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Abstract

A wavelet is a function which is used to construct a specific type of orthonormal basis.
We are interested in using C*-algebras and Hilbert C*-modules to study wavelets. A
Hilbert C*-module is a generalisation of a Hilbert space for which the inner product
takes its values in a C*-algebra instead of the complex numbers. We study wavelets
in an arbitrary Hilbert space and construct some Hilbert C'*-modules over a group
C*-algebra which will be used to study the properties of wavelets.

We study wavelets by constructing Hilbert C*-modules over C*-algebras generated
by groups of translations. We shall examine how this construction works in both the
Fourier and non-Fourier domains. We also make use of Hilbert C*-modules over the
space of essentially bounded functions on tori. We shall use the Hilbert C'*-modules
mentioned above to study wavelet and scaling filters, the fast wavelet transform, and
the cascade algorithm. We shall furthermore use Hilbert C*-modules over matrix C*-
algebras to study multiwavelets.

Key Words and Phrases. Wavelet, filter, C*-algebra, Hilbert C*-module, cascade
algorithm.



ii



Declarations

I certify that this thesis does not incorporate without acknowledgement any material
previously submitted for a degree or diploma in any university; and that to the best
of my knowledge and belief it does not contain any material previously published or
written by another person except where due reference is made in the text.

Peter Wood, Candidate

iii



iv



Acknowledgments

I would like to thank Bill Moran and Jaroslav Kautsky who was my Supervisors during
the beginning my PhD candidature for their encouragement and useful suggestions,
which lead my research interests towards the subject matter of this thesis. I would
very much like to thank Peter Dodds and Fyodor Sukochev who have supervised my
PhD candidature during the lead up to my submission and have been very helpful.
Many thanks to Marc Rieffel for kindly sending me the notes for his talk [R6] which
were extremely useful for the research carried out in this thesis. I would very much like
to thank Adam Rennie for many useful conversations, suggestions, for helping me to
understand C*-algebras, K-theory, and Noncommutative Geometry, and for giving me
some feedback on earlier versions of my thesis. I would finally like to very much thank
my family and friends who have been very supportive during the time that I have been
working on this thesis.

The research contained within this thesis was supported financially by the Aus-
tralian Government through an Australian Postgraduate Award Research Scholarship,
and by the Cooperative Research Centre for Sensor, Signal and Information Processing
in the form of a CSSIP Supplementary Scholarship.



vi



Contents

Introduction

0

Preliminary Material

0.1
0.2
0.3
0.4
0.5

Analysis and the Fourier Transform . . ... ... ... .........
Involutive Algebras . . . . . . . . . . . . .. ...
Group Representations and Group Algebras . . . . . . . ... ... ...
Hilbert C*-Modules . . . . . . .. . ... . ... ... ..
Frames and Bases . . . . . . . . . . ...

Wavelets in Hilbert Space

1.1
1.2
1.3
14

Wavelets and Multiresolution Structures . . . . . . .. ... .. ... ..
Wavelets and the Fourier Transform . . . . . ... ... ... ......
The Standard Multiresolution Structure on L2(RY) . . . . . . ... ...
The Fast Wavelet Transform . . . . . . . ... .. ... ... ......

Wavelets and Hilbert Modules

2.1
2.2
2.3

Constructing a Hilbert Module from the Translations . . . . . .. .. ..
Incorporating the Dilation . . . . . . . . ... .. ... ... ... ....
Some Hilbert modules over L®°(T%) . . . . ... ... ..........

Filters and the Cascade Algorithm

3.1
3.2
3.3
3.4
3.5

The Downsampling Operator, P . . . . . . . . .. .. .. ... .....
Filters and Wavelet Matrices . . . . . . . . . ... ... ... ......
The Fast Wavelet Transform and Cuntz Algebras . . . . . . ... .. ..
The Cascade Algorithm . . . . . .. ... ... ... ... ... .....
Multiwavelets and Wavelet Matrices . . . . . .. . .. ... .. .. ...

vil

xi

N W =

11
16

19
20
27
32
35

41
45
60
67



viii CONTENTS



List of Notation

HOSNNZ

Iy

D

Natural numbers
Integers

Integers mod p
Real numbers
Complex numbers
Unit circle

Hilbert space

Fourier transform

Involutive algebra

Unit in a unital involutive algebra

Algebra of bounded operators on a Hilbert space H
Unitary operators on a Hilbert space H

Locally compact group

Continuous functions on X

Compactly supported continuous functions on X
Continuous functions on X which vanish at infinity
Group C*-algebra of G

Inner product in Hilbert space

C™-algebra valued inner product in right Hilbert module E
C*-algebra valued inner product in left Hilbert module E
Standard Hilbert A-module

Adjointable operators on Hilbert module E

Generalised compact operators on Hilbert module F

Group of translations for a multiresolution structure
Dilation for a multiresolution structure

Index of a multiresolution structure

Orthonormal wavelet

Orthonormal multiwavelet

A(y) =D '4D

I =D"Irp™"

Generalised multiresolution analysis

Set of scaling functions for a multiresolution analysis of degree 1
Set of scaling functions for a multiresolution analysis of degree r
Group homomorphism used to generate dilation for a harmonic

multiresolution structure
Representation of I' on H which corresponds to action
of I'™ on H for a harmonic multiresolution structure

Hilbert C*(Z%)-module which corresponds to embedding 6 : Z¢ — R?

C*(Z%)-valued inner product for Xy

X

NSO NGRS

11

12
14
14

20
20
20
20
20
22
22
22
22
22

27

27

57
57



MP(C*(2))

Xﬁ[v]

Module action for Xg

Fourier transform of Xy

Fourier transform of [, ]o

Fourier transform of og

Hilbert C*(Z%)-module which corresponds to D™
C*(Z%)-valued inner product for X,

Module action for X,

Fourier transform of X,,

Fourier transform of [, |,

Fourier transform of o,

Hilbert L>°(T%)-module associated with embedding 6 : Z¢ — R?

Hilbert L*(T%)-module associated with D™

Downsampling operator on C*(Z%)

Scaling filter in C*(Z%)

Wavelet filters in C*(Z%)

Scaling operator on C*(Z%)

Wavelet operators on C*(Z%)

Filtering operator associated with b
Upsampling operator on C*(Z<)

Cuntz algebra

Cascade operator

Cascade operator associated with b € C*(Z%)
Transition operator associated with b € C*(Z)

The C*-algebra of p x p matrices with elements in C*(Z%)
Left Hilbert MP(C*(Z%))-module which corresponds to =™
MP(C*(Z%))-valued inner product for X%

Module action for X%

Downsampling operator on MP(C*(Z%))

Upsampling operator on MP(C*(Z%))

Wavelet matrix

CONTENTS

57
57
57
57
62
62
62
62
62
62

69
70

74
78
78
81
81
81
T
87
90
90
91

99

99

99

99

102
102

83, 103



Introduction

In this thesis we shall use some constructions employing C*-algebras to prove results
about wavelet theory. The main way that we shall do this is by constructing a Hilbert
C*-module using the C'*-algebra which is generated by a set of translations associated
with a multiresolution analysis.

Wavelets are a tool that can be used to analyse an arbitrary function in terms of
resolution and frequency. They do this by decomposing spaces of functions into an
orthonormal basis, or more generally a Riesz basis or a frame. An orthonormal basis is
a basis where each element is orthogonal to the others and has norm equal to one. A
Riesz basis is the image of an orthonormal basis under an invertible operator. A frame
is a set which spans the space but need not be linearly independent. Both orthonormal
bases and Riesz bases are also frames.

Wavelets have numerous applications including image compression, artificial vision,
telecommunications, denoising, seismic signal processing, and medical signal processing
including tomography, computer aided mammography, and analysis of both ECG and
EEG signals, to mention a few. More applications are described in [Me2], [Dal], and
[KL]. Wavelet theory is relatively new, beginning in the early 1980’s. Since then
there have been literally thousands of papers published on the subject. Although
modern wavelet theory began quite recently, there are deep connections between wavelet
theory and earlier research, such as Littlewood-Paley theory [EG, LP1, LP2], Calderon-
Zygmund operators, pyramid algorithms, and subband coding schemes.

C*-algebras are normed Banach algebras which have an involution. They also have
the property that they can be realised as bounded operators on a separable Hilbert
space. Any commutative C*-algebra can also be realised as an algebra of continuous
functions on a compact Hausdorff space. Associated with any group there is a group
C*-algebra, and most of the C*-algebras studied here will be group C*-algebras. As
well as group C*-algebras, we shall also examine some work [J1, BJ1, BJ3] which relates
wavelets to C*-algebras known as Cuntz algebras. C*-algebras are related to other fields
of mathematics including dynamical systems, K-theory, topology, and noncommutative
geometry.

We shall relate wavelets to C'*-algebras by using Hilbert C'*-modules, which we
shall usually abbreviate as Hilbert modules. A Hilbert module is a generalisation of a
Hilbert space for which the inner product takes its values in a C*-algebra instead of
the complex numbers. Hilbert modules can also be thought of as a generalisation of
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xii INTRODUCTION

vector bundles [Sw, Hi], and as such they play an important role in noncommutative
geometry. We shall use Hilbert modules to study wavelets by using methods which
are very closely related to a construction announced in 1997 by Marc A. Rieffel of a
Hilbert module over a group C*-algebra associated with wavelets (see [R6, PR1, PR2]).
A large amount of this thesis is devoted to understanding this construction.

Most of the background material that we require is contained in Chapter 0, where
we study the Fourier transform, involutive algebras, group representations, group alge-
bras, Hilbert modules, and bases and frames for Hilbert spaces and Hilbert modules.
The reader who is already familiar with this material may wish to directly proceed to
Chapter 1.

The classical definition of a dyadic orthonormal wavelet is a function 1 such that
the family

{vir(@) =279 p@a—k)} . forzeR

J,k€EZ

is an orthonormal basis for the Hilbert space of square integrable functions, L?(R.).
The functions v;;, are obtained from v by acting on it by translations and dilations.
The translations and dilations are unitary operators on this Hilbert space, so they
preserve inner products. In Chapter 1 we generalise the classical definition of a wavelet
to an arbitrary Hilbert space in a manner similar to what has been done in [BCMO].
Associated with every wavelet is what is known as a generalised multiresolution analysis.
Roughly speaking, a generalised multiresolution analysis (GMRA) of a Hilbert space is
an increasing sequence of subspaces (V),),ecz of the Hilbert space, which approximate
the Hilbert space more closely as n approaches infinity. If the Hilbert space has an
element ¢ such that translations of ¢ span the subspace Vj, we call the generalised
multiresolution analysis a multiresolution analysis (MRA), and we call ¢ a scaling
function. We will prove in Theorem 1.1.11 that we can obtain wavelets when we
have a multiresolution analysis; we use von Neumann algebras to prove this theorem.
The projections onto the subspaces V,, are closely related to an important numerical
algorithm known as the fast wavelet transform. The investigation of the fast wavelet
transform was what originally lead to the development of the notion of a multiresolution
analysis, and is also closely related to the study of filter banks. We shall show in Chapter
1 that the fast wavelet transform still makes sense in this more general setting. We
will mainly be looking at the case that the Hilbert space is a space of square integrable
functions defined on a locally compact Abelian group. When this is the case it is
possible to define the Fourier transform, and we shall often make use of the Fourier
transform as a tool for examining wavelets.

Most of the author’s new results are contained in Chapter 2 and Chapter 3. Chapter
2 is where we shall introduce the construction that relates wavelets to Hilbert C*-
modules. This construction is the main tool and object that is examined in this thesis.
It is one of the aims of this thesis to demonstrate the importance and utility of this
tool for understanding wavelets. The author’s work on this construction was partially
inspired by results announced in [R6]. The construction described here is very similar
to a construction described in [PR2], which was released as an eprint not long before
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the submission of this thesis. In order to take into account the dilation, we define a
chain of Hilbert modules (X, ),cz over the C*-algebra of the translation group, C*(Z4).
The C*(Z4)-valued inner products used by these Hilbert modules are sometimes known
as “bracket products”. As well as studying the properties of bracket products on X,
we shall also study the properties of bracket products on L?(R?). We shall work out
the details of this construction on both the Fourier and non-Fourier domains. We show
in Corollary 2.2.7 that the dilation is an adjointable operator which maps between the
elements of the above chain of Hilbert C*(Z¢)-modules. In Chapter 2 we shall also
define some Hilbert modules (Y,)nez which are over the larger C*-algebra L>(T%),
and whose L>(T%)-valued inner products are Fourier transformed bracket products.
These Hilbert L°°(T%)-modules are similar to ones described in [CaLa, CoLa], which
are used to study Gabor systems.

If a wavelet corresponds to a multiresolution analysis, there exist functions on Z¢
whose Fourier transform is contained in L (T%) which correspond to scaling functions
and wavelets, and are known as scaling and wavelet filters. We examine wavelets from
this perspective in Chapter 3. Associated with these filters are some operators from
the C*-algebra to itself associated with the fast wavelet transform. We shall examine
the convergence properties of an algorithm for obtaining the scaling function from
the scaling filter known as the cascade algorithm. It is then possible to obtain the
wavelets from the scaling function using the wavelet filters. The cascade algorithm
(Theorem 3.4.10 and Theorem 3.4.11) gives us necessary and sufficient conditions for
elements of C.(Z%) to be scaling filters. We demonstrate that the cascade algorithm
converges in the topology given by the Hilbert module norm, as well as in the norm
topology on L?(R%). We shall investigate wavelet matrices in this chapter and see
that they correspond to Hilbert modules over matrix C*-algebras. Our results on
wavelet matrices are encapsulated in Theorem 3.5.4, which also tells us necessary and
sufficients conditions for elements of C'*-algebras to be wavelet filters, when we have a
corresponding set of scaling functions.

Part of the aim of this thesis is to show how results in operator algebra theory are
useful for studying wavelets. We want to in particular demonstrate the importance
of the construction in Chapter 2 to wavelet theory. Because of the wide variety of
applications of wavelet theory, this represents an interesting application of the theory
of C*-algebras and Hilbert C*-modules.
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Chapter 0

Preliminary Material

This chapter contains most of the preliminary material that we shall need, most of which
is related to operator algebras, Harmonic analysis, or both. We shall first examine
the Fourier transform. We will then introduce C*-algebras, von Neumann algebras
and Hilbert C*-modules. We shall describe the necessary background material on
representations of groups and representations of C'*-algebras. The main Hilbert C*-
module that we introduce in Chapter 2 will be associated with a group C*-algebra, so
we shall introduce those. Wavelets are a specific tool for constructing frames and bases
so in Section 0.5 we shall introduce frames and bases for both Hilbert modules and
Hilbert spaces.

We shall assume a certain amount of knowledge on behalf of the reader. Most of
the analysis that we assume is contained in [Rul]. We shall occasionally use tensor
products. The reader is referred to Appendix T of [W-O] or Section 7.3 of [Fo] for
background information on them.

0.1 Analysis and the Fourier Transform

The following theorem tells us about a “completion process” that we shall often make
use of. In order to apply C*-algebras and Hilbert C'*-modules to wavelet theory we shall
be constructing both the relevant Hilbert C'*-module and the C*-algebra by taking the
completion of a dense subspace. Recall that a Banach space is a normed linear space
which is complete with respect to the topology induced by its norm.

Theorem 0.1.1 ([KR], Theorem 1.5.1) If X is a normed linear space, there is a
Banach space Y that contains X as an everywhere-dense subspace (and such that the
norm on X is the restriction of the norm on Y ). If Yy is another Banach space with

these properties, the identity mapping on X extends to an isometric isomorphism from
Y onto Y.

We shall now introduce some of the norms and spaces that we shall use.

Definition 0.1.2 Let X be an arbitrary measure space with positive measure p. If

1



2 CHAPTER 0. PRELIMINARY MATERIAL

1 < p< oo, and f is a complex measurable function on X, define the norm

11, = (/. Iflpdu>l/p

and let LP(u) consist of all f for which

1fllp < oo

We define || f||s to be the essential supremum of |f|. We then let L>°(u) consist of all
f for which || fleo < 0.

The reader is referred to Chapter 3 of [Rul] for a proof that | - ||, is a norm and
discussion of the properties of LP-spaces. When it is obvious what measure the space
X is equipped with, we shall often write LP(X) instead of LP(u). The space LP(u) is
metric space with the norm || ||, when it is thought of as a space of equivalence classes
of functions any two of which differ only on a set of measure zero. The space L2(y) is
a Hilbert space with inner product given by (f,g) = ([x fgd,u)l/Q.

Definition 0.1.3 Let X be a topological space. We define C(X) to be the space of
continuous complex functions on X. We define C.(X) to be the space of continuous
complex functions on X with compact support.

