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All models are wrong. Some are useful.
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Abstract

A spatio-temporal partial differentiation model is presented for the change in cancel-

lous bone volume in growing animals, in terms of key bone remodelling processes. The

model parameters were found by optimising the analytic solution of the model over ex-

perimental bone volume data. Experimental data comprises microcomputed CT scans of

juvenile rat tibia from three groups, including normal rats, oestrogen-deplete rats, and

oestrogen-deplete rats treated with bisphosphonates. The model demonstrates that can-

cellous bone volume in normal growing rats does not change over time. The model also

explains the changes in cancellous bone volume due to oestrogen depletion and bisphos-

phonate treatment. However, for bisphosphonate treated rats, the model cannot explain

all of the changes in cancellous bone volume mechanistically, for bone adjacent to the

growth plate. Good fits between the model and data were obtained by making simple

assumptions regarding the effect of treatment, leading to conjecture regarding the role of

bisphosphonates in growing animals.
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Chapter 1

Introduction

To date, little is known about how bone remodelling is affected in growing animals. Of

particular interest is the modification of remodelling processes under osteoporotic con-

ditions and after treatments have been administered. The general aim of this project is

to develop and explore mathematical models that describe bone remodelling processes in

cancellous bone in growing animals. Mathematical strategies are combined with the use

of longitudinal experimental data. The experimental data includes microcomputed CT

(µCT) scans of cancellous bone in the tibia of juvenile rats from three groups, including

normal bone, oestrogen-deplete bone and oestrogen-deplete bone treated with bisphos-

phonates. The outcome is a model that explains the observed changes to bone volume

fraction (BV/TV) over time for the experimental data. First a biological background

is given to describe: long bone structure, bone growth, bone remodelling, and current

treatment strategies for osteoporotic bone. This chapter concludes with an overview of

the work carried out in this study.

1.1 Bone biology

Mammalian bone is a dynamic tissue that continues to change over time both in terms

of volume and structure during growth, adulthood and old age (Seeman, 2008). Bone

consists of cells embedded in a solid scaffolding, called a matrix that is made up of both

1



organic materials and inorganic material. The inorganic matrix scaffold components

make up the majority of the solid matrix, and are largely composed of the mineral

calcium phosphate in the form of hydroxyl apatite crystals (calcium hydroxyapatite),

and also contains a small amount of other salts that include potassium, magnesium, and

sodium carbonate. The organic matrix scaffold components include mostly collagen but

also proteoglycans and non-collagen proteins. The overall quality of bone is associated

with bone mass, structure and internal architecture, and the ability to provide both

structural strength for loading in addition to lightness for mobility (Seeman & Delmas,

2006; Seeman, 2008; Szule & Seeman, 2009).

1.1.1 Long bone structure

Long bones including the tibia and femur have a compact cortical bone outer layer, and

have an internal medullary cavity (marrow cavity) that contains bone marrow which

produces blood cells. A long bones consists of a main shaft called the diaphysis with

an epiphysis at both ends, and metaphyseal bone between the epiphysis and diaphysis

(Figure 1.1). The epiphysis is the region of bone that forms a joint which contains red bone

marrow and produces red blood cells, and is covered in rubbery wear-resistant articular

(hyleine) cartilage. Between the epiphysis and the metaphysis is the physis. The physis

is also referred to as the ephiphyseal plate or the growth plate.The metaphysis consists of

porous, spongy, cancellous bone that has trabecular architecture (Komarova, 2006). The

region of the metaphysis closest to the torso of the body is termed proximal and the region

furthest away is termed distal. Trabecular bone provides lightness and flexibility without

greatly compromising structural strength (Fyhrie et al. , 1993, 1995). The density of the

metaphyseal trabeculae is higher close to the growth plate and lessens further away from

the growth plate.

Prenatally, long bone growth begins in the primary ossification centre located in the

diaphysis. Postnatally and during adolescence, long bones elongate via endochondral

ossification at the growth plate in the secondary ossification centre, at the epiphyseal

ends. Endochondral ossification is the process whereby the synthesised mineralised hy-

2



aline cartilage at the growth plate acts as a scaffold and is replaced by osseous (bone)

material. The growth plate is avascular cartilaginous material that is synthesised by

chondrocytes. Chondrocytes are the only living cells in cartilage. The cartilage is made

up of a synthesised solid matrix scaffold that surrounds the chondrocyte cells, which is

predominantly made up of of collagen, proteoglycans and other proteins (Hunziker et al.

, 2007). The rest of the space in the growth plate surrounding the solid matrix scaffold

is occupied by interstitial fluid made up of water and soluble nutrients like glucose. The

chondro-osseous junction is where the growth plate meets the metaphysis . A vascular

front on the metaphyseal side brings bone cells to the growth plate to break down the

calcified matrix scaffolding for bone replacement (Figure 1.2). The growth plate also has

blood supply on the epiphyseal end. Within the growth plate, nutrient and endocrine

molecules that play a role in endochondral ossification travel by diffusion. Additional

molecules are produced locally by chondrocytes.

Next to the chondro-osseous junction is a layer of subchondral (beneath cartilage) bone

in the metaphysis called the primary spongiosa. Subchondral bone is in the early stages

of ossification and consists mostly of a calcified cartilaginous matrix scaffold with some

deposited bone (Erben et al. , 1990). The subchondral bone next to the growth plate

is sometimes referred to as the ossification zone. Further away from the growth plate

in the methaphysis is the secondary spongiosa, where the calcified/mineralised cartilage

matrix scaffold has been almost completely degraded and remodelled into cancellous bone

(Kimmel & Jee, 1980). The density of trabecular bone in the metaphysis decreases as a

function of distance from the growth plate (Gabet et al. , 2008). After cessation of growth

in most mature mammals, the growth plate disappears. In rats however, the presence of

the growth plate persists long after growth attenuates and possibly for the lifespan of the

rat (Roach et al. , 2003).

3



Figure 1.1: Long bone structure (with permission from Open Stax College)
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Figure 1.2: Chondro-osseous junction: the location where the growth plate meets the

metaphyseal vascular front (with permission from Anatomy & Physiology, Open Oregon

State)
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1.1.2 Endochondral ossification

Growth of long bones via endochondral ossification occurs at different rates in different

bones, at different epiphyseal ends of bones and even within the same epiphyseal plate

over time (Wilsman et al. , 1996). Growth usually occurs in spurts. The peak skeletal

dimensions in humans are reached around age thirty. This system is still not fully under-

stood and much work has been done towards understanding the endochondral ossification

processes in healthy, diseased, malnourished and injured organisms.

Chondrocytes in the growth plate cartilage are structured in zones (Lui et al. , 2014).

Processes that occur within this system are influenced by factors that are produced in

the growth plate locally and factors that are delivered by way of the endocrine (blood)

system, all of which are affected by both mechanical strain/stress and biochemical agents.

Mechanical influences have been tested experimentally using mechanical forces (Stokes

et al. , 2006), and mathematically with models that include strain/stress parameters

(Stokes et al. , 2006; Stevens & Beaupré, 1999; Henderson & Carter, 2002; Stevens et al.

, 1999; Narváez-Tovar & garzon Alvarado, 2012). Various undesirable growth outcomes

may eventuate, resulting from not enough mechanical strain or too much mechanical

strain, or cyclical combinations thereof. The extensive experimental work carried out in

vitro and in vivo to elucidate aspects of the system influenced by biochemical factors has

been greatly aided by mathematical modelling (Garzón-Alvarado et al. , 2009; Brouwers

et al. , n.d.). Some mathematical models include both mechanical and biochemical factors

(Garzón-Alvarado et al. , 2011).

1.1.2.1 Growth plate dynamics

As long bones elongate during endochondral ossification at both epiphyseal ends, the new

bone formed at the growth plate travels in a diaphyseal direction ‘away’ from the growth

plate. The rates at which the newly formed bone travels, corresponds to the growth rate

of the bone and to the overall growth rate of the organism’s skeleton (Kimmel & Jee,

1980).
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The growth plate is organised in three regions termed ‘zones’ (Figure 1.2) according to the

three types of chondrocyte cells that are embedded in the solid cartilage matrix scaffold

(Lui et al. , 2014; Xian, 2014). Though the width of the growth plate and the time scale

of growth plate evolution vary, the sequence of the chondrocyte life cycle is the same

across all long bone growth plates (Wilsman et al. , 1996).

The resting zone is the layer of chondrocytes at the epiphyseal end, and is connected to the

epiphyseal blood supply. The chondrocytes located here serve as inactive progenitor cells

and have daughter cell cloning potential to proliferate via mitosis. The major component

of the extracellular cartilage matrix scaffold at this layer is Collagen II.

The proliferative zone is characterised by rapid proliferation of the resting zone daughter

chondrocyte cells. Growth factors are delivered by the ephiphyseal red blood supply to

stimulate proliferation of the resting zone germinal chondrocyte cells that are furthest

away from the ephiphysis, along a column in the orientation of the medial axis, as required

by the system. The rate of proliferation is thought to play a major role in the rate of

overall bone output and thus growth. Collagen II remains the major constituent of the

solid cartilage matrix scaffold in this zone where solid matrix scaffold surrounds individual

chondrocyte cells and also forms betweens columns of proliferative chondrocyte cells.

As the chondrocyte clones continue to proliferate along the column, the chondrocytes

furthest from the epiphysis cease proliferation, undergo termination differentiation and

become hypertrophic (enlarged) to form a layer known as the hypertrophic zone. This

is the final layer of the growth plate, which is adjacent to the vascular front in the

metaphysis, and represents the ‘chondro’ in chondro-osseous junction. The solid matrix

cartilage scaffold that the hypertrophic chondrocytes are embedded in is mostly made up

of Collagen X rather than Collagen II. Hypertrophic chondrocytes release matrix scaffold

vesicles that facilitate calcification and some of the chondrocytes die during calcification

(Wilsman et al. , 1996). The cartilage material that emerges from the hypertrophic

zone includes unmineralised cartilage and mineralised matrix scaffold. At the vascular

front on the metaphyseal side of the chondro-osseous junction, endocrinal molecules and

clastic bone cells (osteoclasts and chondroclasts) are delivered for degradation of all of the

unmineralised cartilage in addition to degradation of more than half of the mineralised
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matrix scaffold. The remaining mineralised cartilage matrix scaffold provides a template

for formation of trabeculae performed by bone-forming (osteoblast) cells in the primary

spongiosa at the chondro-osseous edge of the metaphysis.

There is still ongoing debate regarding the fate of the hypertrophic chondrocytes bey-

ond the hypertrophic zone. Previously these cells were thought to all undergo apoptosis.

Evidence continues to emerge that indicates a range of post-hypertrophic chondrocyte

life cycle stages. Seemingly, some hypertrophic chondrocytes undergo apoptosis, some

survive to transdifferentiate into osteoblast cells (Roach et al. , 2003), and some of the

transdifferentiated osteoblast cells may either undergo apoptosis or become embedded

in the primary spongiosal trabecular bone matrix scaffold and become (mechanosensing)

osteocyte bone cells (Tsang et al. , 2015; Buenzli, 2015). Chondrocytes do not become hy-

pertrophic in any other cartilaginous region of the body, except in osteoarthritic articular

cartilage.

1.1.2.2 Local growth plate regulation

Many molecules are involved in the regulation of the evolution of the growth plate dynam-

ics for the movement of chondrocytes through the resting, proliferative and hypertrophic

zones, and solid matrix scaffold synthesis. The local regulatory system that has been most

studied and which is considered to be the most important system for both prenatal and

postnatal growth plate stability, is the feedback loop generated by a pair of substances

called parathyroid hormone like protein (PTHrP) and Indian hedgehog (Ihh). Together,

these substances control chondrocyte proliferation and hypertrophy (Lui et al. , 2014;

Mizuhashi et al. , 2018). The PTHrP-Ihh dynamics prove extremely difficult to ana-

lyse experimentally, thus much of the work that has contributed to our understanding of

how these molecules interact with each other has been provided by way of mathematical

model testing (Browers et al. , 2006; Garzón-Alvarado et al. , 2009, 2011; Narváez-Tovar

& garzon Alvarado, 2012; Stevens et al. , 1999; Stevens & Beaupré, 1999). PTHrP is a

molecule that is similar to parathyroid hormone (PTH) in that they both bind to the

same receptor (PTH1R) and they both share some functional characteristics. PTHrP

has been observed in cartilage, mammary gland, bone and cancerous tissues. Ihh is a
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molecule that is synthesised by (pre-hypertrophic) chondrocytes in the proliferative zone

and has only ever been observed in cartilage and bone tissues.

PTHrP diffuses through the growth plate from the ephiphyseal end, and is also synthes-

ised by chondrocytes in the presence of Ihh expression. One of the effects of PTHrP

is to promote proliferation of resting chondrocytes which causes them to enter the pro-

liferative zone and PTHrP also promotes continued proliferation of chondrocytes that

are already in the proliferative zone. PTHrP down regulates hypertrophic chondrocytes

via inhibition of differentiation of proliferative chondrocytes into hypertrophic chondro-

cytes (Nishimori et al. , 2019). PTHrP can inhibit Ihh expression. Ihh also up regulates

resting chondrocytes to enter the proliferative zone. Expression of Ihh is inhibited in

the presence of expressed PTHrP. Ihh stimulates chondrocyte proliferation directly, and

also indirectly by synthesising PTHrP. Increase in Ihh concentrations leads to increased

PTHrP synthesis and thus PTHrP concentration.

The other chondrocyte-expressed molecule thought to play an important role in endo-

chondral ossification are bone morphogenic proteins (BMPs). BMPs have a signalling

gradient across the growth plate with a high concentration observed in the hypertrophic

than in the resting zone (Lui et al. , 2014; Perry et al. , 2008). Chondrocyte-expressed

BMPs are thought to have effect on the cell proliferation, differentiation and apoptosis of

bone cells that are delivered at the metaphyseal vascular front (Garimella et al. , 2008).

Some of the other known paracrine and autocrine signalling factors within the growth

plate include insulin-like growth factors (IGFs), fibroblast growth factors (FGFs), wing-

less/integrated proteins (Wnt), vascular endothelial growth factors (VEGFs), transform-

ing growth factor (TGF-β), epidermal growth factor (EGF), C-type natriutic peptides

(CNPs or NPPCs), and suppressor of cytokine signalling 2 (SOCS)(Xian, 2014; Lui et al.

, 2014; Perry et al. , 2008; Modi et al. , 2011).

1.1.2.3 Vascular front

Further biochemical molecules with regulatory roles in growth plate evolution are de-

livered to the growth plate via the vascular front. Some of these endocrinal signals
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include thyroid hormone, androgens, glucocorticoids, type I insulin growth factor (IGF-

1), oestrogens and growth hormone (GH). How all of these additional endocrine signalling

molecules interact with the local autocrine/paracrine signalling system within the growth

plate is not fully understood (Lui et al. , 2014).

At the metaphyseal vascular front, bone cells are delivered to degrade and shape the

emerging cartilage scaffold and to deposit bone (Walzer et al. , 2014). In addition to the

above endocrine factors, bone cells produce further local regulatory cytokines into the

system as they carry out remodelling of the emerging growth plate material. There are

also endocrine factors that specifically influence the ensuing bone cell activity during the

remodelling process. Bone remodelling is a process that occurs throughout the skeleton,

throughout the organism’s life, and will be explained in further detail for non-growth-

plate-bone in Section 1.1.3. Whilst a comprehensive explanation of each cytokine factor

affecting the bone cells is beyond the scope of this work, the number of factors alone give

indication of the additional level of complexity that is integrated into this system for re-

placement of cartilage with bone. Some important factors include: hormonal parathyroid

hormone (PTH), cytokines receptor activator for nuclear factor ligand (RANKL) and

its receptor RANK, osteoprotegerin (OPG), Wnt signalling pathways, and both growth

factors transforming growth factorS (TGF-β), and insulin-like growth factor-1 (IGF-1).

1.1.2.4 Bone cells

There are two types of bone cells involved in replacing the mineralised cartilage with bone.

The first type of bone cell is a ‘clastic’ cell, which have a macrophage lineage and are

responsible for resorbing cartilage and bone material. The two most well studied clastic

cells are osteoclasts and chondroclasts. Chondroclasts are thought to be osteoclasts

that sit on the surface of cartilage (Odgren et al. , 2016). The second type of cell

is the osteoblast cell, having mesenchymal stem cell lineage, and being responsible for

formation of bone (Matsuo & Irie, 2008). These two types of cells are tightly co-regulated

and exactly how all of the cellular processes are involved in remodelling remains unclear.

Co-regulation of osteoclasts and osteoblasts is sometimes referred to as the ‘coupling

phenomenon’, and is influenced by the surrounding environment, systemic factors, and
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by paracrine signalling communication between these cells (Garimella et al. , 2008; Erben,

1995).

Osteoclastogenesis involves the fusion of mononucleated osteoclast precursor cells (some-

times referred to as osteoclastogenic cells) that are derived from macrophage haemo-

poeitic tissue, to form large multinucleated osteoclast cells. There are several stages of

osteoclastogenesis including recruitment, differentiation and precursor fusion, and finally

functional activation (Cappariello et al. , 2014; Väänänen et al. , 2000). Osteoclasts

have two roles. The first role of osteoclasts is to degrade hypertrophic cartilage. The

second role of osteoclasts is to degrade bone, which requires dissolution of hydroxapatite.

Hypertrophic cartilage is only located within the growth plate in healthy bone, however

hypertrophic chondrocytes are also located in osteoarthritic articular cartilage. Once

osteoclasts are activated at the metaphyseal vascular front, they resorb the emerging

hypertrophic cartilage to create a trabecular cartilage scaffold in the primary spongiosa.

Precursor osteoclasts can also interact with osteoblast precursors (osteogenic cells). As

the calcified matrix scaffold is resorbed and reshaped by the activated osteoclasts, os-

teoblasts subsequently deposit bone and mineralise the trabecular bone scaffold. In this

region the cancellous bone is composed predominantly of collagen I and hydroxyappatite

(Rezende et al. , 2017). As the cancellous bone continues to travel away from the growth

plate, the osteoclasts and osteoblasts carry out bone remodelling in the secondary spon-

giosa for optimised structure according to mechanical, biochemical and pharmacological

conditions.

