend not to generalize. In our future
work we are extending the model to a non-classical
receptive field (nCRF) model with circular centre
and elongated surrounds inspired by our visual
system, and moving to identify angles of orientation
and motion quantitatively.
The experimental results showed that the output
of the model could provide us not only the
multiscale edge map as the indications for some
shades around the edges, but also we get other
information such as local texture information hidden
in the pattern as well. In this multiscale
representation, the information from each scale of
DoG filtering creates a new layer of visual
information.
The outputs from different scales of the DoG
filter can then be integrated to generate a multiscale
pyramid of the outputs generated by the DoG model.
This multiscale pyramidal representation provides us
with enough information to start processing and
getting some introductory 3D percept of the pattern,
including information of edges, shades, some
textures and even may be some preliminary clues
about the depth information, as mentioned by Marr’s
speculation of full primal sketch to complete our 3D
view of the world.
This multiscale filtering representation can be
used for illusion perception prediction and our future
study is on efficient data representation as well as
systematic analysis for predicting both illusion
magnitude and local shift direction by additional
orientation tuning to the model. Also we are keen to
make a connection between our bioplausible model

with the psychological aspects of ‘Gestalt grouping
principles’.
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Abstract. This paper presents a model explaining tilt illusion effect in
the Café Wall pattern. In this geometric illusion, we perceive horizontal
edges as tilted. We explain this as the result of innate retinal/gangliar
visual processing of the pattern. Our bioplausible model is based on a
simple early layer using Difference of Gaussian over simple ON-center
and OFF-center receptive fields, with a quantification module replacing
later layers of a Deep Neural Network. The experimental results show
that this bioplausible filtering technique can explain the tilt illusion of the
Café Wall pattern. Our statistical analysis of tilt provides a quantitative
measurement and an empirically testable prediction for the degree of tilt.
This shows that the Difference of Gaussian reveals cues for perception
and clues about the illusions we perceive.

1

Introduction

Geometric or tilt illusions are optical illusions that are perceived differently from
their actual geometry, e.g. parallel lines are perceived as not being parallel or
straight lines as bulges or bows. The Café Wall illusion is studied here with its
illusory perception of convergent and divergent mortar lines rather than parallel
lines.
The geometrical interpretation of visual input is the end result of a process
involving both low level retinal and cortical processing and high level cortical
processing including feedback from previous experience and interactions (binding) with other modalities, and is thus a natural framework for bioplausible
understanding of deep neural processing in vision. We present the earliest stages
of a deep neural network (DNN) using a Difference of Gaussian (DoG) model,
and replace the later layers with a standard (Hough) edge detection pipeline
to discover and quantify the parameters of the perceived edges. Our assumption
here is that DNNs (involving autoassociation/autocorrelation/autoencoding, e.g.
ART, RBM, LSTM) encode features that are edge-, curve- or stroke-like [1, 10,
13, 18, 34, 35].
Visual processing starts in the retina as light from the image is focused on
the photoreceptors in the retina and generates synaptic signals that feed into
the middle layer, where ‘lateral inhibition’ (LI) [30] enhances the synaptic signal
as activated cells inhibit the activations of nearby cells. This retinal convolution
is specified as a pulse response or point spread function (PSF) that has an edge
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enhancement effect [12] and acts as a band pass filter. In the final layer we find
retinal ganglion cells (RGCs) whose axons carry the visual signal to the cortex.
The contrast sensitivity of RGCs in layer two is the underlying mechanism which
is implemented in our model with circular center and surround receptive fields
(RFs) [6, 25, 26, 32].
Physiological and psychophysical findings support multiscale representation
and processing in the visual cortex and the retina [7, 8, 13]. Earlier, it was assumed that orientation detection takes place solely in the cortex, but recent
retinal research has significantly extended our understanding of RGCs. Field
and Chichilnisky [7] published a comprehensive study about retinal circuitry
and coding, mentioning at least 17 distinct RGC types in the retina, each with a
specific encoding role. The intra-retinal circuitry, with the variations of RFs type
and their size change in relation to distance from the fovea (eccentricity), are
all indicating the underlying multiscale encoding inside the retina. Some retinal
cells have the orientation selectivity property similar to the cortical cells [7, 8],
all support the raw to full primal sketch of Marr’s idea in vision [22].
Several authors have offered explanations of the Café Wall illusion, such as
‘border locking’ [9] and ‘phenomenal model’ [16] at a high level, and ‘brightness
assimilation and contrast’ [15] and ‘band-pass spatial frequency’ [24] at a low
level. While they appear to explain the illusion at different levels of processing,
many have common features including lateral inhibition and the suppression
effect [12, 29, 30]. A hybrid retino-cortical explanation for Café Wall illusion
has been proposed by Westheimer [36] recently, which considers light spread,
compressive nonlinearity and center-surround transformation (retinal) and sharp
straight borders, pointed corners and angle shifts (cortical processing).
Our contribution is to demonstrate computationally that early DoG processing does lead to tilted features, which we analyze quantitatively to predict
specific angles at specific resolutions (or visual angles) that are capable of empirical validation with human subjects.

2

Café Wall Illusion and Edge Detection

The more general class of tile illusion patterns have tilt, bulge, or wave inducing
effects and their explanation requires techniques to highlight these cues. Applying simple edge detection and edge sharpening reveals the outlines, for instance
in the Café Wall the tile’s borders and mortar, but no tilt is detected to explain
the illusion.
A satisfactory explanation of an optical illusion requires both computational
feasibility and biological plausibility and a computational model thus can be a
neurological theory of how the world is really represented in the brain. The tilt
illusion in Café Wall pattern is characterized by the appearance of slanted line
segments along the mortar lines [5, 24], making the tiles seem wedge-shaped [9].
At a global level we see alternating converging and diverging mortar lines.
Because the effect of tilt illusion in Café Wall is highly directional, it raises
the question of whether lateral inhibition and point spread function of RFs can
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explain the tilt effect in the pattern or not. We will show that a bioplausible
model [25, 26], with a circular center and surround organization for retinal GCs,
a Classical RF (CRF) model [6, 32], is able to predict the tilt illusion in Café
Wall pattern. There is no need to utilize complex models of non-CRFs [2,28] for
the retinal/cortical orientation selective cells implementation for explaining this
illusion.
The significance of our contribution is to show that at lower levels of visual
processing, the underlying geometrical cues of illusions start to appear. Many
tile illusions are commonly considered to be high level illusions [9, 16, 36] and
our low level explanation [25, 26] thus has significant implications for human
and computer vision and may facilitate development of more general model of
illusion.

3

The Bioplausible Model

There is physiological evidence [7, 8] that retinal cells have a diverse range of
receptive fields of different size and type as a function of eccentricity (centrality)
[20]. This suggests a multiscale retinal encoding of the visual scene. The scientific
understanding of retinal receptive field processing is that the multiscale retinal
representation of visual data is “scale-invariant” and there is an adaptation of
the receptive field sizes to textural elements inside our field of view [12, 20, 33].
Kuffler [17] demonstrated that the receptive fields are roughly concentric,
with the excitatory center and inhibitory surround or vice versa. Rodieck and
Stone [32] and Enroth-Cugell and Robson [6] showed that the signals from the
center and surround regions can be modeled by a weighted sum of photoreceptor
outputs by two concentric Gaussians, with the different radii determining the
ganglion cell response [19, 31].
Computational studies of early visual processing and modeling of the physiological mechanisms of simple cells were reported by Marr and Ullman [23],
inspired by the simple cell’s directional sensitivity in the primate visual cortex.
A CRF model for retinal GCs responses [25, 26] is used to explain the Café Wall
illusion and is the basis for quantitative measurement of tilt angle.
3.1

Formal Description and Parameters

The main stage in our experiment uses the DoG model (Fig. 1) to extract a
bioplausible representation for the image (sample Café Wall image and feature
maps are shown in Fig. 2). This feature representation is interpretable as an
edge map in which the edges clearly reflect the perceived tilt. The RFs have a
bioplausible implementation base on DoG. We simulate the DoG model on an
image (illusion), and complete a quantitative analysis of the angles of the tilted
lines in the feature map (Fig. 3).
Applying a Gaussian filter to an image creates a smoothed or blurred version.
The DoG output of an image is the difference between such two blurred versions,
and DoG processing acts as a band pass filter (Fig. 1). For a 2D signal such as
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image I, the DoG output of our retinal GCs model with antagonistic centre and
surround organization is given by:

Γσ,sσ (x, y) = I ∗

2 2
2
2
1
1 −(x2 +y2 )/(2σ2 )
e
e−(x +y )/(2s σ )
−I ∗
2
2
2πσ
2πsσ

s = σsurround /σcenter = σs /σc

(1)
(2)

where x and y represent the distance from the origin in the horizontal and vertical axes respectively and σ indicates the sigma of the centre Gaussian (σc ). sσ
represents the sigma of the surround Gaussian (σs ). This concentric representation of the center and surround Gaussians, models the retinal PSF and LI inside
layer two of the retina [6, 19, 32].
Taking the difference of two DoGs estimates the second derivative of the
Gaussian, that is the Laplacian of Gaussian (LoG), and can provide more shades
and shadows around the edges with more depth information. For modeling the
receptive field of retinal GCs, DoG [19, 31] is a good approximation of LoG, if
the ratio of dispersion of centre to surround is about s ≈ 1.6 (≈ φ, the ubiquitous Golden Ratio) [22]. By increasing s, we achieve a wider area of surround
suppression, although the height of the surround Gaussian declines. s = 2 is
used in experimental runs.
In implementing the model, it is inconvenient and implausible to deal with
Gaussians of unbounded extent, so we apply the DoG model only within a window of a size chosen so that the value of both Gaussians is negligible outside
the window (e.g. less than 5% for the surround Gaussian) and we therefore control windowSize as large windows have high computational cost. windowSize is
determined by h parameter defined as below:
windowSize = h × σc + 1

(3)

where parameter h determines how much of the center Gaussian and the surround Gaussian are included in the filter.
Variations of DoGs have been tested with different values of s (1.5 < s < 3.5),
while keeping σc and h constant. The result indicates that the final output of
the model is not very sensitive to this modification range.
In particular, h = 2 corresponds to the diameter of the centre Gaussian,
the part between the inflection points (68% centre, 31% surround); h = 4 corresponds to the diameter of outer Gaussian (95% centre, 68% surround); and
h = 8 corresponds to the standard p < 0.05 significance for the outer Gaussian
(99.94% centre, 95% surround). h = 8 is used in experimental runs.
3.2

DoG Representation of an Image

Figure 2 shows the output of the bioplausible model with DoG scales of 2, 4, and
6, on a Café Wall image with the size of 3×9 Tiles, where Tile sizes are 50×50px
and Mortar size is 2 pixels. For easier naming of patterns, a few name tags are
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defined, representing ‘tile size’ with T and ‘mortar size’ with M followed by
their values. So the pattern is referred to as Café Wall3×9-T 50-M 2.

Fig. 1. DoG filter displayed in jetwhite colormap (downloadable from MathWorks central file exchange), with σc = 8, σs = 16, h = 8.

We need to quantify the tilt of the lines induced by the DoG transformation
so that we can compare with the tilt perceived by a human observer, and so
embed the model in a processing pipeline involving multiple standard image
processing transformations.

Fig. 2. Top: 50px Tile, 2px Mortar stimulus. Middle: Binary representation of the edge
map with DoG scale (σc ) ranges from 2 to 6. The other two parameters are constant:
s = 2, h = 8. Bottom: Jetwhite colormap representation of above multiple scale edge
map. (Reproduced by permission from [27])
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3.3

Image Processing Analysis Pipeline

We therefore turn to discuss the pipeline to extract edges and find and analyze
their angles of tilt, as shown in Fig. 3.

Fig. 3. Flowchart of experimental process. (Reproduced by permission from [27])

MODEL - DoG Representation. For convenience, we focus on small cropped
sections of the original image and this is illustrated in Fig. 4, with its DoG
representation for a different range of σc varied from 1 to 4. The crop is selected
from Café Wall3×9-T 50-M 2. The crop specifically selected in such a way to
contain one single slanted line segment along a mortar line.
The most fundamental parameter in the model is the diameter of the center
Gaussian (σc ), and this value is highly correlated with the pattern elements
and their characteristics, in this case the mortar size. To extract the tilted line
segments along the mortar lines, we need σc to be of the same order as the mortar
size. We undertook empirical test simulations to find an appropriate range for
σc , testing range of 1/2M to 2M with incremental step of 1/2M . Similar DoG
representation is used by others in the deepest layer of a DNN [21].
The output in Figures 2 and 4 show that by increasing the scale, the corner
effect gets highlighted. This effect with the appearance of tilted line segments
has a consequence on the appearance of square tiles to look similar to trapezoids,
inducing convergent and divergent mortar lines. The trapezoid shape referred to
as wedges in some previous studies on the Café Wall pattern and declared to
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Fig. 4. Top: A crop section of Café Wall3×9-T 50-M 2. Middle: Binary representation
of the edge map with the σc ranges from 1 to 4, s = 2, h = 8 are constant. Bottom:
Jetwhite colormap representation of the above edge map. (Reproduced by permission
from [27])

be the explanation for the tilt effect in the Café Wall illusion [9]. On the other
hand, the output of lower scale DoG filters preserve the outline and shape of the
tiles and the connectivity of them by the mortar line. This local connectivity
of tiles in adjacent rows by the mortar line, start to get disconnected when the
scale of the filter is increased.
EDGES - Hesse Normal Form Representation - Hough Transform.
The output of the model is an edge map based on DoGs. Such edge maps, often
derived from multiple DoG scales, are common intermediate levels in a typical
DNN [21]. In place of the usual higher level layers of the DNN, we introduce an
analysis to characterize the tilted line segments present in this edge map. The
first processing step for this extraction of line orientation and length information
is to represent the edge pixels of the pattern in the ‘Hesse normal form’ (HNF)
[4]. First, the edge map should be converted to a binary map. The HNF and the
voting procedure are sometimes referred to as Hough transform (HT).
In image processing, the Standard Hough Transform (SHT) [11, 14] is for
representing straight lines inside the image and uses a two-dimensional array
called the accumulator with the dimensions equal to quantized values of ρ and
θ in the pair (ρ, θ) where θ is in the range of [0, π). In this representation, every
possible line through the image is characterized by a (ρ, θ) pair that is the HNF,
being a point in Hough space. All pixels that sit anywhere on a line are counted
inside a corresponding bin in the accumulator matrix. Conversely, every edge
pixel (x, y) in the image space, corresponds to a sinusoidal curve in (ρ, θ) space
as given by (4), with θ as free parameter corresponding to the angle of the lines
passing through the point (x, y) in image space:
ρ = x. cos θ + y. sin θ

(4)

where ρ represents the perpendicular distance between the line passing through
that point with a specific θ and the origin, and θ is the counter-clockwise angle
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between the normal vector (ρ) and the positive direction of the x-axis. Therefore,
two or more points that form a line in image space will produce sinusoids which
cross at the point of (ρ, θ) in Hough space. So the output of the Hough transform
is a two-dimensional accumulator matrix H, with the dimension of ρ × θ. Each
element of the matrix corresponds to the sum of the points or pixels that are
located on the line represented by quantized parameters of (ρi , θi ). For computing
the Hough Transform of a binary image, the MATLAB hough function is used.
The result of hough is all possible lines that could pass through every edge point
in the edge map, and certainly not all of these lines are of interest.
HOUGH - Lines at Local Maxima of the Accumulator Matrix. In the
EDGE-processing stage, all possible lines that could pass through every edge
point in the edge map are extracted but we are just interested in the detection
of tilt induction line segments inside the Café Wall image. The local maxima
in the accumulator space show the most likely lines that can be extracted, and
their approximate geometric definitions of (ρ, θ) values.
We have exploited two MATLAB functions called houghpeaks and houghlines
that rely on further processing of the data in the accumulator matrix (H). The
values of the parameters defined in these two functions should be selected based
on the resolution of the Café Wall pattern and the scale of the bioplausible model
in order to limit the line detection to the desired tilted line segments with the
tilt inducing effect. More information about their parameters is explained below.
– The houghpeaks function finds the peaks in the Hough accumulator matrix H. Its parameters are numPeaks (maximum number of lines and line
segments to be detected), threshold (threshold value of H for searching the
peaks), and NHoodSize (the size of the suppression neighborhood that is set
to zero after the peak is identified).
– The houghlines function extracts line segments from the edge image associated with particular bin in a Hough accumulator matrix (H). Its parameters
are FillGap (the distance between two line segments associated with the
same Hough bin. If the gap between them is shorter than this value, they
are merged into a single line segment), and MinLength (specifies keeping or
discarding the merged lines. Lines shorter than this value are discarded).
Figure 5 illustrates a sample output of HOUGH analysis stage in the model.
The investigated pattern is a crop section of the Café Wall 3×9-T 800-M 32 (Fig.
6-Right). The detected line segments are shown in green, displayed on a binarized
edge map with four DoG scales (16, 32, 48, and 64). Blue lines indicate the longest
detected line segment. Further explanations about the values of all parameters
used in the model and the analysis are given in Section. 4).
The absolute value of mean tilt and standard deviation are then calculated
as a quantitative measurement for tilt deviation. The detected lines in the vicinity of four base orientations (Horizontal (H), Vertical (V ), positive Diagonal
(+45◦ , D1), and negative Diagonal (−45◦ , D2)) are saved here for further processing. Applying Hough transform for line detection involves heuristics, rasterization and quantization [4] errors, so we present mean tilt and variance.
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The parameters of houghpeaks and houghlines functions have been selected
empirically for correct detection of slanted line segments. For instance, MinLength should be larger than T (TileSize) to not detect the outline of tiles. On
the other hand FillGap parameter should fill the gap that starts to appear by
DoG filtering and get larger in size when the scale of the DoG filter increases.
ANALYSIS. The information of the detected line segments including their
orientations, are saved inside four matrices based on how close they are to one
of the base orientations defined here for analysis. The four base orientations are
horizontal (H), vertical (V ), positive diagonal (+45◦ , D1), and negative diagonal
(−45◦ , D2), and for the neighborhood around them, an interval of [−22.5◦ , 22.5◦ )
is chosen to cover the whole space. The parameter values defined in the implementation for tilt detection of the Café Wall, categorize the detected line segments in the horizontal class. Indeed, the perception of tilt in the Café Wall is
near horizontal, except for the time when the distance is very far, and the model
prediction should be the same. When the DoG scale is quite large compared to
the mortar size, the near horizontal tilt is replaced by zigzag vertical joining of
similar colored tiles [25, 26].
The base orientations could be selected in a smaller angular interval such
as in every 15◦ or 30◦ angles, but for the tile illusions, 45◦ increment for base
orientations is enough as there are only horizontal and vertical edges. However
the range of 15◦ or 30◦ might be well matched to other geometric illusions and
better fit the way humans distinguish between angles.
The statistical analysis of the detected lines in the neighborhood of each
base orientation is the output of this stage and includes the mean and standard
deviation around the mean for each scale of the DoG. Also the histograms of line
segments on their angular positions around base orientations can be graphed,
representing the prominent tilt orientation. As DoG scale increases, both the
mean tilt and standard deviation increases and the distribution of detected line
segments gets more spread, covering more angular tilt range.

4

The Experimental Results

In this section, we explain two sample experiments for evaluating the model. The
bioplausible model used here is similar to Robson’s [31] in which finds retinal
GCs response to the pattern (image). He claimed that a model of ganglion cell
RF with antagonistic center and surround organization of DoG can predict the
cell response to any arbitrary stimulus pattern. What is needed is finding the
convolution between pattern’s luminance function with the difference of Gaussian that is the weighting function of ganglion cells RFs. We now illustrate the
details of two main experiments conducted.
4.1

Experiment One - Resolution Analysis.

The aims of this experiment are to confirm that the resolution of an image does
not affect the detected range of tilt, if their perceived sizes (visual angle) are

■ 368

10

Nasim Nematzadeh, David M. W. Powers, Trent Lewis

Fig. 5. HOUGH stage result. Detected tilted line segments displayed in green on a
four scale edge map of cropped CW3×9-T 800-M 32 pattern. The DoG scales are 16,
32, 48, and 64. Blue lines have highlighted the longest lines. (Reproduced by permission
from [27])

the same and the DoG filtering is kept to scale. Viz. different resolutions of Café
Wall pattern with the same perceived size either displayed on monitor or printed
on paper, should have approximately the same tilt effect. From a practical perspective, this exploration of the role of resolution and subjective identification
of the range of resolution that is reasonable to consider, is important to allow
us to focus our quantitative experiments.
There is a close relationship between the resolution of pattern and the pattern’s visual angle. The visual angle shows the person’s subjective experience
of how large an object or pattern’s element looks. Stating the visual angle is a
direct way to simply reference the size of the image on the retina rather than
having to include both the size and distance parameters as it makes (apparent)
size independent of distance.
It is possible that two distal stimuli subtend the same visual angle even
though they have different extents. So, the visual angle as the pattern reference
in retinal stimulation (or retinal image) is a more appropriate measure than the
extent of the distal stimulus. We have not performed any psychophysical tests
here therefore the image resolution is used as a reference not the visual angle.
For the resolution analysis experiment, five different resolutions of the Café
Wall3×9 pattern have been generated. The characteristics of these variations of
the Café wall3×9 patterns are given in Table. 1. An identical cropped window
with the width of 4.5×T , and the height of 2×T +M have been selected in all
of these versions. The cropped sections have the same height above and below
the mortar. Figure 6 shows the highest resolution of the Café Wall3×9 pattern
that has been generated, with the T = 800, and M = 32 (Left), and the cropped
section of the pattern (Right).
To make a distinction between the convergent and divergent mortar line, we
talk about falling and rising, in which in the falling mortar, the right side of the
mortar line is lower than its left side compared to the horizontal direction and
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Fig. 6. Left: 800px Tile (T ), 32px Mortar (M ) stimulus. Right: Cropped section of the
left pattern, with the size of 4.5×T (width), and 2×T +M (height), enlarged.

for the rising mortar the vice versa. For instance in Fig. 6 (Left) the top mortar
line is falling while the 2nd /bottom mortar line is rising.
Figure 7 illustrates the DoG output of two high resolution variations of
cropped Café Wall3×9 pattern in jetwhite colors with their scales equal to their
mortar size, Left: (T, M ) = (200, 8) with σc = 8, and Right: (T, M ) = (800, 32)
with σc = 32. The result of parameters adjustment for five resolution versions of
the Café wall3×9 pattern with the result of mean tilt and variance are provided
in Table. 1.

Fig. 7. Two samples of high resolution variations of cropped CW3×9 pattern. DoG
scales are equal to the mortar size, and s = 2, h = 8 const. Left: T = 200, M = 8,
σc = 8. Right: T = 800, M = 32, σc = 32. (Reproduced by permission from [27])

As shown in Table. 1, for resolutions 3, 4, and 5 when the diameter of the
center Gaussian is equal to the mortar size (σc = M ), the detected mean tilt
stay the same. There is one degree difference versus the lower resolution results.
By increasing σc , there would be an increase in the mean tilt and variance. This
is because the edge map gets thicker in the surrounding area in higher scales,
and the detection of tilted lines with wider angular range is possible within these
thick outlines. The houghpeaks and houghlines parameters have given in the
last two rows of Table. 1 for each resolution. The results of the mean tilt and
variance with different DoG scales for three highest resolutions of the cropped
Café Wall3×9 pattern (Resolutions 3, 4, 5) have been graphed in Fig. 8 with
additional DoG scales compared to the values represented in Table. 1.
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Table 1. Arithmatic Mean ± Standard Deviation of tilt for different resolutions of
cropped Café Wall3×9 pattern, and the parameters of the model.
Resolution1 Resolution2 Resolution3 Resolution4 Resolution5
Tilt and Mortar size (T, M )
σc = (1/2mortar)
Tilt Mean and Variance
σc = (1mortar)
Tilt Mean and Variance
σc = (3/2mortar)
Tilt Mean and Variance
σc = (2mortars)
Tilt Mean and Variance
houghpeaks&houghlines param
numPeaks, Threshold
FillGap, MinLength

4.2

50,2
1
3.3±1.2
2
8.25±1.3
3
9.75±3.6
4
9.3±7.5

100,4
2
3.6±1.2
4
8.25±1.3
6
9.87±3.7
8
10.44±4.25

200,8
4
4±1
8
7.2±1.6
12
9.9±3.5
16
10.9±5.7

400,16
8
4.5±0.5
16
7.2±1.6
24
9.75±3.6
32
11.5±5.7

800,32
16
3.6±1.24
32
7.2±1.6
48
9.9±3.5
64
11.7±5.7

50,3
10,120

50,3
20,240

50,3
40,480

50,3
80,960

50,3
160,1920

Experiment Two - Cropping Parameterization

The aim of this experiment is to explore the effect of a focal or cropping region on tilt. To fix parameters not being investigated we restrict consideration
initially to the Café wall3×9-T 400-M 16 pattern (resolution4). 50 samples are
taken from the falling mortar (cropped as top mortar line) and 50 samples from
the rising mortar (2nd /bottom mortar line). Sample dimensions are the same as
the cropped section in the previous experiment (width of 4.5×T and height of
2×T + M , with the same height above and below the mortar line). The sampling process starts from the left side of the pattern, with a resolution of 32
pixels between samples for both shift size and offset.
The result of Horizontal investigation of the mean tilt and variance of the
detected lines, for all 50 samples of falling and 50 samples of rising mortar lines,
have been analyzed for every DoG scale. The investigations show that as the
scale of the bioplausible model (σc ) increases, the variance also increases.
Horizontal investigations of the detected lines based on their orientations is
summarized in Fig. 9, indicating the normalized number of detected line segments from the 100 samples. The graph indicates the effect of the edge map
scale on the range of detected tilts. This range covers a wider neighborhood area
around horizontal axis when the DoG scale increases.
As shown, the scale of 32 has a high range of variations of tilt angle that is not
reflected in our subjective perception of the pattern. Furthermore the angular
values of detected slanted lines are very small in scale 8. So based on these
results, the most informative parameter for the DoG scale in order to detect the
convergence and divergence of the mortar lines and perceive consistent subjective
tilt, is a center scale near the size of the mortar, here DoG16. The primary
parameter of the DoG model is the scale factor (2σ is the diameter between the
inflection points of the Gaussian and the range is smallest when this corresponds
to the mortar size) with empirically insignificant parameters including the ratios
between the Gaussians or to the window size used for filtering. The best way to
confirm the prediction of this mortar-parameterized model as a plausible range
for σc is by psychophysical experimental testing (future work).
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Fig. 8. Arithmetic Mean ± Standard Deviation for three resolutions of 3, 4, and 5 of
Café Wall3×9-crop versions similar to Fig. 6-Right. The details of each resolution is
given in Table. 1. (Reproduced by permission from [27])

A paired-samples t-test on 100 samples was conducted to compare the tilt
mean value across the different scale DoGs. All comparisons were significant with
p < 0.01.