We say that a topological space X is locally compact if every point in X has a
compact neighbourhood. If X is a locally compact Hausdorff space, a complex function
f on X is said to wvanish at infinity if for every € > 0 there exists a compact set
K C X such that [f(z)| < e for all z not in K. We define Cy(X) to be the space
of continuous functions on X which vanish at infinity. Note that when X is compact,

Co(X) = Cy(X) = O(X).

Because we are interested in generalising wavelets, we shall need to understand
the Fourier transform on an arbitrary locally compact Abelian group. The Fourier
transform is a very important tool for studying wavelets. Both the Fourier transform
and wavelets are used to decompose spaces of functions into a basis, and are useful
for applications such as signal processing. Most of the background information on the
Fourier transform and locally compact Abelian groups in this section has been obtained
from [Ru2].

On any locally compact Abelian group G we can define the Haar measure j1 g, which
satisfies the property that it is translation invariant, ie pug(F + =) = pg(E) for every
r € G, and measurable £ C (G. The Haar measure is unique up to multiplication by
constants.

A character on G is a continuous homomorphism £ : G — T from G to the unit
circle T. The set of all characters of G forms a group G, called the Pontryjagin dual
group of G, where the group operation is defined by (£1&2)(x) = & ()& (x) for z € G,
1,6 € G. The space G is also a locally compact Abelian group. It can be shown that
the dual of G is G. We will often write (z,£) := ().
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For f € LY(G), we define the Fourier transform Ff of f to be a function on G
given by

(FN© =16 = [ f@

where £ € G. The Fourier transform has the following properties (see Chapter 1 of
[Ru2)):

1. The Fourier transform maps L'(G) into a dense subalgebra of Co(G);

2. For f,g € L'(G) the Fourier transform of f g is fg, with multiplication in the
Fourier domain being pointwise, where f x g is defined by

(F+9)@) = [ =)y
We call f * g the convolution of f and g .

3. The Fourier transform is a continuous map of L'(G) into Co(G), and for f €

LNG), [ flloo < 1115
4. If f is continuous and f € L*(@), then F(F(f))(z) = f(—2);

5. The Fourier transform is an isometry of (L' N L?)(G) onto a dense linear subspace
of L*(G), and may be extended uniquely to an isometry of L?(G) onto L*(G);

6. We have that (f,g) = (f,§) for all f, g € L*(G) (Plancharel’s identity).

0.2 Involutive Algebras

In order to study Hilbert modules we will need some background material on involutive
algebras, especially C'*-algebras. The information in this section has been obtained
from [DB], [Dv], [Dx1] and [Pe].

Definition 0.2.1 A linear space A over a field F is an associative algebra over F if for
each a,b,ce A, A\ € F:

a(be) = (ab)c;
a(b+c) =ab+ ac and (b+ c)a = ba + ca;
3. A(ab) = (Aa)b = a(\b).

The algebra is real if F' = R, and complex if F' = C. We say that A is commutative if
ab = ba for all a,b € A. If there exists an element 1 € A such that 1a = a = al for all
a € A we say that A is unital.

The algebras in which we are interested shall almost always be complex algebras.



4 CHAPTER 0. PRELIMINARY MATERIAL

Definition 0.2.2 A complez x-algebra (or an involutive algebra) is an associative alge-
bra with a mapping a — a* of A into itself which satisfies for all a,b € A, A € C:

1. (a+b)" =a*+b%
2. (Aa)* = Aa*;

3. (ab)* = b*a*;

4. a** = a.

We call the map a — a* an involution. Note that it is bijective.

Definition 0.2.3 An algebra A with a norm which satisfies for all a,b € A,
[lad]| < [[alll|b]

is called a normed algebra. A normed algebra which is also a Banach space (so it is
complete with repect to the topology induced by its norm) is called a Banach algebra.

Definition 0.2.4 A C*-algebra is a Banach x-algebra whose norm satisfies the C*-
condition:
* 2
la*all = [la|

for a € A. A pre-C*-algebra is a normed *-algebra with norm satisfying the C*-
condition but which is not necessarily complete. A real C*-algebra is a Banach x—algebra
over R with identity 1 which satisfies the C*-condition and also the condition that
1+ a*a is invertible.

We remark remark that the term “pre-C*-algebra” sometimes has a slightly differ-
ent meaning in some of the literature, where it also “is stable under the holomorphic
functional calculus”. This meaning is different to the definition above.

An important example of a C*-algebra is the algebra of bounded operators B(H)
on a Hilbert space. The involution is the adjoint operation and the C'*-condition is
satisfied because

|A*All = sup [(A"Az,y)| = sup |(Az,Az)| = ||A|*.
l=l=llyl=1 llzl=1

Another important example of a C*-algebra is Cy(X), the space of continuous
functions vanishing at infinity on a locally compact Hausdorff space X. The involution
is given by complex conjugation and the norm is given by || f|| = sup,cx | f(x)].

Any subalgebra of a C*-algebra which is closed under involutions and is norm closed
is also a C*-algebra. One interesting closed subalgebra of B(H) is K(H), the algebra
of compact operators on a separable Hilbert space H.

To study Hilbert modules we will need a notion of positivity. We say that an element
a of a C*-algebra A is positive if we can write a = b*b for some b € A. We denote the
positive elements of A by A™.
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Two important theorems about C*-algebras are the Gelfand-Naimark theorems,
which states that every C*-algebra is isomorphic to a subalgebra of B(H) for some
Hilbert space H; and that every commutative C*-algebra is isomorphic to Cy(X) for
some locally compact Hausdorff space X.

Theorem 0.2.5 (Gelfand-Naimark Theorems) 1. Let A be a commutative C*-
algebra. There is a locally compact Hausdorff space X such that A is isometrically
x-isomorphic to Co(X).

2. Let A be a C*-algebra. Then A is isometrically x-isomorphic to a norm-closed
x-subalgebra of the bounded linear operators on some Hilbert space.

Definition 0.2.6 Let A be an involutive algebra and H be a Hilbert space. A repre-
sentation of A in ‘H is a *-homomorphism of the algebra A into B(H).

We say that two representations p : A — B(H) and p : A — B(H) are unitarily
equivalent if there is a unitary isomorphism U of H onto H such that

pla) =Up(a)U*, forallaec A

where H and H are the representation spaces of p and p. A representation p of A
in ‘H is topologically irreducible if H is nontrivial and the only closed subspaces of H
invariant under p are 0 and H.

An important property of topologically irreducible representations is given by Propo-
sition 0.2.7. It is worth remarking that this proposition is a consequence of 0.2.5. We
shall use it in the proof of Theorem 0.3.6.

Proposition 0.2.7 ([Dv], Corollary 1.9.11, page 33) For a C*-algebra A, and a €
A, there is a topologically irreducible representation p of A such that

lp(a)]l = llall-

Let S be a subset of B(H), the commutant of S, denoted S’ is the set of elements
of B(H) which commute with every element of S.

Proposition 0.2.8 ([Dv], Lemma 1.9.1, page 26) A representation p: A — B(H)
is topologically irreducible if and only if the commutant p(A)" = C1.

PRrOOF: If p(A)’ is larger than the scalars, it will contain a proper projection P (for
example a projection onto a one-dimensional subspace), and PH will be an invariant
subspace for p(A) and p will not be topologically irreducible.

Suppose p(A) = C1, suppose K is a closed subspace of H invariant under p(.A).
The projection Pg will commute with p(A), and so either Px = 0 or P = 1. Thus
K=0or K ="H. a

In this thesis we shall make use of the following types of elements of involutive
algebras.
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Definition 0.2.9 For an involutive algebra A, a projection p € A is a self-adjoint
idempotent: p = p* = p?. We say that two projections are orthogonal when pg = 0.
We will denote the orthogonal sum of two projections by p @ q.

We say that v € A is a partial isometry when v*v is a projection. If A is unital and
v*v =1, we say that v is an isometry.

We say that two projections p and ¢ in a C*-algebra A are equivalent, when there
is a partial isometry v € A such that p = v*v and ¢ = vv*, we write p ~ g;

Let us now introduce the concept of a von Neumann algebra. This concept will
enable us to prove a theorem about the existence of wavelets given a multiresolution
analysis (Theorem 1.1.11).

Definition 0.2.10 A von Neumann algebra A in ‘H is an involutive subalgebra of B(H)
such that A is equal to the commutant of its commutant, so A = A”. For M a subset
of B(H), the von Neumann algebra generated by M is the commutant of M U M*.

An important class of von Neumann algebras are the finite von Neumann algebras.
The following definition is based on [Dx2, 1.6.1, Definition 1; 1.6.7, Definition 5; I11.2.1].

Definition 0.2.11 Let A be a von Neumann algebra and let A" be the positive el-
ements of A. A finite normal trace on A" is a function 7 defined on A" taking
non-negative real values which satisfies

1. fSe At and T € AT, then 7(S +T) = 7(5) + 7(T);
2. If S € AT and if X is a non-negative real number, then 7(AS) = A7(S);
3. If S € A" and if U is a unitary operator of A, then 7(USU~!) = 7(95);

4. For each increasing net F C AT with supremum S € A", 7(S) is the supremum
of 7(F).

A von Neumann algebra A is said to be finite if for every non-zero T' € AT, there exists
a finite normal trace 7 on A" such that 7(T) # 0. We say that a projection in a von
Neumann algebra is finite if its range is a finite von Neumann algebra.

Definition 0.2.12 Let A be a von Neumann algebra and let E be a projection in A.
Let Ag be the set of all elements B of A which can be written in the form B = FAE
for some A € A. We know from [Dx2, 1.2.1, Proposition 1] that Ag is a von Neumann
algebra. We say that a projection E is finite if the algebra Ag is finite.

We are interested in finite von Neumann algebras because their properties are useful
for proving Theorem 1.1.11, which tells us that we can obtain multiwavelets from a
multiresolution analysis. In order to prove Theorem 1.1.11, we need the following
result about von Neumann algebras.
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Proposition 0.2.13 ([Dx2] II1.2.3, Proposition 6, page 261) Let A be a von Neu-
mann algebra and let E, F' be two equivalent finite projections of A, and G a projection
of A majorising E and F (in other words, G — E and G — F are positive). There erists
a unitary operator U of A such that UEU™Y = F and UGU~! = G. In particular,
G-E~G-PF.

0.3 Group Representations and Group Algebras

We use the notation U(H) to denote the unitary operators on a Hilbert space H.

Definition 0.3.1 A unitary representation of a locally compact group G on a nonzero
Hilbert space H, is a homomorphism 7 : G — U(H) such that s — mh is continuous
from G to H, for every h € H,. We call H, the representation space of .

If E is a closed subspace of H, we call E an invariant subspace for m if 7(g)E C E
for all g € G. If E is invariant and nonzero, the restriction of 7 to F,
(

™ (9) =7(9)le

is also a representation of m on E, which we call a subrepresentation of .
We say that two representations 7 : G — U(H,) and 7 : G — U(Hz) are equivalent
if there is a unitary operator U : H, — Hj such that for all g € G, 7(g) = Un(g)U*.
If {m;}icr is a family of unitary representations, their direct sum @;7; is the repre-
sentation m on H = ®;H,, defined by 7(z)(>>; v;) = Y, mi(x)v;, where each v; € Ho,.

When 7 = @®;m;, each H,, is an invariant subspace of H, and each 7; is a subrep-
resentation of 7 (see [Fol, page 70).

Example 0.3.2 Suppose that a locally compact group G acts on a locally compact
Hausdorff space X. The group G also acts on functions on X by

(m(9)f)(@) = f(g~ " x) (1)

for g € G, x € X. If X has a G-invariant Radon measure p, then 7 defines a unitary
representation on L?(u) (see page 68 of [Fol).

The following proposition relates unitary representations of groups to projections

in a von Neumann algebra.

Proposition 0.3.3 ([Co] V.1.«a, Proposition 3, page 450) Let 7 be a unitary rep-
resentation of a locally compact group G on a Hilbert space H,, consider the commutant

R(m) ={T € B(Hx) : Tw(g) = w(g9)T forallge G}

which is by construction a von Neumann algebra. R(w) satisfies
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1. If E is a closed subspace of Hy and Pg is the projection onto E, then E is an
invariant subspace for 7 if and only if Pg € R(r).

2. If By and Ey are invariant subspaces for w, then the subrepresentations 7' and
72 are equivalent if and only if Pp, ~ Pg,.

PROOF: The reader is referred to page 70 of [Fo] for a proof that R(7) is a von Neumann
algebra.

1. Let g be an arbitrary element of G. Suppose that Pp € R(w) and that v € FE,
then m(g)v = 7(g)Prv = Pgm(g)v € E, and so E is an invariant subspace for 7.
Suppose now that E is an invariant subspace for 7, let v be an element of F, and
let u be an element of E+. We have that 7(g)Pgv = n(g)v = Pg7(g)v. We also
have that (7(g)u,v) = (u,7(g)"tv) = 0, so w(g)u € E+. We therefore have that
7(9)Pru = 0 = Pgm(g)u, and so m(g)Pr = Pgm(g).

2. Suppose that 71 is equivalent to 722, Let U be the unitary operator U : H e —
H_r, for which 7F2(g) = Un®1(g)U*. Let W = UPg, = Pp,UPg,, then W* =
Pg, U*Pg, = U*Pg,. We then have that

WW* = Pg,UPg Pg,U*Pg, = Pg,,
W*W = PgU*Pg,Pg,UPg, = Pg,.

So W is the partial isometry which provides an equivalence between Ppg, and Pg,.

Suppose now that Pg, ~ Pg,. There then exists a partial isometry W such that
W*W = Pg, and WW?* = Pg,. The restriction of W to E; is a unitary mapping
onto o, with inverse W*. So w¥2(g) = WrF1(g)W*.

O

Let G be a locally compact group, recall that C.(G) is the space of all complex
valued continuous functions on G with compact support. We make C.(G) into an
algebra over the complex numbers C with multiplication given by convolution:

(ab)(s) = /G a(st=1)b(t)dt = /G ()bt~ s)dt

for a,b € C.(G), (recall that we defined the convolution for functions on Abelian groups
in Section 0.1). We define a norm on C.(G) by

Jal = [ la()lduc (2

for a € C.(G). The completion of C.(G) with respect to this norm is the Banach
algebra L1(G). It is not hard to show that L!(G) and C.(G) are commutative if and
only if G is Abelian.
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Let pg be left Haar measure on G. There exists a continuous homomorphism A
(see [Fo, page 46]) from G into R4 known as the modular function such that

ua(Es) = A(s)ug(E), s€G, ECQG.

It is shown in [Fo, Proposition 2.24] that the modular function A is a continuous
homomorphism from G into the multiplicative group of positive real numbers. Hence
for s € G, A(s7!) = (A(s))"!. The spaces L(G) and C.(G) are involutive algebras
with involution given by

Fr(s) = A(sTHF(s™). (2)

Abelian groups have the property that for all s € G, A(s) = 1. We shall make use of
the modular function in Remark 2.2.10.

When G is an Abelian group, C.(G) is a commutative *-algebra and L'(G) is a
commutative Banach *-algebra with respect to this involution. However, L1(G) is not
a C*-algebra because the norm does not satisfy the C'*-condition. Commutative Banach
algebras have some properties which are useful.

Definition 0.3.4 We define a multiplicative linear functional on a commutative Ba-
nach algebra A to be a non-zero algebra homomorphism of A into C. We denote the
set of all multiplicative functionals by M 4.

We define the Gelfand transform A : A — Cy(M 4) of a commutative Banach algebra
into Co(M.a) by

where a € A and ¢ € M 4.

The Gelfand transform is used in the proof of the commutative Gelfand-Naimark
theorem to construct the isomorphism between A and Cy(X) when A is a C*-algebra
and X is a Hausdorff space. The Gelfand transform is the abstract analogue of the
usual Fourier transform, because of the following result.

Proposition 0.3.5 Suppose G is a locally compact Abelian group, and & € G, then
the Fourier transform defines a multiplicative linear functional of L'(G) by f — f({)
Every multiplicative linear functional is obtained in this way, and distinct characters in-
duce distinct multiplicative linear functionals. Thus the Fourier transform of a function
f € LY(Q) is precisely the Gelfand transform of f.