The active resorbing osteoclast has a ruffled border for secretion of acid, which is formed

within a sealing zone. The sealing zone acts to confine the acidification molecules that

are released through the ruffled border for demineralisation of collagen/bone materials

(Touaitahuata et al. , 2014). Some studies have shown that osteoclasts without the ruffled

border and/or sealing zone are still able to resorb the unmineralised component of bone

(known as osteoid, the organic element of the bone), and thus are able to degrade the

hypertrophic cartilage that emerges from the growth plate (Ralte et al. , 2011). Further

work has shown that in some circumstances, osteoclasts can still remove calcified cartilage

without the sealing zone function and the demineralisation function. Where mineral
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dissolution is usually carried out by acid secretion at the ruffled border of osteoclasts,

release of active proteases appear to suffice for osteoclasts to be able to degrade calcified

cartilage. This may be attributed to the calcified cartilage structure being less stiff than

bone, having a higher level of hydration than bone, and having a structure with a more

‘loose’ interaction between cartilage and minerals (Touaitahuata et al. , 2014).

In one study, where osteoclasts have had their ability to form a sealing zone ‘knocked out’,

the hypertrophic cartilage scaffold has still been sufficiently degraded (Touaitahuata et al.

, 2014). However, the trabecular bone scaffold that had been laid down by osteoblasts has

not been sufficiently degraded in the primary and secondary spongiosa. In this scenario,

the resulting cancellous bone structure that emerges in the secondary spongiosa has been

reported as being far more dense than that seen in cancellous bone that is undergoing

endochondral ossification under normal conditions.

1.1.2.5 RANK-RANKL-OPG

OPG-RANK-RANKL together form a fundamental cytokine system that is widely con-

sidered to be essential for regulation of the coupling between osteoblasts and osteoclasts

for carrying out remodelling in the primary and secondary spongiosa, and in fact, for

all bone remodelling that occurs throughout the skeleton. This local signalling system

is influenced by PTH, calcitonin, TGF-β, interleukin 1 (IL-1), and oestrogens. The

RANKL/OPG ratio is commonly used in mathematical modelling as the central determ-

inant of bone remodelling outcome (Komarova et al. , 2003; Ryser et al. , 2010; Turner,

1999; Lotinum et al. , 2003; Komarova, 2006, 2004).

RANKL (ligand) is expressed by osteoblasts and binds to the RANK receptor on os-

teoclast precursors to simulate maturation of osteoclast precursors (Alliston & Derynck,

2002). This is a necessary process for osteoclastogenesis. In the absence of RANKL, bone

resorption cannot occur normally. RANKL also binds to RANK receptors on mature os-

teoclasts to stimulate resorption (Teitelbaum, 2000). OPG is expressed by osteoblasts

and osteoblast stromal cells, and acts as a RANKL decoy to prevent RANK-RANKL

binding. The OPG decoy binding serves to inhibit osteoclast maturation and osteoclast
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resorption. OPG-RANK activity causes osteoclast resorption at a remodelling site to

pause so that osteoblasts can deposit bone.

PTH also stimulates osteoclastogenesis and osteoclast resorption activity by binding to

cell-surface receptors on osteoblasts to stimulate osteoblast-expressed RANK. There are

also reports that PTH has caused a reduction in osteoblast apoptosis (Jilka et al. , 2007).

The overall effects of PTH can vary. Intermittent PTH concentration can have an anabolic

outcome (bone building), and continuous concentration can have a pro-resorptive outcome

(Trichilo et al. , 2019; Komarova, 2004).

TGF-β increases formation by directly affecting osteoblast differentiation and can also

increase OPG expression. There are special calcium sensing receptors that also signal to

increase PTH concentration, for increased resorption when calcium levels are low. PTH

is known to activate osteoclastogenesis in absence of osteoblasts, and has been shown

to inhibit osteoclastogenesis in cultures that contain both osteoblasts and osteoclasts by

decreasing expression of osteoblast-expressed RANKL. TFGβ is another important factor

in maintaining balance between resorption and formation due to having an influence on

lineages of both osteoclasts and osteoblasts (Yau et al. , 2006).

1.1.2.6 Oestrogen

Oestrogen predominantly acts on osteoblast cells, and alters expression of osteoblast ex-

pressed RANK and OPG to suppress bone resorption and to stimulate bone formation.

Oestrogen both increases OPG concentration and decreases RANKL concentration. Oes-

trogen can also stimulate osteogenesis in osteoblasts precursor cells, and can prevent

osteoblasts from undergoing apoptosis (Börjesson et al. , 2013). Oestrogen has been

demonstrated to cause different effects on growth rates, depending on the age that oes-

trogen levels change, and there is evidence that oestrogen can both slow or increase the

rate of growth, and reduce overall growth (Börjesson et al. , 2013; Boyce et al. , 2014).

In early puberty, applied oestrogen caused an increase in growth spurts and growth was

overall enhanced, yet oestrogen applied in late puberty had the opposite effect, causing

early fusion of the growth plate. Growth plate growth factors PTHrP and IL-1 may also
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affect osteoblast expressed RANKL to increase osteoclast activity.

There are a few other less critical molecules that have been shown to influence remodelling

processes. Osteoclasts may be able stimulate bone formation directly through expression

of BMPs (Garimella et al. , 2008). BMPs are potentially important for the recruitment,

proliferation and differentiation of osteoblasts at remodelling sites. Improvement of gap

junction intercellular communication may also affect the regulation of coupling between

osteoblasts and osteoclasts (Jorgensen et al. , 2004). Gap junction channels are pores

through which cells can communicate by coordinating signals and responses to hormones.

Anti-arrhythmic peptides (AAP) enhance conductivity between gap junctions, and they

have been found to demonstrate specific binding to osteoblasts. Leptin-regulated neural

pathways also promise an important role in the regulation of bone cell coupling by altering

RANKL expression to increase or dampen resorption (Elefteriou et al. , 2004).

1.1.3 Bone remodelling

Bone remodelling occurs throughout the skeleton during growth in both cortical and tra-

becular bone, and continues after growth ceases for the lifespan of the organism. There

are two types of remodelling, targeted remodelling and random remodelling. Targeted re-

modelling provides a mechanism for repair to micro-damage, and adaptation to external

loading conditions (Martin, 2008; Ruimerman et al. , 2005; Chow et al. , 1998; Parfitt,

2002). This type of remodelling is both temporally and spatially specific such that par-

ticular sites are targeted for bone restoration or load-dependent change. In contrast,

random remodelling occurs at supposedly random sites to ensure that every part of the

‘old’ skeleton gets replaced with ‘new’ bone periodically. Random remodelling helps to

maintain the integrity of the skeleton (Komarova et al. , 2003). In the human skeleton,

roughly ten percent of bone mass is replaced every year by random remodelling (Allis-

ton & Derynck, 2002). Possibly, random remodelling may not be strictly random. The

probability of random remodelling events could be related to the age of the bone (Parfit,

2002). Also, as old bone is resorbed for new bone replacement, minerals are released

and random remodelling is important for calcium homeostasis. Calcium is an important
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signalling molecule throughout the body.

Targeted and random remodelling are carried out by the same two bone cells that remodel

the collagen and bone material in the primary spongiosa next to the growth plate, namely

osteoclasts and osteoblasts. These cells are also coupled and use the same autocrine and

paracrine RANK-RANKL-OPG system to conduct remodelling, and form what is known

as ‘basic multicellular units’ (BMUs). For these processes, a third bone cell is involved,

the osteocyte, which is said to have a mechanosensory role towards signalling for the

initiation and possibly also the cessation of a remodelling event. Osteocytes may also

have an important role in endochondral ossification, though this is not well understood.

For a remodelling event, once the signal for repair takes effect, osteoclasts are recruited

to excavate a resorption cavity and then osteoblasts subsequently fill in the cavity with

new bone to create a new osteon, the basic structural unit of cortical bone or a new

hemi-osteon, the basic structural unit of cancellous bone (Figure 1.3).

After a remodelling event, some osteoblasts undergo apoptosis, and some osteoblasts be-

come embedded in small lacunae (cavities), within the newly formed cellular matrix (ichi

Nakahama, 2010). After undergoing morphological modification, the embedded osteo-

blasts become osteocytes. Osteocytes are capable of intercellular cytoplasmic communic-

ation via extensive canaliculi (canal networks) which connect radiating lacunae within

the bone matrix (Burger & Klein-Nulend, 1999; Buenzli & Sims, 2015). Communication

between osteocytes is most likely to be predominantly via gap junctions between adjacent

osteocytes (Matsuo & Irie, 2008).

Osteocyte cells are thought to detect both micro-damage and deformation (Lanyon, 1993).

Under the conditions of micro-damage, apoptosis of osteocytes at the damage site could

signal the need for repair (Fyhrie & Schaffler, 1995). Under external changes to loading

condition, osteocytes act as mechanosensors via their sensitivity to small fluid shear

stresses caused by deformation (Weinbaum et al. , 1994; Lanyon, 1993; Huiskes et al. ,

2000). One of the mechanisms reported for detection of fluid flow is via primary cilia

projected from the osteocyte cell surface (Malone et al. , 2007). Osteocytes are said

to signal for adaptation to external loading in response to both increased and decreased

impact-loading, and to immobilisation (Young et al. , 1986; Courteix et al. , 1998; Muller,
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2005).

With age, disruption to bone remodelling can occur over time and skeletal disorders such

as osteoporosis and osteoarthritis are commonly seen in the elderly population (Bilezikian

et al. , 2009). Bone density and structural quality deteriorate due to loss of trabecular

mass, leading to risk of fragility fractures (Tsangari et al. , 2006; Lane et al. , 2003).

In particular, women in the early years following menopause suffer from bone loss due

to oestrogen deficiency. Oestrogen deficiency predominantly causes elevated rates of

remodelling, and also causes a negative imbalance between resorption and formation

during individual remodelling events. (Tsangari et al. , 2006).

1.1.3.1 In vitro, in vivo and in silico testing

As with the remodelling system situated in the primary spongiosa, the remodelling of

bone is very difficult to analyse experimentally. In vitro observations do not always

translate to observed in vivo dynamics. Though bone is dynamic, the time scale makes

resolution of the dynamics very challenging. Often, morphometric and histomorphometric

methods for analysing remodelling parameters in vivo have been carried out and reported,

based on the tacit assumption that the modelling parameters are uniform throughout the

metaphysis.

Historically, the vast majority of studies investigating architectural changes over time in

animal models have been cross-sectional by design. Animals are sacrificed at strategic

time points, and analysis is performed in vitro via histology. This approach is limit-

ing due to variation between animal cohorts and cohorts under different experimental

treatments. Thus large numbers of animals are required. Most histologically derived

remodelling parameters that are reported assume that the parameters are uniformly dis-

tributed throughout the trabecular structure by definition (Parfitt et al. , 1983, 1987).

Such an assumption is particularly problematic for parameters that are dynamic and

derived from static indices. Consequently, studies that use formula-derived indices to

characterise trabecular structure have to rely on the assumption remodelling processes
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Figure 1.3: Remodelling event carried out by a BMU (Reproduced with permission from Massachusetts Medical Society). First the

osteoclast cells (green) break down and remove bone material during bone resorption, and then osteoblast cells (blue) subsequently

deposit new bone. After cessation of a remodelling event, some osteoblast cells will undergo apoptosis, and some will become

embedded in the bone matrix to become osteocyte cells.
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are uniform throughout the trabecular structure (Wronski et al. , 1989; Brouwers et al.

, 2008; Li & Wronski, 1995). With the advent of µ-CT technology, new non-destructive

longitudinal methods are made possible for assessing three-dimensional structures (Boyd

et al. , 2006). However, for time-course studies, structural attributes are still usually

averaged over a single large region of bone to study remodelling processes rather than re-

porting the attributes for several sub-sections of bone for viewing attributes as functions

of distance relative to growth plate (Perilli et al. , 2009; Boyd et al. , 2006; Browers et al.

, 2006).

Another approach to characterising metabolic activity is the use of biochemical bone

turnover markers (Štěpán et al. , 1987; Clowes et al. , 2002; Reginster et al. , 2007; Cremers

& Garnero, 2006; Russell et al. , 2008; Seeman, 2009; Brown et al. , 2009; Fleisch, 1998;

Nyman et al. , 2004; Riggs & Parfitt, 2005; Brouwers et al. , 2008; Evans et al. , 2003).

Bone turnover markers are proteins found in blood or urine which are released during

metabolic activity. These proteins act as quantitative non-invasive measures of changes

to either resorption or formation rates. Biochemical markers are therefore unable to give

any information about local changes. Further, turnover markers are considered to be

proven useful only on account that their presence in blood or urine always correlates well

with what is described as the ‘actual rate’ of turnover an histologically-derived dynamic

parameter that is also based on the assumption of parameter uniformity (Cremers &

Garnero, 2006).

Mathematical modelling Much of the current understanding of remodelling and

BMU dynamics has come from extensive mathematical modelling contributions. Bone

remodelling is multifaceted and multiscale, and a full survey of mathematical modelling

studies is beyond the scope of the thesis, though a few of the important works deserve

mention. There have been several reviews of mathematical modelling in this area, extend-

ing to studies that test outcomes at the biochemical or tissue scale, and at the mechanical

and larger tissue scale (Pivonka & Komarova, 2010; Martin, 1985; Komarova, 2006).

Local cellular processes have been modelled to investigate remodelling at the level of the

BMU (Buenzli et al. , 2013, 2011; Ryser et al. , 2010; Komarova et al. , 2003; Lemaire

18



et al. , 2004; Turner, 1999; Martin & Buckland-Wright, 2004; Alias & Buenzli, 2018;

Tkachenko et al. , 2009; Piekarski & Munro, 1977; loana Pastrama et al. , 2018; Schulte

et al. , 2013; Komarova, 2004). These modelling studies describe BMU dynamics with

explicit representation of important bone cells like osteoclasts, osteoblasts and ostocytes.

Typically, models developed at the cellular scale include Michaelis-Menten mass action

kinetics for concentrations of bone cells and are often presented in systems of ordinary

differential equations (ODEs). Models that describe cell population dynamics have been

able to investigate some of the signalling pathways in this system, including interactions

between signalling molecules RANK, RANKL, and OPG. Another key feature for mod-

elling these processes at the cellular scale, is the ability to describe spatial arrangement

of the BMU over time.

Many efforts have been made towards modelling the larger scale mechanics that plays a

role in bone remodelling (Weinbaum et al. , 1994; Cowin et al. , 1991; Cowin & Wienbaum,

1998; Cowin, 2007; Mi et al. , 2005; Weinan & GRootenboer, 1992; Mullender & Huiskes,

1997; Huiskes et al. , 1997, 2000; Mullender et al. , 1994; Prendergast et al. , 1997;

Ruimerman et al. , 2005; Turner, 1999; Geris et al. , 2009; van der Meulen et al. , 2006;

Guo & Kim, 2002; Liu et al. , 2009; Fyhrie & Schaffler, 1995; Levenston, 1997; Stulpner

et al. , 1997; Coelho et al. , 2009; Burr et al. , 1985; Cowin, 2005; SIFFERT et al. , 1996).

Large scale mechanics have been included in models to investigate the role of local stresses

on bone remodelling. These models help to identify the effects of mechanical forces on

the adaptation and maintenance of the skeleton, and allow for testing of mechanosensory

mechanisms that induce changes to the remodelling machinery. Finite element models

have been instrumental towards testing the relationship between applied loading and

structural changes to trabecular architecture.

Some mathematical models combine local cellular processes with mechanosensory para-

meters or lager scale dynamics (Wimpenney & Moroz, 2006; Buenzli et al. , 2011; Pivonka

et al. , 2013; Scheiner et al. , 2013; Weinbaum et al. , 1994; Tayyar et al. , 1999; Ruimer-

man et al. , 2005; Wang et al. , 2011; Scheiner et al. , 2010; van Oers et al. , 2007).

These multiscale approaches have helped to provide a link between the effects of mech-

anical forces and the resulting complex remodelling processes that allow the trabecular
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architecture to adapt to loading conditions and to repair microdamage.

A few other areas of bone remodelling that have been aided by the development of

mathematical models include the role of nutrient transport (Piekarski & Munro, 1977;

Scheiner et al. , 2010); bone regeneration and fracture healing (Adam, 1999, 2002; Geris

et al. , 2008, 2009; Ambard & Swider, 2006; Chow et al. , 1998; Reed et al. , 2002; Perren,

1979; Carter, 1987; Carter et al. , 1998; Henderson & Carter, 2002; Stevens et al. , 1999;

Ament & Hofer, 2000; Bailon-Plaza & Meulen, 2003; Liu et al. , 2009; Muller, 2005;

Shefelbine et al. , 2005; Claes & Heigele, 1999; Prendergast et al. , 1997; Dickson et al. ,

2007; Mastrogiacombo et al. , 2007; Cornea et al. , 2005); and the relationship between

cancer and remodelling in the bone microenvironment (Wang et al. , 2011).

1.1.4 Bone loss and treatments

Treatments for bone loss and osteoporosis fall into two categories, anabolic and anti-

resorptive (sometimes referred to as anti-catabolic). So far PTH is the most successful

anabolic treatment, due to a bone-building effect on osteoblast cells via the OPG-RANK-

RANKL system (Girotra et al. , 2006). Oestrogen has also been investigated for use as

an anabolic agent, due to having a similar effect to PTH via the OPG-RANK-RANKL

system. However the systemic effects of oestrogen throughout the body result in too

many negative side effects that offset the desirable anabolic effects in the bone microen-

vironment. Work is currently being done to investigate a locally administered oestrogen

dosing regiment. In addition to PTH and oestrogen, other agents under study for poten-

tial anabolic treatments include strontium ranelate GH, IGF-1 and bFGF.