5

Conclusions and Future Work

The optical illusion known as “Café Wall” is studied here, based on a bioplausible model of the earliest layers of our ”deep neural network” as being retinal
receptive fields (RF), modeled with ON-and OFF-center ganglion cells (GCs).
The model is a classical RF (CRF) model [6, 32], with circular center and surround organization based on difference of Gaussian, simulating a retinal response
to the stimulus in low level vision [25, 26], which we refer to as a multiple scale
edge map of the pattern. The perceptual effect in the Café Wall illusion produces strong tilt effects, and our model explains the perception of divergent and
convergent mortar lines in the pattern. The illustration of edge maps at multiple
scales explains the concept of local and global (or foveal and peripheral) viewing
of the pattern. This provides new insights into physiological models [3, 7, 8] as
well as supporting Marr’s theory of low level vision [22,23] and provides relevant
insights for the construction of bioplausible DNNs.
The model’s early stage output is investigated to quantify the degree of tilt
using Hough transforms in place of the later DNN layers. Mean tilt and standard
deviation of the detected tilt line segments are calculated for every scale of the
edge map, as well as the histogram of near horizontal detected tilted lines in
their positional angular values for a display of overall tilt, providing quantified
predictions for both experiments with human subjects as well as features selforganized by DNNs.
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More complex tile illusions having a diverse range of tilt will need fusion
of multiscale (local and global) representations of the input pattern, considering
the focus point (change of illusory effect with saccade) as well as a wholistic view
of the pattern. The extension of the model to non-CRFs (nCRF) [28] based on
elongated surrounds, might facilitate the directionality evaluation of a broader
range of geometric illusions which will be investigated. A psychophysical assessment of the model predictions will also help the design of an analytical model
for searching different visual clues in natural or illusion patterns similar to our
visual processing.
The current models for geometric illusions are quite complicated and more
re-search is needed to improve models of vision while directing them towards less
sophisticated and more bioplausible detection of visual cues and clues. We believe that further exploration on the role of simple Gaussian-like models [21, 22]
in low level retinal processing, and Gaussian kernels in early stage DNNs, and
its prediction or loss of perceptual illusion will lead to more accurate computer
vision techniques and models and potentially steer computer vision towards or
away from the features that humans detect. These effects can, in turn, be expected to contribute to higher-level models of depth and motion processing and
generalized to computer understanding of natural images.

Fig. 9. The normalized of near horizontal detected lines for 4 different DoG scales of
8, 16, 24, and 32 of Café Wall3×9-T 400-M 16 with 100 samples in total. 50 Samples
are taken along Falling mortar, and 50 samples from Rising mortar with 32px between
samples as the offset/shift. (Reproduced by permission from [27])
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Abstract— Limitations and sensitivities of human visual processing can be investigated through the study of optical illusions
and their perception, leading to insights that can potentially help
computer vision match or exceed human performance. Geometric illusions are a specific subfamily in which orientations and
angles are misperceived. This paper reports quantifiable predictions of the degree of tilt for a typical geometric illusion, Café
Wall, in which the mortar between the tiles seems to tilt or bow.
Our study employs a common bioplausible model of retinal processing and we further develop an analytic processing pipeline to
quantify and thus predict the specific angle of tilt. We further
study the effect of resolution and feature size in order to predict
the different perceived tilts in different areas of the fovea and
periphery, where resolution varies as the eye saccades to different
parts of the image. Several different minimal portions of the
pattern, modeling monocular and binocular foveal views, are
investigated across multiple scales, in order to provide confidence
intervals around the predicted tilts and contrast local tilt detection with a global average across the whole Café Wall image.
Keywords— Visual perception; Bioinspired neural networks;
Geometric illusions; Café Wall illusion; Tilt effects; Difference of
Gaussian; Pattern recognition

I. INTRODUCTION
The study of human vision is a multidisciplinary field, connecting the physiology of vision to bioplausible computational
modelling, as well as psychophysical experiments in visual
psychology. One source of evidence about vision is optical
illusions, which do not necessarily occur in a computer vision
model, but should be apparent in a vision model that claimed to
represent the way human vision works, or a vision system that
tries to identify the same patterns and features that a human
would. This area of research leads to a shibboleth for testing
bioplausible models of vision.
Bioplausible models must satisfy two criteria, computational feasibility and neurological plausibility. Although in
vision generally, and in the perception of optical illusion in
particular, there are many levels of processing involved from
eye to cortex before the final perception of the visual scene or
illusory pattern, we are particularly interested in the underlying
neural activity of retinal/cortical lower level processing. The
sombrero-like interaction model we explore (Fig. 1) is prevalent through these early levels and, according to our model, it is
here that the first cues to tilt emerge in geometric illusions

(Fig. 2), such as in the Café Wall (Figs 2-5) where mortar lines
appear to diverge and converge.
The model we are using here is an ON-center receptive field
(RF) model, implementing retinal cells responses to the characteristics of visual scene. Although similar bioplausible models
for implementing the response of retinal Ganglion Cells (GCs)
to the Café Wall stimulus have been proposed by others [1, 2],
none have quantified the degree of tilt by computational analysis. Also a systematic approach to multiscale analysis of the
model outputs is missing in the explanations of previous studies
although the effects of scale are illustrated in [2, 3]. Some experiments have been reported where a proposed model explaining the illusion was tested psychophysical experiments on human subjects [4, 5]. Many of these theories/explanations, however, remain at a descriptive level [6, 7], with little consideration of the underlying neurological mechanisms involved in the
emergence of tilt illusion.
There is a reasonable understanding of illusions that depend
on colour, brightness and contrast effects [8, 9], but there is a
lack of general explanatory model for tilt/tile illusions like Café
Wall patterns, and the Bulge illusions resulting from superimposed dots on top of a checkerboard background [3]. Ninio
(2014) in his comprehensive study of geometric illusion explanations noted that the twisted cord family of illusion could not
be explained by the proposed ‘orthogonal expansion’ and ‘convexity principle’ [10] which are the most general explanations
for the many geometric/tilt illusions he described (Café Wall is
from twisted cord family). So tile illusions remain an open area
of research.
Many geometric illusions have a highly directional effect as
in Café Wall. Their explanation for misperceived tilt typically
depends on physiological interpretations of orientation detectors in the cortex and the lateral inhibition of these detectors. In
the Café Wall, the emergence of slanted line segments along
the mortar lines is claimed [1, 2] to be the reason for tilt percept in the pattern. These line segments result in the appearance
of tiles as wedge-shaped [6] in a local view, which leads to a
perception of alternating converging and diverging mortar lines
at a more global level. Many theories for the Café Wall illusion
involve high level explanations such as ‘Border locking’ [6]
and ‘phenomenal model’ [7], and others have low level explanations such as ‘brightness assimilation and contrast’ [11] and
‘band-pass spatial frequency’ [1, 2].
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Westheimer [12] offers a hybrid retino-cortical explanation
for Café Wall illusion that considers multiple neural/neuronal
processing stages involved in the tilt effect, claiming that the
irradiation inducing effect, the apparent enlargement of white
elements, cannot explain the Café Wall illusion and that additional stages of retinal/cortical processing need to be considered in any explanation. His retinal processing stages include
light spread, compressive nonlinearity, and center-surround
transformation. His cortical stages involve sharp straight borders, pointed corners and angle shifts in the final perception of
the stimulus for illusion explanation.
Superficially all the explanations mentioned here might
seem to explain the illusion at different levels of processing,
but at a deeper level they have common features as underlying
neural/neuronal mechanisms including lateral inhibition and
the suppression effect [21, 13] of retinal and cortical cells.

Eye movements like gaze shifts, fixation and pursuit, all affect our perception, since they carry the image across the retinal photoreceptors. Even in the ‘Fixational eye movements’
[24] there is a critical mechanism to prevent fading of the
whole visual world involving a continuous shifting of retinal
image by factor of a few 10s to 100s GCs on the retina due to
the type of ‘fixational eye movements’. This includes Microsaccades, Tremors and Drifts, which are unconscious source
of eye movements. There are other intentional and unintentional
eye movements while we look at the scene (pattern), notably
full saccades and gaze shifts, which allow the high resolution
fovea to rapidly scan the field of vision for pertinent information. All of these effective movements of the retinal image
mean that retinal RFs around a point have different sizes depending on where the fovea is centred, so that different parts of
the visual scene are processed at different scales at different
times.

In the micro-anatomy of the visual retinal receptive field
(RFs), first the visual signal from the photoreceptors (rods and
cones) is passed to bipolar cells and then to retinal ganglion
cells (RGCs) whose axons carry the visual signal to the cortex.
There are also two types of interneurons, providing lateral interaction with other elements, which called horizontal and
amacrine cells. These latter cells receive input from numerous
cells because of large dendritic arbors. Only one exception to
the rule of lateral interaction is known: the innermost area of
the fovea, with a high special resolution to a 1:1 relationship
with direct throughput between photoreceptors, bipolar cells,
and ganglion cells [14].

In Part II of this paper we (A) formalize a simple Difference of Gaussian (DoG) model as a basic bioplausible model of
lateral inhibition, (B) introduce the range of parameters and
processing steps we will use in our analysis, (C) show that our
restriction to consideration of ON-centre OFF-surrounds cells
and mid-level mortar shade is appropriate, and (D) summarize
the entire modeling and analysis pipeline used in our experiments. We then proceed to present results for two experiments
in Part III, (A) investigation of local ‘cropped’ samples, simulating foveal locus only, and (B) investigation of the Gestalt
pattern, simulating peripheral awareness across the entire image.

Recent retinal physiological findings have significantly
exptended our understanding of RGCs and their functionality.
A multiscale representation and processing in the visual cortex
of mammals and in the retina have been supported by physiological and psychophysical findings [15, 16, 17]. In a comprehensive study about retinal circuitry and coding, Field and
Chichilnisky [16] reported the existence of at least 17 distinct
RGC types inside the retina each with their definite encoding
role. The variations of RFs type and their size change due to
the eccentricity as well as intra-retinal circuitry, all indicating
the neuronal mechanism of multiscale encoding inside the
retina. Earlier, it was assumed that orientation detection takes
place solely in the cortex, but it is found that some retinal cells
have an orientation selectivity property similar to the cortical
cells [16, 17], consistent with the raw-to-full primal sketch of
Marr’s theory of vision [18, 19].

II. MODEL

The center–surround receptive field organization in retinal
ganglion cells is thought to be mainly due to lateral inhibition
(LI) at the first synaptic level in the outer retina [20]. The
mechanism of lateral inhibition [21] enhances the nerve synaptic signal of photoreceptors, where activated cells inhibit the
activations of nearby cells. This retinal neuronal processing is
specified as a retinal pulse response or point spread function
(PSF) that is a biological convolution with the effect of edge
enhancement. It acts as a bandpass filter that facilitates vision
tasks. The model here is using the contrast sensitivity of RGCs
based on a circular center and surround organization for the
retinal RFs [22, 23, 3]. Inhibition at the second synaptic level
(in the inner retina) is thought to mediate more complex response properties such as directional selectivity [20].

A. Retinal bioplausible model
Physiological evidence [16, 17] show a diverse range of receptive fields with different sizes in the retina, and cells of
different type and eccentricity [25]. These suggest a multiscale
retinal encoding [26] of the visual scene with the adaptation of
retinal receptive fields (RFs) to textural elements [25, 27].
The history of the receptive fields models back to Kuffler’s
demonstration of roughly concentric excitatory center and inhibitory surround [28]. It have been showed by Rodieck and
Stone [22] and Enroth-Cugell and Robson [23] that the signals
from the center and surround regions of photoreceptors outputs
can be modelled by two concentric Gaussians with the different
radii [29, 30]. The computational studies and modeling of early
visual processing followed by Marr and Ullman [31] who were
inspired by Hubel and Wiesel’s [15] discovery of directionallysensitive simple cells in the primate visual cortex. Marr and
Hildreth [18] have proposed Laplacian of Gaussian (LoG) as
the optimal operator for initial filtering of retinal cells and note
that it can be approximated by the difference of Gaussians
(DoG) with a ratio of diameters of ~1.6. A classical receptive
model (CRF) model implementating retinal GCs responses [3]
is used here to explain the emergence of tilt in Café Wall illusion, provide quantitative measurement of tilt angle in the pattern, and explain how incorporation of different foveal points
during saccade lead to different tilt or bulge phenomena due to
their perception at different scales and their integration into a
multiscale map.

B. Formal description and parameters
The main stage in our experiment is generating a bioplausible representation for the image which is interpretable as the
image edge map using the DoG model. This feature representation of the edges clearly reflects the perceived tilt in the image.
For a sample cropped section of a Café Wall image, its feature
map with multiple scales of DoG is shown in Fig. 2, in a binary
form as well as false colored using the jetwhite1 color map.
Applying Gaussian filter on an image generates a
smoothed/blurred version of the image. The DoG output of an
image is the difference between two blurred versions of the
image, which is similar to band pass filtering. The easiest way
of calculating the DoG output of an image is to generate the
DoG filter first and then apply the filter on the image (one convolution). Fig. 1 illustrates 2D representations of two separate
Gaussian filters for Center and Surround with their difference
giving the DoG filter.
The DoG output of the retinal GCs model with the centre and
surround organization for a 2D image such as I, is given by:
(1)
(2)
where x and y characterize the distance from the origin in the
horizontal and vertical axes respectively and σ shows the sigma
of the centre Gaussian. The sigma of the surround Gaussian (σs)
is represents by sσ. Parameter s is referred to as the surround
ratio in here. The concentric representation of the center and
surround Gaussians, models the retinal point spread function
(PSF) and lateral inhibition (LI) in the retina [22, 23, 29].
The second derivative of the Gaussian can be estimated as
the difference of two DoGs and is referred to as the Laplacian of
the Gaussian (LoG). It has shown that for modeling the RFs of
retinal GCs, DoG [28, 29] is a good approximation of LoG when
the ratio of dispersion of centre to surround, s ≈1.6 (≈ φ, the
ubiquitous Golden Ratio) [18]. Increasing s leads to the surround
suppression covering a wider area while its height declines. In
the experimental runs reported in this paper, s = 2 is used for
and
convenience (and other commonly used values like 1.4 ≈
1.6 ≈ φ show little difference).
As a further practical matter, it is inconvenient to deal with
Gaussians of unbounded extent, so the DoG model is only applied within a window of a size chosen so that the value of both
Gaussians is insignificant outside the window (less than 5% for
the surround Gaussian). We therefore control windowSize as
large windows have high computational cost. The windowSize is
determined by h (window ratio) parameter and σc defined as
below:
(3)
Parameter h determines how much of the center and surround Gaussians are included in the filter, and in this paper we
keep h = 8 (two standard deviations of surround).
1
Downloadable from MathWorks central file exchange.
http://www.mathworks.com/matlabcentral/fileexchange/48419-jetwhitecolours-/content/jetwhite.m

Fig. 1. Left: Center Gaussian with σc = 8. Center: Surround Gaussian with
σs = 16 (surround ratio s=2). Right: The Difference of Gaussian result.
Represented in jetwhite color map.

Fig. 2. Top: Binary edge map for a Café Wall pattern with 200×200px Tiles
and 8px Mortar thickness. Bottom: jetwhite color code for the edge map.
σc ranges from 4 to 28 with incremental steps of 4 with surround ratio
s = 2, and window ratio h = 8.

C. ON- and OFF- cell responses to Café Wall stimulus
The biological function of ON- and OFF- cell responses is
for coding visual objects in a way to designate their deviation
from mean luminance. This is done by two sets of neurons,
ON-cells for light increment, and OFF-cells for light decrement
[14, 32].
The tilt illusion in the Café wall pattern seems to be the result of the appearance of the small slanted line segments on the
mortar lines that connect two same colored tiles in two adjacent
rows in the pattern. These slanted line segments are sometimes
referred to as the twisted cord elements [1, 2, 3, 5] inside the
pattern. The sensitivity profile and circularly symmetric activity of the ON-center and OFF-center ganglion cells creates
peaks and troughs, which generate these elements as their processing output of the stimulus.
The color of the mortar line should be in the intermediate
range between black and white tiles [1, 6]. The reason is that an
illusory tilted segment from a white tile to a white tile is perceived when the mortar is lighter than the two black tiles on
each side, due to the OFF-center detectors, but the corresponding tilted segment from a black tile to a black tile is perceived
when the mortar is darker than the two white tiles on each side.
For both effects to happen with equal strength requires roughly
equal distance between the mortar shade and the black and
white shades.
The stimulus in Fig. 3 is a Café Wall 8×12 pattern with
50×50px Tiles and 2px Mortar thickness. For easier notation
we recall the pattern Café Wall 8×12-T50-M2 in which 8×12
shows #rows and #columns of Tiles in the pattern, T stands for
TileSize and M for MortarSize followed by their values.
In both ON- and OFF- cells implementations, the model parameters are σc=3, surround ratio s=2, and window ratio h=8.
The ON-center and OFF-center RFs responses on the given
Café Wall pattern, Fig. 3 (Left), are presented in the Center and
Right of the Figure. The output of their response indicates that
both ON- and OFF-cell response to the stimulus, highlight the
same direction of convergence and divergence in the tilt effect.
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The only difference in the output result is that every one of
them clearly highlights the twisted cords between the two same
colored tiles due to the connection of mortar lines and the ONcenter and OFF-center activities mentioned before. Therefore
in the modeling of RFs for tilt detection in the Café Wall pattern there is no difference which cell type is implemented. Both
provide similar tilt orientation.

Fig. 3. Left: Café wall 8×12 with 50×50px Tiles and 2px Mortar. Center:
ON-center OFF-surround RF response. Right: OFF-center ON-surround
RF response – σc=3, surround ratio s = 2, and window ratio h = 8.

D. Model and processing pipeline
The DoG transformation induces the tilted line segments in
the pattern, and quantitative measurement of tilt angles let us to
compare them with the tilt perceived by a human observer. For
this we embed the DoG model in a processing pipeline involving multiple standard image processing transformations.
1) MODEL
The most fundamental parameter in the model is the diameter of the center Gaussian (σc). This value is highly correlated
with the characteristics of pattern elements. To extract the tilted
line segments along the mortar lines, σc should be of the same
order as the Mortarthickness, and for tiles, it should be matched
with the Tile size. Fig. 2 shows the output of the MODEL for
a cropped section of a Café Wall pattern with 200×200px Tiles
(T) and 8px Mortar thickness (M). Based on the stimulus pattern and the fixed surround ratio and window ratio, (relative to
σc) this reflects a range of 0.5M to 3.5M, with incremental steps
of 0.5M, as an illustrative range for σc. So the output of the
MODEL is a form of edge map with multiple scales of DoG.
Now we illustrate how to measure the slope of the detected tilts
in the edge map.
2) EDGES
The MODEL is applied at multiple scales of DoG (with the
same surround and window ratios) providing a form of edge
map. Then we measured tilt angles as follows: At each scale,
the edge map is binarised and Hough Transform (HT) [33]
applied to measure the tilt angles in detected slanted line segments in the edge map. We need the slope of these lines, so the
Hough representation is used here. HT uses a two-dimensional
array called the accumulator to store lines information with
quantized values of ρ and θ where θ is in the range of [0, π).
Every edge pixel (x, y) in the image space, corresponds to a
sinusoidal curve in (ρ, θ) space (Hough space) as given by (4):
(4)
where ρ represents the distance between the line passing
through that point with a specific θ and the origin, and θ is the
counter-clockwise angle between the normal vector (ρ) and the
positive direction of the x-axis.

The output of the Hough transform is a two-dimensional accumulator matrix H, with the dimension of ρ×θ. Each element of
the matrix corresponds to the number of pixels located on the line
represented by quantized parameters of (ρi, θi). So the output of the
EDGES is H matrix representing the edge map in Hough space.
3) HOUGH
All possible lines that could pass through every edge point
in the edge map are extracted in the EDGES processing stage,
but we are more interested in the detection of tilt induction line
segments inside the Café Wall pattern. Two MATLAB functions called houghpeaks and houghlines have been exploited
here for this reason. The local maxima in the accumulator
space (H) show the most likely lines that can be extracted.
The ‘houghpeaks’ function finds the peaks in the Hough
accumulator matrix H, having the parameters of NumPeaks
(maximum number of lines to be detected), Threshold (threshold value for searching H for the peaks), and NHoodSize (the
neighborhood suppression size which set to zero after the peak
is identified). The ‘houghlines’ function extracts line segments associated with a particular bin in a Hough accumulator
matrix. Its parameters are “FillGap” (the max gap allowed
between two line segments associated with the same Hough
bin, which result in merging them to a single line segment) and
“MinLength” (the min length for merged lines to be kept).
Fig. 4 illustrates a sample output of the HOUGH analysis
stage. The investigated pattern is a crop selection of a Café
Wall 9×14-T200-M8 (Fig. 5-Left). The detected line segments
are shown in green, displayed on a binarized edge map with
seven DoG scales of 4, 8, 12, 16, 20, 24, 28. Blue lines indicate
the longest detected line segment.

Fig. 4. HOUGH stage result on a cropped section of a Café Wall with
200×200px Tiles and 8px Mortar. Detected Hough lines are drawn on a
seven scales edge map of the stimulus. σc ranges from 4 to 28. (DoG4 : σc=4)

4) ANALYSIS
Four reference orientations are defined including horizontal
(H), vertical (V), positive diagonal (+45º, D1), and negative
diagonal (-45º, D2), and an interval of [-22.5º, 22.5º) around
them is chosen to cover the whole space. So the information of
the detected line segments from HOUGH are saved inside four
matrices based on how close they are to one of these reference
orientations for tilt analysis. As shown in Fig. 4 in fine scales,
near horizontal lines are detected but as the scale of DoG increases, the mortar lines are disappeared, and the near horizontal tilt is replaced by zigzag vertical lines joining similar colored tiles [3]. The statistical analysis of the detected lines in the
neighborhood of each reference orientation is the output of this
stage which further explained in the experimental results section.

rest of samples, the cropping window shifts horizontally to the
right with an offset of 4 pixels. This covers a total shift of a
Tile size (200px) after the sampling is finished, and guarantees
no repetition of samples in each set.
Fig. 5. Café Wall stimulus with 200×200px Tiles, and 8px Mortar with three
“foveal” crop sizes explored. (Crop5w4h means 5T-width and 4T-height)

III. EXPERIMENTAL RESULTS
In this section, we explain two sample experiments for
evaluating the model and tilt analysis, correspond to local and
global tilt and foveal/peripheral view of the pattern.
Our visual perception of tilt changes when we are fixating
on a small section of the pattern. For instance, when we fixate
on a part of a mortar line, the tilt in a close by region to our
focusing point weakens, but we still have a peripheral tilt perception which results in maintaining the overall tilt interpretation of the pattern. It seems that the peripheral tilt interpretation
have a higher effect in our final perception of the pattern compared to the weak tilt perception of some foveal/local focusing
regions. This peripheral/global understanding provides a
wholistic impression of the visual field, and can be linked to a
Gestalt psychology percept of tilt induction patterns.
In the fovea, the acuity is high due to high density and
small size receptors. As eccentricity increases the acuity declines with increasing RF sizes and nearest neighbor distances.
The model used here was inspired by the first proposed model
for foveal retinal vision by Lindeberg and Florack [26]. The
model is based on simultaneous sampling of the image at all
scales, and since our vision is scale-invariant, so what is sent
to the brain, is not a single image, but a stack of images, a
scale-space. All scales are separately and near independently
encoded from the incoming intensity distribution [27].

For the edge map representation of the samples based on the
DoG model, the σc parameter is chosen in the range of 0.5M to
3.5M with incremental steps of 0.5M. Finer scales are unhelpful
due to the Mortar size of 8px, and coarser scales exceeding the
Tile size, similarly result in very distorted and uninteresting edge
pattern. Viz. the DoG scales in the model should be of the same
order as the features we are interested in capturing in the pattern.
One of the main advantages of the scale-space bioplausible model used is that the result is not very sensitive to specific characteristics of the pattern elements. Only an initial adjustment for σc
range is needed with its incremental step.
The parameters of houghpeaks and houghlines methods
should be selected in a way to detect the slanted line segments
in the pattern in lower scales. E.g. MinLength should be larger
than TileSize to avoid the detection of the outlines of the tiles,
and FillGap value should fill small gaps between line segments
appear on the edge map from Mortars and Tiles borders at lower
scales to detect near horizontal tilted lines. These parameters
have been chosen empirically based on the pattern’s characteristics, and kept constant for all the experiments. Numpeaks=100,
Threshold=3, FillGap=40, and MinLength=450.
The results of mean tilt for each sample set is box plotted in
Fig. 6 for 4 reference orientations of Horizontal (H), Vertical
(V), and Diagonal (D1, D2), for 7 DoG scales of their edge map.

A. Experiment 1
The aims of this experiment are to evaluate the effect of sampling size on detected mean tilt value of the Café Wall and the
possible correlations that might exist to our foveal/peripheral
view of the pattern due to gaze shifts and saccades. The investigation uses local ‘cropped’ samples, simulating foveal-sized
locus only (but different scales occur when saccadically shifted to different degrees of eccentricity in the periphery).
To fix parameters not being investigated, we restrict consideration initially to Café Wall 9×14 with 200×200px Tiles
and 8px Mortar, given in Fig. 5. In this experiment three
“foveal” crop sizes are explored, Crop5w4h (Crop window size
of 5Tile-widths and 4Tile-heights), Crop5w5h, and Crop6w5h, in
which an example of each sample group is given in Fig. 5. The size
of foveal image can be estimated based on the pattern’s visual angle
and the size of the fovea which is approximately 0.01 mm2 (20
arcmin of visual angle - 20×20px), but the sample sizes are selected
for convenience here without having a specific image size, viewing
distance or human subject in mind.
For each specified crop window size, 50 samples are taken
from Café Wall 9×14 in which for the first sample, the top left
corner is selected randomly from the pattern and then for the

Fig. 6. Boxplot of mean tilt for 3 “foveal” crop sizes explored for 4 reference
orientations of (H, V, D1, D2), with 7 DoG scales (σc=4, 8, 12, 16, 20, 24,
28), s=2, h=8, and Numpeaks=100, Threshold=3, FillGap=40, and
MinLength=450.
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Fig. 7. The distribution of near Horizontal (Left Column), near Vertical (Center Column), and near Diagonal (Right Column) detected line segments of 3 “foveal” crop sizes for
7 different DoG scales (σc=4, 8, 12, 16, 20, 24, 28), with houghpeaks and houghlines parameters of Numpeaks=100, Threshold=3, FillGap=40, and MinLenght=450.