PRrROOF: See Theorem 1.2.2 of [Ru2|, and the remarks in Section 1.2.3 of [Ru2]. O

Suppose that 7 is a unitary representation of a locally compact group G. Associated
with 7 there is a *-representation p, : L'(G) — B(H,) such that

(e (), K) = /G £(5)(meh, K)ds (3)
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for all f € LY(G),h,k € Hx (see [Fo], page 73). We will construct a C*-algebra by
defining another norm on L'(G) as

[ fllew ) = sup{llo(f)|l - p is a *-representation of L'(G) }. (4)

We know that the set of *-representations of L!(G) is non-empty because there is a x-
representation of L'(G) associated with every unitary representation of G. The algebra
L'(G) is a pre-C*-algebra with respect to this norm, and we call the completion of
L' (@) with respect to this norm the group C*-algebra C*(G) of G. The algebra C.(G)
is also a pre-C*-algebra with repect to this norm, and is dense in C*(G). We shall
make extensive use of group C*-algebras throughout this thesis. For example, we can
construct a group C*-algebra from the group of translations that act on a wavelet. We
make use of this in Chapter 2.

There is another C*-algebra associated with G, the reduced C*-algebra, which we
shall now define. The left reqular representation of G is the unitary representation on
L*(G) defined by

Ae(h)(s) = h(t™1s) (5)

where s,t € G, h € L?(G). The left regular representation of L'(G) is a *-representation
A\: LY(G) — B(L*(@)) and is defined by

Xa(h)(5) = (a * h)(s) = /G a(st)h(t™)dt (6)

where a € L(G), h € L*(G), s,t € G. It can be shown (see [Fo, Page 73]) that for
ke L*(G),

Oalh) k) = [ al)0u(h), Ryt

We now define the reduced C*-algebra of G to be the norm closure C}(G) := A(L'(G)).

It is also possible to define the group C*-algebra and the reduced group C*-algebra
for an arbitrary locally compact group G. The following theorem gives us an explicit
formula for the norm of both the group C'*-algebra and the reduced group C*-algebra
when G is Abelian. Because of the relevance of this theorem to the Hilbert C*-modules
that we will study in this thesis, we include a proof. The proof is based on the proof
in [Dv] and on some arguments in Example C.20 of [RW].

Theorem 0.3.6 ([Dv] Proposition VII.1.1, page 184) If G is a locally compact
Abelian group, then
C*(G) = Cr(G) = Cy(G).

The C*-norm of an element a of C*(QG) is given by

[lall = sup |a(£)]- (7)
e

PROOF (OUTLINE): By Proposition 0.2.7,

llal]| = sup{|lp(a)| : p is an irreducible representation} (8)
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for a € C*(G). Let p be an irreducible representation of L'(G) on a Hilbert space H,,.

The representation p(L'(G)) is commutative, so p(L'(G)) C p(L'(G))". Proposition

0.2.8 therefore tells us that p(L'(G)) C p(L'(G)) = C1. Thus every irreducible

representation of L'(G) (and so of C*(G)) is one dimensional. This means that the

irreducible representations of L!(G) correspond to multiplicative linear functionals. By

Proposition 0.3.5 the Gelfand map sends f € L'(G) to its Fourier transform fe C’o(é).
Equation (8) tells us that

lla]| = sup{||p(a)]| : p is an irreducible representation} = |||~ = sup |a()|
ce@

The range of the Fourier transform F is self-adjoint and separates points and so is
dense in C’O(G‘) by the Stone-Weierstrass theorem. The Fourier transform converts
convolution to pointwise multiplication and the involution to complex conjugation.
The map a — & extends to an isomorphism from C*(G) onto Co(G).

Now the Fourier transform extends to a unitary operator from L2(G) onto L%(G).
If we conjugate the left regular representation by the Fourier transform we obtain for

f€LYG) and g € L*(G) N LY(G)
FANFG=FNf)g=F(f x9) = fg = M.

where M, is the operator consisting of multiplication by f . Each f € CO(G') is sent
to the multiplication operator M 2 This map is an isometric isomorphism and so

Cr(G) = Co(G). .

0.4 Hilbert C*-Modules

We now define Hilbert C'*-modules, the main tool we will use to study wavelets.

Definition 0.4.1 Suppose A is a C'*-algebra or a pre-C*-algebra. A right inner product
A-module is a complex linear space E which is a right A-module with compatible scalar
multiplication: a(za) = (ax)a = x(aa) for x € E, a € A, and o € C; and which has
an A-valued inner product [, |g : E x E — A satisfying for all z,y,z € E, a € A and
a,f € C,

1. [x,0y + Bz]g = o[z, y]E + Bz, 2]E

2. [, yalp = [r.9]a

3. [,y = ly, 2le

4. [z,z]g > 0 ( in the completion of A if A is a pre-C*-algebra)

5. [z,2]p =0= 2 =0.
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We can define a norm on E by ||z| g = ||[z, a:]EH%, we call this norm the Hilbert module
norm on E. When A is a C*-algebra, a right inner product A-module which is complete
with respect to its norm is called a right Hilbert C*-module over A, or a right Hilbert
A-module.

We call a right Hilbert A-module E full if [E, E|g is dense in A.

The reader is referred to Corollary 2.7 of [RW] for a proof that || - ||z is a norm.

We will often abbreviate a right inner product A-module as an inner product A-
module and a right Hilbert A-module as a Hilbert A-module, or just a Hilbert module.
It is also possible to define a left Hilbert module where the algebra acts on the left and
the inner product is conjugate linear with respect to the second variable. A left Hilbert
module is essentially the same as a right Hilbert module.

We shall show in Lemma 0.4.5 that because we can obtain a C*-algebra A by
completing Ag, we can extend the module action of Ay on Ey to a module action of A
on the completion F of Ey, and obtain a Hilbert A-module.

Useful references on Hilbert modules include [L], [R1], [R2], [RW], and [W-O].

Examples 0.4.2 1. Every Hilbert space is a full left Hilbert C-module with the
usual operations.

2. If A is a C*-algebra, then A is a full Hilbert .A-module with module action
given by C*-algebraic multiplication, and .A-valued inner product [a,b] = a*b, for

a,be A

3. Let A™ be the direct sum of n copies of a C*-algebra A. We make A™ into a full
Hilbert .A-module with the module action given by (a1, ..., a,)ob = (a1b,...,ayb).
The inner product is given by

[(al, ‘e ,an), (bl, ‘e ,bn)] = Zafbl
4. For a C*-algebra A, the standard Hilbert A-module is defined to be

Hy = {a = (a;) € H.A : Zafai converges in .A}

i=1 i=1

with the scalar multiplication and A-valued inner product defined to be
o
aa := (a;a), [a,b]:= Zafbi.
i=1
The standard Hilbert module is important because of the Kasparov Stabilisation
Theorem, which is stated below.

Lemma 0.4.3 (The Polarisation Identity) Suppose that X and ) are complex vec-
tor spaces and B : X x X — Y is a map which is conjugate linear in the first variable
and linear in the second variable. The map B satisfies the following identity:

B(f,g9) = i(B(ngf,ngf)+iB(9+if,g+if) —iB(g—if,g—if)—B(g—f,9—f))
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for f,g € X. Consequently, if E is a right inner product A-module with inner product
[, |E, for a complex normed x-algebra A, then for f,g € E,

oole = (o fog+ flp +ilg +if.g+ifle —ilg —ifug ~ifls — lo — f.9— fli).

PRrOOF: Expanding the right hand side of the above identity verifies the result. O

We shall sometimes need to make use of the following result.

Lemma 0.4.4 (The Hilbert module Cauchy-Schwarz inequality) Suppose that
A is a C*-algebra. If E is an inner product A-module, then for x,y € E,

[z, ]z, vle < [z 2]elly, yle. (9)

For a proof to this Lemma, the reader is referred to Lemma 2.5 of [RW].

The following result is very useful for constructing Hilbert C'*-modules from inner
product pre-C*-modules. It is a slightly less general version of [RW, Lemma 2.16, p15],
the proof has been adapted from the proof contained in [RW]. In Chapter 2 we shall
make use of this Lemma to prove Theorem 2.1.21.

Lemma 0.4.5 Suppose that Ag is a dense x-subalgebra of a C*-algebra A. Suppose
that Ey is a right inner product Ag-module. Let the linear space E be the completion of
FEy with respect to the Hilbert module norm. Then the module action of Ay on Eg can
be extended to a module action of A on E and the Ag-valued inner product on Ey can
be extended to an A-valued inner product on E in such a way that E is a right Hilbert
A-module. We call the Hilbert module E the completion of the inner product module
E().

PROOF: Let the inner product on Ej be denoted by [, ]o, and the module action of
a € Ag on x € Ey be denoted by x-a. As stated in Definition 0.4.1, the Hilbert module

norm on FEjy is given by ||z| g, = ||[x,x]0||% for z € Ey. We calculate
2
z-allz, = llz-a,z-ao
= |la”[z, z]oall

Now we know from Definition 0.4.1 that [z, ]y is positive in A, so there exists b € A
such that [z, z]p = b*b. From the previous calculation and the inequality

a*b*ba < ||b||?a*a, a,b € A,

we deduce that
2 20112
[z - allg, < llall*l|z|/z,- (10)

We therefore have that right multiplication by a € Ag is a bounded operator on Ey. It
follows from the Hahn-Banach Theorem (see [KR, Theorem 1.6.1]) that right multipli-
cation by a € Ap extends to a bounded linear operator on E. Define

r-a:= lim x-a, a€A a, € Ay, x € FE, (11)

an—a
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we want to show that the above limit does not depend on the choice of (a,) and
converges to an element of E. From equation (10) it follows that the operator of right
multiplication by a,, has norm less than or equal to ||a,||. It therefore follows that if (a,,)
converges to a in A, then right multiplication by a,, converges to right multiplication by
a in the norm topology on the Banach space dual of E. It therefore follows by uniform
continuity that the above limit does not depend on the choice of (a,,) and converges to
an element of E because it is complete.

We now extend the inner product to E. If z, and y, are sequences in Fy that
converge to x,y € F, then we define

[z, y]p = lim[wn, yno- (12)

Now from Lemma 0.4.4 it follows that ||[xn, yn]| < ||znllEl|YnlE,- We therefore have
that taking the inner product with another element of Fj is a bounded operator on
Ey and by uniform continuity the above limit is well defined and contained in A. The
space E satisfies the first three properties of Definition 0.4.1 because Ey does. The
fourth property of Definition 0.4.1 holds because the positive cone AT is in fact always
closed by [KR, Theorem 4.2.2 (i)]. The fifth property of Definition 0.4.1 holds because
if [z, 2] = 0, then there is a sequence x,, — x for which ||z||g — 0, and = must be the
zero element of F. O

There are some useful analogues of bounded and compact operators for Hilbert
modules.

Definition 0.4.6 Suppose E, F' are Hilbert A-modules. We define L(E, F) to be the
set of all maps t : E — F for which there exists a map t* : F — FE such that

[te,y|Fp = [z, t"Y|E

forall z € E,y € F. We call L(E, F) the set of adjointable operators from E to F. We
abbreviate L(E, F) as L(E).

It can be shown that every element of L(E, F') is a bounded A-linear map (see Lemma
2.18 of [RW]).
For t € L(E, F) we define
[t]] := sup |[tzl|r = sup ||[tz,tz]r].
=]l 2 <1 lzllz<1
Definition 0.4.7 Suppose FE,F are Hilbert modules, with inner product in a C*-
algebra A. For x € E,y,z € F, define

O.y(2) = 2y, 2] F.

It can be shown that ©,, € L(F,E), and (O,4)* = Oy, (see [L]). We define K(F, E)
to be the closed linear subspace of L(F, E) spanned by {©,, :x € E,y € F'}. We call
IC(F, E) the generalised compact operators from E to F. IC(F, E) is also known as the
imprimitivity algebra of E and F. We abbreviate KC(E, E) as K(E).
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By applying the above definition one can show that for Hilbert A-modules F, F, G
the following relations hold (see [L]):

G%y@uﬂf = ®x[yyu]F7v = ®x7v[u7y]F
tex,y = etz,y
®m7ys = @:I/.7S*y

wherex €e E,ye F,ue F,veG,te L(F,G), s€ LG, F).

In the case that E, F' are Hilbert spaces (so the C*-algebra is C), K(E, F) is the
space of compact operators between these Hilbert spaces. Note that the generalised
compact operators on a Hilbert module may be different from the compact operators
obtained from treating the Hilbert module as a Banach space. This somewhat confusing
notation arises because of the way that Hilbert modules generalise Hilbert spaces.

It is in fact true that £(F) and IC(E) are C*-algebras with the norm defined above,
and K(E) is a closed two-sided ideal in £(E). The reader is referred to [RW], Proposi-
tion 2.21 and Lemma 2.25 for proofs of these claims.

Definition 0.4.8 Suppose E, F' are Hilbert modules, an operator u € L(E, F') is called
unitary if
wu=1g, wu" =1p.

We say that £ and F' are isomorphic if there exists a unitary u contained in L(E, F).

Definition 0.4.9 We say that two C*-algebras A; and A are Morita equivalent if
there is a full Hilbert A;-module E such that Ay = K(E). We call E a Morita equiva-
lence bimodule.

There are various equivalent descriptions of Morita equivalence. The term “bimod-
ule” arises because one of the definitions of Morita equivalence involves constructing
a right Hilbert A;-module which is also a left As-module, where A; and Ay are C*-
algebras. A Morita equivalence bimodule is sometimes also known as an imprimitivity
bimodule. Morita equivalence is an important part of the theory of Hilbert modules, is
closely related to K-theory, and has important applications to the study of group rep-
resentations [L, R1, R2, RW]. We won’t directly make much use of Morita equivalence
in this thesis, but it is worth keeping in mind when we construct Hilbert modules to
study wavelets that a right-Hilbert module can be given an left inner product into a
Morita equivalent C*-algebra to construct a Morita equivalence bimodule.

A Hilbert A-module E is countably generated if there exists a countable set ¢ :=
{¢:i}ict C E such that the submodule Eg := {}";c7 ¢ia; : a; € A} is dense in E.

Theorem 0.4.10 (The Kasparov Stabilisation Theorem) Suppose that A is a C*-
algebra and E is a countably generated Hilbert A-module. Then E @ H 4 and H4 are
isomorphic as Hilbert modules.

The Kasparov Stabilisation Theorem tells us that if a Hilbert module is not too big,
it can be embedded in the standard Hilbert module. We remark that an interesting
generalisation of Kasparov Stabilisation Theorem is described in [RT].
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0.5 Frames and Bases

Recall from the introduction that a wavelet basis is a certain type of either an or-
thonormal basis or frame for a Hilbert space. In this section we shall study arbitrary
orthonormal bases and frames for Hilbert spaces and then extend these concepts to
Hilbert modules. We will use the convention that the Hilbert space inner product is
linear in the first variable and conjugate linear in the second variable.

Hilbert spaces and Hilbert modules are both types of Banach spaces, so we shall
begin by looking at bases for Banach spaces.

Definition 0.5.1 Let E be a Banach space with norm [[||, and let {e;}32, be a sequence
of elements of E. The sequence is a Schauder basis of E if for each f € F, there exists
a unique sequence of coefficients {«; : @; € C,i € N} such that

lim ||f — (a1e1 + ...+ amen)|| = 0.

m—00

We can then write f = Y ;2 ase;, and we say that the basis is unconditional if the
series converges to f after an arbitrary permutation of its terms.

Definition 0.5.2 An orthonormal basis for a Hilbert space H is a set {e;}52; of ele-
ments of H, such that for all 7,5 € N, (e;,e;) = 0 whenever i # j, and for all f € H,
such that

f = Z(fv 6’i>ei'
=1

A set of vectors {e;}72, in H is called a frame if there exists A, B > 0 such that for
all feH,
AFIZ <K fsep)l? < BIIP, (13)
J

we call a frame tight if A = B, and normalised if A= B = 1.

A Riesz basis for H is a set {e;}32, of elements of H, which is also a frame for H,
and for which for any f € H, there exists a unique set of complex numbers {o; : «; €
C,i € N} such that

o0
f=> aie;.
=1

An equivalent definition of a Riesz basis is as the image of an orthonormal basis
under an invertible operator. An equivalent definition of a frame for a Hilbert space
‘H is as the image of an orthonormal basis for a larger Hilbert space K containing H
under the projection from K to H. It is also true that a set of elements of H is a Riesz
basis if and only if it a bounded unconditional basis. The reader is referred to [HL1]
for proofs of these assertions. Wavelet bases have additional properties which allow us
to analyse a Hilbert space according to “resolution”.

Because an orthonormal basis is also a Riesz basis it is also an unconditional basis.
Note that because the summands in equation (13) are positive, the sum does not depend
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on the order in which its terms are added. We can therefore define a set {e; : i € T}
for 7 a countable or finite index set, to be a orthonormal basis, Riesz basis, or frame,
without having to enumerate 7.