1.1.4.1 Bisphosphonates

Bisphosphonates are currently the leading class of anti-resorptive drugs for the treat-

ment of bone loss and osteoporosis, and are widely used for diseases that are associated

with elevated resorption or malignancy in both growing and mature patients (Nancollas

et al. , 2005). Bisphosphonates are used to treat patients for paediatric osteoporosis and
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juvenile osteoporosis, and secondary osteoporosis that is associated with bone disorders

such as junior Paget’s disease, osteogenesis imperfecta (OI), malabsorption syndromes,

corticosteroid-dependent asthma and neuromuscular disorders, or from steroid medication

(Russell et al. , 2008; Muderis et al. , 2007; Boyce et al. , 2014; Silverman, 2011; Kumar

et al. , 2016). Bisphosphonates are also used to treat mature patients with osteoporosis

caused by oestrogen deficiency, implant integration, age related bone loss, and also to

treat metastatic and osteolytic bone disease, and hyperglycaemia of malignancy (Tenta

et al. , 2006; Silverman, 2011; Coleman, 2010; Carvas et al. , 2010; Khosla & Hopbauer,

2017; Lupion et al. , 2018). The pharmacological mechanism of action of bisphosphonates

is still not completely understood (Cremers et al. , 2019; Holstein, 2019).

Effects on bone remodelling Bisphosphonates are known to reduce the number of

BMUs activated for remodelling, thus reducing the overall rate of remodelling (Riggs

& Parfitt, 2005; Allen, 2018). In situations where bisphosphonate suppression of BMU

activation frequency is too great or prolonged, accumulated damage may increase (See-

man, 2009, 2003; Seeman & Martin, 2019; Visekruna et al. , 2008). Bisphosphonates

also decrease the resorption volume to create a positive bone balance for a given re-

modelling event (Seeman & Delmas, 2006). In addition to inhibiting resorption, some

studies indicate a pro-formation effect for bisphosphonates, by way of osteoblastogen-

esis and increasing the proliferation of osteoblast cells (Fleisch, 1998; Bukowski et al.

, 2005). Bisphosphonates are internalised by osteoclast cells. As new evidence contin-

ues to merge, there are a growing number of proposals for the cellular mechanisms that

cause suppression of osteoclastic function and bone resorption. Some of the mechanisms

responsible include: direct inhibition of osteoclast differentiation; indirect effect on os-

teoclast by enhancing inhibitory signals in osteoblasts; induced apoptosis in osteoclasts;

inhibition of calcification; inhibition of osteoclast precursors; disruption to trafficking of

proteins/membranes; inhibition of the ability for osteoclasts to attach to bone; disrup-

tion to the formation of the osteoclasts’s ruffled border; and disruption to the osteoclast

cytoskeleton to inhibit activation (Nyman et al. , 2004; Ralte et al. , 2011; Tenta et al. ,

2006; D’Amelio et al. , 2010; Xu et al. , 2013; Russell et al. , 2008).
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Effects on endochondral ossification There are two types of bisphosphonates,

nitrogen-containing bisphosphonates and non-nitrogen-containing bisphosphonates, and

these two types are known to reduce resorption via different enzyme pathways. The ef-

fects of bisphosphonates on resorption during growth are still incompletely understood

(Rezende et al. , 2017). Both nitrogenated and non-nitrogenated have been shown to dis-

rupt endochondral ossification (Evans et al. , 2003; Rezende et al. , 2017), and both are

known to negatively affect osteoblast and osteoclast processes in the primary spongiosa,

though with slightly different outcome. Zoledronic acid is the most commonly used bi-

sphosphonate for treatment of bone loss, which is a third generation nitrogen-containing

bisphosphonate with high potency. Some studies have shown that zoledronic acid may

slow growth or stop growth altogether (Schenk et al. , 1986; Reitsma et al. , 1980; Pataki

et al. , 1997; Hornby et al. , 2003; Erdogan et al. , 2019).

Hypertrophic cartilage Several studies have reported that in nitrogenated bisphos-

phonate treated animals, the resorption of calcified hypetrophic cartilage had been sig-

nificantly inhibited during endochondral ossification, and that the calcified cartilage was

found to persist in the secondary spongiosa (Rezende et al. , 2017; Rao et al. , 2008).

Similarly, non-nitrogenated bisphosphonates have been described as ‘chondoprotective’

in osteoarthritic hyaline articular cartilage (She et al. , 2017; Shirai et al. , 2011). Non-

nitrogenated bisphosphonates may prevent the degradation of articular joint cartilage

by inhibition of osteoclast resorption activity and of osteoclasts that are located in the

subchondral bone adjacent to the cartilaginous material (Shirai et al. , 2011).

Osteoclast number and activity Rezende et al. (2017) reported that the expres-

sion of both RANK and OPG decreased in nitrogenated bisphosphonate treated bone

compared to normal bone. Surprisingly, Rezende et al. (2017) also found that num-

ber of osteoclasts in the primary spongiosa and secondary spongiosa was still high, thus

concluding that nitrogenated bisphosphonates do not necessarily down-regulate the re-

cruitment or differentiation of osteoclasts. However, the osteoclasts that were present in

this region were identified as latent, due to inhibited osteoclast activation and osteoclast

function. Ralte et al. (2011) reported similar findings. Both the number and the size
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of osteoclasts actually increased in zoledronic treated secondary spongiosal bone. The

osteoclasts were similarly unable to resorb bone due to a smaller (defective) ruffled bor-

der. Here, the smaller ruffled border was reported as being absent in osteoclasts that

were sitting on cartilaginous surfaces which either means that the osteoclasts were either

not able to resorb hypertrophic cartilage, or that the osteoclasts were able to resorb the

hypertrophic cartilage without the border by way of proteases.

PTHrP Tenta et al. (2006) reported that one of the observed effects of zoledronic acid

in vitro was the suppression of PTHrP. If zoledronic has the ability to suppress PTHrP at

the growth plate, the consequence could be down regulation of chondrocyte proliferation,

or up regulation of chondrocyte hypertrophy. If zoledronic acid has the ability to suppress

PTHrP at the growth plate via the vascular front, this could possibly also result in an

alteration to the expression of RANK towards decreasing osteoclast function.

Cancellous bone Significantly dense trabecular bone has been observed in the second-

ary spongiosa, in most bisphosphonate treated animals during endochondral ossification

(Hornby et al. , 2003; Rezende et al. , 2017; Ralte et al. , 2011). Drastic changes to

bone density as new bone material is ossified at the growth plate under bisphosphonate

treatment potentially creates fracture risk at the point where very dense bone sharply

meets the less dense bone that had emerged earlier, prior to treatment. Several studies

have seen the emergence of what are termed ‘zebra lines’ (Muderis et al. , 2007) dur-

ing endochondral ossification in bisphosphonate treated children and animals (Schenk

et al. , 1973; Muderis et al. , 2007; Biggin et al. , 2014; Ishizuka et al. , 2017; Corsi

et al. , 2017). Zebra lines describe the elevated bone density of the emerging bone ac-

cording to bisphosphonate dosing regimens, where there are sharp increases in density

of tibial bone closest to the growth plate soon after the time of treatments. In between

bisphosphonate treatments, the bone emerges from the primary spongiosa with normal

(lower) density. One of the considerations for treating children with bisphosphonates, is

to reduce injection-trauma by adopting less frequent, high-dose injection schemes. The

slerotic zebra lines could pose a risk for fractures at the locations where there are sharp

density gradients and may be eradicated with more frequent, low dose injections. Some
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studies have reported the detection of zoledronic acid in children as long as eight years

after discontinuation of treatment (Boyce et al. , 2014).

1.2 Thesis overview

The mathematical modelling carried out for this work is described at the tissue scale and is

thus nested in between mechanical and cellular scales. Historically, mathematical models

have been developed for several of the aspects considered in this study independently,

including models for endochondral ossification (Section 1.1.2) and remodelling (Section

1.1.3.1), however most of what is known about the effects of bisphosphonates on cancellous

bone in growing cohorts is by way of in vitro and in vivo experimental work. Conclusive

evidence is lacking, and most work in this area is based on histological analysis of bone

tissue. There is a sense of urgency for a better understanding of bisphosphonate treated

growing bone, as bisphosphonates are currently the mainstay for treating osteoporosis in

children and juveniles.

1.2.1 Thesis objectives

The work conducted in this study aims to construct a simplified partial differential equa-

tion (PDE) model for BV/TV in terms of bone remodelling parameters, and to optimise

model parameters over longitudinal experimental data. The experimental data includes

µCT scans of cancellous bone in the secondary spongiosa for juvenile rats from three

groups including sham-operated rats (sham), ovariectomised rats (ovx) and ovariectom-

ised rats treated with zoledronic acid (ovx+zol). This combined approach will be imple-

mented to investigate the effects of ovx and ovx+zol on bone remodelling processes in

growing bone.

More specifically, the research focus for this study includes the following objectives:

• to briefly describe BV/TV observations in the experimental data qualitatively, as

a function of distance relative to the growth plate;
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• to briefly investigate changes to experimental BV/TV over time within each group

and to compare BV/TV over time between groups;

• to develop a mechanistic PDE model for BV/TV in growing rats, in terms of coupled

BMU remodelling events at the tissue scale;

• to optimise model parameters by fitting the analytic solution of the PDE model for

BV/TV to the experimental BV/TV data; and

• to identify the dominant effects of ovx and ovx+zol on bone remodelling parameters

in growing rats.

1.2.2 Structure of the thesis

An overview of the experimental rat data used for this study is given in Chapter 2. The

structure of material in the primary spongiosa which is adjacent to the growth plate is

predominantly composed of hypertrophic cartilage, and this material cannot be resolved

with current µCT scanning technology. Consequently, for this study, the volume of in-

terest begins farther away from the growth plate where the bone transitions from primary

spongiosa to secondary spongiosa. The secondary spongiosa of the tibial metaphysis in

rats is widely used to study changes to remodelling processes over time and the rat is

considered an appropriate animal model for human bone (Wronski & Liang, 1999; Li &

Wronski, 1995). Also included in Chapter 2, is a brief summary of preliminary observa-

tions that were made for BV/TV in the experimental data. Supplementary material for

early BV/TV observations is provided in Appendix A. In Chapter 3, a novel approach is

presented for investigating the basic relationship between BV/TV of growing bone and

bone remodelling at the level of the BMU, in terms of fundamental remodelling para-

meters. Here, a PDE model is derived to describe the change in BV/TV throughout the

secondary spongiosa over time, according to the rate of bone remodelling, and coupled

bone resorption and bone formation. The model is developed at the tissue scale only.

No effort was made to describe the cellular dynamics that lead to individual remodel-

ling events, nor the mechanical strains that influence these processes. The model for
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BV/TV is a spatial extension to ordinary differential equation (ODE) models that were

developed prior to this study. These models are summarised in Appendix B. The full

analytic solution that was derived for the construction of the final model for BV/TV

is given in Appendix B. Chapter 4 details the methods of optimisation that were im-

plemented for identifying values of the model parameters which best describe BV/TV

observations in the experimental data. The model parameters were found by applying

optimisation methods for comparison of BV/TV model predictions against BV/TV in the

experimental data. The model results are presented in Chapter 5. Supplementary figures

and tables for results presented in Chapter 5 are provided in Appendix C. In Chapter 6,

a review of the results is presented including the dominant effects of ovx and ovx+zol on

bone remodelling, clinical implications, model limitations, directions for future research,

and a discussion of open questions which require additional in vivo and in silico testing.

A final summary is presented in Chapter 7.
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Chapter 2

Data

Experimental data for this project consisted of μCT data collected as part of a larger

longitudinal study on cortical and cancellous bone structure (Perilli et al. , 2009; Fazzalari

et al. , 2012; Gontar et al. , 2018; Martin & Bottema, 2015). A group of thirty juvenile

Sprague-Dawley rats aged roughly 8 weeks, were randomly assigned to three experimental

groups of ten rats each.

1. Ten rats were given a bilateral ovariectomy causing an oestrogen deficiency (ovx

group);

2. Ten rats were given a bilateral ovariectomy, then given weekly treatments of bisphos-

phonate Zoledronic acid beginning fourteen days after surgery (ovx+zol group);

3. Ten rats were used as a control and underwent a sham surgery to simulate exposure

to surgical conditions. They were opened up but not ovariectomised (sham group).

Throughout, time will be measured in days from the time of the event of the surgery,

t = 0. µCT scans of the proximal tibia were performed at t = 0, immediately after

surgery, and at t = 14, 28, 56, and 84. One ovx rat and two ovx+zol rats died prior to

µCT scanning at t = 84 (Appendix A.1). Handling of the animals and the associated
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µ-CT procedures were carried out prior to this study and the details can be found in

Appendix A.2.1.

2.1 Post-processing of µCT data

For this study, the inherited raw reconstructed data were extracted from a larger data set

and prepared as binarised volumes. From here on out all further methods are presented as

original work, as conducted for the purpose of this study. All computations were carried

out using the scientific computing package in MATLAB©.

2.1.1 Bone block extraction

For each of the rats and each time point, a block of 121 × 121 × 400 voxels (1.0529mm

×1.0529mm × 3.4808mm) comprising proximal cancellous bone was selected manually

from the reconstructed data, at resolution of 0.0087 × 0.0087 × 0.0087mm3 per voxel.

This was the largest volume that could be extracted consistently over all samples without

including cortical bone. These 121 × 121 × 400 voxel arrays (1.0529mm ×1.0529mm ×

3.4808mm) will be referred to as bone blocks. The bone block was extracted from from

roughly the same location for each rat, nominally along the medial axis, positioned 138

µCT slices (1.2mm) from the edge of the growth plate. While this protocol sufficed

to identify the same general location within the tibia, voxel by voxel alignment could

not be reproduced consistently. In rats, the bone transitions from primary spongiosa

to secondary spongiosa 0.756mm-1.188mm from the growth plate (Kimmel & Jee, 1980),

placing the extracted bone blocks in the secondary spongiosa. Secondary spongiosal bone

in rats has an average age of at least 7 days.

For convenience, from here on out, the orientation of the medial axis will be considered

as horizontal, where ‘left’ refers to the end of the metaphysis that is close to the growth

plate and ‘right’ refers to the end of the metaphysis further away from the growth plate.
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The bone blocks were selected manually to find an axis of length 400 slices so that the

square of size 121×121 pixels situated on the axis fit within the cancellous bone for each

slice, starting at slice 138 slices to the right of the growth plate (Figure 2.1). The edge

of each bone block that is closest to the growth plate is approximately 1.2mm from the

growth plate, and the length of each bone block extends to approximately 4.7mm from

the growth plate.
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Figure 2.1: Examples of the selection of cancellous region for extraction of bone blocks

along the medial axis including the leftmost image in the data window 1.2mm from

the growth plate (left slice) and the far end of the bone block 4.7mm from the growth

plate (right slice) at t = 56 for (a) a sham rat, (b) an ovx rat, and (c) an ovx+zol rat.

Dimensions of the square on images are 120 ×120 pixels (1.0529mm ×1.0529mm), though

they appear to be rectangles due to the aspect ratio of the axes.
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2.1.2 Binarisation

A single global threshold was determined using Otsu’s method (Otsu, 1978), which is

a standard process for identifying an optimal threshold to separate bimodal two-class

data, usually for binarisation of greyscale images or for image segmentation. Otsu’s

method was used to binarise three cross-sections of the extracted bone blocks along the

vertical/horizontal axes for 3 rats from each group at t = 0 and at a later time point

after which all of the experimental treatments took effect at t = 56. Preliminary results

showed this sampling method to be robust. The mean binarisation threshold value was

found to be 0.233 ± 0.0463 thus the global threshold value was taken to be 0.233 (23%).

2.1.3 Morphological filtering

Experiments were conducted to investigate the use of morphological filtering for the

removal of isolated artefacts that appeared in the bone blocks after the binarisation step,

and to eliminate any other imperfections or distortion due to noise (Serra, 1982). BV/TV

of the largest connected component was compared to the sum of the BV/TV of all the

components for the following:

• binarised bone blocks;

• binarised bone blocks after performing morphological closing and opening with a

structuring element, comprising a cube with all values equal to one, of size 3×3×3

voxels; and

• binarised bone blocks after performing morphological closing and opening with a

structuring element, comprising a cube with all values equal to one, of size 5×5×5

voxels.

The use of a structuring element comprising a cube of size 5×5×5 voxels returned overall

BV/TV values that were much greater than the original BV/TV the original binarised

bone blocks. Further, the use of a structuring element cube of size 5 × 5 × 5 voxels

resulted in a lessened volume of the components that were not connected to the largest
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component. Thus a structuring element comprising a cube of size 3 × 3 × 3 voxels was

considered best, and was used for morphological closing then opening of the binarised

bone blocks. Components with volume less than 1000 voxels were also removed from the

bone blocks to reduce noise.

The final bone blocks were binarised using a single threshold 0.233 (23%) with morpho-

logical closing then opening applied using the 3× 3× 3 structuring element, to arrive at

the binary three-dimensional bone blocks of size 121 × 121 × 400 voxels. Example bone

blocks are displayed for t = 0, 28, 84 in Figure 2.2, and bone blocks for all time points are

displayed in Appendix A (Figure A.1).

2.2 Experimental data analysis

In rats, tibial metaphyseal cancellous bone displays decreasing BV/TV with distance from

the growth plate (Gabet et al. , 2008; Weber et al. , 2002). The trabecular structure is

more dense closer to the growth plate compared to cancellous bone further away from

the growth plate. Exactly how the BV/TV gradient changes over time has not been

reported in detail. Longitudinal (temporal) changes to BV/TV are generally measured

and reported with the assumption that changes to BV/TV are the same throughout

the volume of interest. Usually only a single BV/TV value is reported for any given

time-point.

Prior to developing models to describe the mechanistic changes that drive the BV/TV

changes seen in the data, some preliminary observations were made by inspection of the

relationship between BV/TV and the distance from the growth plate over time in the

juvenile growing rats. An effort was made to understand BV/TV as a function of distance

from the growth plate, rather than reporting an exhaustive list of BV/TV values that

extend throughout the volume of interest.

The objectives for these early observations are as follows:
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Figure 2.2: Extracted bone blocks at t = 0, 28, 84 for sham (row 1); ovx (row 2); and

ovx+zol (row 3).
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• to qualitatively describe BV/TV as a function of distance from the growth plate

• to describe changes to BV/TV over time for each experimental group, and to com-

pare BV/TV over time between groups

• to use results from observations towards informing the development of a mechanistic

model for BV/TV

2.2.1 BV/TV

BV/TV was calculated for each cross-sectional slice of the bone blocks by simply dividing

the amount of bone present by the area of the bone block slice (121×121 pixels).