As Fig. 6 indicates, in the first 4 scales, only horizontal and
vertical lines are detected. The horizontal tilted line segments
which induce the tilt illusion appear in these scales. Among
these 4 scales, DoG8, which matches with the Mortar size detects the horizontal tilt in a nearly stable range around 7° in all
samples. As the scale increases from 20 onwards, there are no
horizontal lines detected, but more vertical and diagonal lines
are extracted. This is due to the enlargement of the outlines of
the tiles by increasing σc, which results in more line detection
in the coarse edge map scales. The results show that for Horizontal mean tilt deviation, as the scale of the DoG model increases, the mean tilt value is also increases, although it is nearly around 8º for DoG8 and 12. In the finest scale (DoG4) however, the horizontal tilt angle is quite small (3-4º) compared to
DoG8. This suggests why we perceive the tilt effect in the pattern in much weaker magnitude when we are fixating on the
pattern, since similarly in the fovea the acuity is high due to
high density and small size receptors. For the vertical deviation, the mean tilt jumps a little bit at the first two scales and
nearly stays around 5º from V reference orientation (axis). In
the diagonal tilt investigation, the mean tilt deviation is around
4° and 5° from D1, and D2 axis which can be seen after
DoG20.
Comparing the results at a given scale, the detected tilts
show slight differences across sample sets, and this is to be
expected given the random sampling and the fixed parameters
relating to houghpeaks and houghlines which are kept constant

here rather than optimized for each scale. In particular we can
expects edge effects to interact with both the random sampling
and the Numpeaks parameter, which are related to the sample
sizes, but kept constant here for consistency of the higher level
analysis/model. The parameters chosen here highlight the
dominant lines and their orientations we are most interested in.
The tilt detection results are reliable when compared to our
angular tilt perception of the pattern, while the computational
cost of the model and tilt analysis is reasonable. However, the
parameter values of houghpeaks and houghlines could be optimised later on for more accurate results.
The mean tilt results for the detected lines for all 50 samples in each set are further analysed across all the DoG scales.
The investigations show that for horizontal orientation, there is
an increase in mean tilt as well as the standard deviation from
the mean by σc increases. Vertical and Diagonal lines are started to be detected as the edges thicken to the same order as the
tiles at coarse scales, and this correlates to different ways of
grouping tiles in the Café wall pattern at different scales [3].
Fig. 7 shows the distribution of lines near each reference
orientation (H, V, D1, D2) for 3 sample sets by considering all
DoG scales for easier comparison. The results of the near diagonal tilted lines have been graphed together for fairer representation and comparison versus the alternating up and down tilting
horizontals and the zigzagging verticals. For diagonal tilted
lines, based on the parameters chosen, there are no symmetric
lines detectable (e.g. Fig. 4 DoGs 20, 24, 28). All the graphs

given indicate the effect of the edge map scale on the range of
detected tilts. This range covers a wider area around reference
orientations when the DoG scale increases. Also the number of
detected lines is highly dependent with the size of samples.
In Fig. 7 (Left-column), the detected near horizontal lines are
given for three sample sets. In the scale of 16, there is a high
range of variations of tilt angle that is not reflected in our subjective perception of the pattern. Furthermore, in scale 4 the angular
values of detected slanted lines are very small. So based on these
results, the most informative parameter for the DoG scale in
order to detect the convergence and divergence of the mortar
lines, is a center scale near the size of the Mortar, here DoG8.
Also the color codes based on the legend highlighted the fact that
horizontal lines are detectable in fine scales, when there is still
some parts of Mortar lines are left in the DoG output pattern.
In Fig. 7 (Center-column) the detected near vertical lines
are given, and although as Fig. 6 indicates, they start to be
detected in low scales, but the majority of vertical lines are in
DoG20, and 24 (Look at the edge effect of vertical lines in
DoG8 and 12 in Fig. 4). In Fig. 7 (Right-column) the distributions of the detected near diagonal lines are graphed with their
deviations from D1, and D2 axis in the same graph for each
sample set. The graphs indicate their detections are mainly
around the coarse scales of DoG24, and 28.
In [3] the Café Wall illusion explained based on incompatible grouping of tiles in lower scales and in higher scales, in
which our result is a proof for that. In low scales the tiles are
connected by the Mortar lines in horizontal direction (slanted
line segments - twisted cord elements) and in higher scales,
when the Mortar lines have been disappeared, the zigzag vertical grouping of tiles is happening in an opposite direction. We
claim that this is the main reason of the tilt illusion in the Café
Wall pattern. This view has been considered both local/global
tilt effects of the pattern, as well as a simple way of explanation
of the visual angle and the viewing distance to the pattern. This
distance results in our perception of the pattern due to our
recognition of what pattern elements are observable from near
and from far, which is captured here as multiple map representations at different DoG scales.
B. Experiment 2
The aims of this experiment are to confirm the robustness
of the model in local and global tilt analysis of the Café Wall
illusion by comparison of the tilt results of “foveal” size
sample sets with the “peripheral” tilts of the whole pattern. We
investigate the Gestalt pattern, simulating peripheral awareness
across the entire image in here.
For this the Café Wall 9×14 pattern with 200×200px Tiles
and 8px Mortar have been investigated for quantitative measurement of tilt in 4 reference orientations. The results of the
investigation are shown in Fig. 8, including error bars to give
an indication of significance.
As the horizontal tilt deviation shows, the mean tilt value
increases as the edge map scale increases, and we have nearly
similar tilt value around the scale of 8 compared to sample set
results in Fig. 6. Vertical tilt detection in higher scales is
around 5 º in the sample set results, and here around 2º, while

the diagonal deviation range is approximately 3° here while it
was about 1º degree more in the crop sample sets. We discuss
these results further in the conclusions.

Fig. 8. Mean tilt and standard error arround reference orientations (H, V, D1,
D2) for the Café Wall9×14 pattern with 200px Tiles and 8px Mortar,
displayed for all DoG scales.

Fig. 9 indicates the detected tilted lines in DoG scale of 16
(σc=16) for the Café Wall 9×14, as well as one sample of each
set. The Hough parameters kept exactly the same, for all the
samples and analysis of the whole pattern. Numpeaks=100Threshold=3-FillGap40-MinLenght450.

Fig. 9. HOUGH stage result of a Café Wall with 200px Tiles, and 8px Mortar
(Left) for DoG scale of 16 (σc=16). Hough line results on 3”foveal”
cropped window samples drawn on the scale of σc=16 of their edge map
(3 crops on the Right).

IV. CONCLUSIONS AND FUTURE WORK
The optical illusion “Café Wall” is studied here based on a
bioplausible model, implementing ON-cells retinal receptive
field response to the stimulus as Difference of Gaussian, generating a bioplausible intermediate representation at multiple
scales that reflect differences in the dominant tilts recognized
in the Café Wall image. These are argued to be combined into
a multiscale edge map that allows for detection of features at
different scales, with edge/scale information from both the
fovea and the periphery being combined in the cortex. Thus
different scales are represented in fovea versus periphery and at
different distances and image sizes, explaining the illusory
changes.
Based on the model used here we have shown that although
the perceptual effect is highly directional in the pattern, but the
lateral inhibition and suppression effects in the retinal/cortical
simple cells, are responsible for the immergence of tilt in the
pattern, although for the angle detection of tilt, further processing by orientation selective cells in the retina/cortex might
be needed. In here for the detection of tilt angle, we have exploited an image processing pipeline to detect the degree of
mean tilt and distributions of tilted line segments around 4
reference orientations of Horizontal (H), Vertical (V), and Diagonal (D1, D2) covering the whole space.
The experimental results on 3 foveal crop sample sets and
the whole Café wall pattern shows that, the model is capable of
tilt detection, and the result are nearly consistent in the sample
sets while we kept all the parameters the same during the experiments on every input image. One of the reasons of the
slight tilt difference in the global tilt analysis is due to the pa-
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rameter value of Numpeaks, which is kept constant across the
cropped samples as well as whole pattern, which is around 5
times of the size of the cropped (foveal) samples. The density
of detected lines in the edge map shows the effect clearly in
Fig. 9, but increasing Numpeaks with size reduces the effect.
No psychophysical tests have been performed to confirm
the predictions implicit in our results, and this is one of our
future research priorities. However, one of the effects a viewer
of a Café Wall pattern notices is that the tilts seem larger in
their peripheral vision than at their focal point, as predicted by
our quantified results: larger DoGs corresponding to the lower
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Abstract. Optical illusions highlight sensitivities and limitations of human
visual processing and studying them leads to insights about perception that can
potentially help computer vision match or exceed human performance. Geometric
illusions are a subclass of illusions in which orientations and angles are distorted
and misperceived. In this paper, a quantiﬁable prediction is presented of the
degree of tilt for the Café Wall pattern, a typical geometric illusion, in which the
mortar between the tiles seems to converge and diverge. Our study employs a
bioplausible model of ON-center retinal processing, using an analytic processing
pipeline to measure, quantitatively, the angle of tilt content in the model. The
model also predicts diﬀerent perceived tilts in diﬀerent areas of the fovea and
periphery as the eye saccades to diﬀerent parts of the image. This variation is
veriﬁed and quantiﬁed in simulations using two diﬀerent sampling methods.
Several sampling sizes and aspect ratios, modeling variant foveal views, are
investigated across multiple scales in order to provide conﬁdence intervals around
the predicted tilts, and to contrast local tilt detection with a global average across
the whole Café Wall image.

1

Introduction

Optical illusions are one source of evidence about vision, and do not necessarily occur
in a computer vision model, but should be apparent in a vision model that claims to
represent the way human vision works, or a vision system that tries to identify the same
patterns and features that a human would. There are many levels of processing involved
between eye and cortex before the ﬁnal perception of a visual scene. The visual
processing starts in the retina where the visual signal from the photoreceptors is passed
to bipolar cells and then to retinal ganglion cells (RGCs) whose axons carry the visual
signal to the cortex. There are also two types of interneuron cells called horizontal and
amacrine cells, providing lateral interaction with other neurons.
New physiological ﬁndings about the retina have signiﬁcantly extended our under‐
standing of RGCs and their functionality. A comprehensive study about retinal circuitry
and coding reported the existence of a diverse range of RGC types [1] within the retina,
each with their speciﬁc encoding role. The neural mechanism of retinal multiscale
encoding is supported by variations of RF type and size in relation to distance from the
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fovea, as well as intra-retinal circuitry. It is noteworthy that some retinal cells have an
orientation selectivity property similar to the cortical cells [1, 2].
The highly directional effect in many geometric illusions, and in Café Wall in
particular, might tend to direct explanations toward physiological interpretations of
orientation detectors in the cortex. We are going to show how tilt in Café Wall illu‐
sion specifically, and in tile illusions generally, can emerge earlier still as the result
of processing by simple cells. The reason for the tilt perception in the Café Wall
pattern is often claimed to be the emergence of slanted line segments along the
mortar lines in a local view, which leads to a perception of alternating converging
and diverging mortar lines at a more global level [3–5]. There are also putative low
level explanations for the illusion such as ‘brightness assimilation and contrast’ [6]
and ‘band-pass spatial frequency’ [3, 4]; and high level explanations such as ‘Border
locking’ [7] and ‘phenomenal model’ [8]. Other descriptive explanations and psycho‐
physical experiments on the stimulus can be found in [7–9], but give little consider‐
ation to the underlying neurological mechanisms involved in the emergence of tilt
illusion. Superficially, these theories might seem to explain the illusion at different
levels of processing, but at a deeper level they have common features as underlying
neural mechanisms, including lateral inhibition [10–12] of retinal and/or cortical
cells.
The center–surround organization in retinal ganglion cells (GCs) is thought to be
mainly due to lateral inhibition (LI) at the first synaptic level in the outer retina
[10, 11], where activated cells inhibit the activations of nearby cells. It is reported
that spatial tuning properties of retinal ganglion cells (RGCs) are also sharpened by
this mechanism (LI), originating at both the outer and inner plexiform layers [12].
This is a biological convolution with the effect of edge enhancement [12]. The
contrast sensitivity of RGCs based on a circular center and surround organization for
the retinal RFs [13, 14] is implemented in our model.
The intentional and unintentional eye movements while we look at the scene
(pattern), notably overt saccades and gaze shifts, allow the high resolution fovea to
rapidly scan the ﬁeld of vision for pertinent information. Therefore diﬀerent parts of the
visual scene are processed at diﬀerent scales at diﬀerent times.
The model we are using here is an ON-center receptive ﬁeld (RF), or classical recep‐
tive ﬁeld (CRF) model implementing retinal GCs responses [5]. It is based on the wellknown Diﬀerence of Gaussian (DoG) and is explored here to explain the emergence of
tilt in the Café Wall illusion, providing quantitative measurements of tilt angle in the
pattern, and explaining how incorporation of diﬀerent foveal points during saccade lead
to diﬀerent tilt or bulge phenomena due to their perception at diﬀerent scales and their
integration into a multiscale edge map. Although related models for explaining Café
Wall stimulus have been proposed by others [3, 4], only our earlier work has quantiﬁed
the degree of tilt by computational analysis [15, 16], where similar tilts are highlighted
by both ON-center and OFF-center receptive ﬁelds. We also oﬀer a systematic multiple
scale analysis of the model outputs that is missing in earlier studies, although the eﬀects
of scale are illustrated in [4, 5].
In Part 2 of this paper we formalize a simple Diﬀerence of Gaussian model as a basic
bioplausible model of lateral inhibition. Part 3 introduce the entire modeling and analysis
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pipeline used in our experiments and the range of parameters we will use in our analysis.
In Part 4, we then proceed to present results for two experiments, for investigation of
local ‘cropped’ samples based on two methods of sampling (Systematic and Random),
simulating foveal locus only (Exp1), and investigation of the Gestalt pattern, simulating
peripheral awareness across the entire image (Exp2).

2

Diﬀerence of Gaussian Model and Formal Descriptions

Physiological evidence [1, 2] show a diverse range of RGCs with diﬀerent sizes in the
retina, and cells of diﬀerent type and eccentricity (the distance from the fovea) that
suggest a multiscale encoding [17] of the visual scene in the retina. The history of the
receptive ﬁeld models back to Kuﬄer’s demonstration of roughly concentric excitatory
center and inhibitory surround [18]. Later, Rodieck and Stone [13] and Enroth-Cugell
and Robson [14] showed that the signals from the center and surround regions of photo‐
receptor outputs can be modelled by two concentric Gaussians with the diﬀerent radii.
A feature representation for the image is explained here which is interpretable as the
image edge map using the DoG model which clearly reﬂects the perceived tilt in the
pattern (Fig. 2). The DoG output of the retinal GCs model with the centre and surround
organization for a 2D image such as I, is calculated as:
2
2
2 2
1
1 −(x2 +y2 )∕(2σ2 )
e
− I*
e−(x +y )∕(2s σ )
2πσ2
2πs2 σ2
/
/
s = 𝜎surround 𝜎center = 𝜎s 𝜎c

Γσ,sσ (x, y) = I*

(1)
(2)

where the distances from the origin in the horizontal and vertical axes are characterized
by x and y respectively, and σ shows the sigma of the centre Gaussian. The sigma of the
surround Gaussian is represents by sσ in (1), which we refer to it as σs. Parameter s is
referred to as the surround ratio given in (2). It has shown that for modeling the RFs of
retinal GCs, DoG is a good approximation of Laplacian of Gaussian (LoG) when the
centre-surround ratio is s ≈ 1.6 (≈ φ, the Golden Ratio) [19]. Increasing s leads to more
surround suppression result, covering a wider area while its height declines. For conven‐
ience, in the experimental runs in this paper s = 2 is chosen and other commonly used
values like 1.6 ≈ φ show little diﬀerence.
As a further practical matter, the DoG model is only applied within a window of a
size chosen so that the value of both Gaussians is insigniﬁcant outside the window (less
than 5 % for the surround Gaussian). So we control windowSize as large windows have
high computational cost. The windowSize is determined by h (window ratio) parameter
deﬁned as below:

windowSize = h × 𝜎c + 1

(3)

Parameter h determines how much of the center and surround Gaussians are included
in the ﬁlter, and we use h = 8 in this paper (two standard deviations of surround).
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Model and Processing Pipeline

The DoG transformation creates a bioplausible image/pattern representation (edge map)
inducing the tilted line segments in the pattern. Then quantitative measurement of tilt
angles in the edge map let us to compare them with the tilt perceived by a human
observer. For this we embed the DoG model in a processing pipeline involving multiple
standard image processing transformations to ﬁnd the predicted tilt in our computational
model (Fig. 1).

Fig. 1. Flowchart of the model and analytical tilt processing. (Reproduced by permission from
[22])

(a) MODEL
The most fundamental parameter in the model is the diameter of the center Gaussian
(σc), which is highly correlated with characteristics of the pattern elements. So, to extract
the tilted line segments along the mortar lines, the output of the MODEL for a cropped
section of a Café Wall pattern with 200 × 200 px Tiles (T) and 8 px Mortar (M) is shown
in Fig. 2(a, b) in a binary form as well as false colored using jetwhite1 color map. Based
on the ﬁxed parameters of surround ratio and window ratio, relative to σc, and the pattern
1

Downloadable from MathWorks central ﬁle exchange.
http://www.mathworks.com/matlabcentral/ﬁleexchange/48419-jetwhite-colours-/content/
jetwhite.m.
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characteristics, a range of 0.5 M to 3.5 M, with incremental step of 0.5 M, is as an
illustrative range for σc. So the output of the MODEL is an edge map representation for
the pattern with multiple scales of DoG. Now we move on to explore how to measure
the slope of the detected tilts in the edge map.

Fig. 2. (a) Binary edge map for a Café Wall pattern given in Fig. 3 with 200 × 200 px Tiles and
8 px Mortar. (b) Jetwhite color code for the edge map. (c) HOUGH stage result with the detected
Hough lines drawn on the seven scales edge map of the stimulus. σc ranges from 4 to 28 with
incremental step of 4 with surround ratio s = 2, and window ratio h = 8. (Reproduced by permission
from [22]) (Color ﬁgure online)

(b) Analysis with Hough
• EDGES: After the extraction of the pattern’s edge map, we measured tilt angles as
follows: At each scale, the edge map is binarised and Hough Transform (HT) [20] is
applied to measure the tilt angles in detected slanted line segments in the edge map.
HT uses a two-dimensional array called the accumulator to store lines information
with quantized values of 𝜌 and θ in its cells, where θ is in the range of [0, π). It has
the dimension of 𝜌 × θ and each element of the matrix (H) corresponds to the number
of pixels located on the line represented by parameters of (𝜌i, θi). Every edge pixel
(x, y) in the image space, corresponds to a sinusoidal curve as given by (4):
𝜌 = x. cos 𝜃 + y. sin 𝜃

(4)

where 𝜌 represents the distance between the line passing through the edge point with
a speciﬁc θ and the origin, and θ is the counter-clockwise angle between the normal
vector (𝜌) and the x-axis. So, the output of the EDGES is H matrix, representing the
edge map in Hough space.
• HOUGH: Inside H-matrix we now have all possible lines that could pass through
every edge point in the edge map, but we are more interested in the detection of tilt
inducing line segments inside the Café Wall pattern. Two MATLAB functions called
Houghpeaks and Houghlines have been used here for this reason.
The ‘Houghpeaks’ function ﬁnds the peaks in the Hough accumulator matrix (H).
The local maxima in the accumulator show the most likely lines that can be extracted.
It has parameters of NumPeaks, Threshold, and NHoodSize each indicating maximum
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number of lines to be detected, threshold value for searching H for the peaks, and the
neighborhood suppression size which set to zero after the peak is identiﬁed. The
‘Houghlines’ function, however, extracts line segments associated with a particular
bin in a Hough accumulator. It has parameters of FillGap, and MinLength standing
for the maximum gap allowed between two line segments associated with the same
Hough bin, which result in merging them to a single line segment, and the minimum
length for merged lines to be kept, respectively.
Figure 2(c) illustrates a sample output of the HOUGH analysis stage on the same
crop section of the Café Wall 9 × 14 - T200-M8 (Fig. 3). Detected line segments are
shown in green, displayed on a binarized edge map with DoG scales ranges from 4
to 28. Blue lines indicate the longest detected line segment. As shown in Fig. 2(c) in
ﬁne scales, near horizontal lines are detected and by increasing the scale, the mortar
lines are disappeared, and the near horizontal tilts are replaced by zigzag vertical
lines joining similar colored tiles [5, 15, 16].

Fig. 3. (a) Café Wall stimulus with 200 × 200 px Tiles, and 8 px Mortar. (b) Three “foveal”
sample sizes explored. (CropH × W is H × W Tiles)

• ANALYSIS: We have considered four reference orientations including horizontal (H),
vertical (V), positive diagonal (+45°, D1), and negative diagonal (–45°, D2), and an
interval of [–22.5º, 22.5º) around them to cover the whole space. In this stage the
information from HOUGH are saved inside four matrices based on how close they
are to one of these reference orientations for tilt analysis. The statistical analysis of
the detected lines in the neighborhood of each reference orientation is the output of
this stage.

4

Experimental Results

In this section, we discuss two sample experiments that correspond to local and global
tilt and foveal/peripheral view of the pattern, and compare them.
Our visual perception of tilt is aﬀected by our ﬁxation on the pattern. When we ﬁxate
on a part of the pattern, the tilt in a region around ﬁxation point weakens, but the periph‐
eral tilts still exist. It seems that the peripheral tilt recognition has a greater eﬀect on our
ﬁnal perception of the pattern compared to the foveal/local tilt perception. This is
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because peripheral/global understanding provides a wholistic impression of the visual
ﬁeld, and can be linked to a Gestalt (psychology) percept of tilt induction.
From a biological point of view in the fovea the acuity is high due to high density
and small size receptors. As eccentricity increases, the acuity declines with increasing
RF sizes and nearest neighbor distances. The ﬁrst model for foveal retinal vision was
proposed by Lindeberg and Florack [17] and our model is inspired by it. Since our vision
is scale-invariant, so what is sent to the brain is a stack of images or a scale-space, not
a single image. The Lindeberg and Florack’s model is based on simultaneous sampling
of the image at all scales, and we generate the edge map in a similar way. One of the
main advantages of a scale-space model is that the result is not very sensitive to speciﬁc
characteristics of the pattern elements.
4.1 Experiment 1
The aims of this experiment are to evaluate the eﬀect of sampling size as well as the
sampling method, on detected mean tilt value of the Café Wall and the possible corre‐
lations that might exist to our foveal/peripheral view of the pattern due to gaze shifts
and saccades. The investigation uses local ‘cropped’ samples, simulating foveal-sized
locus only, but diﬀerent scales of DoG representing diﬀerent degrees of eccentricity in
the periphery.
To ﬁx parameters not being investigated, we restrict consideration initially to Café
Wall 9 × 14 with 200 × 200 px Tiles and 8 px Mortar (Fig. 3a). In this experiment three
“foveal” crop sizes are explored, Crop4 × 5 (Crop section of 4 × 5 Tiles), Crop5 × 5,
and Crop5 × 6 (Fig. 3b). Here, the sample sizes are selected for convenience without
having a speciﬁc image size, viewing distance or human subject in mind, although the
size of foveal image can be estimated given these.
We have applied two sampling methods. The ﬁrst method is called ‘Systematic
Cropping’ [15] in which for each speciﬁed crop window size, 50 samples are taken from
Café Wall 9 × 14 in which for the ﬁrst sample, the top left corner is selected randomly
from the pattern and for the rest of the samples, the cropping window shifts horizontally
to the right with an oﬀset of 4 pixels in each step. We have a total shift of a Tile size
(200 px) at the end. In the second method which called ‘Random Cropping’, for each
speciﬁed crop window size, all 50 samples are taken from randomly selected location
(top-left corner of cropped window) with the only consideration of the crop borders to
stay inside the pattern.
For the edge map representation of the samples based on the DoG model, the σc
parameter is chosen in the range of 0.5 M to 3.5 M with incremental step of 0.5 M, since
coarser scales exceeding the Tile size, result in a very distorted edge pattern. The param‐
eters of houghpeaks and houghlines functions should be selected properly to detect the
slanted line segments in the pattern in lower scales. E.g. FillGap should assign a value
to ﬁll small gaps between line segments located on the edge map to detect near horizontal
tilted lines, and MinLength should be larger than TileSize to avoid the detection of the
outlines of the tiles. These parameters have been chosen empirically based on these
intuitions and the pattern’s attributes, and kept constant for this experiment.
NumPeaks = 100, Threshold = 3, FillGap = 40, and MinLength = 450.
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Figure 4(a, b) shows the results of mean tilt for each sample set in box plot repre‐
sentation, for the two sampling methods and the four reference orientations of Horizontal
(H), Vertical (V), and Diagonal (D1, D2), at the seven DoG scales of the edge map. As
Fig. 4 indicates, the ‘Random Cropping’ method provides us with more stable tilt results
across diﬀerent crop window shapes compared to the ‘Systematic’ sampling method.
Also the Random Sampling is a more standard statistical approach, but the systematic
version is closer to the bias of our saccades and gaze shifts toward interest points. In the
ﬁrst four scales of both sampling methods in Fig. 4 (a, b), only horizontal and vertical
lines are detected and the horizontal tilted line segments, inducing the tilt eﬀect, appear
in these scales. (Only at Crop5 × 5 do we have a few samples with border eﬀect that
have D2 components-only 4/50 samples). Among these four scales, DoG8 detects the
horizontal tilt in a nearly stable range around 7° in all samples (it apparently correlates
with the Mortar size). As the scale increases from 20 onwards, there are no near hori‐
zontal lines detected, but more vertical and diagonal lines are extracted. This is due to
disappearing of the mortar lines and the enlargement of the outlines of the tiles by
increasing σc, which results in more line detection in the coarse scales of the edge map.
For Horizontal mean tilt deviation, as the scale of the DoG model increases, the mean
tilt value is also increases, although it is nearly 8º for DoG8 and 12. However, in the

Fig. 4. Mean tilt for the three “foveal” sample sizes explored, the four reference orientations of
(H, V, D1, D2), and the two sampling approaches of (a) Systematic and (b) Random methods
explained in Sect. 4.1. The parameters are: The DoG scales (σc = 4, 8, 12, 16, 20, 24, 28), s = 2,
h = 8, with NumPeaks = 100, Threshold = 3, FillGap = 40, and MinLength = 450. (Reproduced
by permission from [22])

N. Nematzadeh and D.M.W. Powers

ﬁnest scale (DoG4) the horizontal tilt angle is quite small (3.5º) compared to DoG8. This
suggests why the tilt eﬀect in the pattern is much weaker when we ﬁxate on the pattern,
since similarly in the fovea the acuity is high because of high density and small size
receptors. For vertical deviation, the mean tilt jumps a little bit after the ﬁrst few scales
(8, 12) and nearly stays around 5º to 6º from V orientation (axis). The diagonal mean tilt
deviation is mainly around 4° and 5° from D1, and D2 axis which can be seen after
DoG20.
Comparing the results of the detected tilts at a given scale shows slight diﬀerences
across sample sets, and this is expected because of random sampling and the ﬁxed
parameters of houghpeaks and houghlines that are not optimized for each scale and
sampling size, and kept constant here for the consistency of the higher level analysis/
model. The tilt detection results are sensible when compared to our angular tilt percep‐
tion of the pattern, while the computational cost of the model and tilt analysis is reason‐
able. But more accuracy may be achieved by optimizing parameters.
Figure 5(a, b) shows the distribution of lines near each reference orientation (H, V,
D1, D2) for the three foveal sampling sets and the two sampling methods at the seven
DoG scales. The results of near diagonal tilted lines have been graphed together for
fairer representation. Figure 5(a, b) shows that the detected tilt result in (b) is more
normally distributed around reference orientations compared to (a). All the graphs indi‐
cate the eﬀect of the edge map scale on the range of detected tilts. This covers a wider
angular range when the DoG scale increases. Also the number of detected lines is highly
dependent with the sample size. We explain the details of Fig. 5(b) but the same explan‐
ation can be used for Fig. 5(a).
In Fig. 5(b) (Left-column), the detected near horizontal lines are given for the three
foveal sets. At σc = 4, the detected tilt angles are very small, ranging between 2–5º, with
the peak of 4º. Furthermore, at σc = 16, there is a high range of variations of tilt angle
that is not reﬂected in our perception of the pattern. So based on these results, the most
informative parameter in the DoG model in order to detect the convergence and diver‐
gence of the mortar lines, is the center Gaussian scale near the size of the Mortar, here
DoG8. At DoG8, the tilt range is between 3–10º with the peak of 7º for most lines, and
at DoG12 the tilt range is increased to 14º. At DoG16 there is a wider range of horizontal
lines and a fairly broad range of vertical lines, and this ﬁts as a transition stage between
the horizontal and vertical perception of the pattern elements.
In Fig. 5(b) (Center-column) the detected near vertical lines are given, and although
as Fig. 4 indicates, they start to be detected in ﬁne scales due to some edge eﬀects in a
few samples, but the majority of vertical lines are at DoG20, and 24 as color code indi‐
cates, with the tilt range between 2-15º and the peak close to the V axis. In Fig. 5(b)
(Right-column) the distributions of the detected near diagonal lines around D1 and D2
axes are represented in the same graph for each sample set. The graphs show that the
dominant scales for their detection are mainly the coarse scales of DoG24, and 28 with
1–2.5º deviation from the diagonal axes.
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Fig. 5. The distribution of near Horizontal (Left Column), near Vertical (Center Column), and
near Diagonal (Right Column) detected line segments for the three “foveal” sample sets, with the
two sampling methods (a) Systematic, and (b) Random cropping, at the seven DoG scales of
σc = 4, 8, 12, 16, 20, 24, 28, and ﬁxed parameters for houghpeaks and houghlines, the same as
Fig. 4. (Reproduced by permission from [22])

N. Nematzadeh and D.M.W. Powers

4.2 Experiment 2
The aims of this experiment are to confirm the reliability of the model in local and
global tilt analysis of the Café Wall illusion. We compare the tilt results of “foveal”
size sample sets with the “peripheral” tilts of the whole pattern. A quantitative meas‐
urement of tilt in four reference orientations of the Café Wall 9 × 14 with
200 × 200 px Tiles and 8 px Mortar (Fig. 3a) have been investigated for two values
of NumPeaks = 100 [15] and 520. The results are shown in Fig. 6, including error
bars to give an indication of significance.