In [FL1], [FL2] and [FL3], the concept of a frame has been extended to Hilbert
modules. First we introduce concepts analagous to an orthonormal basis.

Definition 0.5.3 Let Z be a finite or countable index set, let A be a C*-algebra.
A subset {x; : i € I} of a Hilbert A-module E is a generating set of E if the set
{>ier ®ia; + a; € A} is dense in E with respect to the Hilbert module norm. It is
A-orthogonal if [z;,xz;]p = 0 for all 4, j € Z such that i # j. It is A-orthonormal if it is
A-orthogonal and ||z;||g = 1 for all i € 7.

A generating set {x; : i € Z} of E is a Hilbert basis of E if (i) A-linear combinations
> ier Tia; with each a; in A are equal to zero if and only if every summand x;a; equals
zero for i € Z, and (ii) ||z;|| = 1 for every i € Z.

Definition 0.5.4 An .A-module M (not necessarily a Hilbert module) is finitely (count-
ably) generated if there exists a finite (countable) set ® := {¢;}iez € M such that the
submodule Mg := {> ez ¢ia; : a; € A} is dense in M. If Mgy = M, we say that M
is algebraically finitely (countably) generated. An A-module M is projective if it is a
direct summand of a free module A".

Before defining frames for Hilbert modules, we remark that if we have an infinite
sum of elements of a C*-algebra, the order of summation does not matter when the
summands are positive, provided the sum converges (see [W-O], p21).

Definition 0.5.5 Suppose A is a unital C*-algebra and F is a Hilbert .A-module. Let
Z C N be an index set. A set {z; :i € Z} C E is a frame for E if there exist positive
real numbers C, D > 0 such that for all x € F

Clz,2]p < _[2,xi|p[ri, 2]s < Dz, 2]p. (14)
€T
Note that the summands in the middle term of the above equation are positive, so the
order of summation does not matter. If C' = D we call the frame tight; if C = D = 1 we
call the frame a normalised tight frame. If the sum in (14) always converges in norm,
we call the frame a standard frame. A Riesz basis for E is a frame for £ which is also
a generating set which has the property that for S C Z, } ;cqx;a; = 0 if and only if
foralli € S, z;a; = 0.
If F' is also a Hilbert A-module and {y;}; is a frame for ', then {x;}; and {y; };
are unitarily equivalent if there exists a unitary adjointable operator T : E — F' such
that T'(xz;) = y; for all i € 7.

The sum in equation (14) is sometimes only required to converge in a weaker topol-
ogy than the norm topology, in which case the frame is not a standard frame.

The following theorems relate frames to Hilbert modules. The reader is referred to
[FL1, FL2] for proofs of these theorems.
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Theorem 0.5.6 ([FL2], Corollary 4.5) Ewvery standard frame of a finitely generated
or countably generated Hilbert C*-module is a generating set.

FEvery generating set of an algebraically finitely generated Hilbert C*-module is a
standard frame.

Theorem 0.5.7 ([FL2], Theorem 3.2) Let V be an A-linear partial isometry V on
A" or 12(A). Let {z;} be an A-orthonormal basis for A™ or 12(A). Then {V (z;)} is a
normalised tight frame for V(A™) (or V(1?(A))). Every algebraically finitely or count-
ably generated Hilbert module therefore possesses a standard normalised tight frame.

Just like with an orthonormal basis, it is possible to reconstruct an arbitrary element
of a Hilbert A-module from its A-valued inner products with elements of the frame.
This property can actually be used to characterise frames.

Theorem 0.5.8 ([FL2], Theorem 4.1; [FL1], Theorem 4.1) Suppose A is a uni-
tal C*-algebra and E is a Hilbert A-module. Let {z;} be a standard normalised tight
frame for E. The reconstruction formula

a::Za:j[:Uj,m]E (15)
j

holds for all x € E. Any finite set {x;}; C E satisfying (15) for every x € E is a
normalised tight frame of E.



Chapter 1

Wavelets in Hilbert Space

In this chapter we shall introduce wavelets in the setting of a Hilbert space which is
acted on by some unitary operators (the translations and dilations) and in the following
chapter we will relate wavelets to C'*-algebras.

Let us first review some recent work which has been done on generalising wavelets.
Some of the earlier work on generalising wavelets was done by Goodman, Lee and Tang
in [GLT]. This was focused on developing the theory of multiwavelets, but also worked
with the notion of a “wandering subspace” of a Hilbert space. The method of gener-
alising wavelets described in this chapter is very similar to a situation introduced by
Baggett, Carey, Moran and Ohring in [BCMO] and which has been subsequently elab-
orated by Baggett, Medina, and Merrill in [BM] and [BMM]. A similar generalisation
has been developed by Han, Larson, Papadakis and Stavropoulos in [HLPS].

In Section 1.1 we introduce many of the main definitions that shall be used through-
out the thesis. We shall introduce the concept of a multiresolution structure, which
consists of some translations and dilations acting on a Hilbert space (Definition 1.1.1).
Associated with a multiresolution structure we can define wavelets (Definition 1.1.2),
and define a (generalised) multiresolution analysis (Definition 1.1.7). This section also
contains Theorem 1.1.11, which states that we can obtain multiwavelets from a mul-
tiresolution structure. Theorem 1.1.11 is a generalisation of a result from [BCMO],
to the setting of when we are dealing with more than one scaling function. Theorem
1.1.11 is a generalisation of a result from [BCMO] to the setting of more than one
scaling function. In Section 1.2 we shall examine multiresolution structures for which
we can define the Fourier transform. We prove some results about the Fourier trans-
form of the translations and dilations, and examine wavelets on the Cantor group. In
Section 1.3 we examine the main multiresolution structure that we shall work with,
in which the Hilbert space consists of square-integrable functions on R?¢. Many of the
results proved in this section are used in Chapter 2. In Section 1.4 we introduce the
fast wavelet transform, which is studied further in Chapter 3.

19
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1.1 Wavelets and Multiresolution Structures

The classical definition of a wavelet in L?(R) is a function ¢ such that the family

— 193/2,(97 1 —
Uy = {292 x k)}MEZ
is an orthonormal basis for L?(R)). Each element of Uy is obtained from 1 by an integer
translation ¢ (z) — ¥ (z — k) followed by a dilation t(z) — 27/2¢(27z) by a power of 2.
The space L?(R) is an example of a Hilbert space and the translations and dilations
are unitary operators on this Hilbert space. This allows us to generalise the definition
above.

Definition 1.1.1 A multiresolution structure (I', D) on a separable Hilbert space H
consists of a discrete group I' of unitary operators on H and a unitary operator D on
H such that D~'yD € T for all v € I'. We call T the group of translations, and D the
dilation. For a multiresolution structure the set D~'I'D is a subgroup of I'. If m is the
index of the group D~'I'D in I, we call m the index of the multiresolution structure
(recall that the index of a subgroup in a group is the number of cosets of the subgroup
in the larger group). We assume that m is finite.

Multiresolution structures were introduced in [BCMO] using the term “affine system”.

Definition 1.1.2 For a multiresolution structure (I', D) with Hilbert space H, an ele-
ment ¢ € H is an orthonormal wavelet if {D™(v(¢)))}yernez is an orthonormal basis
for H.

A finite set of elements {!, ..., 9™} of H is an orthonormal multiwavelet if the set
{Dn(’}’(wi))}'yel“mez,i:l,.,,,M forms an orthonormal basis for H.

It is important not to confuse a multiresolution structure with a multiresolution
analysis which will be defined later. We will generally abbreviate the terms ‘orthonor-
mal wavelet’ and ‘orthonormal multiwavelet’ as ‘wavelet’ and ‘multiwavelet’, respec-
tively. It is worth mentioning that there are also ‘biorthogonal wavelets’, where the
wavelets form a basis which is not quite as general as a frame, but more general than
an orthonormal basis. Biorthogonal wavelets are quite useful for image compression
because of their symmetry properties, and are described in [Dal].

It is worth noting that the set of unitary operators given by a multiresolution
structure is an example of a unitary system. A wunitary system on a Hilbert space H
is any subset of the unitary operators on H which contains the identity. The unitary
system here is given by

Upr = {D"V} ez rer -

For a given unitary system U, a complete wandering vector for U is a function 1) such
that U1 is an orthonormal basis for H. For a unitary system U, let W (U) be the set
of complete wandering vectors of U. So given a multiresolution structure, the space of
all wavelets is W (Up ). Unitary systems and wandering vectors are studied in more
detail in [DL] and [Lr1].
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Example 1.1.3 The simplest example of a multiresolution structure corresponds to
what are known as dyadic wavelets. In this case, the Hilbert space is L?(R). The
translation group I' = Z, and acts by (y¢)(x) = ¢¥(x — ). The dilation is given by
(DyY)(z) = 2_%1/1(253), and so (D) (z) = 2%1/1(%) In this case (D~'yDy)(z) =
Y(x — 27), so D™YZD = 2Z. We therefore have a multiresolution structure.

The simplest wavelet for this multiresolution structure is known as the Haar wavelet,
it was introduced by Haar in [Haa]. It is given by

1 ifzel0,3)
Yla)=1¢ -1 ifze[i,1)
0 otherwise

The Haar wavelet has the advantage that it is supported on a small set but in many
applications it is affected by the disadvantage that it is not continuous.

Example 1.1.4 An important example of a multiresolution structure is based on lat-
tices in R?. We shall examine this example in detail in Section 2.1, most of the results
which we shall prove in Chapters 2 and 3 will be within the framework of this example.
It is given by the Hilbert space L?(R?), a discrete Abelian subgroup I' of R¢ which
induces a translation on H by (vf)(x) = f(x — ) where v € I'; and a dilation D given
by (Df)(x) = Vdet Df(Dz) where D is a linear mapping from R? — R? which also
maps I' onto a proper subgroup of itself. We do not lose any generality when T' = Z¢.
We shall now show that D maps Z? into a subgroup of itself if and only if D € My(Z).
We know that D € My(R), so we can write
Dy -+ Dig
D=| : .

Dai ++ Dag
We therefore have that for v € Z¢, if we write v = (71,...,74)", then

ﬁn ce ﬁld it Z;'i:l ﬁu%'
Dy=| @ . L= :
Dy - Dag Yd S Daivi

It therefore follows that if D € My(Z), then Dy € Z?. Suppose now that D ¢ My(Z),
then there exists i, j such that ﬁij ¢ Z, if we define v € Z¢ by 1 = ;. where ¢ is
the Kronecker delta, we obtain that (ﬁ'y)z = ﬁij’yj and so is not contained in Z%. We
have that (D~'yDf)(z) = f(z — D), and so D~1Z"D = Z" C Z". We therefore have
a multiresolution structure.

One possible choice of D is multiplication by 2, in this case the index of the mul-
tiresolution structure is m = 2¢. Another possible choice when d = 2 is given by

=1 )

In this case the sublattice DZ? is known as the quincunz lattice.
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It is sometimes useful to think of multiresolution structures in terms of representa-
tion theory, see Definition 0.3.1. When I'" is the translation group for a multiresolution
structure with Hilbert space H, the action of I' on H can be thought of as a unitary
representation 7 of I' on H.

Most of the multiresolution structures that we are interested in will have the prop-
erty that D~'I'D is a proper subgroup of I'. When this is the case define A € Hom(T',T")
by A(y) :== D~4D. For n € Z, define I'™ := D"I'D~", and note that I~ = A(T).
When n > 1, I'" is not a subgroup of I' but is still a subgroup of U(H).

Definition 1.1.5 Suppose that (I', D) is a multiresolution structure on a Hilbert space
‘H. For n € N we define the nth-level translation group to be the group of unitary
operators on H given by

" .=D"rp—". (1.1)

We define the nth-level translation representation to be the representation 7™ of I' on
‘H given by

o (f) :=D"yD7"(f), for feH,yeTl. (1.2)

Proposition 1.1.6 Suppose that (I',D) is a multiresolution structure on a Hilbert
space 'H. Then for all n € Z, ©™ is a unitary representation of I' on H, and the
nth-level translation group T'™ is isomorphic to T.

PROOF: Suppose n € Z, we define 1,,() := D"yD~", for v € I'. If 41 and 7, are both
elements of T', then i, (7172) = D" 1172 D" = D"y D "D D" = 1,,(71)tn(72). So
tn is @ homomorphism from I' to I'. Since 77 f = 1, (7)f for f € Hand v € T, 7" is a
homomorphism from I' to U(H) and the mapping v ~— 77 f is continuous for all f € H.
Hence 7™ is a unitary representation.

From the definition of I'", ¢, is a surjective map from I'" to I'. Suppose that
tn(71) = tn(y2). We then have that D"y D" = D"%D™", so D™ "D"y D~ "D" =
D= "D"~yD~"D™ and therefore 1 = 9. This means that ¢, is injective, and so for all
ne, I'=T. O

A consequence of A(T") being isomorphic to I" is that for all m,n, T =2 T'™.

We will now introduce the notions of a multiresolution analysis and a generalised
multiresolution analysis. These are extremely important tools for constructing and
studying wavelets. The notion of a multiresolution analysis is a well known tool in
wavelet theory, see for example [Mel] or [Dal]. The notion of a generalised multireso-
lution analysis was introduced in [BMM].

Definition 1.1.7 Let (I', D) be a multiresolution structure on a Hilbert space H. A se-
quence {V}, }nez of closed subspaces of H is called a generalised multiresolution analysis
(GMRA) of H if

1. VneZ, V, C Vyi1
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2. Unez Vi is dense in ‘H and N,z Vi, = {0}
3. Vne€ Z,D(V,,) = Vpp1
4. Vp is invariant under I'.

A multiresolution analysis (MRA) of order r is a GMRA for which there exists a
set of elements {p!,...,¢"} € H such that {y(¢")},eriz1., is an orthonormal basis
for Vo. We call {¢!,...,¢"} a set of scaling functions.

We use the term “scaling functions” because although they are actually elements
of a Hilbert space, in classical wavelet theory they are complex or real valued functions
on RP.

If we denote the orthogonal complement of V,, in V,, 1 by W,,, then W,, satisfies the
following properties:

2. H - @nez Wn
We call {W,, },,cz the wavelet spaces associated with a multiresolution analysis {V}, }cz.

Example 1.1.8 Let V,, be the space of functions which are square integrable on R and
piecewise constant on each interval [27"k,27"(k — 1)), where k € Z. Then {V,,} is a
multiresolution analysis for L?(R) with the same multiresolution structure as described
in Example 1.1.3. There is a scaling function for {V,,} which is given by ¢ = X[o,1)- The
wavelet corresponding to ¢ is the Haar wavelet and was described in Example 1.1.3.

Example 1.1.9 Suppose that ¢(x) = sin(m@) e then have that o) = X[_%,%)(g).

T
If we let V, be the closed linear span of {2"/2p(2" - —k) : k € Z}, then Vj, is a mul-
tiresolution analysis for L?(R), with the same multiresolution structure as in Example
1.1.3. There are several possible choices of wavelet, which differ from each other by
multiplication in the Fourier domain by a unimodular function. Some of these include

(&) = x1(€), and ¥ (€) = e€/2x/(€), where
I=]-1,-1/2)U(1/21].

The latter choice of ¥ is known as the Shannon wavelet.

An example of a wavelet which for which there does not exist a corresponding
scaling function in known as Journé’s wavelet. The reader is referred to [Pal, HW] for
more discussion of this example.

We now show that associated with every multiwavelet there is a generalised mul-
tiresolution analysis.

Proposition 1.1.10 Suppose {1, ..., vM} is a multiwavelet. Define

Vi = span{D*(y(¥*)) } pcpvera<icar

Then V,, is a generalised multiresolution analysis.
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PROOF: We show that V,, satisfies the four properties of Definition 1.1.7. Properties 1
and 4 follow immediately from the definition of V,,. Property 2 follows from the fact
that the wavelets are a basis for H. Property 3 is satisfied because

DV, = SP&H{DkH(’Y(W))}k<n.«,er,1gign = Vo1

d

The following theorem shows that we can obtain wavelets from a multiresolution
analysis and a set of scaling functions. This is a slight generalisation of [BCMO,
Theorem 1]. The difference is that here we deal with the case when there is more than
one scaling function. The proof will make use of von Neumann algebras, which we
defined in Section 0.2.

Theorem 1.1.11 Let (I, D) be a multiresolution structure on a separable Hilbert space
H. Suppose that {V, }nez is a multiresolution analysis with a set of scaling functions-
{p', ..., ©"}. Suppose that the subgroup T~1 = A(T) has finite index m in T. Then
m > 1, and there exists a multiwavelet {!,. .. ,w(m_l)T} for H.