The mean∓standard deviation for BV/TV values are displayed for each group, at three

equidistant points along the metaphysis in Table 2.1. BV/TV values asymptotically

approach zero for all rats. In particular, the ovx group has very low BV/TV for later

time points in metaphyseal bone furthest from the growth plate. By t = 28, at 4.42mm

from the growth plate, some of the ovx rats have metaphyseal BV/TV values less than

1%; by t = 56 some of the ovx rats have BV/TV values less than 3% for metaphyseal bone

beginning around 2.95mm from the growth plate; and by t = 56 some of the ovx rats have

BV/TV values less than 1% for metaphyseal bone beginning 2.95mm from the growth

plate (Table 2.1). In regions where BV/TV values fall below 5%, the BV/TV values

become highly varying due to the sparseness of the bone. Accordingly, only BV/TV

values above 5% were included for this preliminary work.

One of the features of BV/TV values seen in ovx+zol rats, is that by t = 84, some of the

values at a distance 2.95mm from the growth plate are higher than the BV/TV values in

the metaphyseal bone observed in the sham rats at a distance 4.42mm from the growth

plate (Table 2.1). Also by t = 84, for the ovx+zol rats, BV/TV values at the midpoint of

the data, 2.95mm from the growth plate, are generally higher than the sham rat BV/TV

values, 4.42mm from the growth plate (Table 2.1).
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BV/TV values ≥ 5% are displayed against distance from the growth plate for all time

points, for a single rat from each group in Figure 2.3 and for all rats in Figure 2.4.

2.2.2 Methods for BV/TV curve fitting

For all rats at t = 0, casual inspection revealed that the BV/TV as function of distance

from the growth plate is nominally linear (Figure 2.4). Further inspection showed that

BV/TV as a function of distance from the growth plate is nominally linear for sham and

ovx rats at all time points, and for ovx+zol at t = 0 and t = 14, but that ovx+zol BV/TV

curves appear to deviate significantly from linear for t = 28, 56, 84.

To quantify these observations, simultaneous linear regression was performed on BV/TV

as a function of distance from the growth plate for all rats at all time points. Regression

analysis was performed to fit polynomials of degree 1 for BV/TV as a function of distance

from the growth plate for each rat r at each time point t, of the form

Br,t(x) = mx+ b. (2.1)

To test the null hypothesis that the group slope correlation coefficients are same for

first order polynomial fits for all groups at t = 0, 14, 28, 56, 84, t-tests were performed

for correlation coefficient values between a) sham and ovx values; b) between sham and

ovx+zol values; c) between ovx and ovx+zol values; and c) between the pooled sham/ovx

values and ovx+zol values.

Residual analysis demonstrated that zol rat BV/TV values could not be modelled well

by polynomials of degree 1 at times t > 14 but could be modelled well by polynomials of

degree 1 for sham and ovx at all time points and for ovx+zol for t = 0, 14.

Further inspection indicated that the slope m in Equation 2.1 remains the same for

the first degree polynomial models for sham and ovx rats at all time points, and for
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Figure 2.3: BV/TV values against distance from the growth plate (GP) in mm, for a

single sham rat (left); a single ovx rat (middle); and a single ovx+zol rat (right) at times

t = 0 (black); t= 14 (brown); t = 28 (green); t = 56 (red); and t = 84 (blue).36
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Figure 2.4: BV/TV values against distance from the growth plate (GP) in mm for all

rats. Rows are according to time for t = 0, 14, 28, 56, 84. Columns are according to group.

Column 1 includes mean ± standard deviation BV/TV values for sham (blue), ovx (red)

and ovx+zol (green); column 2 includes all sham rat BV/TV values; column 3 includes

all ovx rat BV/TV values; and column 4 includes all ovx+zol rat BV/TV values.
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ovx+zol rats at t = 0 and t = 14. Table A.1 displays the p-values for testing the null

hypothesis that the values of m remain the same between these groups and time points.

A common m for all time points indicates that the gradient of the BV/TV curves remains

constant over time and that the only change to the curves over time, if any, are shifts

upwards/downwards by an additive constant. The common common rate of decrease,

mc, was taken to be the average rate of decrease for the above linear regression values

found for Equation 2.1 over all thirty rats at t = 0.

2.2.2.1 sham and ovx

After finding the common rate of decrease, mc regression was again carried out for all

sham and ovx rats for a polynomial model of degree 1, with fixed mc, and varying only

b (additive constant) for each rat r at each time point t. The model for Br,t(x) for all

sham and ovx data, is of the form

Br.t(x) = mcx+ br,t, (2.2)

where br,t is the additive constant found for each rat r at each time point t.

Several experiments were conducted to investigate trends for br,t over time for both the

sham rats and the ovx groups. T-tests were performed to test the following null hypo-

theses:

1. For sham rats, br,t values remain constant over time;

2. For ovx rats, br,t values remain constant over time; and

3. There is no difference over time between sham rat br,t values and ovx rat br,t values.

2.2.2.2 ovx+zol

Results from the initial stage of regression analysis indicated that for the ovx+zol group,

the curves that describe BV/TV as functions of distance from the growth plate are not
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well modelled as polynomials of degree 1. In light of the local increase observed near the

growth plate, an effort was made to quantify the non-linear ovx+zol rat BV/TV curves.

Beginning at t = 28, the plots of BV/TV values for ovx+zol rats appear to be nonlinear

close to the growth plate, but remain linear further away from the growth plate. Thus

an additional model was applied to the ovx+zol BV/TV curves composing of the sum of

a sigmoid and a polynomial degree 1 curve as follows,

Br,t(x) =
c

1 + eα(x−β)
+mcx+ br,t, (2.3)

for t = 28, 56, 84 where mc is the same common slope found for all rats at t = 0 and br,t

is the additive constant associated with the linear region for each rat r at time t.

To investigate trends seen for br,t t-tests were performed to test the following null hypo-

theses:

1. For ovx+zol rats, br,t values remain constant over time;

2. There are no differences over time between br,t values for ovx+zol rats and sham

rats; and

3. There are no differences over time between br,t values for ovx+zol rats and ovx rats.

The location of the inflection points for Equation 2.3 were identified for t = 28, 56, 84 in

each of the ovx+zol rats. Here, the inflection point is defined as the location where the

second derivative of the model for Br,t(x) changes sign. Linear regression was applied to

the three inflection points as functions of time for each ovx+zol rat to find the average

rate of change for the distance travelled by the inflection points over time for each ovx+zol

rat. These results yielded an average speed for the local increase in BV/TV values that

advances away from the growth plate in each of the ovx+zol rats, thus giving an indication

of the rate that new bone emerges due to endochondral ossification in each rat.

39



2.2.3 Results

Results for testing that the correlation coefficients for the slope in Model 2.2 are the same

for the sham and ovx rats and the ovx+zol rats can be found in Table 2.2. All of the

slope correlation coefficients for sham and ovx rats over all time points in addition to the

slope correlation coefficients for ovx+zol at t = 0, 14 were pooled and tested against the

pooled slope correlation coefficients for a) ovx+zol rats at t = 28, 56, 84; b) and ovx+zol

rats at t = 56, 84; and also tested against slope correlation coefficients for ovx+zol rats

at t = 84. The p-values for all of these t-tests were returned as p < 0.001.

The common rate of decrease that was taken to be the average rate of decrease for the

above regression values found for Equation 2.1 over all rats at t = 0, was found to be

mc = −0.109±0.023. Model 2.1 curves are displayed for t = 0 over the raw BV/TV data

for all rats in Figure 2.5.

2.2.3.1 sham and ovx rats

Model 2.2 curves for a single sham rat and a single ovx rat are displayed in Figure 2.6.

The average group br,t values for the sham and ovx br,t values from Model 2.2 are displayed

in Table 2.3. Also provided in Table 2.3 are the p-values for testing that br,t values do

not change over time within an experimental group, for both sham rats and ovx rats.

P-values are given for testing the br,t values within each group for each time-point t ≥ 14

against the group baseline (t = 0) br,t values. Additional p-values are displayed for testing

the br,t values within a group for each time-point t ≥ 28 against the previous time point.

A full list of p-values for testing br,t values between all time-points within the group, for

both the sham and ovx rats can be found in Table A.2 in Appendix A. In Table 2.6,

p-values are also provided for testing that br,t values are the same between the sham and

ovx rats for each time point t ≥ 0.
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BV/TV (%)

Dist (mm) t = 0 t = 14 t = 28 t = 56 t = 84

sham 1.45 57.0±6.6 57.3±5.6 63.3±6.5 63.3±9.1 64.9±7.4
2.95 40.2±4.9 47.0±6.7 47.5±7.3 47.5±5.7 45.8±9.0
4.42 25.7±3.6 32.8±7.5 32.0±9.9 32.0±9.0 31.5±10.2

ovx 1.45 61.3±7.9 42.6±7.0 39.2±9.8 33.4±11.9 26.4±9.9
2.95 45.3±8.8 32.1±6.8 21.3±10.6 10.5±7.8 6.8±6.3
4.42 29.8±8.0 20.6±7.1 8.1±7.8 0.9±0.8 1.2±1.1

ovx+zol 1.45 56.6±5.8 44.5±5.4 79.8±10.4 88.6±8.0 91.5±4.7
2.95 40.6±6.5 35.8±8.5 36.7±11.4 47.9±18.5 58.9±22.9
4.42 26.2±8.2 20.7±8.5 29.0±10.9 30.5±9.1 27.8±13.6

Table 2.1: Mean± standard deviation BV/TV values reported in units (%) for all three

groups at three equidistant points along the metaphysis, at distances 1.47mm from the

growth plate (left), 2.95mm from the growth plate (middle), and 4.42mm from the growth

plate (right), at t = 0, 14, 28, 56, 84.

Group A: Group B p–value

-0.101± 0.029 (a) ovx+zol t = 28, 56, 84 -0.201± 0.058 < 0.0001
(b) ovx+zol t = 56, 84 -0.224 ± 0.052 < 0.0001
(c) ovx+zol t = 84 -0.236 ± 0.055 < 0.0001

Table 2.2: Mean ± standard deviation slope correlation coefficient values for Group A:

pooled ovx, sham, ovx t ≥ 0 + pooled ovx+zol t = 0, 14; and Group B: pooled ovx+zol

rat values for a) t = 28, 56, 84; b) pooled ovx+zol rat values for t = 56, 84 ; and c) ovx+zol

rat values at t = 84. P–values are given for testing that average correlation coefficient

values are the same for Group A and Group B, using student’s independent t-test.
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Figure 2.5: Model 2.1 curves superimposed over raw BV/TV values against distance from

the growth plate, at t = 0, for all rats.
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sham For the sham rats, br,t values generally did not change over time, how-

ever there was a slight increase in br,t values at t = 56 (p = 0.024) (Table 2.3).

ovx T-test results indicate that over time, the BV/TV values for the ovx rats decrease

throughout the metaphysis by an additive constant compared to the ovx rat baseline br,t

values. However results are less conclusive for testing the ovx br,t values for any given time

step t ≥ 28 against the previous time step (Table 2.3). These results could be influenced

by the fact that there was significant loss of ovx cancellous bone beginning t = 28 for

values of x further away from the growth plate and the resulting spatial resolution was

thus much lower for modelling ovx BV/TV values with Equation 2.2. There were also

fewer ovx rat br,t values for t = 84, as one of the ovx rats died before the final µCT scan.

T-test results indicate that the ovx br,t values are less than the sham br,t values for all

t > 0.

2.2.3.2 ovx+zol

Model 2.2 curves for ovx+zol BV/TV values for t = 0, 14, and Model 2.3 curves for

ovx+zol BV/TV values for t ≥ 28 are both displayed in Figure 2.7.

Results for t-tests for ovx+zol br,t values were inconclusive for both br,t values over time

within the ovx+zol group, and for comparison to br,t values of other experimental groups.

There are a few factors that may have influenced these results, including the aforemen-

tioned poor spatial and temporal resolution for ovx BV/TV data. Two ovx+zol rats also

died prior to µCT scanning at t = 84. The advancing BV/TV increase travels so far away

from the growth plate, that by t = 84, the spatial resolution of the ovx+zol rat BV/TV

43



Figure 2.6: BV/TV values against distance from the growth plate for a single rat over

time from the sham group (top) and from the ovx group (bottom). The raw data is

shown by the markers, where t = 0 is represented by circles, t = 14 by squares, t = 28 by

diamonds, t = 56 by hexagram, and t = 84 by upward-pointing triangles. Superimposed

over the raw data are the curves modelled by Equation 2.2
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Group average additive constants br,t for all time points

t = 0 t = 14 t = 28 t = 56 t = 84

(N = 10) (N = 10) (N = 10) (N = 10) (N = 10)
sham 73.0 ± 4.8 78.1 ± 6.1 78.2 ± 7.0 79.5 ± 6.8 79.1 ± 8.6

* *p = 0.048 *p = 0.024

(N = 9) (N = 10) (N = 10) (N = 10) (N = 8)
ovx 77.6 ± 8.1 64.5 ± 6.1 54.4 ±9.2 47.0 ±9.7 42.9 ± 8.6

(N = 9) (N = 10) (N = 10) (N = 10) (N = 8)
* *p = 0.0001 *p < 0.0001 *p < 0.0001 *p < 0.0001
** **p = 0.016

sham, ovx p > 0.05 <0.001 <0.001 <0.001 <0.001

Table 2.3: Group mean ± standard deviation additive constant values br,t in units (%)

for Equation 2.2, for sham rats and ovx rats, for each time point, t = 0, 14, 28, 56; and

p-values for testing the null hypothesis that group average additive constants for sham

and ovx groups are the same at each time point t. Only p-values < 0.05 are reported.

Longitudinal study: * indicates p-values for testing the null hypothesis that group br,t

values for the given time point are the same as the the group baseline (t = 0) br,t values

within the same experimental group; and ** indicates for testing the null hypothesis that

br,t values for a given time point within a group are the same as the group br,t values

found for the previous time point within the same experimental group.
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data available is also significantly reduced for the polynomial degree 1 component of the

Model 2.3.

The results for tracking the inflection point over time in the ovx+zol data for the Model

2.3, yielded an average speed 0.023±0.018mm/day.

2.2.4 Conclusion

The conclusion of the preliminary study is that changes to BV/TV act consistently over

the region studied, in that decreases could be modelled well as being constant as functions

of distance from the growth plate for sham rats and ovx rats for t ≥ 0 and for ovx+zol

rats for t ≤ 14. For t > 14, the ovx+zol rats display changes in BV/TV values that

are not constant as functions from the growth plate. Thus the effect of treatment by

zoledronic acid is not consistent as a function of distance from the growth plate. This

observation motivated the modelling in Chapter 3.
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Figure 2.7: Model 2.3 curves superimposed over raw BV/TV values against distance

from the growth plate over time, for a single ovx +zol rat. The raw data is shown by the

markers, where t = 0 is represented by circles, t = 14 by squares, t = 28 by diamonds,

t = 56 by hexagram, and t = 84 by upward-pointing triangles. Superimposed over the

raw data are the curves modelled by Equation 2.2 for t = 0, 14 and by Equation 2.3 for

t ≥ 28.

47



48



Chapter 3

Mathematical model for BV/TV

A mathematical model is presented to describe the changes to BV/TV over distance

relative to the growth plate that occur over 84 days in juvenile rats from the sham, ovx

and ovx+zol groups. In this study a PDE spatial extension is applied to the temporal

ODE model developed by Fazzalari et al. (2012).

3.1 Prior work

The model developed by Fazzalari et al. (2012) characterises the effects of remodelling

processes on the local volume and structure of cancellous bone.

The model comprises a temporal ordinary differential equation for BV/TV over time

coupled with simulations of individual remodelling events. The model was validated on a

smaller volume of interest, taken from the experimental data described in Chapter 2. The

region of experimental data chosen for this work extends from 1.2mm below the growth

plate to 2mm below the growth plate. The simplest form of the model is

dB

dt
= c(B) (f(B)− R) (3.1)

where c(B) is the number of remodelling events per unit time, f(B) is the formation

volume per remodelling event and R is the resorption volume per remodelling event. For
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the region of experimental data selected in this study the surface area is proportional to

B2/3, allowing surface area to be modelled as a function of BV/TV, thus 18 models were

considered for c(B) and f(B) each being linearly dependent on BV/TV, surface area or

being independent of the amount of bone present. Only models that predict convergence

of B(t) to finite positive values were considered, reducing the 18 models to 3 which are

described in Appendix 3.1.

The results for sham and ovx were in agreement with the current understanding of bone

remodelling in adult rats. However, results for ovx+zol indicated that the changes seen

in the cancellous bone could not be described by remodelling alone in bisphosphonate

treated juvenile rats. This observation motivated the development of the spatio-temporal

PDE model that was constructed for this study. BV/TV will now be viewed as dependent

on both time and the location relative to the growth plate.

3.2 Spatial extension

For simplicity, and for the purpose of modelling, let the growing bone be viewed as

‘emerging during growth’ and then continuing to ‘travel away from the growth plate’.

Also, suppose that the only changes to BV/TV over time, are due to remodelling events

with coupled bone resorption and formation at the BMU level. Now, let B(x, t) represent

the amount of bone, BV/TV, at some position x relative to the growth plate, at time

t. As in Equation 3.1, let R represent average resorption volume per remodelling event

with units (mm3day−1); f(B(x, t)) represent average formation volume per remodelling

event, viewed as an unknown function of B(x, t), with units (mm3event−1); let c(B(x, t))

represent the number of remodelling events per unit BV/TV per unit time, also viewed as

an unknown function of B(x, t) with units (events mm−3day−1); and let v be a constant

velocity with which bone ‘emerges’ during growth.

Over time increment ∆t, bone moves away from the growth plate with velocity v, at a

distance x = v∆t. Bone previously at position x moves away from this location and

so represents a loss of bone with BV/TV B(x, t). Bone previously at position x − ∆x
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moves to position x during time increment ∆t, and also undergoes remodelling according

to Equation 3.1 during time increment ∆t. Thus the new bone at position (x, t) has

BV/TV given by

B(x−∆x, t) + c(B(x−∆x, t) [f(B(x−∆x, t)− R] ∆t.