Fig. 6. Mean tilt and standard error arround reference orientations (H, V, D1, D2) for the Café
Wall 9 × 14 pattern with 200 × 200 px Tiles and 8 px Mortar, displayed for seven DoG scales.
Thick blue errorbars correspond to Hough NumPeaks = 100 as in Expt 1, and long thin red wiskers
to NumPeaks = 520. (Reproduced by permission from [22]) (Color ﬁgure online)

The horizontal mean tilt value increases as the DoG scale increases, and we have
similar tilt value around the scale of 8 compared to sample set results in Fig. 4. The
vertical tilt detection in higher scales is around 5º in the foveal sets, and here around 2º,
while the diagonal deviation range is approximately 3º here and it is about 4º in the
foveal sample sets. Further discussions of the results are given in the conclusions.

5

Conclusions and Future Work

The optical illusion “Café Wall” is studied here based on a bioplausible model, imple‐
menting ON-cells retinal receptive ﬁeld responses to the stimulus as Diﬀerence of
Gaussian. The model generates a bioplausible intermediate representation at multiple
scales (edge maps) that reﬂects the emergence of tilt in the Café Wall pattern. These can
be fused into a multiscale edge map that allows for detection of features at diﬀerent
scales, with edge/scale information from both the fovea and the periphery being
combined in the cortex for our ﬁnal percept.
Based on the model used here, we have shown that although the perceptual eﬀect in
the pattern is highly directional, the lateral inhibition in the retinal/cortical simple cells,
is capable of predicting the tilt in the pattern, although for the discrimination of the angle
of tilt, further processing by orientation selective cells in the retina/cortex might be
needed. An image processing pipeline is exploited here for a quantitative measurement
of tilt angle using Hough space. The results for the three foveal sample sets and the two
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sampling approaches are then compared with the whole Café Wall pattern, whereby
random sampling method shows more reliable tilt results.
Our quantiﬁed predicted tilt results nicely reﬂect and support the eﬀects that a viewer
of a Café Wall pattern notices, in which the tilts seem larger in their peripheral vision
than at their focal point: coarse scales DoGs corresponding to the lower resolution of
the periphery gives rise to larger perceived angles in both experiments. Also when the
mortar lines start to fade, the results show the zigzag vertical patterns or eventually
diagonal patterns similar to the brightness illusions that correspond to viewing from
greater distances. One of the reasons for the slight tilt diﬀerence in the global versus
local tilt analysis is due to the ﬁxed parameter values such as NumPeaks, which is kept
constant across the foveal samples and the global image. Figure 6 illustrates global
analysis with a larger value of NumPeaks but this does not change the mean tilts signif‐
icantly although it does substantially increase the variance.
No psychophysical tests have been performed to conﬁrm the predictions implicit in
our results, and this is one of our future research priorities, relating the tile, mortar and
DoG size to visual angle and make speciﬁc predictions for the eﬀect at diﬀerent distances
and viewing sizes. A non-CRFs (nCRF) extension of the model [21] might also facilitate
the directionality evaluation of the tilt in tile illusions.
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Geometrical illusions are a subclass of optical illusions in which the geometrical characteristics of patterns in particular orientations
and angles are distorted and misperceived as a result of low-to-high-level retinal/cortical processing. Modelling the detection of tilt
in these illusions, and its strength, is a challenging task and leads to the development of techniques that explain important features
of human perception. We present here a predictive and quantitative approach for modelling foveal and peripheral vision for the
induced tilt in the Café Wall illusion, in which parallel mortar lines between shifted rows of black and white tiles appear to converge
and diverge. Difference of Gaussians is used to define a bioderived filtering model for the responses of retinal simple cells to the
stimulus, while an analytical processing pipeline is developed to quantify the angle of tilt in the model and develop confidence
intervals around them. Several sampling sizes and aspect ratios are explored to model variant foveal views, and a variety of pattern
configurations are tested to model variant Gestalt views. The analysis of our model across this range of test configurations presents
a precisely quantified comparison contrasting local tilt detection in the foveal sample sets with pattern-wide Gestalt tilt.

1. Introduction
Visual processing starts within the retina from the photoreceptors passing the visual signal through bipolar cells
to the Retinal Ganglion Cells (RGCs) whose axons carry
the encoded signal to the cortex for further processing. The
intervening layers incorporate several types of cell with large
dendritic arbors, divided into horizontal cells that control
for different illumination conditions and feedback to the
receptor and bipolar cells and amacrine cells that feed into the
center-surround organization of the Retinal Ganglion Cells.
High-resolution receptors in the foveal area have a direct 1 : 1
pathways from photoreceptors, via bipolar cells to ganglion
cells [1].
It is commonly believed that the center-surround organization in RGCs and their responses are the results of the
lateral inhibitory effect in the outer and the inner retina [2] in
which the activated cells inhibit the activation of nearby cells.
At the first synaptic level, the lateral inhibition [2–4] enhances
the synaptic signal of photoreceptors, which is specified as

a retinal point spread function (PSF) seen as a biological
convolution with the edge enhancement property [3]. At
the second synaptic level, the lateral inhibition mediates the
more complex properties such as the responses of directional
selective receptive fields (RFs) [2].
The complexity of interneural circuitries and activation
and responses of the retinal cells have been investigated [5, 6]
in a search for the specific encoding role of each individual
cell in the retinal processing leading to new insights. This
includes the existence of a diverse range of Retinal Ganglion
Cells (RGCs) in which the size of each individual type varies
in relation to the eccentricity of neurons and the distance
from the fovea [5] supporting our biological understanding
of the retinal multiscale encoding [7], completed in the cortex
[5, 6, 8]. ON and OFF cells of each specific type are noted to
have a variant size [5, 9] as well. It is also reported that there
are different channels for passing the encoded information
of ON-center and OFF-surround (and vice versa) activation
of retinal RFs [6] to the cortex. Moreover, the possibility of
simultaneous activation of a group of RGCs (as a combined
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activity) in the retina by the output of amacrine cells is noted
in the literature [10–12]. Some retinal cells have been found
with a directional selectivity property such as the cortical
cells [5, 6]. It is noteworthy that, despite the complexity and
variety of retinal cells circuitry and coding, there are a few
constancy factors common to them, valid even for amacrine
and horizontal cells. The constancy of integrated sensitivity is
one of these factors mentioned in the literature [13–15] which
is quite useful for quantitative models for visual system.
The perception of directional tilt in the Café Wall illusion might tend to direct explanations toward the cortical
orientation detectors or complex cells [8, 16]. We have
shown that the emergence of tilt in the Café Wall illusion
specifically [17–21], and in tile illusions generally [17, 22], is
a result of simple cells processing with circularly symmetric
activation/inhibitions. Low-level filtering models [23, 24]
commonly apply a filter similar to a Gaussian or Laplacian
of a specific size on the Café Wall to show the appearance of
slanted line segments referred to as Twisted Cord [25] elements in the convolved output. These local tilts are assumed
then to be integrated into continuous contours of alternating
converging and diverging mortar lines at a more global level
[22–24]. A hybrid retinocortical explanation as a midlevel
approach containing light spread, compressive nonlinearity,
and center-surround transformation has been proposed by
Westheimer [26]. Some other explanations rely on Irradiation
Hypothesis [27] and Brightness Induction [28]. There are also
high-level descriptive approaches such as “Border Locking”
[29] and “Phenomenal Model” [30] for the illusion with little
consideration to the underlying neurological mechanisms
involved in the emergence of tilt in the Café Wall illusion.
Modelling the receptive field responses dates back to Kuffler’s demonstration of roughly concentric excitatory center
and inhibitory surround [31]. Then, Rodieck and Stone [32]
and Enroth-Cugell and Robson [33] modelled the center and
surround signals of the photoreceptors by two concentric
Gaussians with different diameters. The computational modelling of early visual processing was followed by Marr and
Ullman [34] who were inspired by Hubel and Wiesel’s [8]
discovery of cortical simple and complex cells. Laplacian of
Gaussian (LoG) has been proposed by Marr and Hildreth
[35] as an optimal operator for low-level retinal filtering and
an approximation filter of Difference of Gaussians (DoG)
instead of LoG, considering a ratio of ∼1.6 for the Gaussians
diameters.
The model here [17–22] is a most primitive implementation for the contrast sensitivity of RGCs based on classical
circular center and surround organization of the retinal RFs
[32, 33]. The output of the model is a simulated result for the
responses of the retinal/cortical simple cells to stimuli/image.
This image representation is referred to as an “edge map”
utilizing Difference of Gaussians (DoG) at multiple scales
to implement the center-surround activity as well as the
multiscale property of the RGCs. Our explanation differs
from the previous low-level models [23, 24, 27, 36] due to the
concept of filtering at multiple scales in our model in which
the scales are tuned to the resolutions of image features, not
the resolutions of the individual retinal cells. We show also
that our model is a quantitative approach capable of even

predicting the strength of the Café Wall illusion based on
different characteristics of the pattern [21].
This work is a complete collection of our findings on the
underlying mechanism involved in our foveal and peripheral
vision for modelling the perception of the induced tilt in
the Café Wall illusion. It draws together and extends our
previous studies on the foveal/local investigations of tilt on
Café Wall illusion [18, 19] and extends our investigations
for the peripheral/global analysis of the perceived tilt not in
just one specific sample (to overcome the shortcomings of
our previous studies [18, 19]), but for variations of different
configurations modelling the Gestalt perception of tilt in the
illusion.
In Section 2, we describe the characteristics of a simple
classical model for simulating the responses of simple cells
based on Difference of Gaussians (DoG) and utilize the
model for explaining the Café Wall illusion qualitatively
(Section 2.2.1) and quantitatively (Section 2.2.2). Afterwards,
in Section 3, the experimental results on variations of foveal
sample sets are provided (Section 3.1), followed by the report
of quantitative tilt results for variations of different configurations of the Café Wall illusion with the same characteristics
of mortar lines and tiles but with different arrangements of a
whole pattern (Section 3.2), which had then been completed
by a thorough comparison of the local and global mean tilts
of the pattern found by our simulations (Section 3.3). We
conclude by highlighting the advantages and disadvantages
of the model in predicting the local and global tilt in the Café
Wall pattern and proceed to outline a roadmap of our future
work (Section 4).

2. Materials and Methods
2.1. Formal Description and Parameters. Applying a Gaussian
filter on an image generates a blurred version of the image. In
our DoG model, the difference of two Gaussian convolutions
of an image generates one scale of the edge map representation. For a 2D signal such as image I, the DoG output,
modelling the retinal ganglion cell responses with the centersurround organization, is given by
DoG𝜎,𝑠𝜎 (𝑥, 𝑦)
=𝐼×
×

2𝜋𝜎2

1
−𝐼
exp [− (𝑥2 + 𝑦2 ) / (2𝜎2 )]

(1)

1
,
2𝜋 (𝑠𝜎) exp [− (𝑥2 + 𝑦2 ) / (2𝑠2 𝜎2 )]
2

where DoG is the convolved filter output, 𝑥 and 𝑦 are the
horizontal and vertical distances from the origin, respectively,
and 𝜎 is the scale of the center Gaussian (𝜎 = 𝜎𝑐 ). 𝑠𝜎 in (1)
indicates the scale of the surround Gaussian (𝜎𝑠 = 𝑠𝜎𝑐 ), and 𝑠
is referred to as Surround ratio in our model as shown in
𝑠=

𝜎surround 𝜎𝑠
= .
𝜎center
𝜎𝑐

(2)

Increasing the value of s results in a wider suppression
effect from the surround region, although the height of the
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Figure 1: Flowchart of our model with Hough analytic processing pipeline (adapted from [19, 20]).

surround Gaussian declines (normalized Gaussians are used
in our model). A broader range of Surround ratios from 1.4 to
8.0 have been tested with little difference to our results. We
have considered another parameter in the model for the filter
size referred to as Window ratio (ℎ). To generate edge maps
we have applied DoG filters within a window in which the
values of both Gaussians are insignificant outside the window.
The window size is determined based on the parameter ℎ
that determines how much of each Gaussian (center and
surround) is included inside the DoG filter and the scale of
the center Gaussian (𝜎𝑐 ) such that
WindowSize = ℎ × 𝜎𝑐 + 1.

(3)

+1 as given in (3) guaranties a symmetric DoG filter. In the
experimental results the Window ratio (ℎ) has been set to 8
to capture more than 95% of the surround Gaussians in the
DoG convolved outputs.
2.2. Model and Image Processing Pipeline. An image processing pipeline has been used [18–21] here to extract edges and
their angles of tilt (in the edge maps), as shown in Figure 1 for
a crop section of a Café Wall pattern of size 2 × 4.5 tiles (the
precise height is 2 tiles + mortar = 2T + M). In this research,
we concentrate on the analysis of the induced tilt in the Café
Wall illusion, to include the details of the parameters used
in the simulations in order to quantify the tilt angle in this
stimulus by modelling our foveal and peripheral vision.

2.2.1. DoG Edge Map at Multiple Scales. The DoG representation at multiple scales is the output of the model, which is
referred to as an edge map of an image. The DoG is highly
sensitive to spots and moderately sensitive to lines that match
the center diameter. We have used this representation for
modelling the responses of visual simple cells especially on
tile illusions in our investigations [18–20, 22]. An appropriate range for 𝜎𝑐 can be determined for any arbitrary
pattern/image considering the pattern characteristics as well
as the filter size matched with the image features (by applying
(3)) in our model. The step sizes determine the accuracy of
the multiple scale representation here and again are pattern
specific for preserving the visual information with minimum
redundancy but at multiple scales.
For Café Wall illusion, the DoG edge map indicates the
emergence of divergence and convergence of the mortar lines
in the pattern, similar to how it is perceived as shown in
Figure 2. The edge map has been shown at six different scales
in jetwhite color map [37] for a Café Wall of 3 × 8 tiles with
200 × 200 px tiles (T) and 8 px mortar (M). In order to extract
the tilted line segments along the mortar lines referred to
as Twisted Cord [25] elements, the DoG filter should be of
the same size as the mortar size [18, 24, 36]. The edge map
should contain both high frequency details as well as low
frequency contents in the image. We start DoG filtering below
the mortar size at scale 4 (𝜎𝑐 = 4; as the finest scale) and extend
the scales gradually until scale 28 for a large filter to capture
the tiles fully, with incremental steps of 4 (in the figure we
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Figure 2: (a) Café Wall of 3 × 8 with 200 × 200 px tiles and 8 px mortar (left) and an enlarged DoG output at scale 8 (𝜎𝑐 = 8) from the edge map
of the pattern (right). (b) The binary edge map at six scales (𝜎𝑐 = 4 to 24 with incremental steps of 4). (c) The same edge map but presented
in the jetwhite color map [37]. The noncritical parameters of the DoG model are 𝑠 = 2 and ℎ = 8 (the Surround and Window ratios, resp.).

have shown this till 𝜎𝑐 = 24 due to shortage of space). Other
noncritical parameters of the model are 𝑠 = 2 and ℎ = 8,
representing the Surround and Window ratios, respectively.
The DoG outputs in Figure 2 show that the tilt cues appear
at fine to medium scales and start to disappear as the scale
of the center Gaussian increases in the model. At fine to
medium scales, there are some corner effects that appear in
the edge maps which highlight the emergence of tilted line
segments and result in the appearance of square tiles that look
similar to trapezoids. This may be referred to as wedges in
the literature [29], inducing convergent and divergent mortar
lines. So, at fine scales around the size of the mortar, we see
the groupings of identically colored tiles with the Twisted
Cord elements along the mortar lines. By increasing the scales
gradually from the medium to coarse scales, when the mortar
cues disappear completely in the edge map, other groupings
of identically colored tiles are emerged in the edge map,
connecting tiles in zigzag vertical orientation. What we see
across multiple scales in the edge map of the pattern are
two incompatible groupings of pattern elements: groupings of
tiles in two consecutive rows by the mortar lines at fine scales
with nearly horizontal orientation (as focal/local view) and
then groupings of tiles in zigzag vertical direction at coarse

scales (as peripheral/global view). These two incompatible
groupings occur simultaneously across multiple scales and
exhibit systematic differences according to the size of the
Gaussian and predicts the change in illusion effects with
distance from the focal point in the pattern.
We have shown that, in the edge map at multiple scales,
not only do we extract the information of edges/textures
with the shades and shadows around the edges, but we are
also able to show the emergence of other cues related to
tilt and perceptual grouping as features for mid-to-highlevel processing [17, 22]. Also we have shown in another
article that even the prediction of the strength of tilt effect
in different variations of Café Wall illusion is possible from
the persistence of mortar cues across multiple scales [21] in
the edge map. Highly persistent mortar cue in the edge map
is an indication for a stronger induced tilt in the stimulus.
2.2.2. Second-Stage Processing. The Hough analysis is used for
quantitative measurement of tilt in our model and consists
of three stages of Edges, Hough, and Analysis as shown in
Figure 1, explained below.
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Figure 3: Hough stage output. Distribution of line segments detected near the horizontal orientation, presented for two scales of the DoG
edge map at scales 32 and 64 (𝜎𝑐 = 32, 64). Mean tilt and variance for each graph have been also provided.

Edges. We used here an analysis pipeline to characterize
the tilted line segments presented in the edge map of the
Café Wall pattern. First, the edge map is binarized and then
the Standard Hough Transform (SHT) [38, 39] is applied
to it to detect line segments inside the binary edge map at
multiple scales. SHT uses a two-dimensional array called
the accumulator (𝐻𝐴) to store line information of edges
based on the quantized values of 𝜌 and 𝜃 in a pair (𝜌, 𝜃)
using Hough function in MATLAB. 𝜌 specifies the distance
between the line passing through the edge point and 𝜃 is the
counterclockwise angle between the normal vector (𝜌) and
the 𝑥-axis ranges from 0 to 𝜋, [0, 𝜋). Therefore, every edge
pixel (𝑥, 𝑦) in the image space corresponds to a sinusoidal
curve in Hough space such that 𝜌 = 𝑥 ⋅ cos 𝜃 + 𝑦 ⋅ sin 𝜃,
with 𝜃 as free parameter corresponding to the angle of the
lines passing through the point (𝑥, 𝑦) in the image space. The
output of Edges is the accumulator matrix (𝐻𝐴) with all the
edge pixel information.

segment) and MinLength (specifies keeping or discarding the
merged lines; lines shorter than this value are discarded).
A sample output of Hough processing stage is given in
Figure 1 with the detected houghlines displayed in green on
the binary edge map at four different scales (the cropped
section is selected from a Café Wall with 50 × 50 px tiles
and 2 px mortar, with the DoG scales from 0.5M to 2M
in the figure around the mortar size with the incremental
steps of 0.5M). The results of Hough analysis stage for a
different cropped section of a Café Wall pattern with higher
resolution (cropped from a Café Wall with 800 × 800 px
tiles and 32 px mortar) are shown in Figure 3 for two scales
of the DoG edge map (𝜎𝑐 = 32, 64-M and 2M; Blue lines
indicate the longest line segments detected). The histograms
of detected houghlines near the horizontal orientation have
been provided for these scales. The absolute mean tilts and
the standard deviation of tilts are calculated and presented in
the figure below the graphs.

Hough. The Edges stage provides all possible lines that could
pass through every edge point of the edge map inside
the 𝐻𝐴 matrix. We are more interested in detecting the
induced tilt lines inside the Café Wall image. Two MATLAB
functions called houghpeaks and houghlines are employed
for the further processing of the accumulator matrix (𝐻𝐴).
The houghpeaks function finds the peaks in the 𝐻𝐴 matrix
with three parameters of NumPeaks (maximum number of
line segments to be detected), Threshold (threshold value for
searching the peaks in the 𝐻𝐴), and NHoodSize (the size of the
suppression neighbourhood that is set to zero after the peak
is identified). The houghlines function extracts line segments
associated with a particular bin in the accumulator matrix
(𝐻𝐴) with two parameters of FillGap (the distance between
two line segments associated with the same Hough bin; line
segments with shorter gaps are merged into a single line

Analysis. The detected line segments and their angular positions are saved inside four orientation matrices considering
the closest to any of the reference orientations of horizontal
(𝐻), vertical (𝑉), positive diagonal (+45∘ , 𝐷1), and negative
diagonal (−45∘ , 𝐷2) orientations. We consider an interval
of [−22.5∘ , 22.5∘ ) around each reference orientation to cover
the whole space. The statistical analysis of tilt angles of the
detected lines around each reference orientation is the output
of this stage and includes the mean tilts and the standard
errors around the means for each scale of the DoG edge map.
Hough Parameters for Tilt Investigations of Café Wall Stimulus.
Recall that NumPeaks indicates the maximum number of
line segments to be detected and FillGap shows the distance
between two line segments associated with the same Hough
bin in which line segments with shorter gaps are merged
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(a)

(b)

Figure 4: Examples of systematically cropped samples along Falling (a) and Rising mortar lines (b), selected from the Café Wall of 3 × 9 tiles
with 400 × 400 px tiles (T) and 16 px mortar (M), Café Wall 3 × 9 T400-M16. In total, 50 samples are taken along each mortar line with an
offset of 32 px between samples in each step. Cropped samples have a size of (2𝑇 + 𝑀) × 4.5𝑇 with the mortar line positioned in the middle.

into a single line segment. The other Hough parameter is
MinLength, which specifies keeping or discarding of the line
segments considering this minimum length and discarding
the lines shorter than this value. To select an appropriate value
for these parameters we should consider pattern features and
the scales of the DoG edge map. In the Café Wall pattern, in
order to detect the Twisted Cord elements at fine scales, the
MinLength value should be in a reliable range. The Twisted
Cord elements have a minimum length of 2.5T (MinLength
≈ 2.5T), and therefore, for a Café Wall with 200 × 200 px
tiles, MinLength = 500 px. We set this parameter a bit smaller
than this value equal to MinLength ≈ 2.25T = 450 px for our
experiments in Section 3. The FillGap parameter is chosen
equal to 1/5th of a tile size (1/5T) in our experiments (to merge
the disconnected mortar cues of each Twisted Cord elements
at fine to medium scales in the edge maps). NumPeaks is
selected appropriately based on the size of the pattern, and,
for small foveal sets (Section 3.1), this is set to 100 but has a
higher range, 520 and 1000 for larger Café Wall stimulus for
global investigation of tilt (Section 3.2).

3. Results and Discussions
3.1. Local Tilt Investigation
3.1.1. Falling and Rising Mortar Investigation. This work
draws together and extends our previous studies on the
foveal/local investigations of tilt on Café Wall illusion [18,
19], and the extension of our investigations for the peripheral/global analysis of the perceived tilt not in just one specific
sample but for variations of different configurations. The
quantitative mean tilts of similar shape samples but with
variant resolutions have been investigated in our previous
work [20]. We have shown that, for variations with different
resolutions, the tilt prediction of the model stays nearly the
same when the dependent parameters of the model to the
spatial content of the pattern have been updated accordingly
in each resolution (𝜎𝑐 and Hough parameters).
We report here the evaluation results of our model’s
predictions for the direction of detected tilts for two types of

mortar lines in the Café Wall illusion [20]. Instead of referring
to the mortar lines as either convergent or divergent, we
rather talk about Falling or Rising mortar lines, in which, in
the Falling mortar, the direction of induced tilt is downwards
on its right side compared to the horizontal direction and for
the Rising mortar the vice versa. For instance, in Figure 2(a)(left) the top mortar line is Falling while the bottom one is
Rising. In this experiment the cropped samples specifically
selected in such a way to contain only one mortar line indicate
the emergence of tilt in only one direction of either positive
or negative in the DoG edge maps (Falling or Rising). The
samples have a height of two tiles and the mortar line in
between (2T + M) and the width of 4.5 tiles (4.5T; T: tile size,
M: mortar size), with the same height above and below the
mortar line. In Section 3.1.2, we show the results for samples
of variant sizes and different cropping technique for a more
general investigation of the foveal/local perception of the
induced tilt in the pattern.
To fix parameters not being investigated, we restrict
consideration initially to the Café Wall of 3 × 9 tiles with
400 × 400 px tiles and 16 px mortar. Here, in a systematic
approach, 50 samples were selected from the Falling mortar
and 50 samples from the Rising mortar with the dimensions
described above from the Café Wall of 3 × 9 tiles. The
sampling process starts from the leftmost side of the pattern
and with a horizontal shift size/offset of 32 pixels between
the samples for the cropping window. A few examples
of the Falling and Rising samples have been provided in
Figure 4. The cropped samples at the bottom of the figure are
symmetrical crops from the Rising mortar lines selected from
the stimulus (Café Wall of 3 × 8). In the DoG edge maps of
these samples, the scale of the center Gaussian is in the range
of 1/2M to 2M with the incremental steps of 1/2M = 8 px (𝜎𝑐 =
8, 16, 24, and 32) to detect both mortar lines and the outlines
of the tiles for detecting near-horizontal tilts in the edge maps.
For individual samples of the Falling and Rising mortar,
the near-horizontal mean tilts and variance of the detected
houghlines have been shown in Figure 5. As the scale of the
center Gaussian (𝜎𝑐 ) in our model increases, the variance of
tilt also increases. The mean tilt results of the Falling and
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Figure 5: Mean tilts and variance error bars for individual samples of Falling (a) and Rising mortar lines (b) specified along horizontal axis
(100 samples in total; DoG8 means 𝜎𝑐 = 8). As explained in Figure 4, the cropped samples are from the Café Wall of 3 × 9 tiles with 400 ×
400 px tiles and 16 px mortar (DoG4: 𝜎𝑐 = 4).
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Figure 6: Distribution of line segments detected by deviation in degrees from the horizontal (𝑥-axis), for the total 100 samples of Falling
(Blue bars) and Rising mortar lines (Red bars), as explained in Figure 4. The scales of the edge maps (𝜎𝑐 ) range from 8 to 32 with step sizes of
8 (1/2M to 2M with incremental steps of 1/2M = 8 px). Other parameters of the model and Hough analysis are as follows: 𝑠 = 2 and ℎ = 8 (the
Surround and Window ratios), with NumPeaks = 50, Threshold = 3, FillGap = 80, and MinLength = 960 as the Hough parameters (see [20] for
the resolution analysis and its effect on the Hough parameters).