We shall prove some Lemmas before proving Theorem 1.1.11. Lemma 1.1.12 applies
Proposition 0.2.13 to the setting of unitary representations of groups. It was stated
without proof (except for a reference to Proposition 0.2.13) in [BCMO]. We prove it
here for the sake of completeness.

Lemma 1.1.12 Let G be a locally compact group, and let p be a unitary representation
of G whose commutant is a finite von Neumann algebra. Suppose that p is equivalent
to o1 @ o2, and p is also equivalent to o1 & o3, where 01,092,035 are also unitary repre-
sentations of G. Then oo is equivalent to og.

PrROOF: Let Hy, g0, be the representation space of o1 @ o2, and let ‘Hy g0, be the
representation space of o1 @ o3. Let P; be the projection in Hy, ¢r, Whose image is the
invariant subspace of Hs, @4, corresponding to o;. Let P5 be the projection in Hy, g0y
whose image is the invariant subspace of Hy, g0, corresponding to 1. Because o1 @ o2
is equivalent to o1 @ 03, we can identify Hys @0, With Hy, gey, and we shall write both
as ‘H,. We then set

R(p) ={T € B(H,) : Tp(g) = p(g)T forall g€ G }.

By Proposition 0.3.3, P; and P, are both contained in R(p) and P is equivalent to P
in R(p). We now apply Proposition 0.2.13 to obtain that 1 — P is equivalent to 1 — Py
in R(p). But 1 — P; is the projection onto the invariant subspace of H, corresponding
to 02, and 1 — P, is the projection onto the invariant subspace of ‘H, corresponding to
03. We therefore have by Proposition 0.3.3 that o5 is equivalent to os. O

We will also make use of the following result from [HL2] to show that certain von
Neumann algebras are finite. We have rephrased it to fit in with our notation. Although
there is a proof in [HL2], we have supplied a proof here.
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Lemma 1.1.13 ([HL2] Proposition 1.1) LetT be a unitary group acting on a Hilbert
space V. Suppose that there is a finite set ® such that {y® : v € T'} is an orthonormal
basis for V.. Then the commutant I is a finite von Neumann algebra.

PROOF: Write ® = {¢;}ic1, where I is a finite index set. Let M = span®. Let A be the
left regular representation of I', recall that the representation space of A is L2(T"). For
v €T, let xy € L*(T') be the characteristic function of v (so x~(v) = 1, and x,(3) =0
whenever § # ). Any element v € V can be written as v = 2vel,icl Vi Vi, where
each v; , € C. Define an operator W : V — L*(T') ® M by

W’U = Z vi,’yX’y X ¢z

veliel

The reader is referred to Appendix T of [W-O] or Section 7.3 of [Fo] for background
information on tensor products. If v # vo € V then Wuvy # Wws, and if Wov = 0 then
v = 0 so W is bijective. The operator W satisfies W~¢; = xy ® ¢;, forall i € I, y € I
The adjoint W* satisfies

W*Ayxo ® ¢; = vy

so W*W = 1y and WW* = 1y, gnm. So W is unitary and V' is unitarily isomorphic to
Ha ® M. The action of I on L?(T') ® M is given by

{Ay@1y :yeT}

where 1,; is the identity operator on M. By the commutation theorem for von Neu-
mann algebras (see [KR], Section 11.2) the commutant of {A, ® 1) : v € T'} is
{Ay, : v € T} ® B(M). Now the commutant of the left regular representation is
the right regular representation, and by [KR], Proposition 7.7.4, the right regular rep-
resentation is a finite von Neumann algebra. Because M is finite dimensional, the
commutant of {A, ® 15 : v € I'} is therefore the product algebra of a finite set of
finite von Neumann algebras and so is finite by Proposition 7 of [Dx2], Section 1.6.7.
We therefore have that the commutant of T is finite. O

We prove Theorem 1.1.11 by examining representations of I' on the multiresolution
analysis spaces and associated wavelet spaces, and comparing these representations to
the left regular representation of I'. Lemma 1.1.13 enables us to then use Lemma 1.1.12
to prove the result.

PrROOF OF THEOREM 1.1.11: Let w be the unitary representation of I' on H which
makes it a group of unitaries on H. Let Wy be the orthogonal complement of Vj in V.
We have that Vy and V) are invariant subspaces of H for 7, which implies that Wy is
an invariant subspace of H for w. Therefore 7 has the subrepresentations = "o, 7o and
",

Let A be the left regular representation of I', which has representation space L?(T).
For any natural number p, let @©,A be the direct sum of p copies of A. For v € T', let

X~ € A be the characteristic function of . For v € @,A, i = 1,...,p, let x,,; € BpA
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take the value y, on the ith copy of A and 0 on all of the other copies of A. Let &,L?(T")
be the representation space of ©,A.

We shall show the existence of a multiwavelet by showing that the representation
70 is equivalent to ®(m—1)rA. To do this we shall first show that the representations
7Y% and @,A are equivalent. The unitary Uy, : Vo — @.L*) that realises this
equivalence is defined by Uy, (WXO (¢")) = Xy, where i = 1,...,r, and v € I'. This
unitary operator satisfies A, = UVOT('XO Uy, for v € T', and so verifies the equivalence.

We now show that the representation 71 is equivalent to @mrA. Let ag, ..., Qm_1
be a set of coset representatives of I' in I''. The set

{D’W’i}wer,i:l,...,r

is an orthonormal basis for V3. We can therefore decompose Vi = @7_; @?;61 N; ;,
where

N;j = Z cwfy(ai(D(goj))) ey ERG.
yel’

We define the unitary operator Uy, : Vi — Hg,,.A (where Hg,, A is the representation

space of the unitary representation @®,,,A) by

U, (o Dg?) = Xyirj

foryel,i=0,....m—1, 5 =1,...,r. This unitary demonstrates the equivalence
a2 @A

Let us now examine the representation 7V, By Lemma 1.1.13 we have that the
commutant of @,,,A is a finite von Neumann algebra. Because V; = Vj & Wy, the
representation @,,,A is unitarily equivalent to (,A) @ 7V°
also unitarily equivalent to (©,A) @ (®(m—1),A). We therefore by Lemma 1.1.12 have

that 70 is unitarily equivalent to B (m—1)rA-

. But &,,-A is obviously

Let Uw, : Wy — @(m_l),,L2(F) be a unitary realising this equivalence. For each
i=1,...,(m—1)r, let ' = Uy, (x0,). We then have that {y{'} cri=1,.. (m—1)r i
an orthonormal basis for Wy, and therefore {!,. .. ,w(m_l)T} is a multiwavelet for the
multiresolution structure (I, D). O

Remark 1.1.14 Let us now compare the proof of Theorem 1.1.11 to the proof of
[BCMO, Theorem 1]. In the proof of Theorem 1.1.11, we have elaborated on the

arguments in [BCMO] proving the equivalence 7o =

®(m—1)rA. We have in particular
demonstrated why Lemma 1.1.12 is a consequence of Proposition 0.2.13, and supplied
a proof that the commutant of @, A is a finite von Neumann algebra. In [BCMO],
it is always assumed that » = 1, so we have generalised the proof to more than one

scaling function.

Example 1.1.15 Let us examine the multiresolution structure corresponding to dyadic
wavelets in L2(R), with I' = Z, as described in Example 1.1.3. Suppose that we have a
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multiresolution analysis {V}, },ez with a single scaling function ¢. By Theorem 1.1.11,
we know that there exists a single wavelet ¢ corresponding to . A possible choice for
1 is described in Theorem 5.1 of [Dal], and is given by

Y= (1) YDr_\ 1, 0)Drryp.
YEZ

In this example, the left regular representation A of I' has representation space Hp =
L2(I') = L?(Z).

1.2 Wavelets and the Fourier Transform

Most of the wavelets that we are interested in will span the Hilbert space H = L?(G),
where G is a locally compact group. If we impose some extra structure on the mul-
tiresolution structure, we are able to use Fourier analysis. We therefore introduce what
we call a ‘harmonic’ multiresolution structure. This section also contains some more
background material on Fourier analysis, and we shall prove some results about the
behaviour of the translation and dilation in the ‘Fourier domain’ associated with a
harmonic multiresolution structure. We also describe examples of wavelets defined on
groups which are somewhat more unusual than Euclidean space, R¢.

Both the wavelet transform and the Fourier transform are useful for studying prop-
erties of functions, and for applications such as signal analysis. The Fourier transform
is not only an alternative to using wavelets, it is also very important for studying the
properties of wavelets themselves, which is what we are interested in.

Definition 1.2.1 Suppose (I, D) is a multiresolution structure on a Hilbert space H.
We say that the multiresolution structure is harmonic if

e The Hilbert space satisfies H = L?(G, ug) where G is a locally compact Abelian
group with Haar measure pg;

e The translation group I' is a closed discrete subgroup of G and we can write
vf = f(x —~) for f €H;

e There is a homomorphism D : G — G such that (Df)(z) = /mf(Dzx) for f € H,
x € G, where m is the index of the multiresolution structure.

We call a wavelet with a harmonic multiresolution structure a harmonic wavelet.

Recall that for n € Z, the group I'" := D"I"D~" is a group of unitaries acting on
L?(G), and is isomorphic to I' by Proposition 1.1.6. The following calculation demon-
strates that for a harmonic multiresolution structure, I'" acts on L?(G) by translations.
Like many calculations in wavelet theory, this calculation involves some tricky appli-
cations of translations and dilations, and we shall use functional notation in order to
attempt to make it more clear what is going on.
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Lemma 1.2.2 Suppose that (T',D) is a harmonic multiresolution structure on L*(G),
for a locally compact Abelian group G. For f € L*(G), x € G, and v € T, we have that

(D"yD™"f)(z) = f(x =D ") (1.3)
and so elements of I'™ act on L%(G) by translations.

Proor: We calculate

frx o= f2);
so D "f:x — m V(D ")
s D a e (D)@ —7)
= m DM@ —))
= m_"/2f(25_"a; - 75_”7),
so D"AD"f iz — m"PmT2 (DD ) — D)
= f($ - 25—”,)/)7
verifying equation (1.3). O

We therefore have that elements of I'™ act on L?(G) by translations. This means
that I'" is isomorphic to an additive subgroup of GG, which we also denote by I'"*, and
is given by I'* = D "T.

In order to study the properties of the dual [ of the translation group in a harmonic
multiresolution structure, we will look at the annihilator AnnI’ of I'. The annihilator
of a closed subgroup I' of a locally compact Abelian group G is the set of all A € G
such that (y,A) =1 for all v € T".

The reader is referred to [Ru2, Proposition 2.1.2] for a proof to the following Propo-

sition.

Proposition 1.2.3 The annihilator Annl’ = GT/\F and G JAnnI" = L. The annihilator
of AnnI is I

Let us now look at what the translations and dilation do to the Fourier transform
of some arbitrary f € H. We define D : L2(G) — L2(G) and 4 : L2(G) — L2(G) by
=FDF*p
p = FyF'p
for p € L%(G), and v € I. By definition we have that Df = Df and f = fff We will
now obtain explicit formulae for D and .
Consider two locally compact Abelian groups G1,G2 and suppose_we have a ho-

momorphism « : G; — G2. Then there exists a homomorphism & Gg — G1 which
satisfies

(az,§) = (z,48)
for z € G1,¢ € Gy (see [Ru2, Chapter 2]). We shall call & the dual homomorphism of
a.
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Proposition 1.2.4 Suppose that (I', D) is a harmonic multiresolution structure for a
Hilbert space H = L*(G), where G is an Abelian group. Then for f € L*(G), v € T’
and € € G,

()€ = M) f (&) (1.4)

PRroOOF: Taking the Fourier transform we obtain:

GhHEO=0he = [aNEsda

= (N

Lemma 1.2.5 Suppose that G1 and Gy are Abelian groups and o : G1 — Go is an
isomorphism. Suppose also that for all E C G1, pa,(a(E)) = kipg, (E) where pg,,
G, are Haar measure on G1 and G2, and ki € C is a constant. Define By, : L2(G2) —
L2(G1) by (Bryf)(x) = kof(a(x)) for some constant ke € C, and where f € L*(Gs).
Define By, : L2(Gy) — L%(Gh) to be Br, = FBF* so that B, (f) = ﬁ/(?) Then
(B ))(&) = 2 f(@71(9)).

Proor: When we calculate the Fourier transform we obtain:

(BHE) = /G (B w)E(a)d
= ko [ fla(@)E(x)ds
G1

We now change the variable of integration to y = a(z), and we calculate

Ghe = 2 [, 1w )y

- :—j L, 18 €y

ky o . _
= k—lf(a L(€)).

Corollary 1.2.6 If D is the dilation for a harmonic multiresolution structure, then

for f € L*(Q), 1 A
(DF)(&) = ——=F((D)"1 (&) (1.5)

m



30 CHAPTER 1. WAVELETS IN HILBERT SPACE

where m is the index of the multiresolution structure, and D: G — G is the dual
homomorphism of D.

PROOF: Because D is an isomorphism from G onto itself, the result follows from
Proposition 1.2.5. The constant 1/1/m can be calculated from the requirement that D
must be unitary. O

Example 1.2.7 Let us examine the multiresolution structure of Example 1.1.3. Recall
that G = R, I' = Z, and for f € L?(R), D : f(z) — 2~ Y2 f(2z), so D is multiplication
by 2. The duals are G=R= R, and [=Z=T¢% é/AnnF, where T is the unit
circle. Recall from Section 0.1 that elements of R are characters, ie. homomorphisms
of R to the circle. An explicit description of these homomorphisms is given by

(.737€) — eQm':cE

where x € R and £ € R. We therefore have that AnnZ = Z. We can identify T with

11

the interval [—3, 5), when we do this the character is given by

(3.0) = ¥

foryel, (e [—%, %) From Corollary 1.2.6,

for f € L(R), € € R.

Example 1.2.8 Let us now examine the multiresolution structure of Example 1.1.4.
We describe this example in detail in Section 1.3. In this case G=R%and T = Z%.
The duals are G = R?, and [=Td [—%, %)d. Elements of RY are characters on R?,
and given by
d
(z,6) = ™ 2038 = [ %
j=1
where x = (z1,...,24) € R? and & = (£1,...,&;) € RY. The character on Z? is given
by
(7,¢) = DRI He%i%‘ﬁj
J

where v = (71,...,7a) € Z% and ¢ = (1, Ca) € [-5, )"
We know from Example 1.1.4 that D € M%(Z), so we can write

7511 e ’bld
D=| oo
ﬁdl e ﬁdd
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Now for z € R%, ¢ € RY, (1533,5) = (-’%55)7 and
d d 3
(D) = [[ [T v

But

We therefore have that for all j,k = 1,...,d, (ﬁ)k] = Djj. Because D e MYZ),
D = D*.

Example 1.2.9 Let p € Z, and define

G = {(9n)nez : gn € Zp,3N € Z such that n > N = g, =0} .

where Z,, is the cyclic group of order p. Then G is an Abelian group with the operation
given by
(9" + 9*)n = g5 + g7 mod p.

The group G can be thought of as consisting of doubly infinite sequences of elements
of ZP which eventually end in zeros at one end, with the group operation being compo-
nentwise addition in ZP. We shall use the symbol “+” to denote the group operation
on G.

We will be interested in the following subgroups:
I'={geG:g;=0for j <0};

and
D=G/T={geG:g;=0for j>0}.

When p = 2, D is known as the Cantor group. The group Z, can be equipped with
the discrete topology, and counting measure. We equip GG and its various subgroups
with the product topology of each Z,. We then have that I' is countable, closed, and
discrete, and that D = G//T" is compact. To see that I' is closed, examine the set G —T"
of elements og G which are not elements of I'. The set G — I is open because for all
z € G—T and for all € > 0, there exists ' € G —T such that |x — 2| < e. The group I’
is discrete because for v € T', there exists an open neighbourhood U in G of v such that
UNT = {~}. The group D is compact because it is the quotient of G with a discrete
group.

We are interested in the Hilbert space H = L?(G, i), we define the translation to
be the unitary operator

(v)(x) = flz—7)
for f € H, z € G and v € I". We define the dilation to be the unitary operator

(Df)(2)); = %m_l)
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for feH, z = (z;) € G and j € Z. We can write the dilation as

(Df)(x) = %(D.ﬁ) where (Dz); = x4
for feH, x = (z;) € G and j € Z. We have for z = (z;) € G, f € H, v = (y;) €T,
and j € Z that

(A(M)z); = (D™D )(x) = flx; —7j-1)

and so (H,I', D) is a multiresolution structure with index p. We also have
AT)={9eG:g;=0for j <1};

which is isomorphic to I', so (H, T, D) is a harmonic multiresolution structure.