Hence the net change in BV/TV at x is given by

∆B = −B(x, t) +B(x−∆x, t) + c(B(x−∆x, t) [f(B(x−∆x, t)− R] ∆t

The time difference quotient is

∆B

∆t
=

B(x−∆x, t)−B(x, t)

∆t
+ c(B(x−∆x, t) [f(B(x−∆x, t)− R] .

Since ∆x = v∆t,

∆B

∆t
= −v

B(x−∆x, t)−B(x, t)

∆x
+ c(B(x−∆x, t) [f(B(x−∆x, t)− R]

Taking lim
∆t→0

, and thus lim
∆x→0

, yields

∂B(x, t)

∂t
= −v

∂B(x, t)

∂x
+ c(B(x, t) [f(B(x, t)− R] .

In reduced notation, the simplest form of the model becomes

Bt + vBx = c(B) (f(B)−R) , (3.2)

where the change in BV/TV per unit time at a distance x relative to the growth plate is

given by the difference between the average formation volume and the average resorption

volume during a single remodelling event, multiplied by the number of active remodelling

sites per unit time per unit bone volume.
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With the same criterion as in section 3.1, only three models that predict B(x, t) to

converge to a finite positive value for fixed t were considered further, again reducing the

number of possible models to three, presented in section B. Here, bone remodelling is

considered to be random remodelling, as experimental conditions did not change over

time (Appendix A).

3.3 Model for BV/TV

Since the three models investigated by Fazzalari et al. (2012) yielded results with the same

trends in effects of ovx and ovx+zol on modelling parameters f(B), R, and c(B), Model

B.4 (Appendix 3.1) was chosen on the basis of being the simplest both mathematically

and in terms of physical interpretation, where f(B) =
F

c(B)
, c(B) = C(t)B(t).

There are two main goals considered in the development of a simple, mechanistic model

for BV/TV. The first goal is to test the hypothesis that the effect on coupled bone

remodelling due to both ovx and ovx+zol is to alter the cycle rate. The second goal is to

test the hypothesis that there is an additional effect of ovx+zol, to alter processes that

occur outside the domain of the experimental data.

The model for BV/TV, B.4 is

1

v
Bt +Bx =

1

v
(F − C(t)RB(t)) (3.3)

B(0, t) = D(t). (3.4)

3.3.1 Initial conditions, s

The model allows x = 0 to be viewed as the ‘effective point of formation’, modelled as

an unknown location between the chondro-osseous junction at the growth plate and the

metaphyseal bone to the left of the window of experimental data. The initial condition
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for x = 0 is considered to be the location where coupled bone resorption and formation

remodelling processes begin in emerging bone. Thus coupled remodelling occurs in bone

x ≥ 0 and continues as the bone travels away from the growth plate. The effective point

of formation is included in the numerical implementation of the model as parameter s.

The parameter s for the effective point of formation is difficult to define and may span

over a small region, where this region may change slightly over time and may be different

for any given rat. To address this uncertainty, an additional parameter is introduced

during the optimisation process (Section 4.1.4.2).

3.3.2 Cycle rate, c(B)

A well known effect of oestrogen deficiency on bone remodelling in adult rats, is an

increase in the rate of remodelling (Section 1.1.3). This effect was observed in prior work.

Results from Fazzalari et al. (2012) suggest that one of the effects of ovx is an increase

in c(B) compared to the sham group. Also well known, is that the dominant effect of

bisphosphonates on bone remodelling is a reduction in the rate of remodelling due to

inhibition of osteoclast resorption (Section 1.1.4.1).

To test that the effect of the ovx and ovx+zol in growing rats is to alter the cycle rate, a

sigmoidal function is introduced in Equation 3.5) to model the change in proportionality

term C(t) as a function of time according to effects of ovx, and ovx+zol. C(t) models C1

for for all rats prior to the t = 0 ovariectomy and for sham rats for all time; C2 for the

effect of the t = 0 ovariectomy in ovx and zol rats; and C3 for the effect of bisphosphonate

treatments in zol rats for t ≥ 14.

C(t) =
C1 + C3

2
+

C2 − C1

2
tanh (λ1(t− J1)) +

C3 − C2

2
tanh (λ2(t− J2)) , (3.5)

where λ1 adjusts the rate at which the effect of the ovariectomy on cycle rate manifests,

and J1 is the time lag of this effect. λ2 adjusts the rate at which the effect of the

bisphosphonate on cycle rate manifests, and J2 is the time lag of this effect.
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3.3.3 Boundary conditions, D(t)

Results from Fazzalari et al. (2012) showed that the changes to cancellous bone in the

metaphysis in growing juvenile rats could not be modelled by remodelling processes alone.

Preliminary observations made in this study (Section 2.2.3.2), also indicated that BV/TV

increases significantly locally near the growth plate, compared to BV/TV observations

throughout the metaphysis further away from the growth plate.

To allow for the possibility of an additional effect of ovx+zol on BV/TV local to the

growth plate that cannot be explained by coupled remodelling, boundary conditions,

D(t), are introduced in Equation 3.6.

D(t) =
D2 +D1

2
+

D2 −D1

2
tanh (η(t−K)) . (3.6)

Equation 3.6 describes the observed change in BV/TV at the left edge of the experimental

data window, in bone emerging from the growth plate. For sham and ovx rats, BV/TV

at the boundary is modelled as constant, with parameter D1. For the ovx+zol rats, a

sigmoidal function is presented to model the change in the BV/TV as a function of time,

allowing for BV/TV to shift from D1, and asymptotically approach a second constant,

D2. Parameter η adjusts the rate at which the effect of ovx+zol on emerging BV/TV

manifests, and K is the time lag of this effect.

3.4 Bone blocks

Figure 3.1 gives a rough indication of the location where the bone blocks were extracted

from in the proximal tibial cancellous bone, with initial conditions, s. The medial axis of

the tibia is represented along the horizontal axis of the figure. For display purposes, the

figure is shown in two dimensions, however the bone blocks have volume 1× 1× 3.5mm3,
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Figure 3.1: Location of experimental µCT bone block (yellow) in the proximal end of the tibia. A (grey): epiphysis, B (cyan):

growth plate, C (magenta): primary spongiosa, D (white): secondary spongiosa, E (yellow): bone block extending 1.2mm-4.7mm

from the edge of the growth plate, shown in two dimensions, 1 × 3.5mm2, F: initial conditions, s (x = 0) viewed as being at an

unknown location prior to parameter optimisation. Figure is not shown to scale.
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3.5 Analytic solution for B(x, t)

The following constants are introduced to reduce the notation

A =
F

v
, P =

R(C1 + C3)

2v
, Q1 =

R(C2 − C1)

2v
, Q2 =

R(C3 − C2)

2v
.

The PDE becomes

1

v
Bt +Bx = A− PB −Q1 tanh (λ1(t− J1))B (3.7)

−Q tanh (λ2(t− J2))B,

B(0, t) = D(t) (3.8)

The full derivation and notation can be found in section B.2.

A full analytic solution to Equation 3.7 is given by

B(x, t) = D(t− x/v)e−Px

(

eλ1(t−x/v−J1) + e−λ1(t−x/v−J1)

eλ1(t−J1) + e−λ1(t−J1)

)Q1v/λ1

×

(

eλ2(t−x/v−J2) + e−λ2(t−x/v−J2)

eλ2(t−J2) + e−λ2(t−J2)

)Q2v/λ2

+

+
Ave−Pvt

∫ s/v+r

r
ePvy

(

eλ1(y−J1) + e−λ1(y−J1)
)Q1v/λ1

(

eλ2(y−J2) + e−λ2(y−J2)
)Q2v/λ2 dy

(eλ1(t−J1) + e−λ1(t−J1))
Q1v/λ1 (eλ2(t−J2) + e−λ2(t−J2))

Q2v/λ2
.

(3.9)

For ovx rats

Q2 =
R(C3 − C2)

2v
= 0 since C2 = C3; and

D(t) =
D2 +D1

2
+

D2 −D1

2
tanh (η(t−K)) = D1 since D1 = D2 thus
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B(x, t) = D1e
−Px

(

eλ1(t−x/v−J1) + e−λ1(t−x/v−J1)

eλ1(t−J1) + e−λ1(t−J1)

)Q1v/λ1

+
Ave−Pvt

∫ s/v+r

r
ePvy

(

eλ1(y−J1) + e−λ1(y−J1)
)Q1v/λ1 dy

(eλ1(t−J1) + e−λ1(t−J1))
Q1v/λ1

. (3.10)

For sham rats

Q1 =
R(C2 − C1)

2v
= 0 since C1 = C2;

As above, Q2 =
R(C3 − C2)

2v
= 0 since C2 = C3; and

D(t) =
D2 +D1

2
+

D2 −D1

2
tanh (η(t−K)) = D1 since D1 = D2 .

B(x, t) = D1e
−Px +

A

P
(1− e−Px), hence

B(x, t) = (D1 −
F

C1R
)e−

C1Rx/v +
F

C1R
. (3.11)
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Chapter 4

Methods

Optimisation methods were implemented to arrive at a set of values for model parameters

that best describe observed BV/TV in the experimental data. The model parameter

values were identified by minimising the error between BV/TV values in the experimental

data and BV/TV values predicted by the mathematical model for BV/TV.

The model in Equation 3.7 includes N = 13 parameters to be estimated from the data.

Due to the great variation between rats and the noise in the measured values of the

amount of bone as a function of distance from the growth plate for individual rats, the

difference between the data and model as a function of the parameters is fraught with

local minima. Accordingly, descent methods for minimising the fit over the parameters

space was not possible. Instead, an optimal fit was sought in stages. Initial plausible

ranges for the parameters were set based on inspection and physical constraints. Next,

the parameters controlling the gross features of the model were fit. In subsequent stages,

more parameters were added and ranges of parameters were refined. Exhaustive search

over parameter sets limited to discrete values of the parameters within a fixed ranges was

used at each step.

Statistical analysis was also carried out to investigate the effects of ovx and ovx+zol on

the cycle rate, and to investigate the effects of ovx+zol on boundary conditions.
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4.1 Optimisation methods

Optimisation of the model parameters was an iterative process and was carried out in

three stages. First the search window for model parameter ranges was narrowed using

exhaustive search methods with an initial estimate for initial conditions, s. Exhaustive

search has the advantage over other optimisation routines that absolute minima are guar-

anteed to be found. However, the precision is limited by the level of discretisation of the

parameter space.

Secondly, fixed resolution optimisation methods were implemented over a range of values

of s, to identify a single value of s for all rats. Finally, once a value was determined for s,

fixed resolution methods were again implemented over the entire model parameter space.

An additional parameter was introduced to allow for small spatial shifts, ss, in an effort

to treat uncertainty relating to variability in the data. Parameter ss was found for each

rat and each time point, by using exhaustive search methods in a sub-routine of the fixed

resolution optimisation algorithm.

4.1.1 Integral in solution for B(x, t)

The integral term in the solution for B(x, t) for both ovx and ovx+zol rats is of the form
1

f(t)

t
∫

t−x0/v

f(y)dy, where f denotes the integrand. For each time point t = 0, 14, 28, 56, 84

that B(x, t) is calculated over x during optimisation, the integral is calculated using the

quad command in Matlab in the first instance for B(0, t) over the interval [t −
x0

v
, t] ,

where x0 = 0 (initial conditions, s). After the integral is calculated for x0 , the trapezoidal

rule is used to approximate the integral by way of the integrand over the interval [t −
xi

v
, t−

xi + dx

v
], for each of the remaining 399 slices, x1,x2, ..., x399. Each slice is separated

by dx = xi+1 − xi = 0.0087mm.
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4.1.2 Error function

The error function f for rat r and time-point t for the model is given by fr,t(P ), where

P = (p1, p2, ..., pN) is the vector of N parameters. Here,

fr,t(P ) =

√

√

√

√

1

m

m
∑

i=1

(Br(xi, t)−M(xi, t))
2,

where B(xi, t) is the BV/TV value determined by the model, computed at slice i and

time t; and M(xi, t) is the measured BV/TV value in the experimental bone block data

at slice i and time t. This formula records the root mean squared error at xi and time t

averaged over the number of slices used in the function evaluation. The total error for rat

r is fr = meant(fr,t) where meant depends on the number of time-points used or available

for rat r. The total error reported for a group is f = meant(fr), where meanr depends

on the number of rats used or available for a group.

4.1.3 Initial parameter estimation

There are 13 parameters in the model for BV/TV, for which reasonable ranges had to be

identified prior to optimisation.

4.1.3.1 Bone growth rate, v

The initial estimate for v was 0.023mm/day, found from preliminary work carried out

in Section 2.2.3.2. This estimate was based on the distance that the inflection points in

Equation 2.3 were found to travel over time for ovx+zol rats beginning t = 28. Efforts

to quantify the sigmoidal plus linear shape were difficult given the variability between

individual rats, noisy data and very small sample sizes. Subsequently, v was included in

the optimisation scheme with the other parameters.
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4.1.3.2 Model parameters R and C(t)

Average resorption volume, R, could vary between groups and change according to ex-

perimental conditions. However, R only appears in the analytic solution for B(x, t) as

a product with the proportionality constant terms in C(t). R appears in the model as

S1 = C1R, S2 = C2R, and S3 = C3R. Thus R could not be determined individually.

Similarly, proportionality terms C1, C2, C3 in Equation 3.5 only appear in the solution

for B(x, t) as products with R and could not be determined individually. Optimising

these parameters requires knowledge of them separately. Parameters S1, S2, and S3 were

used as surrogates for studying the trends in the proportionality term C(t) for cycle rate,

c(B), under the assumption that differences in R were small across the three cohorts.

4.1.3.3 Narrowing parameter ranges

Exhaustive search methods were used to narrow the ranges for the parameters, beginning

with fitting the model to the sham rat data. The solution for sham rats (Section 3.5) has

three degrees of freedom, for fixed v. At most only three parameters could be deduced

from the experimental data,including D1,
F

S1

where S1 = C1R, and
S1

v
. Preliminary

experiments narrowed these parameter ranges as follows:
S1

v
∈ [0.01, 0.50], D1 ∈ [0.5, 0.8],

F1

S1

∈ (0, 0.02), and v ∈ [0.02, 0.04].

Further experiments were performed to find reasonable ranges for parameters for ovx and

ovx+zol rats, by fixing most parameters and allowing 3-5 parameters to vary at time,

over 5-10 values each. For a given parameter, the range was set over an exponential scale,

and new ranges were chosen according to the location of the current optimal value that

yielded the lowest error between the solution for B(x, t) and the BV/TV of the data. If

an optimal value fell on one of the boundaries of the parameter range, the new range was

reduced with the current optimal value in the centre of the range.

At this early stage of optimisation, some of the parameters were fixed. The effective point

of formation was fixed at s = 0.5. The time shift parameter J1 in Equation 3.5 was set

to zero, with the simplified assumption that any changes to cycle rate due to ovx occur
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on the same day of the ovx surgery. Similarly, the time shift parameters J2 in Equation

3.5 and K in Equation 3.6 were set to day 14, the same day that the zol treatments

begin, implying that any effects of ovx+zol on cycle rate or change in BV/TV near the

growth plate begin immediately after commencement of zoledronic acid treatment. A set

of initial parameter ranges was established and can be seen in Table 4.1.

Parameter Range Units
v [0.02, 0.04] mm/day
D1 [0.5, 0.8] dimensionless
D2 [0.7, 0.95] dimensionless
η 0.1 dimensionless
K 14 days
S1 [0.007, 0.009] events/day
S2 [0.01, 0.03] events/day
S3 [0.001, 0.1]× 10−7 events/day
λ1 [0.01, 3] dimensionless
λ2 [0.01, 3] dimensionless
J1 0 days
J2 14 days
F [0.0000001, 0.0000002] dimensionless

Table 4.1: Parameter ranges

4.1.4 Fixed resolution optimisation

Fixed resolution optimisation was carried out after the above parameter estimation ex-

periments, to find parameter ranges that were reasonable, but wide. The dimension of the

parameter spaces is too large for exhaustive search methods. Also, this allowed for setting

windows of parameters instead of discrete values and reduces the number of function calls

compared to the exhaustive search methods.

For a given rat the optimisation routine was applied to identify the optimal set of N

parameters in the model for BV/TV that best match the data over all time points.The

full list of N = 13 model parameters are v, S1, S2, S3, D1D2, λ1, λ2, η, J1, J2, and K.
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During the fixed resolution optimisation, to minimise the error function, the error function

was evaluated at 2N locations corresponding to one step in each of the 2N directions

parallel to the N coordinate axes. In addition, a search is also carried out in the direction

of the gradient of f to find the best neighbouring voxel (within the domain).

4.1.4.1 Inclusion of spatial shifts, ss

Additional spatial shifts, ss, are included in the model to account for the inexact know-

ledge of aspects of the data including the location of the growth plate, the natural vari-

ation in bone metabolism over time, the location of the effective point of formation, as

well as the timing of the surgeries, injections and µCT scans. During the optimisation

process the data are shifted relative to the solution in order to minimise the error function

f over the existing variables for a given rat, allowing different shifts for each time point.

4.1.4.2 Fixed resolution optimisation routine

1. An initial point is set randomly from the domain of allowable values, for N para-

meters. Here N is the number of parameters in the model. For sham rats N = 4,

for ovx rats N = 7, and for ovx+zol rats N = 13.

2. For a given direction of search, p = (p1, p2, ..., pN), the error function f is computed

at the 2N points given by p+ ei and p− ei for i = 1, 2, ..., N , where ei is the same

dimension as p with zeros everywhere except a 1 in position i, e = (0, 0, ...1, ..., 0).

3. The error function f is evaluated at a discrete form of the gradient, with the partial

derivative in direction i computed as di =
f(p+ ei)− f(p− ei)

2
and f is evaluated

at qi = p+ ei ∀i.

4. If min(f(qi)) < f(p), then the search moves to qi where I = argmin(f(qi)). If f(qi)

has not been computed previously, steps 1-3 are applied with p = qi. If f(qi) has

been computed previously, then there is no point in applying the algorithm again

at this point and so a new point in the parameter space is chosen randomly and

steps 1-3 are applied at this new point.
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5. The optimisation routine stops if a functional value of zero is found, a preset number

of function calls is reached, or a preset number of iterations is performed.

ss shift optimisation The optimisation strategy for the data shifts is different to

the fixed resolution optimisation for the 13 parameters. At each step at which the error

function is evaluated at the 13 parameters, an additional exhaustive search is performed

over an interval of possible relative shifts between the data and the model for B(x, t).