Rising mortar samples in Figure 5 indicate that both types of
mortar lines follow nearly the same pattern.
The near-horizontal line segments detected in the DoG
edge maps (houghlines) at four scales (𝜎𝑐 = 8, 16, 24,
and 32) are shown in Figure 6 for the Falling (Blue bars)
and the Rising (Red bars) mortar samples. These graphs
are summarized in Figure 7 in a single graph, indicating
normalized distribution of line segments detected with their
deviations in degrees from the horizontal (𝑥-axis) orientation
for the 100 samples. When the DoG scale increases, the
detected tilt range covers a wider neighbourhood area around
the horizontal axis as their details given in Figure 6. The deviations of the detected lines from the horizontal orientation
in Figures 6 and 7 are very small at the finest scale (𝜎𝑐 = 8).
The range of tilt angles increases along the following scales
of the edge maps reaching a wide range of variations at scale
32 (𝜎𝑐 = 32 or DoG32) that is not reflected in our subjective
experience of tilt in the pattern (it is overestimated at this
scale). In the literature [18, 19, 22, 24, 36] it is noted that the
size of DoG filter should be close to the size of the mortar

for the Twisted Cord elements to appear along the mortar
lines, here DoG16 (𝜎𝑐 = 16). We have demonstrated that this is
not applicable for Café Wall patterns with very thick mortar
lines [21]. In this case, the mortar cues are lost completely in
the edge map even by applying DoG filters smaller than the
mortar size. The strength of the illusion is highly dependent
on the characteristics of the pattern such as the luminance of
the mortar, the mortar size, the contrast of the tiles, the aspect
ratio of the tile size to the mortar size, and other parameters of
the stimulus. We noted that there exists a correlation between
the strength of the illusion with the persistence of the mortar
cues in the edge maps across multiple scales [21].
3.1.2. Variant Sampling Sizes: Two Methods of Sampling. As
explained in Section 2.2.2, an analytical processing pipeline
is used to quantify the tilt angles in the DoG edge maps. For
modelling variant foveal views, several sampling sizes and
aspect ratios have been investigated across multiple scales in
order to find the confidence intervals around the predicted
tilts reported in our previous work [18, 19]. These variations
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Figure 7: The normalized graph of lines detected from the DoG
edge maps of the 100 cropped samples by deviation in degrees
from the horizontal (𝐻) orientation. Samples are from the Falling
and Rising mortar lines from the Café Wall 3 × 9-T400-M16. The
characteristics of the samples are provided in Figure 4, and the edge
maps have four different scales (𝜎𝑐 = 8, 16, 24, and 32, based on [20]).

are verified and quantified in simulations using two different
sampling approaches. The contrast of local tilt detection with
a global average across the whole Café Wall pattern will be
discussed in Section 3.2.
The eyes process the visual scene at different scales at
different times, due to the intentional and unintentional eye
movements while we look at the scene (pattern). Notably
overt saccades and gaze shifts result in a rapid scan of the
field of view by the fovea for the pertinent high-resolution
information. Our visual perception of tilt in the Café Wall
is affected by our fixation on the pattern. The induced
tilts weakened in a region around fixation point, but the
peripheral tilts stay unaffected with stronger tilts. It seems
that, in the Café Wall illusion, the final induced tilts get
greater effect from the peripheral tilt recognition compared
to the foveal/local tilt perception. The possible correlations
that might exist between the tilt effect to our foveal/peripheral
view of the pattern due to gaze shifts and saccades are further
investigated here. The local “cropped” samples simulate
foveal-sized locus only, but different scales of the DoG edge
maps represent different degrees of eccentricity (the distance
from the fovea) in the periphery.
In this section we are reporting the experimental results
from [18, 19] and we restrict consideration initially to Café
Wall of 9 × 14 tiles with 200 × 200 px tiles and 8 px mortar
(Figure 8(a)), with three “foveal” crop sizes to be explored,
Crop4 × 5 (Cropped section of a 4 × 5 tiles), Crop5 × 5,
and Crop5 × 6 (Figure 8(b)). Although the size of foveal
image can be estimated by factors such as specific image
size, viewing distance, or human subject in mind (which
usually are considered in psychophysical experiments), the
sample sizes explored in our experiments for the simulation
results are selected for convenience without considering
those restrictive factors.

Two sampling methods have been applied: Systematic
and Random Cropping. In the “Systematic Cropping” [18] for
each specified crop window size, 50 samples are taken from
the Café Wall of 9 × 14 tiles, in which the top left corner
for the first sample is selected randomly from the pattern
and, for the rest of the samples, the cropping window shifts
horizontally to the right with an offset of 4 pixels in each step.
The total shift is equal to a tile size (200 px) at the end, so
there is no repeated versions of any samples. In the “Random
Cropping” [19] approach, for each specified crop window size,
50 samples are taken from randomly selected locations with
the only consideration of the crop borders to stay inside the
pattern.
The range of DoG scales of these samples is from 0.5M
to 3.5M with the incremental steps of 0.5M, and coarser
scales exceeding the tile size (T; using (3)), resulting in a
very distorted edge pattern. We calculated [19] not only
the near horizontal mean tilts but also the vertical and
diagonal tilts at medium to coarse scales in this experiment.
Unlike the previous experiment in Section 3.1.1, detecting
only horizontal tilts, we extended the range of scales in
the model from 2M in the previous experiment to 3.5M
for these experiments. With DoG filters larger than the
mortar size, ultimately reaching the coarsest size selected
(3.5M, using (3)), then the tiles are fully captured at the
coarsest scales of the edge maps. These are being used for the
vertical and diagonal deviations and the groupings of tiles in
zigzag vertical orientation in our investigations. The Hough
parameters (of both houghpeaks and houghlines functions)
should have a proper range to detect the near-horizontal
slanted line segments in the edge maps at fine scales (refer to
Section 2.2.2). For example, FillGap should assign a value to
fill small gaps between the line segments that appeared in the
edge map at fine scales to detect near-horizontal tilted lines,
and MinLength should be larger than an individual tile size
(T) to avoid the detection of the outlines of the tiles in the
calculations. The values of Hough parameters depend on the
pattern’s attributes (features) and they are selected empirically
for the tilt investigation in the experiments. To attain reliable
and comparable tilt results, a constant set of these parameters
have been used in this experiment and in Section 3.2 for the
global tilt investigation, which is as follows: NumPeaks = 100,
Threshold = 3, FillGap = 40, and MinLength = 450. Other
values for NumPeaks have been also tested for the global tilt
investigation in Section 3.2 (520 and 1000).
Figure 9 shows a binary DoG edge map at seven different
scales (a), the edge map presented in the jetwhite color map
(b), and the detected houghlines displayed in green on the
edge map (c) for a sample of Crop4 × 5 tiles, selected from
the Café Wall of 9 × 14 tiles (Figure 8).
The absolute mean tilts in box plot have been graphed for
the detected lines in the DoG edge maps at seven different
scales for each sample set and the two sampling methods
and around the four reference orientations of horizontal
(𝐻), vertical (𝑉), and diagonals (𝐷1, 𝐷2) orientations in
Figures 10(a) and 10(b). As the figure indicates, the “Random
Cropping” approach produces more stable tilt results across
variant foveal sample sizes compared to the “Systematic”
sampling method. We noted [19] that the Systematic sampling
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Figure 8: Café Wall of 9 × 14 tiles with 200 × 200 px tiles and 8 px mortar (a) and three “foveal” sample sizes explored (based on [18, 19])
(Crop𝐻 × 𝑊 is 𝐻 × 𝑊 tiles).
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Figure 9: (a) A binary DoG edge map at seven scales (𝜎𝑐 = 4, 8, 12, 16, 20, 24, and 28) of a cropped section of size 4 × 5 tiles from a Café Wall
with 200 × 200 px tiles and 8 px mortar. (b) The DoG edge map displayed in the jetwhite color map [37]. (c) Detected houghlines from the
edge map displayed in green, overlaid on the binary edge map with Hough parameters as: NumPeaks = 100, Threshold = 3, FillGap = 40, and
MinLength = 450 (based on [19]).

approach is closer to the bias of our saccades and gaze
shifts toward interest points, but the Random sampling is a
more standard statistical approach. At fine to medium scales
of both sampling methods, there are only horizontal and
vertical lines detected. A few samples of Crop5 × 5 have
𝐷2 components at scale 16 due to the border effects (only
4 out of 50 samples). The results for near-horizontal mean
tilts at scale 8 (𝜎𝑐 = 8) show a nearly stable range around
7∘ in all samples (the DoG filter size apparently correlates
with the mortar size). As the scale increases from 20 onwards,

there are no near-horizontal lines detected, but more vertical
and diagonal lines are extracted from the edge maps. This
is because the mortar cues in the edge maps at these scales
start to fade, and also the enlargement of the outlines of
the tiles results in more lines detected around the vertical
and diagonal orientations at coarse scales of the DoGs. By
increasing the scale, the horizontal mean tilt also increases
and at scales 8 and 12 it is nearly 8∘ ; however, at the finest
scale (𝜎𝑐 = 4) the horizontal mean tilt is quite small (∼3.5∘ ).
When we fixate on the pattern, we encounter a weaker tilt
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Figure 10: Continued.
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Figure 10: Mean tilts and standard errors around the four reference orientations (𝐻, 𝑉, 𝐷1, and 𝐷2), for the three “foveal” sample sets
(Figure 8) with the two sampling approaches of (a) Systematic and (b) Random methods. The parameters of the model and Hough processing
are as follows: edge maps at seven DoG scales (𝜎𝑐 = 4, 8, 12, 16, 20, 24, and 28), 𝑠 = 2, and ℎ = 8, with Hough parameters NumPeaks = 100,
Threshold = 3, FillGap = 40, and MinLength = 450 (based on [19]).
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effect, since similarly in the fovea the acuity is high because of
high density of small size receptors. The vertical mean tilts are
approximately 5-6∘ at medium to coarse scales. The diagonal
mean tilts (around 𝐷1 and 𝐷2 axes) are around 4-5∘ which
can be seen again at medium to coarse scales (𝜎𝑐 = 20, 24,
and 28).
The results of the detected mean tilts at a given scale
show slight differences across foveal sample sets, and this
is expected because of the Random sampling and the fixed
Hough parameters that are not optimized for each scale
and sampling size, and they are kept constant here for
the consistency of the higher level analysis/model. The tilt
detection results are sensible when compared to our angular
tilt perception of the pattern, but more accuracy may be
achieved by optimizing parameters based on the psychophysical experiments.
Figures 11(a) and 11(b) show the distribution of lines
detected from the DoG edge maps at seven scales and
around the four reference orientations (𝐻, 𝑉, 𝐷1, 𝐷2) for
the three foveal sample sets and the two sampling methods.
The near-diagonal tilted lines (around 𝐷1 and 𝐷2 axes)
have been graphed together for fairer representation. Figures
11(a) and 11(b) show that the houghlines detected in (b) are
more normally distributed around the reference orientations
compared to (a). All the graphs indicate the effect of the edge
maps at multiple scales on the range of detected mean tilts
and the distribution of the lines detected by their deviations
in degrees from the reference orientations. The mean tilts
cover a wider angular range when the DoG scale increases.
We should be reminded that the number of detected lines
is highly dependent on the sample size and the NumPeaks
parameter. We explain the tilt results in Figure 11(b) but the
same explanation can be used for part (a).
Figure 11(b) (left-column) shows the near-horizontal lines
detected for the three foveal sets. At scale 4 (𝜎𝑐 = 4), the
detected tilt angles are very small, ranging between 2 and 5∘ ,
with the peak of 4∘ . Furthermore, at scale 16, the detection
of a high range of variations of tilt angle is not reflected
in our perception of the pattern. To detect horizontal tilt
cues along the mortar lines, the scale of the center Gaussian
in our model should be close to the mortar. At scale 8,
the mean tilts are between 3 and 10∘ with the peak of 7∘
for most lines, and at scale 12 it is increased to ∼14∘ . At
scale 16 the results show a wider range of horizontal lines
detected and a fairly broad range of vertical lines, and this fits
as a transition stage between the “horizontal groupings” of
identically colored tiles with the mortar lines at a focal view
and the “zigzag vertical groupings” of the tiles [22] at a more
peripheral/global view.
Figure 11(b) (center-column) shows the near-vertical lines
detected. Similar to the indications of Figure 10, they start
to be detected at fine scales due to some edge effects in a
few samples, but as color code indicates, the majority of the
near-vertical lines are detected at scales 20 and 24, with the
mean tilts in the range of 2–15∘ and the peak close to the 𝑉
axis. In Figure 11(b) (right-column) the detected lines with
near-diagonal deviations indicate that the dominant scales for
detection of the diagonal lines are mainly at coarse scales of 24
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and 28 (𝜎𝑐 = 24, 28) with approximately 5-6∘ deviation from
the diagonal axes (𝐷1, 𝐷2).
3.2. Global Tilt Investigation
3.2.1. Global Tilts in the Café Wall of 9 × 14 Tiles. The Café
Wall illusion is characterized by the appearance of Twisted
Cord elements along the mortar lines [23–25], making the
tiles seem wedge-shaped [29]. These local tilt elements are
believed to be integrated and produce slanted continuous
contours along the whole mortar lines by the cortical cells
[16, 27] resulting in alternating converging and diverging
mortar lines at a global view.
Because the tilt effect in the Café Wall is highly directional, it raises the question of whether lateral inhibition
and point spread function (PSF) of retinal cells can explain
the tilt effect in the pattern or not. We demonstrated that
a bioplausible model [17–22], with a circularly symmetric
organization as a simplified model for the retinal ganglion cell
responses [32, 33], is able to reveal the tilt cues in the Café Wall
illusion across multiple scales of the edge map. To explain
the emergence of tilt in the Café Wall, there is no need to
utilize complex models of non-CRFs [40–44] implementing
the retinal/cortical orientation selective cells.
In this experiment, the intention is to investigate the
Gestalt pattern, simulating peripheral awareness across the
entire image, and overcome the shortcomings of our previous
investigations. We investigate here the global tilts in the Café
Wall of 9 × 14 with 200 × 200 px tiles and 8 px mortar
(Figure 8(a)) and on its DoG edge map at seven different
scales to quantify the tilt angles around the four reference
orientations. The DoG scales have a range from 0.5M to 3.5M
with the incremental steps of 0.5M the same as the foveal
samples in Section 3.1.2.
In our first attempt to examine the robustness of the
model for global tilt investigation [18, 19], the analysis was
done with the parameters appropriate for local features. We
have tested NumPeaks = 100 in [18] and NumPeaks = 520 in
[19], but we have not achieved convincing results. Increasing
the value of NumPeaks from 100 to 520 did not show any
significant change to the mean tilts although it substantially
increased the variance. The results showed that the nearhorizontal mean tilt was approximately 4∘ at scale 4 and
around 7∘ at scale 8 nearly the same as the foveal sample
sets (Figure 10). The near-vertical mean tilts at medium
to coarse scales were around 2∘ , while they were around
6∘ in the foveal sets. The near-diagonal mean tilts were
approximately 3∘ and they were in the range of 5-6∘ in the
foveal sample sets. Please refer to [19, Figure 6] for more
details. In this work, we perform a global analysis with larger
numbers of line segments as appropriate to the large global
pattern. NumPeaks is a size relevant parameter, and its value is
critical for achieving reliable results. Increasing this value for
Hough analysis on the foveal sets does not affect the detected
houghlines there, but an appropriate value for large samples is
essential to detect all the relevant houghlines available in the
edge map with smooth variations reflecting our estimation of
tilt that is comparable with the detected lines in the foveal sets
in our simulations.
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Figure 11: The distribution of the line segments detected from the edge maps of the foveal sets (Figure 8), having either horizontal (leftcolumn), vertical (center-column), or diagonal (right-column) deviations, with the two sampling methods: (a) Systematic and (b) Random
Cropping. The edge maps are at seven different scales (𝜎𝑐 = 4, 8, 12, 16, 20, 24, and 28) and a fixed set of Hough parameters are used as
NumPeaks = 100, Threshold = 3, FillGap = 40, and MinLength = 450 (based on [19]).
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Figure 12: Mean tilts and the standard errors of detected tilt angles around the four reference orientations (𝐻, 𝑉, 𝐷1, and 𝐷2) from the DoG
edge map at seven different scales of the whole Café Wall of 9 × 14 with 200 × 200 px tiles and 8 px mortar. Green error bars correspond to
Hough NumPeaks = 1000, with mean values shown in Red.

The new experimental results for mean tilts and standard
errors of the detected tilt angles have been presented in
Figure 12 for the Café Wall of 9 × 14 tiles with NumPeaks
= 1000. The other parameters are kept the same as Figures
10 and 11 for the foveal sets. As indicated in Figure 12(a),
the near-horizontal mean tilt is approximately 4∘ at scale 4
and 7.5∘ at scale 8 nearly the same as the foveal sample sets
(Figure 10). In the horizontal graph, we see that, by increasing
the DoG scale, the mean tilt also increases from 7.5∘ to ∼10∘
at scale 12 with higher variations compared to the foveal
sample sets. The new results for the vertical and diagonal
mean tilts at coarse scales have been improved dramatically
from our previous reports (explained in previous paragraph)
and show a variation of tilt angles for the detected houghlines.
The near-vertical mean tilts at medium to coarse scales were
around 2∘ that are quite negligible in the previous report;
now they are around 10∘ while they were around 6∘ in the
foveal sets. The near-diagonal mean tilts at medium to coarse

scales were approximately 3∘ in the previous reports; now
the value is ∼10∘ and they were in the range of 5-6∘ in the
foveal sample sets. We have shown here that the new results
with periphery appropriate parameterization are reliable and
comparable with the previous results for foveal parameterization (Section 3.1.2). We will explain more on these results
in Sections 3.2.2 and 3.3.
3.2.2. Variant Sized Café Wall Patterns with the Same Aspect
Ratios of Tile Size to Mortar Size. We can assume that the
tilt perception of the Café Wall illusion starts by a wholistic
view to the pattern, which then extends to a local focusing
view along the mortar lines in search for further cues of
tilt in the pattern. Both of these local and global views
to the Café Wall have their own effect on the strength of
our perceptual understanding of tilt in this pattern. We
started our investigations of the global tilt analysis in the
Café Wall stimulus by first addressing the shortcomings of
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Figure 13: Different configurations of Café Wall pattern, from Café Wall of 3 × 11 tiles on (a) to Café Wall of 5 × 13 tiles at (f). All the patterns
have the same tile size of 200 × 200 px and the mortar size of 8 px.

our previous reports [18, 19] as reflected in the previous
section and presented reliable tilt results for a specific sample
(Café Wall of 9 × 14 tiles) based on periphery appropriate
parameterization. We show in this experiment our deep
investigations of the global tilts on variations of Café Wall
with the same characteristics of mortar lines and tiles but with
different arrangements of a whole pattern. We have explored
here the correlation between the tilt effect and the layout of
the pattern in general (how the tiles are arranged to build the
stimulus).
In this experiment, variations of Café Wall pattern have
been investigated with the same aspect ratios of tile size (T)
to mortar size (M) (T/M = const.) in order to check whether #
rows and # columns in the overall arrangement of tiles in the
Café Wall pattern have an effect on the detected tilts in our
simulation results or not. In other words, we check the Gestalt
perception of the Café Wall pattern and its relation to visual
angle of the whole pattern (not just the visual angle of an
individual tile and mortar line investigated so far [18, 19, 21]).

We show here that our model can predict slightly different tilt
results for these variations, similar to our global perception of
illusory tilt in the pattern in the same way as human is affected
by the configurations of the pattern. This is being reported for
the first time with the quantitative results.
The patterns explored here have the same size of tiles (200
× 200 px) and mortar lines (8 px) with these variations: Café
Walls of 3 × 11, 5 × 5, 5 × 13, 7 × 11, 11 × 7, and 11 × 11 tiles,
as shown in Figure 13. Looking at these variations, we see, for
instance, a stronger tilt effect in the 5 × 13 tiles compared to
the 5 × 5 tiles. Similarly, a stronger tilt effect is perceived in
the variation of 7 × 11 tiles compared to weaker tilts in the 11
× 7 tiles.
To eliminate the effect of NumPeaks on detected houghlines, in this experiment, we have selected NumPeaks = 1000
to attain more accurate tilt measurements when the overall
sizes of the Café Wall samples are not the same (similar
to Section 3.2.1). We have also tested values above 1000 up
to 5000 for this parameter, but we found empirically that
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there is no significant difference in the mean tilt results
above NumPeaks = 1000 for the samples tested and around
four reference orientations. Increasing this value is computationally expensive and we need to keep a trade-off between
the efficiency and the accuracy. The rest of the parameters
are kept the same as Figures 10–12 for the local and global
investigations of tilt in variations of the Café Wall pattern. The
Hough parameters are as follows: NumPeaks = 1000, FillGap
= 40, and MinLength = 450 for all scales of the DoG edge
maps (𝜎𝑐 = 4, 8, 12, 16, 20, 24, and 28). Summary tables in
Figure 14 present the quantitative mean tilts for the global tilt
investigations on these configurations of the pattern. These
include the mean tilts and the standard errors of the detected
tilt angles around the four reference orientations (𝐻, 𝑉, 𝐷1,
and 𝐷2).
The DoG outputs of these variations are the same across
multiple scales, since the tiles and mortar lines have fixed
sizes and the same set of parameters for the Surround and
Window ratios (s, h, resp.) have been used in the DoG model.
Utilizing the Hough analytical pipeline for quantifying the
tilt angles, we have measured slightly different tilts across
the multiple scales of the edge maps of these variations
around the four reference orientations. This is because Hough
analyses more dominant lines (longest lines) first by applying
the houghpeaks function prior to detecting lines with the
houghlines function (MATLAB functions).
When the pattern is wider in horizontal direction such as
the 3 × 11, 5 × 13, or 7 × 11 it seems that we see a stronger tilt
effect along the mortar lines compared to the other variations.
The quantitative mean tilts near horizontal orientation occur
at fine to medium scales (𝜎𝑐 = 4, 8, and 12) of the edge maps.
The near-horizontal lines can be captured until scale 16 (𝜎𝑐 =
16), with this mortar width (considering the same aspect ratio
of the tile size to the mortar size), as well as the midluminance
of the mortar lines relative to the luminance of the tiles [21].
This can be seen also for the edge map of Café Wall of 3 × 8
tiles in Figure 2. There is a transient stage at scale 16 (𝜎𝑐 = 16),
connecting the detected near-horizontal lines to the zigzag
vertical line segments due to the arrangement of grouping of
tiles in the zigzag vertical orientation at medium to coarse
scales in the edge maps. The highest tilt range is shown in
Figure 14 for the 5 × 13 configuration which is 3–10.6∘ at fine
to medium scale (𝜎𝑐 = 4, 8, and 12), as expected. Then the
variations of 7 × 11 (3.8–10.3∘ ) and 11 × 11 (4–10.5∘ ) come next,
followed by the 3 × 11, 5 × 5, and 11 × 7 tiles. Considering
the two square patterns (the 5 × 5 and 11 × 11 tiles), there are
similar horizontal mean tilts, starting around 4.0∘ at the finest
scale (𝜎𝑐 = 4) and it is one degree wider in the 11 × 11 variation
at scale 12 (𝜎𝑐 = 12), ∼10.5∘ compared to ∼9.5∘ in the 5 × 5, but
the differences are only significant for 𝜎𝑐 = 4.
The near-vertical mean tilts at medium to coarse scales
(𝜎𝑐 = 20, 24, and 28) show good results. The weakest vertical
mean tilts correspond to the Café Wall of 3 × 11 tiles which
ranges from 7.1∘ to 7.5∘ . For the patterns of medium size height
such as the 5 × 13 and 7 × 11 tiles, it is ∼9-10∘ . It is in the
highest range around 10.5∘ when the pattern is spread along
the vertical orientation such as the 11 × 7 and 11 × 11 variations.
This is nearly the same for the 5 × 5 tiles having the ratio of
height/width = 1 and with a maximum value for the 11 × 11
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tiles (>10.6∘ ). So the Café Wall of 5 × 13 tiles from the samples
explored has the strongest horizontal tilt range while the 11
× 7 tiles show the strongest vertical tilt range. It seems that
there is a trade-off in the mean tilts of the vertical and the
horizontal orientation, and, for a stronger effect of vertical
tilts, we encounter weaker horizontal tilts along the mortar
lines. For the diagonal mean tilts the results show roughly
similar deviations (in both positive and negative diagonals)
at the coarse scales (𝜎𝑐 = 24, 28) which is ∼11-12∘ across the
samples tested.
We note that the results reported here are based on our
investigations on the number of lines detected at their angular
positions and we have not considered any weights for the
length of the lines in the mean tilts calculations. For the
horizontal mean tilts this does not affect the results, since at
fine to medium scales the local tilted line segments (Twisted
Cord elements) are extracted for all of these variations nearly
the same with roughly similar size. The detected houghlines
at scale 12 (medium scale) for all variations tested have
been provided in Figure 15, highlighting local tilts of the
nearly horizontal Twisted Cords and small tilt deviations
from the vertical orientation. However, if a Café Wall pattern
is more spread along the vertical orientation compared to the
horizontal, then longer lines are detected with less deviation
along the vertical at coarse scales (the whole tiles are present
in the edge maps with no mortar cues left at these scales).
Figure 16 clarifies this more: the detected houghlines at
scale 28 (the coarsest scale) have been presented for these
variations, indicating the global tilts of the lines detected with
zigzag vertical orientation. In fact, as we expect from the tilt
estimation, deviations from the vertical orientation increase
as the lines found get shorter.
3.3. Comparison of Local and Global Tilts in Café Wall Illusion.
We have shown in the last two sections that the mean
tilt results with periphery appropriate parameterization are
reliable and comparable with the previous results for foveal
parameterization. The results for near-horizontal global tilts
in these variations are nearly the same as the local tilts
detected in the foveal sample sets (Section 3.1.2) 4∘ at scale
4 and ∼7∘ at scale 8. At scale 12, we have a higher tilt angle
∼9.5–10.5∘ here compared to the local tilts around 8∘ . The
results of the vertical and diagonal mean tilts are slightly
larger than the predicted values for the foveal samples (7–10∘
for the vertical and 11-12∘ for the diagonal tilts here compared
to ∼6∘ for the vertical and 5-6∘ for the diagonal tilts in the
foveal samples). The results here seem more realistic in our
perception of zigzag vertical lines at coarse scales considering
the phase shift of rows of tiles in the Café Wall pattern
(the deviations from the diagonal axes are more than 5∘ ,
considering the geometry of the pattern).
The quantitative modelling presented for the perceived
tilt in the Café Wall illusion considering the foveal/local
aspects as well as the peripheral/global view to the pattern
leads us to achieve reliable results in our investigations.
However, we illustrate some improvements to the current
evaluation for future studies on the topic. First, for nearhorizontal mean tilts, although the tilt analysis pipeline in our
model detects the local Twisted Cord elements as local tilt

■ 414
Applied Computational Intelligence and Soft Computing

c

4
8
12
16
20
24
28
c

4
8
12
16
20
24
28
c

4
8
12
16
20
24
28

c

4
8
12
16
20
24
28

c

4
8
12
16
20
24
28

c

4
8
12
16
20
24
28
(a)

Caf e ́ Wall 3 × 11 (mean tilt ± StdErr)
H
V
D1
D2
04.50 ± 0.25
NaN
NaN
NaN
07.15 ± 0.54 14.00 ± 0.0
NaN
NaN
10.00 ± 0.59 10.63 ± 0.49
NaN
NaN
12.74 ± 1.07 07.30 ± 0.58 18.71 ± 0.72 19.40 ± 0.45
NaN
07.20 ± 0.66 12.84 ± 0.84 12.45 ± 0.82
NaN
07.13 ± 0.64 13.06 ± 0.77 12.93 ± 0.70
NaN
07.55 ± 0.59 13.69 ± 0.77 14.07 ± 0.72
Caf e ́ Wall 5 × 5 (mean tilt ± StdErr)
V
H
D1
D2
04.00 ± 0.0
NaN
NaN
NaN
07.33 ± 0.63
NaN
NaN
NaN
09.46 ± 1.01 08.66 ± 0.60
NaN
NaN
12.94 ± 1.04 08.02 ± 0.70 19.33 ± 0.45 19.00 ± 0.57
NaN
09.78 ± 0.72 13.11 ± 0.89 12.89 ± 0.90
NaN
10.14 ± 0.63 12.08 ± 0.70 12.37 ± 0.68
NaN
10.82 ± 0.68 12.54 ± 0.72 12.74 ± 0.69
Caf e ́ Wall 5 × 13 (mean tilt ± StdErr)
H
V
D1
D2
03.00 ± 0.35
NaN
NaN
NaN
07.13 ± 0.38
NaN
NaN
NaN
10.63 ± 0.43 09.74 ± 0.46
NaN
NaN
12.32 ± 0.70 08.41 ± 0.62 19.43 ± 0.34 19.22 ± 0.31
NaN
07.63 ± 0.45 11.88 ± 0.71 11.30 ± 0.70
NaN
09.27 ± 0.48 11.40 ± 0.56 11.73 ± 0.54
NaN
09.08 ± 0.45 11.74 ± 0.61 12.41 ± 0.60
Caf e ́ Wall 7 × 11 (mean tilt ± StdErr)
H
V
D1
D2
03.88 ± 0.29
NaN
NaN
NaN
07.26 ± 0.35 14.00 ± 0.0
NaN
NaN
10.39 ± 0.38 09.10 ± 0.42
NaN
NaN
11.79 ± 0.60 07.49 ± 0.46 18.89 ± 0.40 18.73 ± 0.31
NaN
08.74 ± 0.41 11.62 ± 0.65 12.01 ± 0.70
NaN
09.12 ± 0.40 11.68 ± 0.54 11.54 ± 0.54
NaN
09.15 ± 0.40 12.00 ± 0.55 12.05 ± 0.55