For the rest of this example, let us consider the case that p = 2. It is known (see
[EG, Lgl, Lg2]) that the dual group of G is isomorphic to G, and that characters are
given by

(z,6) = [[(~1)5-1-
JEZ
forx e G, €€ G. Let us now examine the Fourier transforms of the translations and
dilation. We have for all z € G, € € G, that (D, €) = (x,DE). When we expand this
out we get

H(_l)ﬁ—l—j(@w)j = H(_l)i—l—j%’—l = H(_l)(ﬁﬁ)—l—j%"
JEZ JEZ JEZ
So for all z € G and € € G we have £_jx; = (DE)_1_jz; and so ((D)(€)); = &j41. Thus
by Corollary 1.2.6,
o 1 .
(Df)(&); = Ef(gj—l)'
We now describe a simple example of a wavelet and scaling function in this setting.
Let the scaling function be ¢(z) = xp(z), the characteristic funcion of D. We then
have that (D~1p)(z) = ¢(z) + ¢(z + 1). The wavelet associated with ¢ is given by

P(x) = D(p(z) +1) = D(p(2)).

Other more complex examples of wavelets and scaling functions on the Cantor group
are described in [Lgl, Lg2].

1.3 The Standard Multiresolution Structure on L?(RY)

Let us begin by defining what we call the standard multiresolution structure on L2(R%),
this is a fairly standard way of formulating wavelets on L?(R¢) and the main example
that we shall work with. We shall then show that it is not only a multiresolution
structure, but also a harmonic multiresolution structure (see Definitions 1.1.1, 1.2.1).
We briefly examined the standard multiresolution structure in Examples 1.1.4 and 1.2.8.
We shall need many of the results from this section in Chapter 2.
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Definition 1.3.1 Let D € M%(Z) bs a d x d matrix with integer entries such that all
of the eigenvalues of D are greater than 1. We shall call a matrix with these properties
a dilation matriz. We define the standard multiresolution structure on L?(R?) associ-
ated with D to be the multiresolution structure with Hilbert space L?(R%) and with
translation group I' = Z¢ (as an additive group), and dilation given by

(Df)(z) = Vmf(Dx)

for x € R, f € L?(R%), and where m € N is the index of the multiresolution structure.

We remark that because all of the eigenvalues of D are nonzero, D is invertible.

Lemma 1.3.2 The standard multiresolution structure on L*(R%) is a harmonic mul-
tiresolution structure.

PrOOF: We showed in Example 1.1.4 that because D € MYZ), D maps Z% into
a subgroup of itself, and that the standard multiresolution structure on L%(RY) is a
multiresolution structure. It can be verified that the standard multiresolution structure
on L?(RY) satisfies all of the required properties of Definition 1.2.1 and so is a harmonic
multiresolution structure. O

The following result is due to Grochenig and Madych, see [GM, Lemma 2].

Lemma 1.3.3 Let D be as defined as in Definition 1.5.1, and let m be the index of the
multiresolution structure corresponding to D. Then m = |det D).

PROOF: From the definition of a multiresolution structure, m is the number of cosets
of DZ? in Z?. Let av, ..., am_1 be a set of coset representatives of DZ? in Z?. We can
then write the cosets as ag + DZ?, ..., am_1 + DZL Let Qo := [0,1]¢. Consider the
following computation,

Uyeza{ Dy + U i + Qo)} = Useza{U (i + Dy + Qo)
= UwEZd{’y + QO}
= R%

Because D is invertible, D! is also invertible, and so D~!R% = R4, Applying D to
the result of the previous computation, we obtain

Uyeza{y + Uﬁf)lﬁ_l(ai +Qo)} =R%

Now let Q := Uﬁf)lﬁ_l(ai + Qo), then the above calculation tells us that R? =
U,ezaly + @} Now for all v € VA

v+ Q= U 'DH Dy + a; + Qo).
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This calculation tells us that the sets (y + @),cz« intersect in sets of measure zero,
because 157 + o; ranges over Z? as v ranges over Z% and i = 0,...,m — 1. Because
the sets (y + Q)Wezd cover R?, the Lebesgue measure of @ is equal to 1. Because Q
is a union of m null-intersecting subsets {15_1(042- + Qo) ?2—01’ each of these subsets has
measure 1/|det D|. It therefore follows that m = | det D). O

Let us now examine the Harmonic analysis of I'”, and the role of the Fourier trans-
form. Tt is well known that the dual of R? is R?, the annihilator of Z? as a subgroup of
R is Z?, and the dual of Z¢ is T9, where T is the unit circle (see [Ru2, 2.2.2, 2.5.7] for
proofs of these statements). Although Rd = R?, we shall sometimes use the notation
R to indicate that we are working in the Fourier domain. The dual of I'™ is given by
" = R4 /AnnI'. As mentioned in Section 1.2, the elements of R? can be thought of
as homomorphisms from R¢ to the unit circle which are given by

d
(-ﬁU,g) _ e27r7l Ej z;&;5 _ H eQﬂiJ)j{j

for x = (z1,...,2q) € RL,E= (€&1,...,8) € R

We remark that functions of Zd = T? can also be thought of as AnnZ%periodic
functions on R¢ because T¢ = R%/Z¢. We will now describe in detail how this works.
We can define an injective homomorphism ¢ : Z¢ — R? by 1y = 7, so in other words
¢ is the natural embedding of Z¢ in R%. We know from Section 0.1 that there exists
a homomorphism 7 : R = R? — 7d = T (the “quotient map”) which satisfies
(17,€) = (v,i€) for v € Z¢, ¢ € T¢, and where ( , ) represents the mapping to the
unit circle of Z¢ given by elements of T as defined in Section 1.2 (i.e. the character).
Now if @ is a function of T¢ we can treat it as a Z%periodic function on R? by setting
a(§) = a(i€) for £ € RL

We shall now examine the Harmonic analysis of the groups I'". For each n € Z, we
can define an injective group homomorphism ¢, : Z* — R by

tn(y) =Dy (1.6)

for v € Z?. Note that t,,(7) = D™y, and 19 = t. We have that the image of ¢;, is the
group D~"Z% = T'™. Define another homomorphism &, : R¢ — T9 by

€ =1D*"¢
where £ € I/{\d, and D* is the adjoint of D. We then calculate that for yeZd e I/{\d,

(tn,€) "17,€)

vy, D*TE)
v, iD* 7€)

(D~
(
(
(Vs tné)-
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Let us now examine the annihilator of I'". We calculate

AnnI™ = {{€ RY : (7", &) =1 for 4" € T"}
{€eR? . (D"y,6) =1for vy e Z%
{€eR? : (y,D*"¢) =1 for y € Z}
= {¢eR? . D*"¢ € AnnZ%)}
= D"z

We furthermore have that & € AnnI'™ if and only if for all v € Z%, (v, ;,£) = 1. This
means that if @ is a function on T?, then a o ¢}, is an AnnI'™-periodic function on R,
The annihilator of I'™ will be needed in Chapter 2 for us to examine the image under
the Fourier transform of the Hilbert modules that we shall construct.

1.4 The Fast Wavelet Transform

The fast wavelet transform was discovered by S. Mallat in 1986 and led to the devel-
opment of the notion of a multiresolution analysis by S. Mallat and Y. Meyer. The
fast wavelet transform is closely related to algorithms in computer vision and signal
processing such as pyramid algorithms and subband coding schemes. The concepts
introduced in this section will be developed further in Chapter 3, where will shall also
make use of the wavelet Hilbert module construction that is introduced in Chapter 2.
The calculations involved in the proofs contained in this section are not new (see for
example [Dal] or [HW]). The only possible originality in the following theorems in this
section (as far as the author is aware) is that the calculations are done in the groups G
and T rather than Z? and RY for d € N. The reader is referred to [KL, Me2] for more
detailed accounts of the history of the development of the fast wavelet transform.

Because of its discrete nature, the fast wavelet transform is useful for applications
which use numerical algorithms involving wavelet theory. The analysis part of the fast
wavelet transform allows us to obtain the scaling and wavelet coefficients (f, D"p),
and (f, D™, of a function f at a level n from the scaling coefficients at the next finer
level n + 1. We can iterate this process to obtain the wavelet coefficients at coarser
levels. The synthesis part of the fast wavelet transform goes in the other direction and
allows us to obtain the scaling coefficients at a particular level from the scaling and
wavelet coefficients at the next coarser level.

To motivate the constructions in this section, let us begin with an example.

Motivating Example 1.4.1 Let us examine the harmonic multiresolution structure
corresponding to dyadic wavelets as described in Examples 1.1.3 and 1.1.15. In this
example we shall describe scaling and wavelet filters, and the fast wavelet transform.
Suppose that we have a multiresolution analysis {V, },ez with scaling function ¢. The
“scaling filter” h is a function on Z defined by

h(v) = (¢, Dyp)
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for v € Z. Because Vy C V1, it follows that ¢ = }" ¢z h(y)Dvye. In order to obtain a
wavelet 1 which corresponds to ¢, it is sufficient to obtain a “wavelet filter” g which
satisfies ¢ = > . er 9(7)Dvyp. This is because ¥ € V7. When this is the case g is given
by

9(7) = (¥, D).

It is shown in [Dal, Chapter 5] that if g is given by

9(y) = (1) h(—y — 1) (1.7)

then g will define a wavelet ¢ which corresponds to a scaling function ¢. This choice
of g leads to the formula for v described in Example 1.1.15.
It is a consequence of Proposition 1.4.2 that h and g satisfy

> h(y)h(y = 20) = ba

YEZ
> 9(1)g(y = 2a) = dap
YEZ
> h(y)g(y —20) =0
YEZ

where o € Z and ¢ is the Kronecker delta.

The fast wavelet transform is a method for calculating (f, D"~vp) and (f, D"yy)
for n < N if we know (f, DNv¢) for each v € Z, when f is an arbitrary element of
H = L?*(R). In Theorem 1.4.3 it is shown that for a € Z and n € Z,

(f;D"ap) = > h(y—2a)(f, D" yp)
YEZ

and (f,D"at)) = Y g(v—2a)(f, D" yp).
YEZ
The above two equations are known as the analysis part of the fast wavelet transform.
It is also shown in Theorem 1.4.3 that for a € Z and n € Z,

(f, D" o) = > (e —29)(f, D"vp) + gla — 29)(f, D" y¥).
YEZ

The above equation is known as the synthesis part of the fast wavelet transform.

We shall now define some functions on I' associated with the wavelets and scaling
functions. These functions on I' are known as “filters” because they are related to appli-
cations of wavelets to electrical engineering (see [SN]). We shall need these sequences to
describe the fast wavelet transform. Many of the properties of the wavelets and scaling
functions can be described by properties of these sequences and operators defined from
them. Let ¢!,...,¢", and o', ..., (™D be scaling functions and MRA-multiwavelets
associated with a multiresolution structure (I', D). We define:

R (y) = (" Dyg?), 4,j=1,....r (1.8)
gZJ(F}/) = <’(7Z}Z7D790]>7 Z:]‘?’(m_]‘)r? ]:]‘?7r
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where v € T'. We call each h"/ a scaling filter and call each ¢/ a wavelet filter. Scaling
filters are also known as low pass filters and wavelet filters are also known as high pass
filters. Because Vy C Vi and Wy C Vi, where (V,)nez is the multiresolution analysis
and (W), )ncz are the associated wavelet spaces, we obtain:

o = Z h” D7gp , (1.10)
Pt = Zg I (y) Dy’ (1.11)
’y?]

The following Proposition describes some conditions on the scaling and wavelet fil-
ters that follow from the fact that the translations of the scaling functions and wavelets
are an orthonormal set. These conditions are known as the shifted orthogonality con-
ditions. We shall relate scaling and wavelet filters to Hilbert modules in Sections 3.1
and 3.2. In Sections 3.4 and 3.5 we shall look at necessary and sufficient conditions for
arbitrary functions on I' to be scaling and wavelet filters.

Proposition 1.4.2 Suppose that h*I and ¢¥7 are functions on T for i = 1,...,r,
j=1,...,r,k=1,...,(m—1)r. If there exist scaling functions ¢',... ¢" and wavelets
b DT for which (1.8) and (1.9) are satisfied, then h'I and g% satisfy
SRR (AT)Y) = G000 (1.12)
vel,i
Do Mg (AT)Y) = a00p; (1.13)
vyel',i
Y P gt (Al ) = 0, (1.14)
vyel'i

where § is the Kronecker delta.

PRroOF: Using (1.10), (1.11), and orthogonality we obtain

5a,05p,q = (¢, ap?)

= <Z W (y)Dye', > hPT (A )B)DBY)
B3

_ Z R (y)h%T (A(a™1)B) (v, BeT)

7,841,3

= LA

504051%(1 = <¢p ay?)

= Zg’” )Dye', > g% (Ala™!)B)DBYT)
Bsj

- Z 9" (Mg™ (A DB (ve', Be)

ﬂ/7ﬁ’i’j

= 2" (Mg (Al ),

504051%(1 = <90p,04¢q>
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= Zh”’ Dy’ Y g% (Ala™)B)DBY)

B.J
= Z WP (y)g™ (Aa™ M) B) (ve', B?) D~ P (1) g% (Al )
7:854,3 vt
proving the desired result. O

The following theorem allows us to calculate each (f, D"y¢') and (f, D"yy’) for
n < N if we know each (f, DN~¢'), where f is an arbitrary element of H. This process
is known as the fast wavelet transform. In Section 3.3 we shall investigate the fast
wavelet transform in more detail.

Theorem 1.4.3 Let (I',D) be a multiresolution structure for a Hilbert space H and
suppose f € H. FormneZ,vel',p=1...r, let

chy () =, D"v¢P).
And formeZ,vel',p=1...s, let
i (f) = (f, D"yP).

Suppose that ¢, ..., ¢", and ¥, ... "V are a set of scaling functions and MRA-
multiwavelets associated with (', D) and let h,g be scaling and wavelet filters defined
by equations (1.8) and (1.8). Then it follows that

Gall) = Zhﬁﬂ'(A(a—1>v>cZ;+m<f> (115)
gy

Tald) = LA >cf;+m<f> (116)

D) = thﬂ $+ LB Ealf). (117

PRrROOF: Because V,, C V41 we have

cha = (f;D"ay?)
= Z<f,D”+1 @) (D" ap?, D"y )

= Z n+1fy a@p7D7¢i>
= Z n+1'y ,a” Dy’

— D,J
- Z n+1}’yh _1 '7

proving equation (1.15). The calculation to prove equation (1.16) is almost exactly the
same.
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We now prove equation (1.17). Let Py, f be the projection of f on V;,;1. Because
Vag1 = Vi + Wy, we have that Py, f = Py, f + Pw, f, so

S Do = T D! + T D
a7q

a,p

Taking inner products we obtain for all v € I', 7 that
Z LoD agl, DM lgt) = Z D ag?, D" ')
+ Z d} o (D", D" 1y l)

il = Z olag? DY’y + > df (ap?, Dyy’)

a,q

= th _|_ng] )d]

which proves the result. O

Remark 1.4.4 When there is only one scaling function the fast wavelet transform and
the scaling and wavelet operators are considerably simplified. The scaling and wavelet
filters become

h() = (¢, Dyy),
g'(7) = (', Dyyp).

We can then write

¢ = Y h(7)Dye,
vel

Po= > gDy

vel

Now from Proposition 1.4.2 we have that the filters h(y) and g*(7y) define orthonor-
mal scaling functions and wavelets then they satisfy

S h(MA(AQ@T)Y) = bao, (1.18)
yel’
SN MNP AT ) = a0y, (1.19)
el
> h(Mg'(Ala™)y) = 0, (1.20)
vyerl

where ¢ is the Kronecker delta.

Example 1.4.5 We now describe an example which is due to Daubechies (see [Dal]),
which is probably the simplest example of a continuous and compactly supported
wavelet. The scaling filter for the Daubechies wavelet is given by

1-V3 3—3 3443 143

h(0) = Wl h(1) = WA h(2) = VR h(3) = W3
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with h taking the value zero everywhere else. A possible choice for the wavelet filter g,
obtained from h by using (1.7), is given by

o= o= gy = g =L

with g taking the value zero everywhere else. One way of obtaining the scaling function
and wavelet is to use the cascade algorithm, which shall be discussed in Section 3.4. The
reader is referred to [Dal] for proofs that that h and g define a continuous compactly
supported scaling function and a continuous compactly supported wavelet.

Examples of multiwavelets are generally somewhat more tricky to construct. The
interested reader is referred to [DGH] for some such examples.