Exhaustive search methods were implemented rather than fixed resolution to minimise

unnecessary computation of B(x, t). Instead of comparing the data to the model shifted

by an amount SS by way of computing B(x − SS, t), this strategy takes into account

the shifts without excessive additional computations, since B(x − SS, t) is the same as

B(x, t) shifted by SS.

4.1.4.3 Experiment for initial conditions, s

Parameter ranges in Table 4.1 were used for carrying out fixed resolution optimisation of

model parameters over a range of values for s. In addition to fixed resolution optimisation

of the 10 model parameters, an exhaustive search was performed over an interval of

relative spatial shifts between the data and the model, for each rat and time point.

4.1.4.4 Experiment for optimal model parameters

After determining a single value for s, a final experiment was set up over the entire

parameter space for all 13 model parameters, and over an interval of spatial shifts. The

range of parameters are shown in Table 4.1. At this final stage of optimisation J1, J2 and

K were allowed to vary up to 4 days from the time of surgery/injections.
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4.2 Statistical testing

Statistical methods were implemented to investigate the effects of ovx and ovx+zol on

BV/TV, and to examine the appropriateness of ss, the parameter included as a means

of addressing noise and uncertainty in the experimental data.

1. To test the hypothesis that the distributions of the shift parameter, ss, are the

same between groups, t-tests were performed between each group.

2. To test the null hypothesis that the cycle rate remains the same over time for all

groups, t-tests were conducted to compare cycle rate parameters S1, S2, and S3.

3. To test the hypothesis that boundary conditions for ovx+zol rats are the same

compared to boundary conditions for the other groups, a t-test was performed to

compare boundary condition parameters D1 and D2.
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Chapter 5

Results

The results are presented for implementation of the methods described in Chapter 4.

Optimisation was carried out for identifying values and trends of the model parameters

from the model for BV/TV, B(x, t), which was developed in Chapter 3. Statistical testing

was conducted to investigate the dominant effects of ovariectomy surgery and zoledronic

acid treatments on cancellous BV/TV in juvenile rats.

5.1 Initial conditions, s

Optimisation was carried out over ten B(x, t) model parameters with three of the model

parameters fixed, J1 = 0, J2 = 14 and K = 14, for a range of values of s, the effective

point of formation. Parameter s is viewed as the location where coupled bone remodelling

begins. Values of s that were considered, range from s = 0 where x = 0 is viewed as

being at the growth plate, to s = 1.2 with x = 0 viewed as being at the left edge of the

experimental data window.

Examples of model fits for s too close to the growth plate at s = 0.1 are provided in

Appendix C. Model fits are shown for all three groups in Figures C.1-C.3. The distribution

of optimised model parameters for s = 0.1 are displayed in Figure C.4.
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The value of s that minimised the error function, and also produced the best fits visually

for BV/TV across the groups was found to be s = 0.8, in the vicinity of bone where

primary spongiosa transitions to secondary spongiosa.

5.2 Modelling results

The final window of parameter ranges used for fixed resolution optimisation are presented

in Table 4.1. For every rat in every group, the optimal set of parameters that minimised

the error function comparing the model for BV/TV to the experimental data were recor-

ded and can be found in Appendix C, in Tables C.1- C.3. These values are presented in

Table 5.2 as the mean± standard deviation across all rats that share common parameters

in the solution for B(x, t). Sham and ovx B(x, t) solutions include a subset of the total

N = 13 parameters, and ovx+zol solutions include all 13 parameters.

Model parameters for each group:

• sham: v,D1, S1, F (N = 4)

• ovx: v,D1, S1, F, S2, λ1J1 (N = 7)

• ovx+zol:v,D1, S1, F, S2, λ1J1, S3, λ2, J2,D2, η,K (N = 13)

The fits for B(x, t) to the experimental data BV/TV are displayed for each rat in Figure

5.1 (sham), Figure 5.1 (ovx) and Figure 5.3. The distribution of optimal model parameters

for each of the 13 parameters are displayed in Figures 5.4 - 5.6. Figure 5.4 shows the

distribution of parameter values for parameters that appear in the solution for B(x, t)

across all of the groups; Figure 5.5 shows the distribution of parameters relating to the

effect of ovariectomy on cycle rate which appear in the solution of B(x, t) for both ovx and

ovx+zol rats; and Figure 5.4 shows the distribution of parameter values for paramters

relating to the effect of zoledronic acid on cycle rate and boundary conditions, which

appear in the solution for B(x, t) for ovx+zol rats only.
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Parameter a b

v 0.0200 0.0380

S1 0.0065 0.0085

S2 0.0200 0.0400

S3 10−5 10−2

D1 0.5500 0.9500

D2 0.7500 0.9700

λ1 0.0100 2

λ2 0.0100 3

η 0.0200 0.2000

J1 0 2

J2 14 18

K 14 18

F 10−13 10−10

Table 5.1: Parameter ranges for final stage of optimisation, [a, b].

Growth rate The average growth rate over all 26 rats was v = 0.034± 0.004 .

Spatial shift, ss The values for the spatial shift parameter, ss, were recorded for each

rat, according to group (Appendix C) and the distributions are displayed in Figure 5.7.
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All rats Effect of ovariectomy Effect of bisphosphonates

sham,ovx,ovx+zol ovx,ovx+zol ovx+zol

n = 26 n = 16 n = 9

Parameters

v 0.0338± 0.0044

S1 0.0073± 0.0009

D1 0.6885± 0.0846

F 2.7394± 4.4988 ×10−11

S2 0.0331± 0.0072

λ1 1.0465± 0.8871

J1 0.1923± 0.5670

S3 0.0025± 0.009

λ2 0.6375± 0.8859

J2 17.3333± 1.4142

D2 0.9456± 0.0367

η 0.0844± 0.0371

K 16.8889± 1.7638

Table 5.2: Mean±standard deviation of optimal parameter values. n is the number of animals in the indicated groups.
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Figure 5.1: Model for B(x, t) for sham rats. Each figure shows the BV/TV values against

distance from the growth plate for each t = 0 (black), t = 14 (brown), t = 28 (green),

t = 56 (red), and t = 84 (blue) for an individual rat from the sham group plus the model

for B(x, t) superimposed according to the same colour scheme. The model for the sham

group does not change as a function of time, however the curves vary over the five time

points due to slight variations in the optimised values for shift parameter, ss. Overall

group error for fits is 0.0362.
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Figure 5.2: Model for B(x, t) for ovx rats. Each figure shows the BV/TV values against

distance from the growth plate for each t = 0 (black), t = 14 (brown), t = 28 (green),

t = 56 (red), and t = 84 (blue) for an individual rat from the ovx group plus the model

for B(x, t) superimposed according to the same colour scheme. Overall group error for

fits is 0.0363.
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Figure 5.3: Model for B(x, t) for ovx+zol rats. Each figure shows the BV/TV

values against distance from the growth plate for each t = 0 (black), t = 14

(brown), t = 28 (green), t = 56 (red), and t = 84 (blue) for an individual rat

from the ovx+zol group plus the model for B(x, t) superimposed according to

the same colour scheme. Overall group error for fits is 0.0363.
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Figure 5.4: Distributions of optimal model parameter values for parameters

that apear in the solution for B(x, t) for all three groups. Parameters are

v, S1, D1, F . Colours are according to group, sham: blue o, ovx: red *, zol:

green triangle.

74



0.02 0.022 0.024 0.026 0.028 0.03 0.032 0.034 0.036 0.038 0.04

ovx+zol

ovx

S2 (ovx, ovx+zol)

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

ovx+zol

ovx

L1 (ovx, ovx+zol)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

ovx+zol

ovx

J1 (ovx, ovx+zol)

Figure 5.5: Distributions of optimal model parameter values for parameters

that apear in the solution for B(x, t) for ovx and ovx+zol rats only. Parameters

are S2, λ1, J1. Colours are according to group, ovx: red *, zol: green triangle.
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Figure 5.6: Distributions of optimal model parameter values for parameters

that apear in the solution for B(x, t) for ovx+zol rats only. Parameters are

S3, λ2, J2, D2, E,K.

76



T-test results indicate that the shift distributions, ss, are the same between groups (Table

5.3).

sham - ovx sham - ovx+zol ovx - ovx+zol

p 0.4139 0.1615 0.6839

Table 5.3: P-values for testing that the distributions of the spatial shift values, ss, are

the same between groups

Cycle rate Without explicitly resolving the resorption volume parameter, R, the con-

stants in the proportionality term for cycle rate, C(t), also cannot be explicitly resolved.

Here, S1 = C1R is associated with the cycle rate for all rats at the baseline and for

sham rats, S2 = C2R is associated with the cycle rate affected by ovariectomy surgery in

the rats, and S3 = C3R is associated with the cycle rate affected by weekly zoledronic

acid treatment in ovariectomised rats. Suppose R changes according to group, then any

differences between parameters S1, S2, and S3 will either be more distinct or slightly less

distinct. In any event, independent of R values, clearly any trends in S1, S2 and S3 will

prevail, and observation of these trends are valid without information about the model

parameter R. Results for testing the hypothesis that S1, S2 and S3 are the same, yielded

p < 0.001 between each pair of parameters. The initial parameter ranges for S1, S2 and

S3, were the same, and over time, as the optimisation methods were implemented, values

narrowed for each of these parameters. The distribution of S1, S2 and S3 values are shown

in Figure 5.8.

Boundary conditions, D(t) Results for testing the hypothesis that D1 and D2 are

the same, yielded p < 0.001 (Figure 5.9). The initial range of values were the same for

D1 and D2, and the ranges of these two parameters began to diverge early on during the
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Figure 5.7: Distributions of values for spatial shifts, ss, for each group. The p-values for

testing that the distributions are the same for sham, ovx, and ovx+zol are p = 0.4139

(sham-ovx), p = 0.1615 (sham-ovx+zol), and p = 0.6839 (ovx+zol).

optimisation process, as a consequence of minimising the error function between BV/TV

values determined by B(x, t) and measured bone block BV/TV values. The distributions

of values for D1 and D2 are shown in Figure 5.9.

5.2.1 Effect of ovx

The model results for the parameters relating to cycle rate indicated a significant increase

from S1 = 0.007 ± 0.001 (sham,ovx,ovx+zol) to S2 = 0.033 ± 0.007 (ovx, ovx+zol)

(p < 0.001). Results also suggest that the effect of the ovariectomy surgery on cycle rate
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Figure 5.8: Distribution of optimal values for S1 (sham,ovx,ovx+zol), S2 (ovx,ovx+zol),

S3 (zol) with initial conditions s = 0.55. The p-values for testing that the distributions

are the same for S1, S2 and S3 are p < 0.001 between S1 − S2, S1 − S3 , and S2 − S3.

begins to occur on the same day of surgery where the time shift parameter J1 = 0.19±0.6

days (ovx,ovx+zol) . Parameter λ1 = 1.05± 0.9 describes the rate at which the changes

to cycle rate take effect after the time lag.

5.2.2 Effect of ovx+zol

There are two effects of zoledronic acid treatment in ovariectomised rats, including

changes to the cycle rate, and changes to the boundary conditions.
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Figure 5.9: Distribution of optimal values for D1 (sham,ovx,ovx+zol), and D2 (ovx+zol).

The p-value for testing the hypothesis that D1 and D2 are the same is p < 0.001.

5.2.2.1 Cycle rate

Model results for the parameters associated with cycle rate in ovx+zol rats indicated

that there was a significant decrease in the cycle rate after commencement of zoledronic

treatment. In the ovx+zol rats, the cycle rate parameter associated with ovariectomy

surgery, S2 (ovx,ovx+zol), shifted to S3 = 0.003 ± 0.009 (ovx+zol) (p < 0.001) . The

shift from S2 to S3 occurs at J2 = 17.3±1.4 days, just over 3 days after weekly zoledronic

acid treatments begin. The rate of the shift from S2 to S3 is given by λ2 = 0.64 ± 0.9.

S3 is also significantly lower than S1 (p < 0.001).
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5.2.2.2 Boundary conditions

Results for optimisation of boundary condition parameters indicated a significant increase

in the BV/TV of the bone that emerges at s = 0.55 in ovx+zol rats. The boundary

condition constant changed from D1 = 0.69±0.08 (sham,ovx,ovx+zol) to D2 = 0.95±0.04

(ovx+zol). This shift started to occur at K = 16.9± 1.8 days on average, almost 3 days

after zoledronic bisphosphonate treatments begin.
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Chapter 6

Discussion

The goal of this study was to characterise and model BV/TV as a function of distance

relative to the growth plate over time, for three experimental groups, sham, ovx and

ovx+zol using experimental data and mathematical modelling methods. The BV/TV for

the experimental data was presented and analysed in Chapter 2, which motivated the

development of the mathematical model for BV/TV that was described in Chapter 3.

The optimisation of the model parameters was carried out according to the methodology

presented in Chapter 4 and produced the findings that were reported in Chapter 5.

The work in this study yields a model that represents the spatio-temporal changes in

BV/TV during growth in terms of simplified model parameters at the tissue scale. The

model sufficiently describes the changes in BV/TV according to three key remodelling

parameters, including the average formation and resorption volumes during a single re-

modelling event, f(B) and R respectively, and the cycle rate of remodelling, per unit

BV/TV per unit time, c(B), with initial conditions s, and boundary conditions D(t).

The full scope of possible ramifications of the model on the understanding of cancellous

bone and the medical consequences are beyond the scope of this work. The modelling res-

ults raise several questions and suggest insights that will require additional experimental

work to verify or refute.
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6.1 Summary of results

This study was able to reduce a very complex system to key model parameters using a

mathematical approach combined with inherited experimental data, and describes the

basic relationship between key remodelling parameters and BV/TV during growth. The

results from this work present important findings for all three groups, and also open

questions about the effect of zoledronic acid on BV/TV during growth.

The model for BV/TV, B(x, t), predicts that the number of remodelling events per unit

tissue volume and per unit time, c(B) is proportional to the BV/TV for distance x and

time t. S1,S2,S3 are primary model parameters associated with the cycle rate, but they do

not represent values of biological interest. Average resorption volume per event, R could

not be deduced without further work, and thus the exact values of the proportionality

constants in C(t) for the model for cycle rate c(B) are not known, as S1 = C1R, S2 = C2R,

and S3 = C3R. However the trends are clear.

F is the primary model parameter that is associated with average formation volume

during a single remodelling event, but F does not represent a value of biological interest.

However, the average formation volume f(B) could not be deduced without further work,

as f is dependent on cycle rate c(B).

The model predicts that BV/TV remains constant in juvenile sham rats across the meta-

physeal region of data over time. This implies that during endochondral ossification,

BV/TV is preserved for t ≥ 0.

6.1.1 Dominant consequence of ovx

Preliminary observations reported in Section 2.2 revealed that BV/TV decreases through-

out the metaphyseal region for ovx rats, for all time t ≥ 0. The model results suggest that

the observed changes to BV/TV in ovx rats can be explained by coupled remodelling at

the BMU level. The dominant effect of ovx on bone remodelling was elevation of values of

model parameters that are associated with the rate of remodelling. These results confirm

the known changes to BMU remodelling in oestrogen-deplete adult organisms, and thus
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can be extended to juvenile rats. Results indicate that there were no disturbances local

to the growth plate in ovx rats, and that the changes which take effect occur systemically

throughout the entire metaphyseal region studied.

6.1.2 Dominant consequence of ovx+zol

Preliminary observations reported in Section 2.2 revealed that BV/TV was higher in

ovx+zol rats than in ovx rats throughout the metaphyseal data, for all t ≥ 28. The

BV/TV increased significantly in the bone that emerged during growth after commence-

ment of zoledronic acid treatments. Consequently, in the region of bone closest to the

growth plate, BV/TV in ovx+zol rats was higher than all other rats for t ≥ 28. As the

emerging bone with increased BV/TV in ovx+zol rats advanced away from the growth

plate, there were less data available in the region furthest away from the growth plate

for comparing BV/TV between ovx+zol rats and the other groups. The available data

in this region region decreased such that claims could not be made with confidence as to

whether the effects of zoledronic acid in this region were either 1.) to restore ovx-related

bone loss to baseline (sham) levels, or 2.) to prevent or attenuate ovx-related bone loss.

6.1.2.1 Remodelling parameters

The model results indicate that the changes to the BV/TV that were observed in the older

bone that was formed prior to zoledronic acid treatment can be explained by changes to

coupled remodelling alone at the BMU level. The effect of ovx+zol on bone remodelling

was a decrease in values of the model parameters that are associated with the rate of

remodelling. However the BV/TV changes observed in the bone emerging into the window

of experimental data after zoledronic acid treatment begins was found to be best modelled

by a combination of changes to both bone remodelling parameters, and changes to the

BV/TV due to some other unknown processes which were addressed by way of boundary

conditions.
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6.1.2.2 Boundary conditions

For the ovx+zol rat data used in this study and for many others there is clearly a disturb-

ance to the processes that occurs during endochondral ossification in both nitrogenated

and non-nitrogenated bisphosphonates (Section 1.1.4.1). These processes are viewed as

occurring either at s = 0.55mm from the growth plate, or closer to the growth plate.

As the location of these unknown processes is outside the window of experimental data,

boundary conditions for the BV/TV of the bone emerging into the data window over time

were described by D(t). Exactly what aspect of the endochondral ossification system

could be responsible for the abnormal increase in cancellous BV/TV remains unclear.

One of the interesting features of this modelling study is that the model is unable to

describe the mechanistic processes that lead to the observed changes to BV/TV. This

limitation opens many questions about the location of the processes involved, the cells

that are involved, and how zoledronic acid causes disruption to the system overall. Several

possibilities for the effects of zoledronic acid are discussed below.