Caf e ́ Wall 11 × 7 (mean tilt ± StdErr)
H
V
D1
D2
04.00 ± 0.0
NaN
NaN
NaN
08.09 ± 0.29
NaN
NaN
NaN
09.96 ± 0.42 09.42 ± 0.46
NaN
NaN
12.63 ± 0.63 08.27 ± 0.57 18.67 ± 0.36 19.64 ± 0.43
NaN
10.63 ± 0.48 12.58 ± 0.63 12.14 ± 0.71
NaN
10.85 ± 0.43 12.46 ± 0.54 11.83 ± 0.56
NaN
10.62 ± 0.42 12.01 ± 0.56 11.62 ± 0.55

Caf e ́ Wall 11 × 11 (mean tilt ± StdErr)
H
V
D1
D2
04.05 ± 0.09
NaN
NaN
NaN
07.50 ± 0.33 15.00 ± 0.0
NaN
NaN
10.47 ± 0.31 09.39 ± 0.36
NaN
NaN
11.96 ± 0.54 06.27 ± 0.47 19.57 ± 0.25 18.79 ± 0.35
NaN
10.70 ± 0.40 13.15 ± 0.55 11.44 ± 0.62
NaN
10.15 ± 0.37 12.10 ± 0.50 11.16 ± 0.50
NaN
10.50 ± 0.35 11.81 ± 0.50 11.20 ± 0.52

(b)

Figure 14: (a) Different configurations of the Café Wall pattern tested (Figure 13) from Café Wall of 3 × 11 tiles on the top to Café Wall of 11
× 11 tiles at the bottom. (b) Mean tilts and the standard errors of tilt angles for each variation are summarized in the mean tilt tables for the
four reference orientations of horizontal (H), vertical (V), and diagonals (𝐷1, 𝐷2) orientations at seven scales of the edge maps (𝜎𝑐 = 4, 8, 12,
16, 20, 24, and 28).
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Cafe ́ Wall 11 × 11

Cafe ́ Wall 3 × 11

Cafe ́ Wall 11 × 7

Cafe ́ Wall 5 × 5

Cafe ́ Wall 7 × 11

Cafe ́ Wall 5 × 13

Figure 15: Detected houghlines displayed in green, overlaid on the binary edge maps at scale 12 (𝜎𝑐 = 12) of different configurations of the
Café Wall pattern in Figure 13. Hough parameters are as follows: NumPeaks = 1000, Threshold = 3, FillGap = 40, and MinLength = 450.

cues as shown in Figure 15 (for scale 12 for these variations),
it seems that, in our perception of tilt, we intend to integrate
these local tilt cues to construct a slanted continuous contour
along the entire mortar as either diverging or converging [16,
27] tilt. Therefore, an edge integration technique is required
for predicting a more precise value for the near-horizontal
tilts as we perceive tilts in the Café Wall. Second, in the
investigated tilts around the vertical orientation, we expect
to see less deviations for the vertically spread configurations
compared to the horizontally spread ones. However, the
results showed the maximum vertical deviations for the Café
Walls of 11 × 7 and 11 × 11 around 10.5∘ compared to 9∘ in
others, except 7.5∘ for the Café Wall of 3 × 11. In the 3 × 11 tiles,
we see more deviations around the diagonals compared to the
rest of the configurations (as it is expected), where the range
is ∼12.5–14∘ compared to 11–12.5∘ , and also less deviations
from the vertical orientation due to the groupings of detected
lines for the reference orientations. Our explanation of the
results is getting clear by looking at the houghlines presented

in Figure 16. In the Hough analysis, we have applied the same
weight for all the detected lines. Therefore for the patterns that
are spread along the vertical orientation, although houghlines
detect many longer lines with less deviations in the edge map,
houghpeaks let more smaller line segments be detected (up
to the maximum value of NumPeaks), with more deviations
from the vertical orientation. For final validations of these
results, psychophysical experiments are required as the priority of our future work. The results from psychophysical
experiments lead us to assign weights to each scale and
approximate tilt angles in our model based on the perceived
tilt in real subjects.

4. Conclusion
A low-level filtering approach [17, 19, 22] has been explored
here modelling the retinal/cortical simple cells in our early
vision for revealing the tilt cues involved in the local and
global perception of the Café Wall stimulus. The model has
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Cafe ́ Wall 3 × 11

Cafe ́ Wall 11 × 11

Cafe ́ Wall 11 × 7

Cafe ́ Wall 5 × 5

Cafe ́ Wall 7 × 11
Cafe ́ Wall 5 × 13

Figure 16: Detected houghlines displayed in green, overlaid on the binary edge maps at scale 28 (𝜎𝑐 = 28) of different configurations of the
Café Wall pattern in Figure 13. Hough parameters are as follows: NumPeaks = 1000, Threshold = 3, FillGap = 40, and MinLength = 450.

an embedded processing pipeline utilizing Hough transform
to quantify the degrees of the induced tilts that appeared in
the low-level representation for the stimulus in our model,
referred to as the edge map at multiple scales.
The experiments reported have contributed new understanding of the relationship between the strength of tilt
effect perceived in the Café Wall illusion as a function of
eccentricity, that is, whether a cell or edge is foveated or
perceived in the periphery.
Different size/shape cropped samples of the Café Wall
pattern were used to model the role of the shape and size of
the fovea and larger samples tended to induce a larger number
of longer shallower lines, particularly in the vertical dimension. When we foveate a particular cell we tend to see that
as having more horizontal mortar boundaries, while those
outside the fovea are perceived as having larger tilts. This is
consistent with the larger tilts perceived at lower resolutions,
modelling the periphery, and the almost horizontal tilts seen
in the foveal region, corresponding to the center of a larger
pattern. This makes this a multiple scale model.
It is hypothesized that the multiple scale information
from the retina is integrated later in the cortex into a true
multiscale model and that the Gestalt illusions result from

the angle misperceptions that are already encoded in the
retina. The quantitative predictions are based on the analysis
of Hough transform of the edge maps here with promising
results reported. This tilt investigation can be replaced by any
more bioderived techniques, modelling mid-to-high-level tilt
integrations, capable of quantifying different degrees of tilt in
variations of the Gestalt view of the pattern, as we perceive
the tilt differently in those variations.
We regard the publication of the predictions before running experiments to validate them as essential to the integrity
of science. A priority in our research is psychophysical
experiments to validate the predictions of the model.
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Abstract This paper explores the tilt illusion effect
in the Café Wall pattern using a classical Gaussian
Receptive Field model. In this illusion, the mortar lines
are misperceived as diverging or converging rather
than horizontal. We examine the capability of a simple
bioplausible filtering model to recognize different degrees of tilt in the Café Wall illusion based on different
characteristics of the pattern. Our study employed a
Difference of Gaussians model of retinal to cortical
“ON” center and/or “OFF” center receptive fields. A
wide range of parameters of the stimulus, for example
mortar width, luminance, tiles contrast, phase of the
tile displacement, have been studied for their effects on
the induced tilt in the Café Wall illusion. Our model
constructs an edge map representation at multiple
scales that reveals tilt cues and clues involved in the
illusory perception of the Café Wall pattern. We show
here that our model can not only detect the tilt in this
pattern, but also allows us to predict the strength of
the illusion and quantify the degree of tilt. For the first
time, quantitative predictions of a model are reported
for this stimulus considering different characteristics
of the pattern. The results of our simulations are
consistent with previous psychophysical findings across
the full range of Café Wall variations tested. Our
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results also suggest that the Difference of Gaussians
mechanism is at the heart of the effects explained by,
and the mechanisms proposed for, the Irradiation,
Brightness Induction, and Bandpass Filtering models.
Keywords Visual perception · Biological neural
networks · Geometrical illusions · Tilt effects · Café
Wall illusion · Difference of Gaussians · Perceptual
grouping · Classical Receptive Fields · Retinal
processing models · Retinal Ganglion Cells · Lateral
Inhibition

1 Introduction
1.1 Illusions and their explanations
Visual illusions have the potential to give insight into
the biology of vision [1–3]. They further open windows
for solving the engineering and application specific
problems relevant to image processing tasks including
edge detection and feature selection, as we seek to
attain human level performance. Many illusions have
been used to evaluate such effects, notably the Café
Wall [4–6] and Mach Bands [7, 8]. The Café Wall is a
member of the Twisted Cord family of Geometrical
Illusions, for which a number of explanations have been
proposed [4, 9, 10]. The Munsterberg version of this
pattern is a chessboard with dark very thin separators
between shifted rows of black and white tiles, giving
the illusion of tilted contours dividing the rows.
The Café Wall pattern (Fig. 1-center) has grey
stripes interpreted as mortar lines dividing shifted
rows of black and white tiles, inducing a perception of
diverging and converging of the mortar lines. Morgan
and Moulden [6] suggest the mortar lines are critical
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for the strength of illusion and that the illusion has its
highest strength when the luminance of the mortar is
intermediate relative to the luminance of the tiles. We
consider the whole range of luminance for mortar lines
from Black to White as different variations of the Café
Wall illusion. Other significant variations include the
Hollow Square [10, 11], Fraser Pattern [12], Spiral Café
Wall (Fig. 1-left), Spiral Fraser; and even variations of
the Zollner Illusion (Fig. 1-right) [5, 11, 13] where small
parallel line segments (inducing horizontal/vertical
lines) on parallel lines result in perceiving these
lines as being convergent or divergent. It has been
suggested that the Café Wall illusion originates from
the inducing effect of Twisted Cord [12] elements and
then integration of these to an extended continuous
contour along the whole mortar line [14, 15].
Over the last few decades, many low-level and highlevel models have been proposed with the aim of explaining various Geometrical/Tilt Illusions. However,
there are many issues unaddressed across the range of
the Geometrical Illusions and their underlying percepts.
In particular, modeling the illusion effect as it is perceived is a challenging task in Computer Vision models.
Some of the explanations for the Café Wall illusion are
based on “high-level” models [4, 16], but many rely on
“low-level bioplausible” models of simple filtering techniques [6, 9].
One of the first explanations for the Café Wall illusion was the Irradiation Hypothesis [15]. This hypothesis was first introduced by Helmholtz [28], proposing
that a compressive transform causes a shift of high contrast boundary towards the dark side of its inflection [6].
The limitation of the Irradiation Hypothesis as a sole
explanation of the Café Wall illusion is that it does not
explain why the illusion is enhanced by the mortar lines
and why the pattern does not need to be of a very high
contrast as explicitly required by the Irradiation Theory. So this explanation is incomplete on its own.
Border Locking is another hypothesis used in highlevel explanations for Tilt Illusions [4]. The appearance
of small wedges with local asymmetry is attributed to
the luminance contrast of the light/dark half tiles and
their integration along the rows, so that they form long
wedges. Gregory and Heard [4] state that the effect depends critically on luminance and that it disappears if
the mortar line is either brighter than the light tiles, or
dimmer than the dark ones.
Brightness Induction (BI) describes a change in the
direction of perceived brightness, and is another explanation for the Café Wall illusion. The change of direction can be towards the surrounds (Brightness Assimilation) or away from it (Brightness Contrast) [29].
McCourt [5] has shown that a periodic field of a sine or
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square wave varying brightness would result in inducing brightness on a homogeneous narrow grey field positioned on top of it. He generated a new version of the
Café Wall based on replacing mortar lines with patches
of light, dark and grey and explained the tilt effect as
Brightness Induction, noting that alternately-reversing
diagonal line elements can produce the characteristic of
illusory convergence in the whole image.
Fraser [12] proposed another hypothesis, connecting the Twisted Cord to the Café Wall illusion without
using filtering but his hypothesis is not a complete explanation of the illusion. His idea was based on the fact
that the tilt is perceived when two identically coloured
tiles joined by the mortar lines at their opposite corners
create a Twisted Cord element. There are some other
proposed explanations such as Fourier-based Models,
but it seems that the effect arises from small local wedge
shapes rather than global features. Therefore, what is
needed is local frequency analysis rather than the global
transformation [6].
Bandpass Spatial Filtering is said to be performed by the retinal ganglion cells of ON-center and
OFF-center receptive fields. Morgan and Moulden [6]
modelled this by a simple discrete Laplacian filter mask
viewed as an approximation to Difference of Gaussians
(DoG, noting that DoG gives the same results), and
Earle and Maskell [9] by a Difference of Gaussians
viewed as “a very close approximation” to a Laplacian
of Gaussian (LoG).
There are some more recent explanations for the
Café Wall illusion. For example the Irradiation Effect
involving enlargement of bright regions to encroach on
their dark sides was identified for the shifted chessboard
pattern by Westheimer [13], who proposed a model including a combination of ‘light spread’, ‘compressive
nonlinearity’, ‘center surround organization’ and ‘border locations’, to explain the Café Wall illusion. For
retinal spatial distribution of excitation, he first calculated the convolution of image with the retinal point
spread function, which then passed through a certain
nonlinearity equation (Naka-Rushton), and then to the
spatial center-surround transformation with the excitatory and inhibitory zones to get the final result.
A similar psychological approach to that of Gregory and Heard [4] was proposed by Kitaoka as the
Phenomenal Model [16, 31], which is an elemental composition approach to explain a wide variety of Tilt Illusions. Their psychological approach is based on the
“contrast polarities of a solid square and its adjacent
line segment” to explain the Café Wall illusion. They
have suggested that when dark/light squares are adjacent to dark/light line segments, the direction of tilt
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Fig. 1 Left: The Spiral Café Wall illusion [16], Center: The Café Wall pattern, Right: The Zollner illusion [30].

is to counteract the square angle, otherwise the square
angle is going to expand.
Fermüller and Malm [32] proposed a Point and Line
Estimation Model for finding the displacement of points
and lines as the elementary units in images and they
used their techniques to explain certain Geometrical
Illusions. As applied to the Café Wall, this theory is
based on categorizing the edges by saying that if mortar lines border both dark tile and bright tile, then the
two edges move towards each other. On the other hand,
mortar lines between two bright regions or two dark regions cause the edges to move away from each other.
Their explanation is similar to Gregory and Heard [4]
and Kitaoka et al. [31].
Arai [33] proposed a computational nonlinear model
for Contrast Enhancement in early visual processing
based on discrete maximal overlap bi-orthogonal
wavelets. Arai [33] investigated the output of their
system on Brightness/Lightness Illusions such as
the Hermann Grid, the Chevreul, Mach Bands, the
Todorovic, and the Café Wall.
As noted before, an important class of low-level
models are motivated by the retinal ganglion cell
(RGC) responses, including the Bandpass Spatial
Filtering proposed by Morgan and Moulden [6]. These
retinal cells can be modeled by Differences of Gaussian
(DoG) filters as an effective filtering technique for
identifying the edges in the early stages of visual
processing [17, 18]. The model we have used presents
the simple cell responses using an edge map representation at multiple scales derived from the Differences
of Gaussians [19–25]. We show here that the model
can not only detect the tilts in variations of the Café
Wall tested, but also allows us to simply and correctly
predict the strength of the illusion and quantify the
degree of tilt in these variations. The ‘predicted tilt
results’ are explained in the experimental result section and are consistent with previous psychophysical
findings across a full range of Café Walls tested.

Elimination of the tilt effect in the Café Wall
illusion is possible through enlargement of the black
tiles [13, Fig.11]. This results in compensating for
the border shifts and corner distortions. Similar
elimination techniques can be used with additional superimposed dots positioned in the corners (black/white
dots on white/black tiles), eliminating the corner effect [32, Fig.5] and [31, Figs 5C,5D]. The elimination of
the illusion is also possible by replacing the black and
white tiles with equiluminant but highly contrasting
colour tiles [5, 34].
There are approaches that connect ‘Brightness Induction’ illusions and ‘Geometrical’ illusions. The Café
Wall pattern and its variations are accounted ‘secondorder’ tilt patterns [19,24] involving ‘Brightness Assimilation and Contrast’ [35] as well as ‘Border shifts’ [6,13].
In a thorough review of lightness, brightness, and transparency (LBT) Kingdom [36] has noted that one of
the most promising approaches for modelling brightness
coding is multiscale filtering [37] in conjunction with
contrast normalization. Lateral inhibition is a common
feature of most of the above models, including in particular Irradiation [15], Brightness Induction [5], and
Bandpass filtering [6].

1.2 Multiscale Representation in Vision
Psychophysical and physiological findings have
suggested a multiscale model of processing in the
mammalian visual cortex as well as early stage processing within the retina [38–40]. Kuffler [41] was
the pioneer who recorded the activity of the retinal
ganglion cells (RGCs) that exit as the optic nerve, and
found two types of center surround cells. Hubel and
Wiesel [42, 43] performed many pioneering experiments
that increased our understanding of cortical visual
processing. Daugman [44] showed an approximation
of these cortical cells by using Gaussian windows
modulated by a sinusoidal wave for this impulse
response. A specific spatial orientation tuning of these
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cells arises from dilation of modulated Gaussian-Gabor
functions [45].
Pyramidal image representations and scale invariant
transforms are used in Computer Vision (CV) applications [26, 46–51] and are well matched to human visual
encoding. A scale-space analysis is an emergent result of
image decomposition by finding the differences between
pairs of scaled filters with different parameterizations,
notably the Laplacian or Difference of Gaussian filters
(LoG/DoG) [45, 53, 54], giving rise to Ricker and Marr
wavelets.
Note further that self-organization models of
repeated patterns of edge detectors at particular
angles are well-established [55]. Higher-level spatial
aggregation of regularly spaced spots or edges in turn
automatically gives rise to analogues of DCT and DWT
type bases, the latter with localization determined by
the higher-level lateral interaction functions or the
constraints of an underlying probabilistic connectivity
model [56].
In our visual system, light is focused into receptors
which transduce it to neural impulses that are further
processed in the retina [57]. Then the middle layer of
the retina, which is the focus of our study, enhances
the neural signals through the process of lateral inhibition [27], causing an activated nerve cell in the middle layer to decrease the ability of its nearby neighbors to become active. This biological convolution with
its specific ‘Point Spread Function’ (PSF) enables feature/texture encoding of the visual scene but also, we
show, leads to optical illusions.
The first layer of the retina has a nonlinear mechanism for retinal gain control, flattening the illumination
component, and making it possible for the eye to see
under poor light conditions [57]. The lateral inhibition
in the middle layer of the retina thus evidences both
a bandpass filtering property and an edge enhancement capability. In the final layer, we find ganglion cells
whose axons exit the eye and carry the visual signals to
the cortex (inter alia).
The contrast sensitivity of the retinal ganglion cells
can be modeled based on Classical Receptive Fields
(CRFs), involving circular center and surround antagonism. To reveal the edge information it uses the differences and second differences of Gaussians [17, 18]
or Laplacian of Gaussian (LoG) [58]. Marr and Hildreth [26] proposed an approximation of LoG with DoG
based on a specified ratio of the standard deviations (σ)
of the Gaussians [17, 18].
Symmetrical DoGs at multiple scales have been
used for spatial filtering in our study to generate edge
maps, modelling ON-center OFF-surround receptive
fields (RFs). We show the model can predict the
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illusory tilt in the Café Wall patterns by providing
both qualitative and quantitative results.
In Section 2 we describe the characteristics of a simple classical model based on Difference and Laplacian
of Gaussians (DoG, LoG), and utilize this bioplausible
model to explain the Café Wall illusion qualitatively
and quantitatively (Sections 2.1 and 2.2) followed by
the details of patterns investigated (Section 2.3). The
experimental results on variations of the Café Wall illusion are presented in Section 3 along with a summary
diagram in Fig. 8 based on the strength of illusion. This
is the first time a quantitative tilt predictions of a model
is reported for variations of the Café Wall illusions. We
conclude by highlighting the advantages and disadvantages of the model and proceed to outline a roadmap
of our ongoing and future work (Section 4).

2 Material and Method
We hypothesize that visual perception of a scene starts
by extracting the multiscale edge map, and propose
that a bioplausible implementation of a contrast sensitivity of retinal RFs using DoG filtering produces a
stack of multiscale outputs [59]. One of the first models
for foveal retinal vision was proposed by Lindeberg and
Florack [60] and our model is in most respects inspired
by it. Their model is based on simultaneous sampling of
the image at all scales, and the edge map in our model
is generated in a similar way. There are also possibilities
of involvement of higher order derivatives of Gaussians,
which can be seen in retinal to cortical visual processing
models such as [26, 58, 61, 62] but there is no biological
evidence for them.
Our model has some similarities with ‘Brightness
Assimilation and Contrast’ theory of early models developed by Jameson and Hurvich [35] based on DoG
filters with multiple spatial scales. They noted the existence of parallel processes that occur in our visual
system as the result of the simultaneous appearance of
sharp edges and mixed colours that define delimited
regions. They proposed that a contrast effect happens
when the stimulus components are relatively large in
size compared to the center of the filter, and an assimilation effect happens when components of the stimulus
are small compared to the filter center.
Recent physiological findings on retinal ganglion
cells (RGCs) have dramatically extended our understanding of retinal processing. Previously, it was
believed that retinal lateral inhibition could not be a
major contributor to the Café Wall illusion because the
effect is highly directional and arises from both orientation as well as spatial frequency. Neuro-computational
eye models [45, 59, 60, 62] have been proposed based
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on biological findings by considering the size variation
of RGCs due to variations of the eccentricity and
dendritic field size [63]. It was also shown that, some
RGCs have been found to have orientation selectivity
similar to the cortical cells [64, 65]. Also there is
evidence for the existence of other types of retinal
cells such as horizontal and amacrine cells which have
elongated surround beyond the CRF size. This has
lead to orientation selectivity for modelling of the eye,
as retinal non-CRFs (nCRFs) implementation [66–68].
The diversity of intra-retinal circuits and different
types of RGCs [38,39] are the biological evidence for the
underlying mechanisms of retinal multiscale processing
of visual data at fine to coarse scales. Also there are
variations of the size of each individual RGC due to the
retinal eccentricity which is the distance from the fovea
[61]. This indicates a high likelihood of the involvement
of retinal/cortical simple cells and their early stages of
processing in revealing the tilt cues inside Tile Illusion
patterns and in the Café Wall in particular.
A complete vision theory, modelling the first stages
of visual processing, has been presented by Lindeberg [45]. This reflects the properties of the receptive
field (RF) profiles, in particular, ‘scale covariance and
affine covariance’, ‘temporal causality’, ‘time-recursive
updating mechanism’ and ‘mutual consistency of an internal representation at different spatial and temporal
scales’. He demonstrated that these types of receptive
field models that cover spatial, spatio-chromatic and
spatio-temporal receptive field properties have a very
close similarity to the cell recording in biological vision.
These cover a range of ON-center OFF-surround and
vice versa RFs in the fovea and the LGN , then simple
cells with spatial directional preference in V1, and even
space-time separable spatio-temporal receptive fields
in the LGN and V1 within the same unified theory.
Lindeberg [45] demonstrates how these mathematical
models of the linear receptive fields (derived from the
Gaussian kernels and its derivatives and closely related
operators) can model the nonlinearity behaviour in
their responses.

2.1 The Proposed Model
The features of our bioplausible approach are intended
to model the characteristics of a human’s early visual
processing. Based on numerous physiological studies
e.g. [38–40] there is a diversity of receptive field types
and sizes inside the retina, resulting in multiscale encoding of the visual scene. This retinal representation is
believed to be “scale invariant” in general, and there is
an adaptation mechanism for the Receptive Field sizes
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to some textural elements (pattern features) inside our
field of view [59, 69].
Marr and Hildreth [26] are well known for proposing
the idea of multiscale edge analysis for producing edge
maps of the image at different scales. In their proposal
they argued that the optimal smoothing filter for images should be localized in both spatial and frequency
domains. Gaussian filter is the only operator that satisfies this uncertainty principle [70] and has the best
trade-off between the localization in both spatial and
frequency domains simultaneously. The Gaussian operator in two dimensions is given by the following formula:
1 −(x2 +y2 )/(2σ2 )
e
(1)
2πσ 2
where σ is the standard deviation of the Gaussian
function (referred to as scale) and (x, y) are the Cartesian coordinates of the image. They have suggested
that by applying Gaussian filters at different scales
to an image, a set of images with different levels of
smoothness can be obtained [26, 70], these are referred
to as edge maps. In order to detect the edges in the
edge map the zero-crossings of their second derivatives
need to be found. Marr and Hildreth achieved this
by applying the Laplacian of a Gaussian function
described below:

G(x, y) =

d2
d2
G(x,
y)
+
G(x, y) =
dx2
dy 2

x2 + y 2 − 2σ 2 −(x2 +y2 )/(2σ2 )
e
2πσ 6

∇2 G(x, y) =

(2)

where G(x, y) is the Gaussian function with standard
deviation of σ, and (x, y) are the Cartesian coordinates
of the image. The LoG can be estimated as the Differences of two DoGs, estimating the second derivative
of Gaussian as given in Eq. (2). For the DoG filtering,
Cope et al., [71] used the following equation to represent the difference of two circular Gaussians:
2
2
1
βcs −(r2 )/(2σs2 )
f (x, y) =
e−(r )/(2σc ) −
e
(3)
2
2πσc
2πσs 2
Here r is the radial distancep
from the center of the receptive field and is equal to x2 + y 2 , σc is the center
sigma, σs is the surround sigma, and the parameter βcs
is noted to be the dimensionless ‘balance parameter’ in
their model that has a range between 0 < βcs ≤ 1. They
have explained that the total volume of f is 1−βcs , and
f is said to be balanced if βcs = 1 (results in a zero total
volume of the filter).
In our model, we have used simple circular DoG filters with zero total volume in the sense of [71]. These
are thus perfectly ‘balanced’, and we refer to these filters as ‘normalized DoGs’. The condition 0 < σc < σs
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ensures that the regions of excitation is positioned in
the center and therefore surrounded by the inhibition
region of the surround Gaussian.
For an input image I(x, y) with non-negative values,
the DoG filters actually map the input pattern I to
output pattern O, using a ‘convolution operator’ [72]:
Z
O(σc , σs , ) =
fDoG (σc , σs , )I(x, y)dxdy
(4)
RR

For a 2D signal such as image I, the DoG output
modelling the retinal ganglion cell responses with center
surround organization in our implementation is given
by:
1 −(x2 +y2 )/(2σ2 )
Γσ,sσ (x, y) = I ∗
e
−
2πσ 2
2
2
2 2
1
e−(x +y )/(2s σ )
(5)
I∗
2πsσ 2
where x and y are the distance from the origin in the
horizontal and vertical axes respectively and σ is the
standard deviation/scale of the center Gaussian (σc ).
This is exactly the same as Eq. (3) considering βcs = 1,
for a normalized/zero total volume filter, and the size
ratio of the center and surround Gaussians. As shown
in Eq. (6), σs indicates the standard deviation (or scale)
of the surround Gaussian (σs = s × σc ). s is referred to
as Surround ratio in our model.
s = σsurround /σcenter = σs /σc

(6)

As indicated in Eq. (5) by increasing the value of
s, we reach a wider area of surround suppression, although the height of the surround Gaussian declines.
We also tested a broader range of Surround ratio from
1.4 to 8 but this made little difference to our results. For
modelling the receptive field of retinal ganglion cells,
DoG filtering [17, 18] is a good approximation of LoG,
if the ratio of dispersion of center to surround is close to
1.6 [9,26] (s = 1.6 ≈ ϕ, the ubiquitous ‘Golden Ratio’).
In addition to the s factor, the filter size is another
parameter to be considered in the model. The DoG is
only applied within a window in which the value of
both Gaussians are insignificant outside the window
(less than 5% for the surround Gaussian). A parameter
is defined called Window ratio (h) to control window
size. The size is determined based on this parameter
(h) and the scale of the center Gaussian (σc ) as given
in Eq. (7):
windowSize = h × σc + 1

(7)

Parameter h determines how much of each Gaussian
(center and surround) is included inside the DoG filter
(+1 as given in Eq. (7) guarantees a symmetric filter).
Variations of DoGs have been tested with different values of h (2 ≤ h ≤ 12) while keeping σc and s constant.