Chapter 2

Wavelets and Hilbert Modules

This chapter is probably the most important chapter in this thesis. Here we introduce
the construction that relates wavelets to Hilbert modules. We are interested in Hilbert
modules because we shall show that Hilbert modules over the C*-algebra C*(Z<), where
d is a natural number, are useful for studying wavelets. The construction in this chapter
is the main tool that we will use to study wavelets in the rest of this thesis.

The C*-algebra valued inner product which is used to construct the Hilbert modules
that we shall describe is sometimes known as the “bracket product”. The bracket prod-
uct has been used to study wavelets before, see for example [BDR/], [Fi] and [BCMO].
The Hilbert modules that we construct are a special case of the main example described
in [R1]. This example is constructed from a closed subgroup of a locally compact group
and is also described in Example 1 of [R2] and Appendix C of [RW] (see Remark 2.2.10).

The connection between Hilbert module theory and wavelet theory was described
in a talk given by M. A. Rieffel in 1997 [R6]. Some of the results in this talk were
also mentioned in [FL2]. The ideas mentioned in [R6] have been elaborated on in two
papers by J. A. Packer and M. A. Rieffel [PR1, PR2]. The Hilbert module constructed
in [PR1] uses the same C*-algebra as is used here, the group C*-algebra C*(Z%), but has
a different linear space than the one used in the construction that we shall describe. The
linear space in [PR1] consists of functions on Z%, and it is used to study continuous low
pass filters and the wavelet matrix completion problem. The paper [PR2] was placed
on arXiv.org in August 2003 and describes Hilbert modules that are very similar to
the Hilbert modules that we shall introduce. This paper contains some very interesting
work which uses these Hilbert modules to generalise wavelets to arbitrary projective
modules over C(T%). In this thesis we shall be interested in using Hilbert modules to
study ordinary wavelet theory.

An interesting construction of a Hilbert module which also uses bracket products has
been used by P. G. Casazza, M. Coco, and M. C. Lammers and is described in [CaLa]
and [CoLa]. In these papers, the bracket product is used to study Gabor systems.
The Hilbert module described in [Cala] and [CoLa] is over the C*-algebra L>(]0, 1]).
In Section 2.3 we shall investigate how these Hilbert modules relate to wavelets. Our
construction is related to work on frames for Hilbert modules from [FL1, FL2, FL3],

41
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which we briefly described in Section 0.5. Other results which relate wavelets to C*-
algebras and other operator algebras have been obtained in [BJ2, BJ1, DL, HL2, Lr1,
RT].

Throughout this chapter, we shall be working in the setting of the standard mul-
tiresolution structure on the Hilbert space L?(R?) corresponding to a dilation matrix
D which we described in Section 1.3, and Examples 1.1.4 and 1.2.8. In Section 2.1 we
shall consider an embedding 6 : Z — R¢, and use it to construct a Hilbert C*(Z)-
module Xy, which we shall show is contained in L?(RY). We shall also construct a
Hilbert C(T?)-module Xy, which is the image of X4 under the Fourier transform. The
(C*-algebra valued inner product that we shall use is known as the “bracket product”.
In Lemmas 2.1.5, 2.1.7, 2.1.8 and 2.1.9 we shall investigate the convergence properties
of the bracket product in both the Fourier and non-Fourier domains and also of the
associated module action. We study these operations in L?(R%), as well as Xy and Xg.
This is important because we shall see in Chapter 3 that when using these operations
to study wavelet theory, we often need to be able to use them in L?(R%). In Lemma
2.1.12 we analyse the role of the Fourier transform in detail. In Lemma 2.1.13 we show
that the Hilbert modules that we construct can be embedded in L?(R?). The main
result in this section is Theorem 2.1.21 which verifies that Xy and X@ are full Hilbert
modules, and that the Fourier transform defines a Hilbert module isomorphism.

In Section 2.2 we shall then incorporate the dilation by constructing a chain of
Hilbert C*(Z4)-modules (X, )nez. For each n € Z, the Hilbert C*(Z%)-module X,, is
associated with the action of I'" on L?(R¢). We shall construct Hilbert C(T%)-modules
(Xn)nEZ which are the images of (X,,)nez under the Fourier transform on R?. The
main result of this section in Theorem 2.2.6, which uses Theorem 2.1.21 to verify that
X, and X,, are full Hilbert modules. We then prove Corollary 2.2.7, which applies some
basic Hilbert module theory to our construction. Corollary 2.2.7 demonstrates that the
translations and dilation can be thought of as adjointable operators. Proposition 2.2.8
is based on [PR2, Proposition 1.11], and shows that each of the Hilbert C'*(Z%)-modules
(X1 )nez share the same linear space. We conclude this section with Proposition 2.2.9,
which is a formulation of necessary and sufficient conditions for a set of elements of the
Hilbert module X to be a multiwavelet.

The construction in Sections 2.1 and 2.2 are quite similar to Hilbert modules con-
structed in [PR2], but there are some differences. One difference is in how the dilation
is incorporated. The Hilbert modules constructed in [PR2] can be thought of as being
over the algebra 6(Z%), where 6 is an embedding of Z¢ in RY. This leads to a chain of
isomorphic algebras each of which can be embedded in the next. An advantage to our
approach is that because our algebras are identical, it is easier to formulate results about
when mappings between Hilbert modules are adjointable, such as Corollary 2.2.7. In
[PR2], while they describe their construction in detail in the Fourier domain, they only
sketch the construction in the non-Fourier domain. We attempt to describe the Hilbert
modules in Sections 2.1 and 2.2 in both the Fourier and non-Fourier domain. Another
difference between the work here and that in [PR2] is that here we also examine the
convergence properties of the bracket product in L?(R?). This is partially motivated by
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our desire to use the Hilbert modules described here to understand “ordinary” wavelet
theory, which is defined in L?(R%).

When working with wavelets, it is sometimes useful to work with Hilbert modules
over a “larger” C*-algebra than C(T9). In Section 2.3 we define a chain of Hilbert
L>(T4%)-modules (Y;,) ez which are based on the construction described in [CaLa] and
[CoLa)]. Each Y, contains X,, as a subset (here we only work in the Fourier domain).
The main result in this section is Theorem 2.3.4 which is used to verify that each Y, is a
Hilbert L°°(T%)-module. This section also contains Proposition 2.3.6 and Proposition
2.3.7, which are slightly modified versions of Proposition 2.2.8 and Proposition 2.2.9.

Apart from Proposition 2.2.8 and Proposition 2.3.6, the results in this chapter were
proved before the author had read [PR2].

Motivating Example 2.0.1 Before we develop the Hilbert module construction in
detail, let us describe how this construction works when we are considering the classical
setting of dyadic wavelets in L?(R) (see 1.1.3). In this setting we are considering
the multiresolution structure with translation group being given by the integers, and
dilation given by

(Df)(x) = V2f(2x).

In order to construct a Hilbert module associated with this multiresolution struc-
ture, we shall make use of the “completion process” that was described in Section
0.4, specifically in Lemma 0.4.5. Recall that in this process we first construct an in-
ner product module over a (pre)-C*-algebra, and then we take the completion of the
inner-product module with respect the Hilbert module norm (see Definition 0.4.1) to
construct a Hilbert module.

Recall from Lemma 1.1.10 that associated with a multiwavelet 1!, .. 4" is a gener-
alised multiresolution analysis (V},)nez. Recall from page 22 that associated with each
V,, is a representation 7" of the translation group Z on L?(R), and V}, is an invariant
subspace for 7”. In this setting the representation is given by

(rf)(z) = flx —27"k), z€R, ke Z

Associated with the above representation is an embedding ¢, : Z — R (where Z and
R are thought of as additive groups), which is given by

(k) =2""k, ke
The representation 7" and embedding ¢,, satisfy
(mpf)(x) = f(z —wn(k), z€R, kel

This motivates us to consider an arbitrary embedding 6§ : Z — R (recall that an
embedding is a mapping which is homeomorphic to its image). Associated with 6 we
define a representation 7¢ of Z on L2(R) by

(7 f)(x) = f(x —0(k)), z€R, keZ
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The fact that 6 is an embedding implies that there exists ry € R such that 6(k) = ok,
for k € Z.

We shall now define an inner product C.(Z)-module by considering the linear space
of continuous complex valued real functions, C.(R). For f,g € C.(R) and k € Z, define
a C.(Z)-valued inner product by

osla) == [ Fa=0Ng(@)de = [ (=N ()gla)do. 1)
We make C.(R) into a right C.(Z)-module by defining for f € C.(R), a € C.(Z),
(foga)(x) =Y _(mif)(x)a(k) (2.2)
keZ

We show in Proposition 2.1.16 that the above operations make C.(R) into a right-inner
product C.(Z)-module.

It is possible to define the above operations in other spaces than C.(R) and C.(Z).
We show in Lemma 2.1.7 that if f,g € L*(R) then [f,g]g € Co(Z), where [f,g]y is
given by equation (2.1). We show in Lemma 2.1.5 that if f € L?(R) and a € ['(Z)
then f op a € L?(R), where o is given by equation (2.2).

We shall also define a Hilbert module in the Fourier domain. Recall that the
Fourier transform on R defines a unitary map from L?(R) onto L?(R) and the Fourier
transform on Z maps [*(Z) into C(T). It is a consequence of Lemma 2.1.12 that if
f,g € C.(R), then

(frglo)(©) = ie ST F(E+ B/ra)i(€ + BJro), E€R. (2.3)

BEZ

It also follows from Lemma 2.1.12 that if f € C.(R) and a € C.(Z), then

(fopa)() = f(9alre€), €€R. (2.4)
This leads us to define for p,q € Lz(f{),
[p.all€) = o S BEF Bfralalé +6/ra). €€ R (25)
BEZ

If we identify the circle T with the quotient R/Z, then the above equation defines a
function on T. And for p € L2(R), b € C(T),

(poab)(§) = p(§)b(reS), € €R. (2.6)

In Lemma 2.1.13 we show that we can define a norm on C.(R%) by

—

I fllxy := supcerlf, flo(C), [f € C(R).

Keeping in mind that elements of C.(Z) are also contained in C*(Z), we define a Hilbert
C*(Z)-module Xy by taking the completion of C.(R) with respect to the norm || - || x,.
We show in Theorem 2.1.21 that Xy is a Hilbert module. We also show in Lemma
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2.1.13 that for f € C.(R), ||fll2 < || fllx,, which implies that we can embed Xj in
L*(R).

Because the Fourier transform on R is a unitary mapping from L?(R) to L?(R),
we can consider the image X@ of the Hilbert module Xy under the Fourier transform
on R. We show in Theorem 2.1.21 that Xj is also a Hilbert C(T)-module with inner
product and module action given by equations (2.3) and (2.4).

Let us now apply the Hilbert module associated with 8 to wavelet theory. For each
n € Z, consider the Hilbert module X, constructed from the embedding ¢,, using the
process described above. We shall abbreviate X, as X,,, and we call (X,,)nez a wavelet
chain of Hilbert C*(Z)-modules. The C*(Z)-valued inner product in X, is given by

Foglulh) = [ F@gle 2" Ko, f.g € X, ke Z. (27)
The module action of C*(Z) on X, is given by the following equation

(fona)(x):= Z fx —27"k)a(k), f€ X, acl'(Z), z€R. (2.8)
kEZ

Note that the above equation only calculates f o, a when a € I1(Z). Not all elements
of C*(Z) are represented by functions on Z. We do know that the Gelfand transform
maps C*(Z) onto C(T). Thus if we wish to use an arbitrary element of C*(Z), it is
sometimes best to work in the Fourier domain and we define for p,q € Lz(f{),

[p,al, (&) :==2" Y p(+2"B)q(¢ +2"B), EE€R. (2.9)

BEZ

And for p € L2(R), b € C(T),

(Ponb) () :=p(£)b(27"E), £ €R. (2.10)

We let X'n be the image of X,, under the Fourier transform. We show in Theorem 2.2.6
that X, and X'n are Hilbert modules.

There is also a “larger” Hilbert module that we define in the Fourier domain. We
set Y, to be the set of functions on R for which

ess supcer [p, pl,, () < oo.

We shall show in Lemma 2.3.2 that for p € Y, the sum in [p,p], converges in the
weak® topology to an element of L°°(T). We show in Theorem 2.3.4 that Y, is a
Hilbert L°°(T)-module when equipped with the operations given by equations (2.9)
and (2.10).

2.1 Constructing a Hilbert Module from the Translations

In this section we shall consider an arbitrary embedding 6 : Z¢ — R and construct the
Hilbert C*(Z%)-modules Xy and Xy. We shall define a C*(Z%)-valued inner product
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[, ]o on Xy and also the associated module action og. We do this by defining a C.(Z4)-
valued inner product on C.(R?) and a module action of C.(Z%) on C.(R%). We shall
construct the Hilbert module Xy by taking the completion of C.(R%) with respect to
the Hilbert module norm. We shall define a C(T%)-valued inner product [, ], on Xj
by defining an L'(T%)-valued inner product on LQ(I/{\d). We shall also define a module
action o of C(T%) on Xy. We shall prove that these inner products make Xy and Xp
into isomorphic Hilbert C*(Z?)-modules, keeping in mind that C*(Z¢) and C(T¢9) are
isomorphic C'*-algebras.

We begin by examining the group C*-algebra C*(Z%). Much of what we now men-
tion about C*(Z?) is rather standard, but is mentioned here because there are many C*-
algebraic subtleties which affect the way that our Hilbert module construction works.

Suppose that a is a function on Z¢. We can define the involution a* of a to be

a*(v) = a(—v) (2.11)

for v € Z%. We know from Section 0.3 that C.(Z9) and I'(Z?) are *-algebras with
involution given by the above equation and multiplication given by convolution

(axb)(y) = 3 ala)b(y - a) (2.12)

a€Zd

where a and b are elements of either C.(Z?) or ['(Z%), and v € Z®. It is shown in [Fo,
Proposition 2.39] that if a € 1°°(Z9) and b € I'(Z%) then the convolution a b is well
defined and is an element of [°*°(Z?).

Recall from Section 0.3 that the reduced group C*-algebra C;(Z9) is the completion
of the left regular representation of I'(Z?) with respect to the norm given by

lallcx(zay == sup |a(C)]
¢eTd
where a € [*(Z%), and @ € C(T?) is the Fourier transform of a. We can also define
C*(Z%) to be the closure in B(12(Z9)) of the left regular representation of I*(Z%) with
respect to the operator norm.

From the definition of C*(Z?), the algebras C.(Z?) and I'(Z?) are dense subalgebras
of C*(Z?). These dense subalgebras have the property that they consist of functions
on Z%. Any element of C*(Z?) can be thought of as an element of C(T%) via the
isomorphism of Theorem 0.3.6. It is worth noting that Theorem 0.3.6 maps ['(Z9)
into C(T?) using the Fourier transform and then constructs the isomorphism from the
Fourier transform by using the Stone-Weierstrass Theorem. When a is an element of
1'(Z%) this isomorphism maps a to its Fourier transform.

The Hilbert modules associated with wavelets will depend on the embeddings ¢, :
Z¢ — R, for n € Z, that were described in Section 1.3. We shall first describe how to
construct a Hilbert module using an arbitrary embedding 6 : Z¢ — R?. We shall also
be interested in what happens to 6 in the Fourier domain. Although the dual of R? is
R?, we shall use sometimes use the notation R4 to indicate that we are working in the
Fourier domain.



2.1. CONSTRUCTING A HILBERT MODULE FROM THE TRANSLATIONS 47

Lemma 2.1.1 Suppose that 0 : Z¢ — R% is an embedding. There exists a unique
nonsingular linear transformation Ap : R4 — R which satisfies 8 = Age, where ¢ is
the natural embedding of Z% in R?®. If 6 : R4 — T is a homomorphism which satisfies

(07,€) = (v,0¢)

for all v € Z¢ and € € l?l\d, then 6 = iA;. The annihilator of 0(Z%) is given by
Ann 0(Z%) = (A})~1Z4.
PRroOF: Note that because 6 is an embedding it is also a group homomorphism.

Let {e;}%_, be the standard basis for R%. Consider the set {f(e;)}%_;. For i,j =
1,...,d there exists a;; € R such that 6(e;) = Z?:l ajej. If v = (y1,...,7q) is an
arbitrary element of Z¢, then

d d d d d
0(y) = D_wibles) =D _wi D aije; =3 e; ) i
i=1 Jj=1 =1

i=1 j=1

The elements a;; therefore define a coordinate transformation matrix Ag. This matrix
is nonsingular because otherwise there will be linear dependence among the vectors
{6(e;)}¢_,, which is not allowed because 6 is an embedding.