Chondroprotective properties Zoledronic acid has been reported as having chondro-

protective effects, in that the degradation of cartilaginous material has been arrested in

osteoarthritic articular joint cartilage (Section 1.1.4.1). Of interest, is what this chondro-

protective property of zoledronic acid could potentially mean for cartilage and bone cells

involved in endochondral ossification. The question remains, whether chondroclasts are

indeed different enough from their osteoclast relatives such that they perform resorption

under separate constraints and regulatory processes than osteoclasts do. Also unclear,

is whether chondroclasts communicate with osteoblasts in the same way that osteoclasts

do. Further, there is a possibility that osteoblasts might perform bone formation on the

cartilage-bone scaffold in a fashion that is not in concert with the cartilage-resorbing

chondroclasts. µCT imaging can only resolve mineralised structures, thus without histo-

logical testing, there is no way to know for certain whether that the cancellous bone in

the experimental data used has a cartilaginous core.
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Cartilaginous core Suppose the cartilaginous core persists in the primary spongiosa,

as has been observed in some studies (Section 1.1.4.1). Perhaps this effect alone could

account for abnormally high BV/TV in the bone emerging into the secondary spongiosa,

such that increased BV/TV observations arise solely due to the BMU remodelling ma-

chinery acting on a more dense, insufficiently sculpted cartilage template. Zoledronic

acid has been shown to suppress expression of PTHrP. Perhaps PTHrP suppression at

the growth plate could down regulate the function of chondroclasts to inhibit cartilage

resorption.

BMU uncoupling In some studies, the cartilage matrix scaffold in zoledronic acid

treated animals was not different to that observed in the control group, however the ab-

normally high BV/TV of cancellous bone were still observed in the secondary spongiosa

(Section 1.1.4). Suppose then, that zoledronic acid impairs the ability of osteoclasts to

resorb bone but does not impair the ability of osteoclasts/chondroclasts to resorb car-

tilaginous material. Then, suppose that the high BV/TV observed in this study and

others, are not due to an unsculpted cartilage scaffold, but instead due to some other

effect. For example, osteoblasts could become uncoupled from osteoclasts in the primary

spongiosa. If this were to be the case, the question arises as to why the very tightly

controlled coupling between these cells might malfunction at this location and seemingly

not elsewhere in the metaphysis. Possibly, the uncoupling is related to the lower incident

of osteocytes in this region. Perhaps there are biological regulatory systems in place to

ensure that the osteoblasts continue to deposit bone, despite prior resorption of a) hyper-

trophic cartilage and/or b) cancellous bone. Perhaps the system allows for abnormally

high BV/TV but does not allow for the absence of bone deposition. If uncoupling between

osteoblasts and osteoclasts/chondroclasts occurs, further work is required to investigate

which regulatory influences could be responsible, and whether these influences are local

to the growth plate, or are systemic.

Perhaps the observed abnormal increase in BV/TV could be due to a combination of

both chondroprotective processes next to the growth plate, and BMU uncoupling in the

primary spongiosa.
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6.2 Clinical implications

Technically, results for this study are only valid for rats that were 8 weeks old, as studied

over a period of 12 weeks, and were sham operated, or ovariectomised, or first ovariec-

tomised then administered weekly treatments of zoledronic acid, and were housed under

specific conditions that include no change to loading conditions, diet or circadian rhythm.

Nevertheless, any carry over of the modelling results to more general settings would have

significant consequences and are worth considering.

6.2.1 BV/TV studies in growing animals

This study gives reason to believe that the endochondral ossification and coupled BMU

remodelling systems may be affected differently under certain experimental conditions.

One of most important outcomes in this study is that there is a need for BV/TV to be

reported according to distance from the growth plate in growing animals. Reporting a

single value for BV/TV over a large volume could misrepresent the effects of treatments on

growing bone. More care is to be taken when studying the metaphysis in growing cohorts

so as to be able to make observations for changes to the remodelling system separate

to changes due to perturbation of endochondral ossification. Observations should be

reported separately for the region of bone observed prior to experimentation and for the

emerging region of bone after experimentation commences. Results for this study also

indicate that certain types of measurements may not suffice for quantifying results in

growing animals, including the use of biomarkers other structural or metabolic quantifiers

that assume that changes to bone are the same everywhere.

6.2.2 sham conditions

As the model for BV/TV predicts no change to BV/TV over time in sham rats, one

of the important implications from this is that juvenile sham rats may be appropriate

animal models for studies that test the effects of mechanical loading/diet/pharma agents

on bone structure in mature rats. Younger rats are less expensive to prepare for experi-
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mentation, and are likely to have less time-related introduced variability that is seen in

older rats. However, for experimentation with any growing animals, the observations in

cancellous bone should always be viewed as functions of distance from the growth plate

in the event that the experimental conditions under investigation affect bone emerging

via endochondral ossification differently to older bone.

6.2.3 ovx conditions

Results for changes to BV/TV in ovariectomised growing rats suggest that there were

no local disruptions at the growth plate in a way that was different to the effects on

BV/TV observed elsewhere. As with sham rats, these results indicate that the juvenile

ovariectomised rat also may be an appropriate animal model for testing osteoporosis

in mature animals. The drastic changes to BV/TV throughout the entire metaphyseal

region also indicate that oestrogen therapy may not be appropriate as a treatment for

bone loss, and that localised oestrogen treatment could potentially still have systemic

effects elsewhere.

6.2.4 Zoledronic acid treatment

Model results for ovx+zol rats have implications in relation to the increasingly common

use of zoledronic acid and bisphosphonates in children with low bone mineral density

and bone fragility, and bisphosphonate treatments could be hindering normal skeletal

growth. Bisphosphonates are currently prescribed to children and juveniles with osteo-

porosis caused by various genetic skeletal disorders (Section 1.1.4).

Model predictions for ovx+zol rats are such that the BV/TV of the emerging bone prior

to treatment have average BV/TV equal to D1 = 0.69 at x = 0, and begin to increase

almost immediately, within a day or two after commencement of treatment (K = 16.9

days) until reaching average BV/TV equal to D2 = 0.95 at x = 0. Further, the model

predicts that the BV/TV of the bone emerging from the growth plate remain elevated

as endochondral ossification continues, and the high BV/TV persist as the bone travels
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away from the growth plate. Should a similar dosing scheme to that which was used

for this study be implemented in growing children, exactly whether this would even be

structurally detrimental, is not well understood.

6.2.4.1 Dosing schemes and mechanical testing

Other studies that include less frequent and higher doses of bisphosphonate treatments

in children have reported the appearance of zebra lines (Section 1.1.4) with intermittent

increases in BV/TV according to the time of bisphosphonate administration. Zebra lines

were not seen in the rat experimental data used for this work. The increase in the bone

emerging from the growth plate in this study, rather steadily increased according to D(t).

Possibly, the zebra lines were present in the experimental data but could not be resolved

due to lack of spatial/temporal resolution. The growth rate on average was recorded as

v = 0.03, the injections were roughly weekly, and the µCT data slices are separated by a

distance of 0.0087mm. Thus the zebra lines would in the experimental data occur every

20-30 slices.

Perhaps the disturbance at the the growth plate during endochondral ossification could

be minimised or addressed by changing the bisphosphonate dosing regimen in children.

Zebra lines pose a fracture risk due to sharp changes to BV/TV of the cancellous bone,

and work in this area would be served well to include mechanical testing in addition to

the usual histomorphometric and histological testing. There may be an optimal dose to

prevent zebra lines or to prevent the accumulative and persisting high BV/TV that were

observed in this study.

Most certainly, long term effects of zoledronic treatment in growing cohorts deserves

further investigation, and they have been detected in children up to eight years after

treatment cessation (Section 1.1.4).The rat model may not be appropriate for investiga-

tion of long term effects of zoledronic acid treatment, due to the persisting growth plate

that never fuses.

.
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6.3 Limitations of the model

All models have limited validity, but by prescribing systems mathematically, properties

can be observed and predicted that may not be obvious to the experimenter. Some of

the issues that this study was limited by are challenges that span across all areas of

mathematical modelling, including spatial/temporal complexity, parameter estimation,

treatment of uncertainty and statistical analysis. The inclusion of spatial shifts for each

rat at each time point served well to address some of the uncertainty that arises from the

factors listed below, with normally distributed values across the groups and no difference

in the distributions between groups, indicating that there was no one group or time point

that requires shifts more than other, and the degree of variability was the same across

groups.

6.3.1 Growth rate v

For simplification, the growth rate model parameter v was modelled as a constant, and

determined during the fixed resolution optimisation scheme, along with the other twelve

parameters. The range of optimised values for v were comparable to experimental values

reported in the literature (Modi et al. , 2011; Leppanen et al. , 2010; Roach et al. , 2003).

However, are many factors that influence growth rate over shorter and longer time periods

(Section 1.1.2.1). Within any given day, the rate of growth is related to the delicate bal-

ance and modulation of chondrocyte proliferative kinetics, matrix synthesis/degradation

and the enlargement processes of chondrocytes in the hypertrophic zone.

6.3.2 Initial conditions

Results for setting the initial conditions, or the effective point of bone formation, for x = 0

at s = 0.8 gave the best visual fits across all rats. A single value was determined for all

26 rats, where this is a parameter that could be different between groups, or between

rats, or even between time points for a given rat.
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The chondro-osseous junction is not a flat line perpendicular to the medial axis, but rather

has curvature that deviates along the perpendicular direction up to 0.5mm (Kimmel &

Jee, 1980). Setting x = 0.8mm from the bottom of the growth plate puts the effective

point of bone deposition somewhere in the vicinity of the chondro-osseous junction and

where the primary spongiosa transitions to secondary spongiosa. Prescribing the effective

point of bone deposition was necessary for initial conditions for the model, however this is

not a straight forward concept. x = 0 could be the location where the calcified cartilage

template emerges from the hypertrophic zone and is replaced by bone due to coupled

remodelling. x = 0 could be at a location where the material is still calcified cartilage,

waiting to be remodelled by differentiating osteoblasts and osteoclasts. These distances

are also affected by the height of the growth plate which changes due to chondrocyte

behaviour. The height does reach short periods of steady state, but can change even

within a 24 hour period (Wilsman et al. , 1996).

6.4 Further work for this study

This work presents a simplified model which provides opportunity for future improve-

ments in both mathematical modelling strategies and experimental data collection.

6.4.1 Modelling parameters

A more sophisticated version of the model could include cyclical behaviour for v, or at

least allow v to be modelled as a function of time and/or distance relative to the growth

plate according to some or all of the factors mentioned above in Section 6.3.1. Further

uncertainty for the growth rate arises due to the unknown influences from oestrogen

depletion or bisphosphonate treatment (Sections 1.1.2 and 1.1.4).

Future work could allow for added complexity for initial conditions. In addition to the

above limitations mentioned in Section 6.3.2 that put x = 0 in question, even less un-

derstood are under the influences on x = 0 due to ovariectomy or ovariectomy combined

with zoledronic acid treatments.
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D(t) could be improved to include oscillations for zebra lines, where the BV/TV may

still continue to increase over time for ovx+zol rats, though with additional cyclical

fluctuations according to frequency of dosing.

In addition to the levels of complexity that could be added to initial conditions, s, growth

rate v and boundary conditions D(t), further work is required to resolve C1, C2, C3 and R.

In prior work carried out by Fazzalari et al. (2012), R was resolved by simulating bone

remodelling according to the optimised model parameters over a range for biologically

reasonable values for R. Here the bone block at t = 0 was used to initialise simulations

and structural attributes were used in an error function for comparing the simulated bone

block at the remaining 4 experimental data points (t = 14, 28, 56, 84). An optimised

value of R was the value that minimised the error function and thus produced simulated

bone that best matched the structure of the experimental data , where R values were

determined for each group.

Similarly, an extension for this model in the future could include a second stage involving

simulation, in the following way. The bone block extending from the left side of the

window (x = 1.2mm) to the right side of the window (x = 4.7mm) could be broken up

into 5 smaller bone blocks, and each of these sub bone blocks could be simulated over time

and structurally compared to the experimental data by shifting the bone block domain Ωi

for i = 1 : 5 to the right away from the growth according to the growth rate, v. A smaller

bone block with domain Ωi is used as the initial state and individual remodelling events

are simulated according model parameters in B(x, t) and continued over time, where the

resulting structural attributes are compared to the original unsimulated bone blocks at

distance x = x+ tv for each t.

6.4.2 Experimental data

Increased spatial and temporal resolution in µCT data also could greatly aid improve-

ments of the mathematical model for BV/TV. The effects of the zoledronic acid treatment

were not observable until t = 28, leaving only three timepoints of the five in total. Addi-

tional scanning between timepoints would be advantageous for the spatial resolution of
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the experimental data studied for this project. An extended time frame for observations

could also lead to further insights. For ovx+zol rats, the model predicts that the increase

in BV/TV will persist under the same conditions with continued weekly zoledronic acid

treatment, and that the increased BV/TV will continue to travel away from the growth

plate according to v. Of interest, is the potential impact that this phenomenon could

have on the emerging structure long term. Should conditions change, for example cessa-

tion of zoledronic acid treatment, further investigation would be required to investigate

whether the bone remodelling machinery may be able restore the abnormally dense bone

to normal density over time. Suppose the abnormal BV/TV is due to a persisting car-

tilaginous core, perhaps over time, the remodelling machinery may be able to replace the

cartilaginous material with bone material. The possibility remains that the high BV/TV

observed in ovx+zol rat experimental data may not even be overall disadvantageous to

the organism longterm. In fact, there may be scenarios where perhaps the high BV/TV

may be advantagous, say for instance, in the case of secondary osteoporosis caused by

implantation.
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Chapter 7

Summary and concluding remarks

A summary is provided of results, recommendations and future perspectives.

7.1 Key findings

A model was developed to provide a simplified description of BV/TV that relates remod-

elling processes to observed BV/TV in longitudinal experimental µCT data in growing

juvenile rats. The results demonstrate that the approach is sufficient at the tissue scale

to draw some important conclusions about the effects of ovariectomy, and ovariectomy

combined with zoledronic acid treatment.

In summary, the results indicate the following:

• for sham rats, the BV/TV did not change over time during growth;

• for ovx rats, BV/TV decreased throughout the metaphysis;

• the dominant effect of ovx was elevation of values of model parameters that are

associated with the rate of bone remodelling;

• for ovx+zol rats, BV/TV was higher throughout the metaphysis than the BV/TV

in ovx rats after zoledronic acid treatments begin, though results are inconclusive
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as to whether the effect of zoledronic acid was to restore BV/TV in ovariectomised

animals, or to prevent further bone loss;

• for the ovx+zol rats there was a dramatic local increase in BV/TV of the bone that

had emerged from during growth after zoledronic acid treatments began;

• the dominant effect for ovx+zol was to decrease values of model parameters that

are associated with the rate of bone remodelling;

• bone remodelling alone sufficed to model the observed values of BV/TV at all time

points for the sham and ovx rats; and

• for ovx+zol rats, in the region of bone that had emerged during growth after com-

mencement of zoledronic acid treatment, changes to BV/TV were modelled as being

a combination of changes to bone remodelling parameters and changes to unknown

processes that occurred outside the window of experimental data.

The fact that the model results are in agreement with current understanding of the

effects of ovx and ovx+zol on bone remodelling for mature rats indicates that viewing

bone remodelling at this very course scale provides confirmation of what is known for

adult rats and gives reason to believe that this knowledge can be extended to growing

rats.

7.2 Future research

As discussed in Chapter 6, there are several opportunities for further work in this spatio-

temporal modelling study, including improvements to both modelling methods and col-

lection of experimental data. There are a few parameters of the model that have potential

for further levels of complexity, including the growth rate, v, the initial conditions, and

the boundary conditions D(t). An additional simulation step could be implemented to

resolve model parameter values for resorption volume, R, and for the proportionality

constants in the cycle rate term, C(t). Sample sizes of experimental data could be made

larger for the purpose of statistical analysis. Larger sample sizes are expensive, and thus
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collection of more data could be combined with additional experimental methods includ-

ing increased spatial and temporal resolution, reporting of size measurements of the rats

over time, studying the bone histologically, and carrying out mechanical testing.

More generally, model results indicate that BV/TV and other structural properties of

bone in growing cohorts should be viewed as functions of the growth plate. Older bone

that emerges during growth prior to experimentation should be reported on separately to

newly emerged bone. Until this becomes the standard, there is no way to determine any

differential effects that agents or experimental conditions may have during endochondral

ossification in growing bone, compared to older bone.

For experimental studies investigating zoledronic acid treatment in growing animals,

model results also demonstrated the need for:

• resolution of cartilaginous material at and near the growth plate, in addition to

potential cartilaginous core that may persist in cancellous bone;

• testing of mechanical properties of cancellous bone; and

• further work to potentially identify desirable zoledronic acid dosing schemes.

7.3 Outlook

The model for BV/TV presented in this study provides a significant step forward towards

understanding the changes to the remodelling machinery in growing juvenile rats over

time for ovariectomised rats and ovariectomised rats treated with zoledronic acid. The

results of the modelling experiments are clear. The results provide an explanation for

changes in terms of mechanics, and predict changes to BV/TV under the experimental

conditions. The trends are in agreement with those evidenced by both modelling and

experiential studies across various spatial and temporal scales.

The current body of knowledge includes contributions from mathematical modelling of

both growth plate dynamics during prenatal and postnatal growth, and for the many
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models of bone remodelling in cancellous and cortical bone. However, there is a gap in

what is known about the system in between. The system in between lies in the region

where cartilage meets bone in the chondro-osseous junction. Here, local growth plate

regulatory signalling activity meets the endocrine and systemic signalling activity at the

vascular front, and very little is known about exactly how these two types of signalling

molecules interact with each other. This system is nested between the current boundary

of knowledge for the growth plate dynamics and the current boundary of knowledge for

bone remodelling dynamics. There is a need to capture the mechanics, and will require

careful experimental design in combination with building mathematical models for testing

the dynamics of experimental findings.

The interesting feature of the model results is where the model is unable to describe

all of the BV/TV changes in terms of mechanics for the ovx+zol rats. As is common

for modelling, boundary conditions were prescribed to address the issue of unknown

mechanics which operate outside the domain of the experimental data used, located

in the region that cannot be fully captured with current µCT technology. Now that

the increased BV/TV of the emerging bone in the ovx+zol rats has been observed and

modelled qualitatively, an effort is required to deepen the current understanding of the

mechanics at play.