For the experimental results, in order to capture both
excitation and inhibition effects, the Window ratio (h)
is set to 8 in this paper.
A sample DoG filter is shown in Fig. 2(a) for scale
σc = 8 and for the values of s = 2, h = 8. For more
clarity, the center and surround Gaussians have been
displayed in separate 2D-graphs in part (b) of the figure. Fig. 2(c) shows the relationship between the scale
of the center Gaussian in our model and the filter sizes
at each scale that are defined based on Eq. (7) and the
characteristics of the pattern.
A sample DoG edge map of a Tile Illusion is shown
in Fig. 3. The DoG is highly sensitive to spots of matching size, but is also responsive to lines of appropriate
thickness and to contrast edges. A cropped section of
the Trampoline pattern [75] was selected as an input
image (84×84px). The edge map is shown at five different scales, σc = 0.5, 1.0, 1.5, 2.0 and 2.5 to capture
important features from the image (this is related to
the texture/object sizes in the pattern and by applying
Eq. (7); we can determine a proper range for σc in the
model for any arbitrary pattern). The DoG filters in
the figure are shown in the jetwhite colormap [74].
Scale invariant processing in general is not sensitive
to the exact parameter setting; ideally the model’s parameters should be set in a way that, at fine scales, they
capture high frequency texture details and at coarse
scales, the kernel has appropriate size relative to the objects within the scene. The appearance of the Twisted
Cord elements has previously been shown as the filtered
output after either DoG or LoG on a Café Wall image at
specific filter sizes (scales) [6,9]. We used a DoG derived
model [19, 20, 23, 24] that highlights the perception of
divergence and convergence of mortar lines in the “Café
Wall” illusion. We show that the model is capable of revealing the illusory cues in the pattern qualitatively, as
well as allowing us to measure the strength and orientation of the tilt effect quantitatively in a wide range
of Café Wall patterns.

2.2 Edge map at multiple scales
The DoG transformation, modelling retinal ganglion
cell (RGC) responses, creates an edge map representation at multiple scales for the pattern, consisting of
a set of tilted line segments for the Café Wall stimulus [19, 20, 23, 24] at its fine scales, noted as Twisted
Cord elements in the literature [6,11,12]. Then for quantitative measurement of tilt angles in the edge map
to compare them with the tilt perceived by a human
observer, we embed the DoG model in a processing
pipeline using Hough space [20,21](details in Appendix
A).
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Fig. 2 (a) 3D surface representation of Difference of Gaussian filters with standard deviations as σc = 8 and σs = 16 (Surround
ratio is 2.0), displayed in jetwhite colormap [74]. (b) 2D representation of the center and surround Gaussians for scale σc = 8
and non-critical parameters of the model at s = 2 and h = 8 (Surround and Window ratios respectively). (c) The relationship
between the scale of a DoG filter and the filter size, based on Eq. (7).

Fig. 3 DoG edge map of a cropped section of the Trampoline pattern [75] as a sample Tile Illusion with the tile sizes of
84×84px. The scales of DoG filters are σc = 0.5, 1.0, 1.5, 2.0, 2.5 to detect the important features in the pattern. Other
parameters of the model are: s = 2, and h = 8 (Surround and Window ratios respectively).

The most fundamental parameter in the model is
the scale of the center Gaussian (σc ). Defining the scales
in our model is highly correlated with characteristics
of the pattern and its features, in particular the mortar lines and tile sizes in the Café Wall pattern. Based
on the fixed parameters of the Surround and Window
ratios, relative to σc (s = 2 and h = 8) and the pattern characteristics, an illustrative range for σc to de-

tect both mortar information and tiles is a range of
0.5M = 4px to 3.5M = 28px (refer to Eq. (7)). At scale
28 the DoG filter has a size of 8 × σc = 8 × 28 = 224,
close to Tile size= 200px. Increasing the scale from this
point results in a very distorted edge map, due to the
DoG averaging and the filter size. We have selected incremental steps of 0.5M between scales. This allows for
the extraction of both mortar lines (at fine scales) and
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the Café Wall tiles (at coarse scales) in the edge map, as
well as revealing the tilt cues and different perceptual
groupings [24] at multiple scales through the gradual
increase of the DoG scales. So the output of the model
is a DoG edge map at multiple scales for any arbitrary
pattern.
Since we have used normalized Gaussians in our
model (Section 2.1), the curve between the center and
surround Gaussians in the DoG filter shows the activation response and that the surround Gaussian intersects
the center Gaussian at its inflection points (for the 2.0
ratio). Therefore, σc = 4 in our model corresponds to
a filter in which the mortar size of 8px lies within one
standard deviation (σc ) away from the mean of the filter, so we are able to detect the mortar lines with high
accuracy in the filtered response. Accordingly, the tilts
detected near the horizontal at σc = 4 in the quantitative tilt results (Appendix C) show the prediction of
tilt angles in the foveal vision with high acuity in the
center of our current gaze direction. We explain how
to measure the slope of the detected tilted lines in the
DoG edge maps in Appendix A.
For a thorough investigation of tilt, we need to consider not just the horizontal mean tilts detected by our
model from the edge maps at scale σc = 4 that reflect
the ‘foveal tilt effect’ (shown in red boxes in Figs C1,
C2), but also other features from the edge maps and
the predicted tilts described in the following.
One of the main scientific contributions of this study
is to show a very important correlation that exists between the strength of the tilt effect in the Café Wall
illusion and the persistence of mortar cues in the edge
maps across multiple scales of the DoGs. We argue that
the ‘persistence of mortar cues’ (PMC) plays a major
role in determining how strongly we perceive the induced tilt in the Café Wall illusion. Fig. 5 shows the
edge map for one of the stimulus tested (M L = 0.50
in Mortar-Luminance variations). The PMC feature reflects the appearance of tilt and the generation of the
Twisted Cord elements in the edge map of the Café
Wall pattern that begins to emerge at scale 4 (σc = 4)
and persists till scale 16 (σc = 16). In the next section, we will explain more about this feature, which we
called PMC, and the information we can extract from
the edge maps (Section 3.1.2).

2.3 Patterns Investigated
To evaluate the tilts predicted by the model and to
find out how close these predictions are to reported
psychophysical experiments in the literature, we generated different variations of the Café Wall pattern similar to the previously tested ones. All the generated
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patterns have the same configuration (number of rows
and columns of tiles) as Café Walls of 3×8 tiles with
200×200px tiles as given in Fig. 4. The patterns investigated include Mortar-Luminance (ML) variations in
which the mortar lines have a relative luminance in the
range of Black (ML = 0.00) to White (ML = 1.00), and
three shades of Grey in between Black and White (0.25,
0.50 and 0.75).
We also investigate Mortar-Width (MW ) variations, ranging from no mortar lines (MW = 0px)
through MW = 4, 8, 16, 32 and 64px.
The bottom of Fig. 4 show three patterns involving tiles with two shades of Grey (0.25 and 0.75) separated by mortar with one of three levels of luminance
(0, 0.5, 1), and below that two variations showing different degrees of displacement (phase shifts of 1/3 and
1/5), and finally a mirrored image (Direction Change)
used to demonstrate that predicted tilts of the pattern
reverses as expected and a hollow square version that
is used as an extreme case.

3 Experimental Results
The tilt perception in the Café Wall pattern is not only
affected by the foveal and peripheral view of the pattern
[20–22], but also by the pattern characteristics such as
mortar luminance, size, phase of tile displacement, tiles
contrast and so forth. We analyse the effect of these
parameters on the magnitude and orientation of the tilt
effect in eighteen different variations of the Café Wall
pattern (Fig. 4).

3.1 Mortar Luminance variations
3.1.1 Pattern Characteristics
The patterns under investigation are five variations
given in Fig. 4-top. These patterns are Café Walls
with 200×200px tiles (T ) and 8px mortar (M ). To
generate the samples, we have used a value that can
be interpreted as ‘reflectance’ (viewed printed) or
‘relative luminance (viewed on screen) to represent
grey levels in the range [0,1]. Together with ambient
direct and indirect illumination, these combine to give
a subjective effect of relative brightness. Kingdom [36]
defines ‘brightness’ as the perceptual correlate of the
perceived luminance. Blakeslee and McCourt [77]
explain that ‘luminance’ is the physical intensity of
a stimulus and that in achromatic vision, we see
patterns of varying luminance, in which the judgement
of ‘brightness’, ‘lightness’ and ‘contrast’ would be
identical in this case. In this paper we refer to the grey
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Fig. 4 Patterns investigated. All the variations are Café Walls of 3×8 tiles with 200×200px tiles. Top: ‘Mortar Luminance’
(ML) variations from Black (ML = 0.00) to White (ML = 1.00) mortars, and three shades of Grey in between the Black and
White (ML = 0.25, 0.50, and 0.75). Middle: ‘Mortar Width’ (MW ) variations, from no mortar lines (MW = 0) and MW = 4,
8, 16, 32, 64px patterns (*: The original Café Wall with Black and White tiles, the mortar of intermediate luminance between
the luminance of the tiles, and the mortar-width= 8px in our samples). Bottom: ‘Significant variations’ investigated from
Grey-Tiles with three luminance levels for mortar lines, below, between, or above the luminance of tiles, then phase of tile
displacement for shifts of 1/3 and 1/5 of a tile between consecutive rows of the Café Wall, and finally mirrored image (Direction
Change) inducing opposite direction of tilt as well as the Hollow Square pattern. Reproduced by permission from [25].

Fig. 5 The binary DoG edge map at seven scales (σc = 4, 8, 12, 16, 20, 24, 28) for the variation of ML = 0.50 (200×200px
tiles and 8px mortar). The edge map has been overlayed by Hough lines displayed in green (See Appendix A for the procedure
behind the extraction of the Hough lines).
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level of mortar lines as simply ‘luminance’, and denote
Mortar Luminance with ML for an easier referral to
this pattern characteristic in the rest of this paper.
By looking at the Mortar-Luminance variations, we
see very minor tilt effects for the Black (ML = 0.00; the
Munsterberg pattern) and White (ML = 1.00) mortar
patterns, compared to the Grey mortar variations (with
three luminance levels: ML = 0.25, 0.50, 0.75) and we
investigate the predicted tilts by our model for these
patterns.

3.1.2 DoG Edge Maps and Quantitative Tilt Results
The binary DoG edge map at seven scales for ML =
0.50 in this category is given in Fig. 5. The range of
DoG scales starts from 0.5M = 4px and continues to
3.5M = 28px with incremental steps of 0.5M (σc = 4,
8, 12, 16, 20, 24, 28; Section 2.2). The edge map has
been overlayed by Hough lines displayed in green (check
Appendix B-Fig. B1 for a complete set of edge maps
for these patterns with the overlayed Hough lines. Blue
lines indicate the longest lines detected). Note that for
the detection of near horizontal tilted line segments, as
the perceived mortar lines in the Café Wall illusion, the
DoG scale should be close to the mortar size, σc ∼ M =
8px [20, 21]. We suggest that σc = 4 is appropriate for
predicting the foveal tilt effect and σc = 8 for predicting
the tilt at the edge of the image in the periphery of
the retina. Comparing the edge maps at coarse scales
(σc = 20, 24, 28) shows very similar DoG outputs in
most the variations tested. This is because, at the coarse
scales, the scale of the DoG is large enough to capture
the tile information.
The difference between the DoG edge maps of the
investigated patterns is mainly at fine to medium scales
(σc = 4, 8, 12, 16). As shown in Fig. 5 at scale 16, we
see a transient state between detecting near horizontal
tilted line segments connecting tiles with the Twisted
Cord elements along the mortar lines, to zigzag vertical
grouping of tiles at the coarse scales, in a completely
opposite direction. At this scale, we still see some mortar cues left in the edge map of this stimulus, while in
others, those mortar cues completely disappear.
A key factor in making a predictive model for the
illusory tilt in the Café Wall pattern is to consider essential visual cues that contribute to our perception of
tilt in this illusion. We show that one of these informative cues for a correct prediction of tilt here is the
persistence of mortar cues (PMC) in the edge maps
across multiple scales. For the prediction of the illusory
tilt along the mortar lines, we mainly consider the near
horizontal tilts at fine to medium scales of the edge
maps.
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To predict the tilt effect in the Café Wall illusion,
we need to investigate both the ‘edge maps’ and the
‘detected tilt angles’ across multiple scales of the edge
maps. As given in Appendix C, we use the predicted
mean tilts in the edge maps to extract the foveal tilt
effects (we called FTE) which is the detected tilt angles at scale 4 (σc = 4, highlighted in red in Figs C1,
C2), and also the range of detected tilt angles at fine to
medium scales (highlighted in blue boxes). Also from
the DoG edge maps (Appendix B), we specify the persistence of mortar cues (PMC) across multiple scales.
If no mortar cues are detected in the edge maps at
scale 4, and similarly no Hough lines are detected in
the Hough processing stage (Appendix C), then we set
the PMC feature to None and the foveal tilt angle to
zero (F T E = 0.0◦ ). If the PMC lasts till scale 8, the
PMC is set to ML (Medium-Low). If the PMC continues till the next scale (σc = 12), we set the PMC
value to M (Medium), and for strong tilt effects with
long-lasting PMCs reaching scale 16, we set the PMC
to MH (Medium-High). Above this scale (σc > 16), if
the PMC continues from medium to coarse scales, we
set this feature to H (High).
To extract the PMC feature, an easy option is to
use the mean tilts provided in Figs C1, C2 (instead of
checking the edge maps given in Appendix B). For this,
we should consider the range of scales from σc = 4 till
the scale with maximum mean tilt. For a scale to be
considered with a maximum tilt angle, the minimum
increment of tilt from the previous scale should be at
least 1◦ . We highlight the range of mean tilts in blue
boxes in these figures that also indicate the range of
corresponding scales for evaluating the PMCs in the
Café Walls tested (for samples with no detected Hough
lines at scale 4, the PMC is set to None and the FTE
to 0.0◦ ).
Fig. 6 shows the predicted tilt results for these variations in Grey shaded areas, on the right hand side of
each stimulus. This includes the foveal tilt effect (FTE)
at scale 4 of the edge maps along the horizontal, presented in White (from red boxes in Figs C1, C2), as
well as the PMC values, presented in Blue (from the
corresponding range of scales shown by blue boxes in
Figs C1, C2). We will explain later how the PMC values for the Mortar-Width variations will be modified
in relation to the mortar width, as shown in Yellow in
the figure. We have not reflected the range of tilt angles at fine to medium scales in the figure and whenever
it is required for our explanations, we refer to the Appendix (C). We have rounded up the mean tilts to one
decimal point and eliminated the standard errors of calculations by considering only the horizontal deviations
for this figure.

A Predictive Account of Café Wall Illusions Using a Quantitative Model

11

Fig. 6 The summarized output of the model showing the ‘predicted tilt results’ for the illusory tilt effect in the Café Wall
patterns tested (Fig. 4). The results are provided in the Grey shaded areas next to each stimulus and on their right hand side.
We have shown the ‘foveal tilt effect’ (FTE) in degrees (White), which is the mean tilt angles predicted by our model at scale
4 of the edge maps. We have also presented a ‘qualitative feature’ we called ‘persistence of mortar cues’ (PMC) that indicates
the strength of the tilt effect in these patterns (Blue), and their modified/corrected versions for the Mortar-Width variations
(Yellow ). The PMC feature can have values of None, L: Low, ML: Medium-Low, M : Medium, MH : Medium-High and H :
High, based on how strongly the mortar cues are presented in the DoG edge maps and across multiple scales.

As the mean tilts in Fig. C1 show, there are no near
horizontal lines detected at any of the DoG scales in
the Munsterberg pattern (ML = 0.00). Based on the
predicted tilt result shown in Fig. 6 (top-section) with
a zero foveal tilt effect (F T E = 0.0◦ ) and a None PMC
value, we note that there is no tilt illusion in the Munsterberg pattern (ML = 0.00). For the White mortar
variation, there are no detected lines at the finest scale
(σc = 4) similar to the Munsterberg pattern. But a few
lines are detected around 1◦ of horizontal deviation at
the next scale (σc = 8) as per the details are given
in Fig. C1. If there is an illusion in the White mortar

pattern, the tilts predicted by the model are quite negligible. Based on the predicted tilt results in Fig. 6 with
F T E = 0.0◦ and P M C = N one, we conclude that as
with the Black mortar, there is no illusion in the White
mortar variation as well.
For the Dark-Grey (ML = 0.25) and Mid-Grey
(ML = 0.50) mortars, the foveal tilt effects (FTE)
are ∼3.5◦ compared to ∼4.5◦ for the ML = 0.75
(Light-Grey), as shown in Fig. 6. The PMC values
show that we are still able to detect horizontal lines
at scale σc = 16 for two patterns of ML = 0.50 and
ML = 0.75 (P M C = M H), but not for ML = 0.25
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(P M C = M ). Here we need to consider the range of
detected tilt angles at fine to medium scales (Fig. C1)
for a reliable tilt prediction in our investigations. We
note that the range of detected mean tilts is up to 1◦
more for the ML = 0.50 compared to the ML = 0.75
pattern (between ∼3.5◦ to 12◦ compared to ∼4.5◦
to 12◦ at fine to medium scales). This could be an
indication for a stronger tilt effect in the Mid-Grey
pattern compared to the Light-Grey variation. This
supports previous psychophysical findings that the
highest strength for the tilt effect in the Café Wall
illusion is when the luminance of the mortar is in
the intermediate luminance of the tiles [5, 6]. We will
explain later about the vertical and diagonal tilt angles
detected by the model (as given in Figs C1, C2) for
the phase displacement patterns, and here we keep
the focus of our explanations on the tilt effects in the
horizontal direction.

3.2 Mortar Width variations
3.2.1 Pattern Characteristics
The variations of Mortar-Width are shown in Fig. 4
and are denoted with MW for easier referral to this
pattern characteristic. We investigate following samples
from the Mortar-Width category: MW = 0, 4, 8, 16, 32,
64px. It has been reported that by increasing the mortar
width, an inverse of the Café Wall illusion happens [9],
which is discussed here.
3.2.2 DoG Edge Maps and Quantitative Tilt Results
Since the mortar widths are different in these variations
while the tile sizes are the same, we have selected a
pattern with mid-size mortar width, MW = 8px as a
base, to define the scales of the DoG edge maps for these
variations. So considering the mortar size of 8px (the
DoG scales vary from 0.5M to 3.5M with incremental
steps of 0.5M ), the appropriate scales are σc = 4, 8, 12,
16, 20, 24, 28 which we use for all the Mortar-Width
variations. Fig. 7 shows the DoG edge maps at seven
scales in the jetwhite colormap for the MW = 16, 32
and 64px patterns (thick mortar lines). For a complete
set of the DoG edge maps for these variations at fine
to medium scales please refer to Appendix B (Figs B2,
B3).
As explained before, and due to the same sized tiles
for all of the investigated patterns, the coarsest scales
(σc = 24, 28) show very similar DoG outputs. However,
we see some substantial changes in the last two variations of very thick mortar lines (MW = 32, 64px) at
these scales. The cues of mortar lines are still available
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for the MW = 64px pattern even at scale σc = 28, but
since no lines are detected at σc = 4, the PMC value in
Fig. 6 is set to None for this pattern. The mortar in two
patterns of MW = 32, 64px is quite thick, wide enough
to separate the tiles completely, and our only perception when viewing these patterns, are the changes of
brightness along the mortar lines. The Brightness Induction can be seen more clearly on the jetwhite colormap representations of the edge maps in Fig. 7 (also
this can be seen in Fig. B4 in the binary edge maps).
These brightness artifacts can be seen at scales 8 and
12 for the MW = 32px pattern and at scales 12, 16 and
20 for the MW = 64px. We want to emphasize that
this is how ‘Brightness Induction’ connects to the ‘Tilt
Effect’ in the Café Wall illusion and our explanation of
illusory tilt. It becomes more apparent from Figs B3, 7
that before the stages of Brightness Induction, we see
breakage of the Twisted Cord elements into two parallel
line segments at finer scales of the edge maps (at σc = 4
for MW = 32px and at σc = 4, 8 for MW = 64px). At
these scales, the directions of groupings of identically
coloured tiles are not as clear as they were in other
patterns with thinner mortar lines (comparing Figs B2,
B3). We refer to this effect as ‘Enlarged Twisted Cord’.
The directions of these brightness changes are similar
to what is detected at their fine DoG scales. The thick
mortar variations have a strong brightness induction,
but not a strong tilt effect.
In the literature it has been shown that when the
diameter of the DoG operator is larger than the mortar
width, an opposite phase brightness induction appears
[78]. This has been reported as a Reverse of Café Wall
illusion by Earle and Maskell [9]. Lulich and Stevens [79]
also reported: “a reversal of the traditional Café Wall
effect that is dependent upon mortar width” (p. 428).
The ‘Reversed Twister Cord’ in thick mortar variations
of the pattern is also called ‘Twisted Rope’ [9] with an
opposite direction to the Twisted Cord elements along
mortar lines to distinguish these two. The term ‘Enlarged Twisted Cord’ emphasizes the continuity with
the Twisted Cord unlike the usage of Twisted Rope by
Earle and Maskell [9]. They note that the effect of Reversed Twisted Cord occurs for a limited range of spatial frequency that is acting as bandpass filters. Outside this limit, the Twisted Cord elements break into
two parallel segments aligned with the mortar lines [9],
and thus no Twisted Cord elements are presented. The
breakage of Twisted Cords have been shown in the
edge map representation explained above for MW = 32,
64px. The brightness induction observed and explained
here is also consistent with Morgan and Moulden’s conclusion [6] that the effect is a consequence of Bandpass
filtering.
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Fig. 7 DoG edge maps at seven scales (σc ) for the thick mortar variations of MW = 16, 32, and 64px, displayed in the
jetwhite colormap [74]. This figure highlights the connection between the ‘tilt effect’ and the ’brightness induction’ in the Café
Wall illusions. This also shows how the Twisted Cord elements splits into two line segments and the underlying tilt effect and
its direction in the thick mortar variations. The other DoG parameters of the model are s = 2 and h = 8 for the Surround and
Window ratios respectively. Reproduced by permission from [25].

Lulich and Stevens [79] note that by increasing mortar width the induced tilt along the mortar is further
diminished and disappears when the mortar width is
about twice the size of the DoG operator. In our results, the diminishing of the tilt cues can be viewed for
the MW = 8px pattern at scale 16 of the edge map,
but varies in other samples, with a higher range for
the MW = 4px, and a much lower range for the thicker
mortar lines (from the MW = 16px upwards). The scale
of the DoG edge maps in the Mortar-Width variations
does not directly relate to the mortar width of each individual stimulus in this class. This certainly affects our
evaluations for the PMC feature for these patterns.
We should note that for the very thick mortar patterns (MW = 32, 64px), if the PMC feature is extracted
from the DoG edge maps (Figs B3, B4), we get a different value compared to using the mean tilt tables (Fig.
C1). Therefore for this we use the detected mean tilts

as specified in Section 3.1.2. As explained before, we
should consider a scale with maximum tilt angle considering that the minimum increment of tilt from the
previous scale is at least 1.0◦ . These PMC values are
shown in Blue in Fig. 6 and we will explain later the
necessity for modifying the PMC values in the MortarWidth variations.
As shown in Fig. C1, there are no detected Hough
lines around the horizontal orientation at any scales for
MW = 0px. Here, the only grouping of pattern features
that can be seen in the edge map across multiple scales
are the zigzag vertical groupings of tiles (Figs B2, C1).
Thus based on the predicted tilt results shown in Fig.
6 (middle-section) with a 0.0◦ FET and a None PMC,
we conclude that there is no tilt illusion in this pattern.
The foveal tilt effects (FTE) for the Mortar-Width
variations as shown in Fig. 6 indicate that by increasing mortar width from 4px to 32px, there will be an

■ 432

14

increase of the detected tilt angles from approximately
3.3◦ in the MW = 4px pattern to roughly 5.8◦ in the
MW = 32px variation. After this point we reach a 0.0◦
FTE and a None PMC value for the MW = 64px. The
reason for detecting larger tilt angles in the edge maps
of thick mortar variations is that due to positioning
thick mortars in between the shifted rows of tiles, the
space between the same coloured tiles with the inducing
tilt effect from the Twisted Cord elements increases as
the the mortar width increases. This results in larger
tilt angles that are correctly predicted by the model.
This can be seen clearly in Figs B3, B4 and 7. This
supports previous findings that in Café Wall patterns
with thick mortar, the tilt inducing bands of Twisted
Cords appear at a steeper angle to the horizontal compared to thinner mortar [79].
For the thickest mortar variation (MW = 64px)
with the PMC value of None and a 0.0◦ foveal tilt,
we can conclude that there is no tilt effect in the pattern. The range of mean tilts of the thick mortars are
larger than the range of horizontal mean tilts in the
thinner mortar variations at fine to medium scales of
the DoGs (which is ∼3.5◦ - 9◦ in the MW = 4px, ∼3.5◦ 12◦ in the MW = 8px and ∼5◦ - 14◦ in the MW = 16
and 32px patterns). When we compare the tilt effect
in MW = 64px pattern with the thinner mortar variations such as the MW = 8px, we see that the tilt effect
is very weak here and we see dominant brightness induction on the mortars. Checking the edge maps of the
patterns with the overlayed Hough lines in Fig. B3 reveals that at scales 12 and 16, we have both negative
and positive tilt angles detected along each mortar line.
This also can be seen in the edge map of MW = 32px
at σc = 8. In the real vision, these contradictory tilts
tend to cancel each other and result in a lower tilt range
than the predicted tilt results.
As shown in Fig. 6, the PMC values for the thick
mortar variations for MW = 16, 32px are M and MH
respectively, and the foveal tilt effects are the largest tilt
angles detected in our samples. Despite these results,
we do not see a strong tilt effect in them compared to
the MW = 4, 8px. We will investigate further the very
thick mortar variations in the next section to address
this issue and to show how we are going to modify the
PMC values for these variations to obtain a reliable tilt
prediction.
3.2.3 Very Thick mortar variations
In the experiments reported so far, we have assumed
the common hypothesis that for detection of near horizontal tilted line segments along mortar lines or the
appearance of Twisted Cord elements in the literature,
the DoG scale (σc ) should be close to the mortar size (σc
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∼M ) [6, 20–23, 79]. We show now that this is not precisely true when mortar size exceeds 16px in our samples (the Café Wall stimuli have tiles of 200×200px).
For two patterns of MW = 32 and 64px this hypothesis
is not valid. We show here that the mortar cues have
completely disappeared in the DoG edge maps of these
patterns at scales much smaller than the mortar size
(see Figs 7, B4).
For very thick mortar variations (MW = 32, 64px),
we found that in the defined range of scales for the
DoGs, the mortar cues still exist at scale 28. In addition,
we have detected brightness induction in the DoG edge
maps of these variations, much stronger than patterns
with thinner mortar lines although the perception of
tilt in these variations is very weak. To predict the tilts
in these variations based on the summarized features in
Fig. 6, we see that despite our perception of weak tilt
effect, the prediction solely upon the FTE shows strong
tilts. The FTE actually shows the angles related to the
appearance of the Twisted Cord elements in the edge
maps and its steeper angles for the thick mortars is being supported by previous reports [79] (Section 3.2.2).
As indicated in Figs 7 and B4 for the MW = 64px
pattern, we have mortar cues at scale 28 and a large
deviation from the horizontal at this scale along the
mortar lines. The zigzag vertical grouping of tiles which
appeared clearly at coarse scales of the DoG edge maps
for the MW = 16 and 32px patterns are not shown
for the MW = 64px pattern in the predefined range of
DoG scales. So we have examined a few scales above 28
for these patterns, and gathered some of the important
results in Fig. B4 in an extended range of scales for
the edge maps. We see a change of groupings of tiles
from the near horizontal to the zigzag vertical at scale
24 for the MW = 16px pattern, and at scale 32 for
the MW = 32px pattern, this happens around scale
48 for the MW = 64px (The emergence of the zigzag
vertical groupings of tiles are highly correlated to the
PMC feature).
The other thing worth mentioning from Fig. B4 is
that the mortar lines are detectable at scale 16 (σc =
M ) for the MW = 16px pattern, but not at scale 32
(σc = M ) for the MW = 32px pattern (they are detected at scale 24). There are no mortar cues available
at scale σc = 64 = M with the MW = 64px. In the edge
map, the mortar cues exist till scale 32 (σc = 32) and
then disappear at coarse scales, with a filter size of half
the mortar lines! This might be an indication for a very
weak tilt effect, if there is any, for the MW = 32 and
64px patterns compared to the MW = 16px variation,
despite the PMC values presented for them in Fig. 6 as
M and MH respectively.
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If we look back to the edge map of MW = 8px
pattern (Fig. B2), we see the mortar cues are not only
detectable at scale 8 (σc = M ), but also at the following
two scales (σc = 12, 16). The PMC value of MH for this
pattern (Fig. 6) shows this. Comparing two variations
of MW = 8px with MW = 16px (Figs B2, B3), we
see that for the MW = 16px pattern, the mortar cues
disappear in just one scale after the mortar size (at σc =
20) except for very small dots in their place. Therefore,
similar to the MW = 8px, the PMC value for the MW =
16px is also MH, but why the perceived tilt effect is
weaker? For the very thin mortar (MW = 4px-Fig. B2),
the edge map shows persistent mortar cues from the
finest scale (σc = 4 = M ) till scale 12 and the PMC
was set to M in Fig. 6 (in Blue) although we see a very
strong tilt effect in this pattern. Therefore, to keep this
feature as a reliable indicator for the strength of the
tilt effect, we need to modify the PMC values for the
Mortar-Width variations.
Using the same set of DoG scales for all the MortarWidth variations to utilize the same set of Hough parameters for detecting tilt angles, resulted in unreliable PMC values for these stimuli. If we consider a
proper range for the PMC feature in relation to the
width of the mortar, then this problem will be fixed.
For MW = 4px, the mortar cues last till scale 12 and
this is actually three times of the mortar width in this
pattern. Therefore, the PMC feature should be considered H (Yellow - modified) instead of M (Blue). The
reason is that the PMC for the MW = 4px is even
stronger than the PMC for the MW = 8px, that only
last till scale σc = 16 which is twice of the mortar size
in the MW = 8px pattern. We have modified the PMC
values in Fig. 6 with Yellow colour considering the relation of the PMC to the mortar size for the MortarWidth variations (and by comparing the PMC feature
of these variations with the original Café Wall pattern).
By checking the modified PMC values (Yellow ) for the
Mortar-Width variations, we can see that the problem
of overestimation of the PMC values for the thick mortar lines (MW = 16, 32px), as well as the underestimation of the PMC value for a very thin mortar line
(MW = 4px), are now resolved based on this strategy.
Our DoG edge map representation supports the previous findings that the strongest tilt effect in the Café
Wall illusion occurs with the thin mortar lines (MW =
4px with P M C = H and then 8px with P M C = M H
in our samples). Also, the edge map at multiple scales
reveals the underlying cues involved in thick mortar
variations of the Café Wall illusion and indicates how
the tilt effect degrades here while the brightness induction increases in these patterns. Our model seems to be
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a good fit for our biological understanding of the early
stages of vision.

3.3 Significant Variations of the Pattern
One of the main factors in illusions is the brightness
or lightness of the elements, and it is important to see
whether the precise shade of squares is a significant
factor. We have also checked removing the cell shades
completely to verify that the illusion disappears. Similarly the illusions shown have all been based on 1/2
shift of tiles. This raises the question of how differently
these shifts effect the illusion. These patterns are shown
at the bottom of Fig. 4 which contains Grey Tiles variations, Phase of tile displacement, mirrored image and
Hollow Square.
3.3.1 Grey Tiles variations
Grey-Tiles are variations of Café Wall patterns with
lower contrasted tiles, in which instead of the Black
and White tiles with maximum contrast, the tiles here
are two shades of Grey. The relative luminance of tiles
in these variations are equal to 0.25 for Dark-Grey and
0.75 for Light-Grey). So in these variations the luminance contrast between the tiles is half of the luminance contrast of the original Café Wall pattern with
the Black and White tiles. The mortar lines have one
of the three levels of luminance here, either below, between, or above the luminance of both of the Grey
tiles selected as ML = 0.00 (Black), 0.50 (Mid-Grey),
and 1.00 (White). The foveal tilt effects (FTEs) and
the PMC values for these variations are extracted from
Fig. C2, similar to the previously investigated patterns
shown in Fig. 6.
For the Black mortar pattern (ML = 0.00), the
foveal tilt effect is much lower than the original Café
Wall, and close to the ML = 1.00. This is less than
1◦ for ML = 0.00 and 1.00 (Black and White mortar) and ∼2.5◦ for Mid-Grey mortar. Although for the
Grey-Tiles, the FTEs are smaller than the majority of
the other variations tested with high contrasted tiles
of Black and White, their PMC features are M to H
(M for ML = 0.00, 0.50 and H for ML = 1.00). It
has been reported that the strength of illusion in low
contrasted tile variations of the pattern is less than the
original Café Wall with high contrasted tiles [4,6]. Here
we need to check the range of detected tilt angles at
fine to medium scales to address the overall tilt effect
in these patterns. Fig. C2 shows that the range of detected tilt angles for ML = 0.50 is between 2.5◦ to 7.5◦
(compared to 3.5◦ to 12◦ in the original Café Wall),
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that is a good indication for a weak tilt effect. Therefore checking the range of mean tilt angles (at fine to
medium scales) seems to be essential in some cases to
lead us towards a reliable prediction for the tilt effect
in the Café Wall illusion. Again for the ML = 1.00, we
find a lower range for the predicted mean tilts at fine to
medium scales, indicating a weak tilt effect compared
to the original Café Wall pattern.
Gregory and Heard [4] noted that the effect depends
critically on the luminance and that it disappears if
the mortar line is either brighter than the light tiles,
or dimmer than the dark ones, and our results support
these psychophysical findings. Also it has been reported
that Café Walls with lower contrasted tiles need thinner mortar lines to have the same degree of apparent
convergence/divergence in the illusion percept [4]. This
has not yet been tested by our model (But for MortarWidth variations with contrast luminance of one unit
for the tiles we have illustrated that patterns with thinner mortar lines produce a wider range of tilt angles
indicating stronger tilt effect-Section 3.2).
3.3.2 Phase displacement effect on detected tilt
Two more patterns are generated based on two different
phase of tile displacements with more details as follows.
The phase of tile displacement is the amount of tile
shift between consecutive rows in the Café Wall pattern.
One of these patterns has a phase shift of 1/3 (shift of
1/3rd of a tile) and the other one a phase shift of 1/5.
Since there is no near horizontal line detected along
the mortar at the finest scale for the shift of 1/5 of
a tile, we set the PMC feature to None and the FTE
to 0.0◦ (refer to Sections 3.1.2). For the phase shift of
1/3, the foveal tilt effect is 4.0◦ and the PMC feature
is M. Checking the mean tilts at fine to medium scales
(σc = 4, 8, 12-Fig. C2) for the phase shift of 1/3 with
the original Café Wall pattern shows that we can detect
a lower range of mean tilts which is ∼4◦ -9.5◦ compared
to ∼3.5◦ -12◦ , that highlights again a weaker tilt effect
in this pattern compared to the original Café Wall.
Now, we explain the effect of ‘vertical and diagonal
mean tilts’ in these variations as an example in between
our samples in this section and leave similar investigations for the rest of the patterns to the reader. As shown
in Fig. C2, the vertical mean tilts is much smaller in the
pattern with the phase shift of 1/5 around 2.5◦ -3.5◦ at
different scales. It is slightly higher in the phase shift
of 1/3 (∼4◦ -6◦ ); recall that for the near vertical and
diagonal tilts, we should consider coarse scale DoGs in
our model; σc > 16. Checking the edge maps in Fig.
B6 shows that the vertical grouping of tiles appears at
scale 8 in the two variations of tile shift displacement
compared to scale 12 and even 16 in the original Café
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Wall pattern. This is a good indication of a weaker tilt
effect along the mortar lines in these variations compared to the original Café Wall because the tilt cues
are more persistent along mortar lines at fine to medium
scales in the original Café Wall pattern (P M C = MH
in Fig. 6). In addition, we see sharper vertical lines
with less deviation from the vertical in the phase shift
of 1/5, highlighting the vertical grouping of tiles that
emerges at smaller scales. The near diagonal mean tilts
for these two patterns (phase shifts of 1/3 and 1/5) are
more than 3◦ lower than the predicted tilt ranges along
the diagonal axes compared to the original Café Wall
(∼9.5◦ compared to ∼12.5◦ -13.5◦ -Fig. C2). Our results
are consistent with previous reports that the tilt effect
is maximal with a phase shift of half a cycle between
consecutive rows and minimal or no distortion when it
is in a checkerboard phase [5].

3.3.3 Tilt effect direction and Hollow Square pattern
The last two patterns we investigate in this work are the
mirrored image and the variation of the Hollow Square
that are shown at the bottom of Fig. 4. The mirrored
image of the original Café Wall pattern (which is the
mirrored image of either ML = 0.50 or MW = 8px,
asterisked in figure) results in an opposite direction of
induced tilt. This version is referred to as the Direction Change variation of the Café Wall in the figures.
The final pattern we consider is the Hollow Square pattern [10, 11], which consists of hollow tiles with the
same size of the Café Wall tiles. The outlines of tiles
are thinner than the mortar size but the border thickness of these hollow tiles produces a roughly similar
size to the mortar size of 8px in the Café Wall pattern,
since two hollow tiles are adjacent to each other. If the
outlines of the hollow squares are thickened in this version, we ultimately reach a similar pattern to the Café
Wall without any mortar lines [10]. As shown in Fig.
6 (bottom-section) for the Direction Change pattern
(Mirrored Image), the foveal tilt effect (FTE) is quite
similar to the original Café Wall pattern. Even the near
horizontal tilt range is quite similar to the original Café
Wall pattern as shown in Fig. C2, ranging from ∼3.5◦
to 12◦ at fine to medium scales in the edge maps (shown
in Fig. 6 with the PMC value of MH ). The mean tilts
along the vertical and diagonal orientations are again
very similar to the original Café Wall pattern. Slight
changes less than a degree (1◦ ) are in the acceptable
mean tilt range due to the standard errors around 0.5◦ 0.6◦ in the original Café Wall, and this error indicates
that the results are statistically very close to each other
in these two variations. This is what we expected, and
we have shown that the tilt effect has an opposite di-
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Fig. 8 The predicted tilt effects for the Café Walls tested (Fig. 4) that are classified in an ascending order from ‘No illusion’
to ‘Strong tilt effect’ based on the model predictions. The features used on the left hand side of the figure are the foveal tilt
effect (FTE) in degrees and the persistence of mortar cues (PMC) in the range of None, ML, M, MH, H as explained in Fig.
6.

rection of divergence/convergence tilts in the detected
Hough lines (Fig. B7).
The last pattern we consider is the Hollow Square.
Comparing the foveal tilt effect for the Hollow Square
(Fig. 6) with the original Café Wall pattern shows that
the FTE is negligible (< 1◦ ) here compared to 3.5◦
in the original Café Wall pattern. Despite the weak tilt
effect in this pattern, its PMC value is MH that is overestimated. By further investigation of Figs B7, C2, we
found that at scale 4, the mean tilt is quite negligible
(0.5◦ ±0.5) and it is ∼6◦ at scale 8. But what is important to consider is that although the detected lines have
a mean tilt deviation around 6◦ , the lines have both
positive and negative orientations along each mortar

position at σc = 8 (connecting of hollow tiles in rows)
compared to a single tilt orientation (either positive or
negative tilt) for the detected lines along each mortar
in the original Café Wall pattern. In the real vision, at
this transition resolution, these contradictory tilts tend
to cancel each other and result in a lower tilt range than
the predicted tilt results (∼6◦ ).
We suggest that for the investigation of tilt in a
more general class of Tile Illusions, we need to modify
the measurement of tilt angles in the model to be able to
consider the sign of detected angles in the calculations.
Currently, for calculating the mean tilts in the model
(Hough processing stage), we only consider the absolute
values of the detected mean tilts. Among all the varia-
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tions of the Café Walls tested, the Hollow Square and
the very thick mortars of MW = 32 and 64px were the
only patterns with both positive and negative tilt angles detected along the position of each mortar line (at
scales 8 and 12). For the Hollow Square version, it has
been also reported that the decrease of contrast reduces
the apparent tilt of the Hollow Square illusion [10]. This
has not yet been tested by our model.

3.4 Summary for the predicted tilt effects
As shown in Fig. 8, we have classified the tilts predicted
by our model for all the variations tested based on the
strength of the Café Wall illusion. We emphasize that
all the features used for the investigation of tilt in the
illusion (Fig. 6), including the ‘foveal tilt effect’ (FTE),
the ‘persistence of mortar cues’ (PMC) and the ‘range
of detected mean tilts’ at fine to medium scales (Appendix C), are detected by the low- to mid-level model
employed in our study. A systematic approach was designed to classify the tilt effects in the Café Walls tested
that is described in the following:
o If F T E = 0.0◦ and P M C = N one ⇒ ‘No illusion’
(e.g. M L = 0.00, 1.00 in Mortar-Luminance variations and shif t = 1/5tile)
o If F T E is negligible (< 1◦ ), regardless of the P M C
value ⇒ ‘Very Weak’ tilt effect (e.g. M L = 0.00 and
1.00 in the Grey-Tiles patterns)
o If P M C = M L (for F T E > 1◦ ) ⇒ ‘Medium-Low’
tilt effect (e.g. the Thick-mortar variations: M W =
16px, 32px)
o If P M C = M (for F T E > 1◦ ) ⇒ ‘Medium’ strength
tilt effect (e.g. shif t = 1/3tile and M L = 0.25)
o If P M C = M H (for F T E > 1◦ ) ⇒ ‘MediumHigh’ strength tilt effect (e.g. the original
Café Wall: M L = 0.50/M W = 8px and the
DirectionChange/mirrored image)
o If P M C = H (for F T E > 1◦ ) ⇒ ‘Strong’ tilt effect
(here we predicted that the M W = 4px shows the
strongest tilt effect in between our samples)
Therefore, the most substantial factor to detect
‘None’ to ‘Very Weak’ tilt effect is when F T E = 0.0◦
or quite negligible (< 1◦ , such as M L = 1.00 in
the Grey-Tile variations). Otherwise, for the Café
Walls with apparent tilt effects (from weak to strong),
we rely on the P M C feature, as a key indicator to
classify them based on the strength of the illusion. As
previously explained for the Café Walls investigated,
F T E and ‘range of detected mean tilts’ at fine to
medium scales provide additional information to let
us compare the tilt effects in different stimuli. For
instance, in the category of ‘Medium-High’ strength
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tilt effects (Fig. 8), the M L = 0.50/M W = 8px both
indicate the original Café Wall in our samples and
they have similar tilt effects to the ‘Direction Change’
pattern based on the detected features (provided in
Fig. 6). Also, M L = 0.75 has been classified in this
category but the ‘range of detected mean tilts’ for this
pattern shows a weaker tilt effect compared to the
original Café Wall pattern.
We have made quantitative predictions of tilt for a
wide range of conditions, and specifically, the predictions of the strength of illusion as conditions vary. For
the first time, we have early stage vision that makes
quantifiable predictions about a family of illusions.

4 Conclusion
It is increasingly clear that information in the visual
systems is processed at multiple levels of resolution,
perhaps simultaneously, perhaps sequentially in some
sense. We examined the capability of a bioplausible vision model, simulating retinal/cortical simple cells to
address the illusory percept in variations of the Café
Wall pattern. Exploring the tilt effect in the Café Wall
illusion, we have shown that a simple DoG model of
lateral inhibition in retinal/cortical simple cells leads
to the emergence of tilt in the pattern. Our model generates an intermediate representation at multiple scales
that we refer to as an edge map. For the recognition
of a line at a particular angle of tilt, further processing
by orientation selective cells in the retina and/or cortex is assumed [14, 15] but we have exploited an image
processing pipeline for quantitative measurement of tilt
angle using Hough transform. In our study, the possible location of edges in the edge maps is determined by
using the Hough technique. This procedure is closely
related to template matching, generates data concerning curve detection, i.e. line detection in the given solution [72]. The biological evidence for template matching
has been proposed by Hubel and Wiesel [42] that the
mammalian visual system responds to edges based on
a special low-level template matching edge detectors.
A further way where the model should be developed is
to replace the use of the Hough line detection with the
proposed successive layers of biologically plausible neurons, similar to the approach of Von der Malsburg [55].
We have shown in this paper that the DoG edge
map not only shows the emergence of tilt in the Café
Wall illusion but can also explain different degrees of
tilt effect in variations of the Café Wall illusion based
on their characteristics. The qualitative and quantitative tilt results of the Café Wall variations investigated
support previous psychophysical and experimental findings [4–6, 9, 10, 14, 15, 78, 79] on these stimuli.

A Predictive Account of Café Wall Illusions Using a Quantitative Model

We have shown that explanatory models and hypotheses for the Café Wall illusion such as Irradiation, Brightness Induction, and Bandpass filtering appear to share the central mechanism of lateral inhibition that ultimately underlies the tilt effect in this illusory pattern. We further expect that these retinal filter
models will prove to play an important role in higherlevel models of simulating depth and motion processing.
This supports the use of Gaussian Filters and their differences or derivatives in Computer Vision. We have
also shown empirically that this model has a high potential to reveal the underlying mechanism connecting
low-level filtering approaches to mid- and high-level explanations such as ‘Anchoring theory’ and ‘Perceptual
grouping’ [24].
Although we have covered many of the aspects involved in the illusory tilt perceived in variations of the
Café Wall pattern by our model in this work (through
relying on the available psychophysical reports in the
literature), many things are left to be explored. These
include psychophysical experiments as a priority in our
future study to confirm the predictions implicit in our
results, and they are expected to lead us to a more precise multiple scale filtering which is adaptable to the
pattern characteristics.

Appendix

A. Quantitative Measurement of Tilt AnglesAnalysis with Hough
The DoG edge map at seven scales for a cropped section
of a Café Wall pattern with 200×200px Tiles (T ) and
8px Mortar (M ) is shown in Fig. A1, as the output of
the model, revealing the Twisted Cord elements along
the mortar lines. The quantitative tilt measurement includes three stages (Fig. A1), EDGES, HOUGH and
ANALYSIS implemented in MATLAB.
EDGES: At each scale, first the edge map is binarized and then Hough Transform (HT) [76] is applied
which allows us to measure the tilt angles in detected
line segments in the binary edge map. HT uses a twodimensional array called the accumulator (HA ) to store
lines information with quantized values of ρ and θ in its
cells. ρ represents the distance between the line passing
through the edge point, and θ is the counter-clockwise
angle between the normal vector (ρ) and the x-axis,
with the range of [0, π). So based on new parameters
of (ρ, θ) every edge pixel (x, y) in the image space corresponds to a sinusoidal curve in the Hough space as
given by ρ = x.cosθ + y.sinθ.
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HOUGH: All possible lines that could pass through every edge point in the edge map, are accumulated inside
the HA matrix. We are more interested in the detection
of tilt inducing line segments inside the Café Wall pattern. Two MATLAB functions called houghpeaks and
houghlines were employed for this reason. The houghpeaks function finds the peaks in the HA matrix, which
are the dominant line segments. It has parameters of
NumPeaks (maximum number of lines to be detected),
Threshold (threshold value for searching the HA for the
peaks), and NHoodSize (neighborhood suppression size
which is set to zero after the peak is identified). The
houghlines function, however, extracts line segments associated with a particular bin in the HA . It has parameters of FillGap (maximum gap allowed between
two line segments associated with the same Hough bin),
and MinLength (minimum length for merged lines to be
kept). Sample outputs of the HOUGH analysis stage
are presented in Figs B1 to B3, and B5 to B7 for different variations of the Café Wall pattern investigated
(Detected Hough lines are shown in green, displayed on
the binary edge maps).
ANALYSIS: To categorize detected line segments, we
have considered four reference orientations of horizontal (H), vertical (V), positive diagonal (+45◦ , D1), and
negative diagonal (-45◦ , D2). An interval of [-22.5◦ ,
22.5◦ ) around each reference orientation was chosen to
cover the whole space. The information from HOUGH
is saved inside four orientation matrices based on how
close they are to one of these reference orientations for
further tilt analysis. The statistical tilt measurements
of the detected Hough lines in the neighborhood of each
reference orientation is the output of this final stage.
To quantify the mean tilts in the edge maps for
these patterns using the Hough analysis pipeline in our
model, the same set of parameters of Hough are applied for all of these variations, and for every scale of
the edge maps to attain reliable tilt results, which are
comparable between these variations. The fixed Hough
parameters are: NumPeaks= 1000, FillGap= 40px, and
MinLength= 450px.

B. Detected Hough lines on the Edge Maps
The DoG edge maps at multiple scales are presented
here for all the variations tested in this study, in which
the edge maps have been overlayed by the detected
Hough lines displayed in green. Blue lines indicate the
longest lines detected (see Appendix A for the Hough
analysis). The edge maps are shown at 7 scales for the
‘Mortar-Luminance’ variations in Fig. B1. The range
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Fig. A1 Flowchart of the model and analytical tilt processing. Reproduced with permission from [25].

of DoG scales starts from 0.5M = 4px and continues to
3.5M = 28px with incremental steps of 0.5M (σc =4, 8,
12, 16, 20, 24, 28, Section 2.2). Note that for the detection of near horizontal tilted line segments, as the perceived mortar lines in the Café Wall illusion, the DoG
scale should be close to the mortar size, σc ∼ M = 8px
[20,21].
The difference between the DoG edge maps in between all the investigated patterns are mainly at fine to
medium scales of the DoGs (σc =4, 8, 12, 16). As shown
in Fig. B1 at medium scales (σc =12, 16), we see a transient state between detecting near horizontal tilted line
segments connecting tiles with the Twisted Cord elements along the mortar lines, to zigzag vertical grouping of tiles at the coarse scales, in a completely opposite
direction. The edge maps at coarse scales (σc =20, 24,
28) show very similar DoG outputs. This is because at
the coarse scales, the scale of the DoG is large enough
to capture the tile information. Therefore for the rest of
the investigated patterns, we just show the edge maps at
fine to medium scales with the overlayed Hough lines.
The edge maps for the ‘Mortar-Width’ variations are
presented in Figs B2 and B3 as well as in the extended
version of the DoGs for the very thick mortar lines in
Fig. B4 to cover up not just the illusory tilts along the
mortar lines, but also the groupings of tiles in zigzag

vertical orientation at coarse scales in the thick mortar
variations. For the rest of the stimuli tested, noted as
‘Significant Variations’ in Fig. 4, the edge maps at fine
to medium scales with the overlayed Hough lines are
shown in Figs B5 to B7. We show the mean tilt angles
measured in the DoG edge maps across multiple scales
in Appendix C.

C. Quantitative mean tilts
The absolute mean tilts and the standard errors
of detected tilt angles for the Café Wall variations
tested are provided here in Figs C1 and C2. For the
‘foveal tilt effect’ (FTE, explained in Sections 3.1.1
and Section 3.1.2), we used the near horizontal mean
tilts at scale 4, and reflected these values in Fig. 6
(in White) for all the variations tested. The FTEs
are highlighted within ‘red boxes’ in Figs C1, C2. We
used another feature for our evaluations of tilt in the
Café Wall illusion, called “persistence of mortar cues”
(PMC ), that indicates the strength of the tilt effect in
variations of the Café Wall illusion tested. Please check
Section 3.1.2 to find out how to evaluate the PMC
values corresponding to each stimulus tested. The
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Fig. B1 DoG edge maps at seven scales (σc ) for five Mortar-Luminance variations, from Black (ML 0.00) to White (ML 1.00)
mortar lines, in which the edge maps are overlayed by the detected Hough lines displayed in green (Blue lines indicate the
longest lines detected). Hough parameters are kept the same in all experiments to detect near Horizontal, Vertical and Diagonal
tilted lines in the edge maps (Appendix A). Other parameters of the DoG model are kept constant at s = 2 (Surround ratio),
h = 8 (Window ratio). The last row shows each variation of the pattern investigated. Reproduced by permission from [25].

Fig. B2 DoG edge maps at fine to medium scales (σc ) for three variations of Mortar-Width, from no mortar lines (MW 0px)
to 8px mortar, with the overlayed Hough lines displayed in green. Other parameters of the model and Hough processing stage
are the same as Fig. B1.
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Fig. B3 DoG edge maps at fine to medium scales (σc ) for three variations of Mortar-Width, from mortar size of 16px to
64px, with the overlayed Hough lines displayed in green. Other parameters of the model and Hough processing stage are the
same as Fig. B1.

values for this feature include None, ML:Medium Low,
L:Low, M:Medium, MH:Medium High, and H:High as
reflected in Fig. 6 (in Blue). This feature provides a
qualitative measure showing the strength of the tilt
effect in this illusion. The PMC value can be extracted
from the corresponding scales next to the highlighted
blue boxes in Figs C1, C2. For a complete analysis
of the tilt effect in the Café Wall, we need these two
features (FTE, PMC ) as well as the ‘range of detected
mean tilts’ as highlighted by the blue boxes. Please
check Section 3.4 and Fig. 8 for the final outcome of
our tilt investigations for all the Café Wall stimuli
tested in this study.
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Fig. C1 Mean tilts and the standard errors of detected tilt angles of Hough lines for (Top): Mortar-Luminance variations from
Black (ML 0.00) and White (ML 1.00) mortars on Top, to Grey mortar lines (M L = 0.25, 0.50, 0.75) for DoG edge maps at
seven scales (σc ). (Bottom): Mortar-Width variations from M W = 0 to 64px. NaN: not a number means no lines are detected
(Hough parameters are kept the same in all experiments; Appendix A). We have highlighted the ‘foveal tilt effects’ (FTE) in
‘red’ and the ‘range of detected mean tilts’ at fine to medium scales in ‘blue’ boxes for the variations tested. Blue boxes also
indicate the corresponding values for the ‘persistence of mortar cues’ (PMC) in these variations (Please check Section 3.1.2
and Fig. 6 for more information). If there are no lines detected at scale 4, the PMC feature is set to None and the FTE to
0.0◦ . If the PMC last till scale 8, we set the PMC to ML. For Café Wall patterns with the PMC reaching scale 12, the PMC
is set to M. When the PMC reaches scale 16, we set the PMC to MH, and above this scale (σc > 16), the PMC value is set to
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