This modelling study provides a starting point towards the development of a full multiscale

model that includes the intricacies of the development of endochondral ossification in

growing animals and changes to this system due to pathologies like ovariectomy and zole-

dronic acid treatment. A multidisciplinary effort is required now, for experts across the

sciences to give priority towards a better understanding of this system. Scientists from

the fields of image analysis, biochemistry, biophysics, engineering, biology, medicine and

mathematics need to share findings, as has been done extensively thus far for the two

systems either side of the chondro-osseous junction.
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Appendix A

Data supplementary

A.1 Animal handling of inherited data

The data for this study were inherited in the form of rat tibial reconstructed µCT scans.

Originally the rats were purchased from Adelaide University, weighing approximately

200g and housed three to four per cage and exposed to 12 hour light/12 hour dark cycle

at constant temperature 23±10C. After one week of acclimatisation the animals were

anaesthetized with a peritoneal injection of ketamine/xylaxin (1ml/100g) and underwent

scanning before assignment into the three experimental groups. All animals were treated

according to the Australian code of practice for the care and use of animals for scientific

purposes with the approval from the National Health and Research Council of Australia.

The animals were provided ad libitum access to tap water and standard rat chow (19%

protein, 0.67% phosphorous, 0.78% calcium, and 2000 IU/kg vitamin D).

A.2 µCT procedures

The overectomies and sham ovariectomy were performed after initial scanning at t = 0

and the ovx+zol animals started weekly treatment with bisphosphonate Zoledronic acid

(Zometa, Novartis, Basel, Switzerland) in the peritoneal cavity (1.6µg/kg) at t = 14. At
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the time of Zoledronic treatment, sham and ovx animals received the equivalent volume

of saline injections. Each rat underwent in vivo µ-CT scanning of the right hind limb

(Skyscan model 1076, Skyscan, Kontich, Belgium) at t = 0, 14, 28, 56, 84 . Due to an

adverse reaction to the aesthetic two sham rats died before the final scan at t = 84, and

one ovx+zol rat died before t = 84 from necrotised toes in the right foot.

Acquisition settings, scanning procedures, and reconstruction methods were as reported

in (Perilli et al. , 2009). In summary, the scan settings were as follows: the X-ray source

was 74kVp and 100mA; the rotation step 0.8o ; the scanning width: 35mm; the pixel size:

8.702µm; the filter was AL 1mm; and the scanning duration was 20 minutes per rat. The

raw data were reconstructed using standard software Nrecon (Skyscan, Belgium).

A.2.1 Limitations of the data

The following discrepancies during the experimental procedures may have affected the

quality of the data.

• The rats were not weighed. The rats were said to weigh ‘roughly 200g’ upon arrival.

According to The University of Adelaide Laboratory Animal services, the average

weight of female Sprague Dawley rats, at week 8 is 196.8 g, with a range 175 -

220 g. The increasing weight of rats was not taken into account for dosages of

Zoledronic acid or anaesthetic (Xylazine/Ketimine), nor were there adjustments

made for individual rats.

• The rats received ‘weekly injections’ though not always at the same time or on the

same day each week.

• The changing bone lengths over time were not available.

• Histological procedures were never carried out.

• Only 300 µCT slices available for one of the ovx rats at t = 0, in the proximal

region of the bone block.

• Biomarkers were not measured.
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A.3 Preliminary observations supplementaries

P-values should be used as indications only, since sample sizes were too small to obtain

values with confidence.

P-values comparing group m values in Br,t(x) = mx+ b

t = 0 t = 14 t = 28 t = 56 t = 84

(a) 0.097 0.137 0.072 0.1209 0.062
(N1, N2 = 10, 9) (N = 19) (N = 20) (N = 20) (N = 18)

(b) 0.104 0.501
(N = 20) (N = 20)

(c) 0.068 0.112
(N = 19) (N = 20)

(d) 0.101 0.083
(N = 30) (N = 30)

Table A.1: P-values for testing the null hypothesis that values of m found for linear fits

to Br,t(x) = mx + b are the same for sham and ovx groups for t ≥ 0 and for ovx+zol

for t = 0, 14. P-values presented for t-tests between the following groups: (a) group 1

(G1) = sham, group 2 (G2) = ovx; (b) G1 = sham, G2 = ovx+zol; (c) G1 = ovx, G2 =

ovx+zol; and (d) G1 = pooled m values of both sham and ovx groups, G1 = ovx+zol.
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Figure A.1: Bone blocks at t = 0, 14, 28, 56, 84 for a single sham rat (column 1); a single

ovx rat (column 2); and a single ovx+zol rat (column 3).
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P-values comparing group averages of additive constants br,t

t 14 28 56 84

sham 0 (a) 0.048 (b) 0.066 (c) 0.024 (d) 0.066
2 (e) 0.986 (f) 0.656 (g) 0.786
4 (h) 0.689 (i) 0.807
8 (j) 0.914

ovx 0 (a) 0.001 (b) <0.001 (c) <0.001 (d) <0.001
2 (e) 0.016 (f) <0.001 (g) <0.001
4 (g) 0.097 (i) 0.016
8 (j) 0.370

Table A.2: P-values for testing the null hypothesis that group additive constants br,t for

Model 2.2 do not change over time for sham and ovx rats. P-values are presented for

group average additive constants between time points t (a) 0 and 14; (b) 0 and 28; (c) 0

and 56; (d) 0 and 84; (e) 14 and 28; (f) 14 and 56; (g) 14 and 84; (h) 28 and 56, (i) 28

and 84; and (j) 56 and 84.
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Appendix B

Mathematical modelling supplementary

B.1 Prior work: ODE temporal model

For equation 3.1, 18 models were considered with c(B) and f(B) each being linearly de-

pendent on B(t) or BS/TV, or independent of the amount of bone present; and also for

f(B) having independence on the number of remodelling cites per unit time for current B.

Three models for c(B) were considered,

c(B) = C, c(B) = CB, c(B) = CKB
2/3,

representing independence of the amount of bone present (dependence on tissue volume

only); linear dependence on BV/TV, B; and linear dependence on the specific area

BS/TV = KB2/3. In each of these three models, C is a proportionality constant, but

varies both numerically, and in units between the three models.

Similarly, three models for average formation volume were considered

f(B) = F f(B) = FB f(B) = FKB
2/3.

In these three models, formation volume is modelled as independent of the cycle rate. A

further three variants were considered to include possible dependence on the number of
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remodelling cites per unit time for current BV/TV, B.

f(B) =
F

c(B)
f(B) =

FB

c(B)
f(B) =

FKB2/3

c(B)
.

Only three models predict convergence of B(t) to finite positive values,

dB

dt
= Ft − CvRB (B.1)

dB

dt
= Ft − CsRKB

2/3 (B.2)

dB

dt
= FsKB

2/3 − CvRB (B.3)

For this work, c(B), f(B) and R were determined for each group and the results were

very similar across the 3 models. The results indicate that the effect of ovx is increased

R compared to the sham group and also increased c(B) which is in agreement with

the literature. Results for the effect of ovx+zol indicate a slight increase in the ratio of

f(B) : R per event compared to the sham group which is in accordance with the literature.

However for ovx+zol, both R and f(B) decreased compared to the sham group, and c(B)

increased, where these three effects are not in agreement with the current understanding

of bisphosphonates.

B.2 Derivation of the model for BV/TV

With the same criterion as in section 3.1, only models that predict B(x, t) to converge to

a finite positive value for fixed t were considered further. Again, this criterion reduced

the number of possible models to three, each as presented as a PDE, each in the region

Ω = {(x, t)|x ≥ 1.2mm, t ≥ 0}.

Bt + vBx = Ft − CvRB (B.4)

Bt + vBx = Ft − CsRKB
2/3 (B.5)

Bt + vBx = FsKB
2/3 − CvRB (B.6)
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Here Cv =
events/tissue volume

bone volume fraction×day
in units (eventsmm−3day−1) from c(B) = CvB(t)

where the cycle rate is proportional to the density of bone; Cs =
events/tissue volume

total surface×day
in

units (events mm−2day−1) from c(B) = CsKB2/3(t) where the cycle rate is proportional to

the bone surface area, Ft =
average formation volume

tissue volume
in units (day−1) from f(B) =

F

c(B)
where the average formation is not dependent on either bone density or surface area; and

Fs =
average formation volume

total surface area
in units (mmday−1) from f(B) =

FsKB2/3(t)

c(B)
where

f(B) is dependent on the surface area of the bone and the cycle rate.

For work carried out by (Fazzalari et al. , 2012), ODE results indicated that of the three

models, no particular model stood out as being ‘better’ than the others. Thus Model B.4

was used for the chosen for further work. The model for BV/TV becomes

1

v
Bt +Bx =

1

v
(F − CRB(t)) (B.7)

B(0, t) = D(t) (B.8)

C(t) =
C1 + C3

2
+

C2 − C1

2
tanh (λ1(t− J1))

+
C3 − C2

2
tanh (λ2(t− J2)) (B.9)

D(t) =
D2 +D1

2
+

D2 −D1

2
tanh (η(t−K)) . (B.10)

The following constants are introduced to reduce the notation

A =
F

v
, P =

R(C1 + C3)

2v
, Q1 =

R(C2 − C1)

2v
, Q2 =

R(C3 − C2)

2v
.

The PDE becomes

1

v
Bt +Bx = A− PB + (Q1 tanh (λ1(t− J1)))B

(Q2 tanh (λ2(t− J2)))B, (B.11)

B(0, t) = D(t) (B.12)
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The solution curve in R3 denoted by (x(s), t(s), B(x(s), t(s))). Setting z(s) = B(x(s), t(s)),

and choosing the parameter s such that z(0) = D(r) and taking the derivatives with re-

spect to s,
dz

ds
=

dz

dt

dt

ds
+

dz

dx

dx

ds

so (B.11) is resolved into three ODE initial value problems

dt

ds
(s) =

1

v
, t(0) = r (B.13)

dx

ds
(s) = 0, x(0) = 0 (B.14)

dz

ds
(s) = A− (P +Q1 tanh (λ1(t− J1)) +Q2 tanh (λ2(t− J2))) z, (B.15)

z(0) = D(r) (B.16)

Solutions to (B.13), (B.14) are

x = s, t =
s

v
+ r. (B.17)

Substituting (B.17) in (B.15) to get

dz

ds
(s) = A− (P +Q1 tanh (λ1(s/v + r − J1)) +Q2 tanh (λ2(s/v + r − J2))) z,

z(0) = D(r) (B.18)

To solve (B.18), set

g(s, r) = P +Q1 tanh (λ1(s/v + r − J1)) +Q2 tanh (λ2(s/v + r − J2)) (B.19)

(B.18) becomes
dz

ds
+ g(s, r)z = A, z(0) = D(r), (B.20)

a linear first order IVP. Set

G(s, r) = Ps+
Q1v

λ1

ln
(

eλ1(s/v+r−J1) + e−λ1(s/v+r−J1)
)

+
Q2v

λ2

ln
(

eλ2(s/v+r−J2) + e−λ2(s/v+r−J2)
)

, (B.21)

whereG
′

(s, r) = g(s, r). Thus

d

ds
zeG(s,r) =

dz

ds
· eG(s,r) + z · g(s, r)eG(s,r).

= eG(s,r)

(

dz

ds
+ g(s, r)z

)

= AeG(s,r)
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Hence

zeG(s,r) = H + A

∫ s

0

eG(w)dw

and by initial conditions at s = 0 where z(0) = D(r), H = D(r)eG(0,r). Thus

z(s) = D(r)eG(0,r)−G(s,r) + e−G(s,r)A

∫ s

0

eG(w)dw. (B.22)

From (B.22)

eG(s,r) = ePs
(

eλ1(s/v+r−J1) + e−λ1(s/v+r−J1)
)Q1v/λ1 (eλ2(s/v+r−J2) + e−λ2(s/v+r−J2)

)Q2v/λ2 .

Substituting y = w/v + r, the integral in ( B.22),
∫ s

0
eG(w,s)dw, becomes

∫ s

0
ePw

(

eλ1(w/v+r−J1) + e−λ1(w/v+r−J1)
)Q1v/λ1

(

eλ2(w/v+r−J2) + e−λ2(w/v+r−J2)
)Q2v/λ2 dw

=
∫ s

0
eP (vy−vr)

(

eλ1(y−J1) + e−λ1(y−J1)
)Q1v/λ1

(

eλ2(y−J2) + e−λ2(y−J2)
)Q2v/λ2 dy

= v
∫ s/v+r

r
eP (vy−vr)

(

eλ1(y−J1) + e−λ1(y−J1)
)Q1v/λ1

(

eλ2(y−J2) + e−λ2(y−J2)
)Q2v/λ2 dy

= ve−Pvr
∫ s/v+r

r
ePvy

(

eλ1(y−J1) + e−λ1(y−J1)
)Q1v/λ1

(

eλ2(y−J2) + e−λ2(y−J2)
)Q2v/λ2 dy

From (B.22), e−G(s,r)A
∫ s

0
eG(w,s)dw becomes

e−G(s,r)Ave−Pvr

∫ s/v+r

r

ePvy
(

eλ1(y−J1) + e−λ1(y−J1)
)Q1v/λ1 (eλ2(y−J2) + e−λ2(y−J2)

)Q2v/λ2 dy

= Ave−(Ps+Pvr)

∫ s/v+r

r

ePvy
(

eλ1(y−J1) + e−λ1(y−J1)
)Q1v/λ1 (

eλ2(y−J2) + e−λ2(y−J2)
)Q2v/λ2dy

=
Ave−Pv(s/v+r)

∫ s/v+r

r
ePvy

(

eλ1(y−J1) + e−λ1(y−J1)
)Q1v/λ1

(

eλ2(y−J2) + e−λ2(y−J2)
)Q2v/λ2 dy

(eλ1(t−J1) + e−λ1(t−J1))
Q1v/λ1 (eλ2(t−J2) + e−λ2(t−J2))

Q2v/λ2

The complete solution is presented in Chapter 3.
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Appendix C

Results supplementary
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Figure C.1: Model for B(x, t) for sham rats with initial conditions s = 0.1. Each figure shows the BV/TV values against distance

from the growth plate for each t = 0, 14, 28, 56, 84 for an individual rat from the sham group (blue) plus the model for B(x, t)

superimposed (red) for each t = 0, 14, 28, 56, 84. Parameter values are set to s = 0.1, and J1 = 0, J2 = 14, K = 14.

13
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Figure C.2: Model for B(x, t) for ovx rats with initial conditions s = 0.1. Each figure shows the BV/TV values against distance from

the growth plate for each t = 0, 14, 28, 56, 84 for an individual rat from the ovx group (blue) plus the model for B(x, t) superimposed

(red) for each t = 0, 14, 28, 56, 84. Parameter values are set to s = 0.1, and J1 = 0, J2 = 14, K = 14.
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Figure C.3: Model for B(x, t) for ovx+zol rats with initial conditions s = 0.1. Each figure shows the BV/TV values against distance

from the growth plate for each t = 0, 14, 28, 56, 84 for an individual rat from the ovx+zol group (blue) plus the model for B(x, t)

superimposed (red) for each t = 0, 14, 28, 56, 84. Parameter values are set to s = 0.1, and J1 = 0, J2 = 14, K = 14.
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Rat ID (n = 10)

Parameter 1 4 6 9 11 14 17 22 23 26

v 0.0380 0.0260 0.0340 0.0320 0.0340 0.0360 0.0340 0.0380 0.0320 0.0280

S1 0.0065 0.0065 0.0067 0.0069 0.0067 0.0069 0.0085 0.0083 0.0067 0.0072

D1 0.7278 0.5944 0.6833 0.6833 0.7722 0.6833 0.6833 0.7278 0.7278 0.7278

F 10 10 0.0100 0.0100 10 0.0100 0.0100 0.0100 10 1.0434 ×10−11

Group error: 0.0362

Table C.1: Optimal parameter values for each sham rat
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Rat ID (n = 7)

Parameter 8 10 12 15 27 28 29

v 0.0380 0.0280 0.0380 0.0220 0.0360 0.0380 0.0300

S1 0.0085 0.0085 0.0065 0.0065 0.0085 0.0072 0.0085

S2 0.0400 0.0244 0.0400 0.0400 0.0400 0.0333 0.0400

D1 0.6833 0.5500 0.7278 0.6389 0.5944 0.8611 0.8167

λ1 0.2311 0.2311 2 1.3367 0.2311 2 1.7789

J1 2 0 0 0 0 1 0

F 0.0100 0.0100 0.0100 0.0100 0.0100 10 0.0100 ×10−11

Group error: 0.0363

Table C.2: Optimal parameter values for each ovx rat
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Rat ID (n = 9)

Parameter 2 5 7 13 19 21 24 25 30

v 0.0360 0.0380 0.0340 0.0380 0.0380 0.0320 0.0360 0.0280 0.0360

S1 0.0067 0.0065 0.0069 0.0072 0.0085 0.0065 0.0065 0.0085 0.0085

S2 0.0267 0.0378 0.0200 0.0289 0.0356 0.0244 0.0400 0.0333 0.0244

S3 0.0044 0.0022 0.0011 0.0022 0.0022 0.0033 0.0022 0.0022 0.0022

D1 0.7278 0.7722 0.6389 0.6389 0.5500 0.5944 0.7278 0.5500 0.8167

D2 0.8967 0.9456 0.9700 0.9700 0.8722 0.9700 0.9700 0.9456 0.9700

λ1 0.0100 2 2 0.2311 0.2311 2 2 0.2311 0.2311

λ2 0.3422 0.3422 0.3422 0.3422 0.3422 0.3422 3 0.3422 0.3422

η 0.0600 0.1000 0.1600 0.0800 0.0600 0.1200 0.0800 0.0600 0.0400

J1 0 2 0 0 0 0 0 0 0

J2 18 18 16 18 18 18 18 18 14

K 14 18 18 18 16 18 18 18 14

F 0.0100 0.0100 0.0100 0.0100 0.0100 10 10 0.0100 0.0100 ×10−11

Group error: 0.0363

Table C.3: Optimal parameter values for each ovx+zol rat
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Figure C.4: Distribution of parameter values with initial conditions s = 0.1. Parameters

are v, S1, S2, S3, D1, D2, λ1, λ2, E, F for s = 0.1 and J1 = 0, J2 = 14, K = 14. Colours are

according to group. Sham: blue o, ovx: red *, zol: green triangle.
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