Let us now show that § = tAy. We calculate

(07,6) = (Ag7,§)
= (11, 458)
= (7, 2458)
s0 0 = LAg.
Let us now examine the annihilator of §(Z%). We calculate
Amn 0(Z%) = {ce RY (607,€) =1 for v € Z}
= {£eR? : (v,iA;¢) =1 for v € Z9}
{€¢eR? . Aj¢ € Ann Z9}
— (42

a

It is a consequence of the above Lemma that ¢ € Ann 6(Z?) if and only if for
all v € Z%, (7,0¢) = 1. This means that if @ is a function on T¢, then a o s, is an
Ann Q(Zd)—periodic function on R, where here by o we mean composition.

Notation 2.1.2 Throughout this section, when we are given an embedding 6 : Z¢ —
R?, we shall use Ay to denote the linear transformation given by Lemma 2.1.1 and use
0 to denote the dual homomorphism given by Lemma 2.1.1.

The following operations will be used to define the Hilbert module that we shall
eventually construct.
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Definition 2.1.3 Let 6 be a embedding of Z¢ in R%. We define a representation 7% of
Z? on L?(R%) by

(9 f)(x) == fx—0()) =zeR% yeZl feL*RY) (2.13)
Note that if f € C.(R%), then Wf/f € C.(R%). For f,g € C.(RY), v € Z¢, we define the

bracket product associated with 6 to be the function on Z? given by

sl = [ F@=00))g(x)do. (214)

For f € C.(R%), a € C.(Z%), we define the module action associated with 0 to be the
function on R? given by

(fepa):= > a(Mflx—0(v)= > a(mrs(f)- (2.15)

~EZY ~EZY

Note that it follows immediately from the above definition that for f,g € C.(R%),

Lab() = [ WD) (216)
Rd
= ([T 9)(0() (2.17)
where in equation (2.16) we embed C.(R%) in L?(R%).

Lemma 2.1.4 It is the case that [f,glo € C.(Z?) when f,g € C.(RY); and foga €
C.(RY) when f € C.(RY) and a € C.(Z%).

PRrROOF: We first show that if f € C.(R%) and a € C.(Z%), then foga € C.(R). In this
case the sum in equation (2.15) is finite and therefore converges. Because the supports
of f and a are both compact, the set of all € R? such that there exists v € Z¢
satisfying a(y)f(z — 0(7)) # 0 is compact. We therefore have that f oga € C.(RY).
We now show that if f,g € C.(R?), then [f, g]s € C.(Z%). To see this consider the
set of all 5y € RY such that there exists € RY satisfying f(x —y)g(z) # 0. Because
the supports of both f and g are compact, this set is compact. This means that the set
of v € Z% such that there exists 2 € RY satisfying f(z — 0(7))g(x) # 0 is also compact
(and hence finite). O

We shall now see how the bracket product and associated module action can be
defined on spaces other than C.(R%) and C.(Z%).

Lemma 2.1.5 If f € L?(R%), a € IY(Z%), and 0 is an embedding of Z¢ in RY, then
the function f og a on R given for almost everywhere by

(fopa) = Y a(k)ml(f) (2.18)

~EZA

is measurable and is contained in L?(RY).
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PROOF: Suppose that f € L2(R%) and a € [*(Z%), and let S C Z? be a finite subset.
In this case the sum }> cga(y)f(x —7) is a finite sum and for x € R? we calculate

>_alyf@—0(v)

- J LY afe =06 Pde

~eS 9 ~EZ
< 'VEZ:CIG(V)'\/ L, 1f(@ =06 Pde
< gzjdm(wv [, 1 =06 Pd
= lalhlflz

Now if (S, )neN is a sequence of finite subsets of Z% for which S,, C S, 1 and UpeNS, =
Z¢ then

(fopa)(z) = lim > a(y)f(z—0(v)).

n—oo
YESn

This series is absolutely bounded by the bound ||a||1||f||2 and it therefore follows that
IIf oo all2 < |lall1]|fll2 < oo and the sum in equation (2.18) converges unconditionally
in L2(RY). O

Lemma 2.1.6 Suppose that 0 is an embedding of Z¢ in R%, a,b € IY(Z9), and f,g €
L*(RY), then

(f+9)opa = foga+goga, (2.19)
(foga)ogb = fog(axb), (2.20)
fog(a+b) = foga+ foyb. (2.21)

It therefore follows that the module action associated with the bracket product makes
L?(RY) into a right 1'(Z?)-module (where L'(Z%) has the convolution product) and also
makes C.(R?) into a right C.(Z%)-module.

ProoF: To prove equation (2.19) we make the following calculation

(f+9)ooa)z) = D (f+g)x—0(7)a()

~yeZd
= > fl@a—0)a() + Y gz —0(7))a)
YA y'ezd

= (fopa+gogb)(z).

The following calculation proves equation (2.20)

((foga)ogb)(w) = (foga)z—0(7))b(r)

~EZ
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= Y 3 fla—0(y +4"))aly)b(y)

~EZ4 ~'cZ4d

= > fla—008) > a(B—y)b(y)
BeZd yezd

= (fog(axd))(x).

Equation (2.20) is verified by the following calculation

(foo(a+b)(x) = > fla—0(y)(a+0d))

~yeZd

= 3 fla—0(y)al) + Y fla—0()b(y)
YA v eZd

= (foga+ fogb)(x).

Lemma 2.1.7 If f,g € L?>(RY), v € Z¢, and 0 is an embedding of Z¢ in R?, then the
function on Z¢ which is denoted by [f, gle and given by

1.9l = [ T@=0tg(a)da,

is contained in Co(Z?).

PRrOOF: For f,g € L?(R%) and v € Z? we use the Cauchy-Schwartz inequality to obtain

Fao)l = | [ T@=00g()s
| =00yl ds
R

< (/[ If(w—H(W))Ide)% (L, |g<x>|2d:c)%

= [Ifll2llgll2

IA

and so [f, gl € I°°(Z?). Let (fn)nen and (gn)nen be sequences of elements of C.(R?).
Since C.(R?) is dense in L?(R?) and [, ]y is linear in the second variable and conjugate
linear in the first variable, it follows that if f, — f in L?(R%) and g, — ¢ in L?(R9),
then [fn, gnlo — [f, glo in [°(Z?). Now Co(Z?) is the completion of C.(Z?) with respect
to the supremum norm, so [f, glg € Co(Z%) by [Rul, Theorem 3.17]. O

Later in this section we shall use the above operations to construct a Hilbert module
Xp which can be embedded in L?(R?). Before doing so, we shall define some operations
in the Fourier domain which will eventually be used to construct a Hilbert module X@.
These operations shall involve some infinite sums for which some tricky convergence
issues arise. We shall examine the convergence issues first.
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Lemma 2.1.8 Suppose p € L'(R?). Identify T with the cube [—%, %)d, fir ¢ € T and

consider the function p( +-) on Z%. Then for almost every ¢ € T, p(¢ + ) € I1(ZY),
and 3 gcza p(- 4+ B) € LY (T9). Moreover,

IPlsme = [Jlp+ @), g (2:22)

. (2.23)

= [oC + B)lzsxo s g

Note that in equation (2.22) the norm |[p(¢ + -)[[;1(z¢) defines a function on T4 by
varying ¢ € T?. In equation (2.23) the norm |p(- + B)|l L1 (ray defines a function on VA
by varying 3 € Z¢. When we taken the second norm in these two equations, we are
taking the norm of the functions just described.

PROOF: We can define a group isomorphism I : Z%xT?¢ — R? by setting 1(3,¢) = 8+C
for g € Z%, ¢ € T9.

Let piga be Lebesgue measure on R?, let 14 be counting measure on Z%, and let juqa
be Lebesgue measure on T? normalised so that pipa(T?) = 1. The group isomorphism
I extends to a measure space isomorphism from Z¢ x T equipped with the product
measure jizq X fipa onto the measure space (R?, jiga).

Since p € L'(RY), it follows that

pol e LYZ% x TY, jiga X pipa).

The Lemma now follows directly from Fubini’s Theorem. O

We remark that if p, ¢ € L%(R%), then pg € L'(R?). An application of Lemma 2.1.8
therefore tells us that the function on T, given almost everywhere by > pezd Pq(-+ B)
is contained in L'(T?) and hence the series

> p(C+ B¢+ 5)

BeZd

is absolutely convergent for almost all ¢ € T,

Lemma 2.1.9 Suppose that p,q € L2(I/{\d) and 0 : Z% — R satisfies 0(~) = Agry, for
a linear transformation Ag : R — RY. Let [ ,q]y be the function on T given by

Ip.alo(©) = gy 2 PE(E) (2.24)

0(©=¢
for almost every ¢ € T. Then the above sum convergef\absolutely almost everywhere
and [p,q], € 1N(T9). We furthermore have that {¢ € Re : §(€) = 0} = (A}) 2% =
Annf(Z?). We hence can write

~ 1 7
aho08)) = +0)a(€+ 8 2.25
p,alo0©) = 3o AG)ﬂGAge(Zd)p(ﬁ )a(€ + B) (2.25)
N det(lAg) >, pE+BaE+p) (2.26)

pe(Ay)—1zd

for almost every &€ € RY.
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ProOF: We know from the remarks following Lemma 2.1.8 that the series

> pE+B)a€+8)

BeZd
is absolutely convergent for almost every & € R, Tt follows that the series

Y pE+ B¢+ 8) (2:27)

B€ANNI(T)

is also absolutely convergent for almost every & € RY.

For any § € Ann H(Zfd\) and ¢ € R4, we have that 6(¢ + 8) = 6(£)0(8) = 6(¢). We
therefore have that {¢€ € R? : (¢) = 0} = Annf(Z%), verifying equation (2.25). Because
(2.27) converges absolutely, it follows from (2.25) that [p, ¢],(¢) converges absolutely
for almost every ¢ € T¢. We know from Lemma 2.1.1 that Ann 6(Z%) = (A})~1Z4,
and this gives us the equality between equations (2.25) and (2.26). O

Definition 2.1.10 Suppose that p,q € L2(1:/{71) and 0 : Z% — RY satisfies 0(y) = Agry,
for a linear transformation Ay : RY — R?%. We call Ip,ql, the Fourier transformed
bracket product associated with 6, where [p, ¢], is defined by equation (2.24). Suppose
b € O(T?), we define the Fourier transformed module action associated with € to be
the function on R? denoted by pogh and given by

(pogb)(§) := p(£)b(0(E)) (2.28)

for almost every ¢ € R,

Lemma 2.1.11 Suppose that p € Lz(f{\d), be C(TY) and 0 : Z¢ — R? is an embed-
ding. Then pogh € L2(R?) and o5 makes L*(R%) into a right C(T9)-module.

PROOF: Because b is contained in C(T?), it follows that SUDP¢cRd b(0€) < oo. Because
(BEIb)(E)] < [p(€) supgregs )], it follows that pagb € LA(RA).

The fact that o5 makes L2(R%) into a right C(T9)-module follows from that fact
that o5 consists of pointwise multiplication. O

Lemma 2.1.12 For f,g € L*(RY) and a € I*(Z%), suppose that [f,glg € I}(Z?), then

fosa = Fral(fopa) (2.29)
and [f.9ly = Fzalf,9lo) (2.30)

where Fra 1s the Fourier transform on R?, and Fyza is the Fourier transform on Z°.
Furthermore, if p,q € L*(R%), then for v € Z¢

Fra(lp, alg)(v) = [P, dlo () (2.31)

where p,§ € L*(RY) are the inverse Fourier transforms of p,q and Frpa is the Fourier
transform on T.
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ProOF: We know from equation (2.17) that for v € Z%, (p* * ¢)(0(v)) = [p, dle(7), so
we make use of Lemma 2.1.1 to calculate

Frb.a)0) = [ I alo(©=,0)dc

N /Cer det(A Z p(¢ =7, ¢)d¢
1 Yy ~ *
a /Cer det(Ae) gAgzgzgp( )q(f)(_% LAQf)dC
now set n := AZ&
1
N /Cer det(Ay) Z p((A)~In)a((Ag) ™ ) (=, in)d¢

[ :
= [ o Ty A (AR ) iy
| p@a(©) (. i456)de
£eRd
= [ @), )

£eER

= (P *q)0())
= [, qlo(7)-

Now because we assumed that [f, gl € I*(Z), the Fourier transform of [f, g],, is defined.

Therefore [[f, 3lo = Fza([f, glo)-
Now we also have

FralFooa)© = [ 3 al () E)da

~yeZd

:/ S a() f(@) (@ +0(7), €)da

~yeZd

= /fxE

VEZd

= X anm0©) [ f@))d

YA
= a(0(€)f(©)
= (foa)(&).

Lemma 2.1.13 For f € C.(R%) and an embedding 0 : Z¢ — RY, let

1£1lx, = sup /[, fla(<)- (2.32)
¢eTd
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Then || - || x, is a norm on C.(R®) which can also be expressed as
Ifllx, = sup \/[f, fl4(<) (2.33)
¢eTd
1 —
= sup | FCHBCH+ D). (2.34)
¢eTd \l det(Ae) ﬁE(A%):_IZd

Furthermore, for all f € C.(RY), ||fll2 < |Ifllx,, implying that the completion of
C.(RY) with respect to the norm || - || x, is contained in L?*(R?).

PROOF: From equation (2.30) of Lemma 2.1.12, [fj?]g = [[f, f]]e, SO

IF1%, = sup [f. f14(C)

¢eTd
1 .
= Cséulg)d det(Ag) ﬂG(A;)Ide(C +B)f(¢+8),

proving equation (2.34). We shall now show that || f| x, is finite. Because f € C.(R%),
[f, f]a is contained in C.(Z%) and so is also contained in [*(Z?). The Fourier transform
on Z% maps I*(Z%) into C(T?), so supyera I, flo(¢)] < oo, which implies that I fllx, <
0.

Consider the function on Z¢ which is given by f(C+-), where ¢ € T and we identify
T? with the cube [-1,1)?. We have from equation (2.34) that

202
Vdet(Ag) [IFllx, = sup [F(C+)lliz(za)-
¢erd
To show that || - || x, is a norm, we need to verify the triangle inequality and verify that

|l fllx, = 0 implies f = 0. To verify the triangle inequality, let f and g be elements of
C.(R%), we compute

Vdet(Ag) If +gllx, = sup [|[(f +3)(C+)|l2

¢eTd

< sup [F(CH+ )2+ 15(¢ + )l
CeTd

< sup [F(CH+ )2+ sup [|3(C + )2
CGTd Cler

= y/det(Ag) ([[fllx, + llgllx,) -

The triangle inequality is therefore satisfied. Suppose now that [|f||x, = 0, we then
obtain that
sup Y fC+B) ¢+ B)=0.

CETd 5E(A§)—1zd

This implies that for all ¢ € T,

S f¢+B)f(C+B) =0.

pe(Ay) 124
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From this it follows that [[f, f]]e =0 and so [f, flp = 0. So in particular, [f, f]¢(0) =0,
implying that f = 0. Thus | - || x, is a norm.
Now we have for f € C.(RY),

17113 = f(@)f(2)dx
Rd

= f(@)f (x)de
Rd

1 .
N d
/Td det(Ao) ;. o 1 FC+B)F(C+ BdC

= [ IEA0)c
< sup [F. fly(0)
¢eTd

= |IfII%,

proving the assertion. O

We previously stated that the operations defined in Definitions 2.1.3 and 2.1.10 shall
be used for constructing Hilbert modules. Lemmas 2.1.14 and 2.1.15 verify that these
operations satisfy Properties 1, 2 and 3 of the definition of a Hilbert module (Definition
0.4.1).

Lemma 2.1.14 Suppose that f,g,h € L*(R%), a € IY(Z%), a,3 € C, and 0 is an
embedding of Z% in R, then

1. [f,ag + Bhlo = a[f, glo + B[f, hle;
2. [f,gox alg = [f, gle * a, where the binary operation * is convolution on I*(Z%);
3. [f,9l5 =19, flo, where the unary operation -* is involution on 1N(Z%).

PROOF: Suppose that v € Z.

1. We have that
[f,ag + Bhla(v) = o @ = 00))(eg(@) + Bhiz))dx
= / flz—007))g(x) dx—i—ﬁ/ flx —0(y))h(x)dx
= off,gle(v )+ﬁ[f, hlo(7)-

2. We have

Fgenay) = [ FT@=000) 3 aldgle - 0()de

VA



56 CHAPTER 2. WAVELETS AND HILBERT MODULES

= ¥ a) [ Fa= 00— )da

=y A

= X a®) [ Ty =00+ glv)dy

A

= > ald)[f.gle(v—9)

=y A

= ([f,glo x a)().

3. We calculate

L) = [ S+ 00)gda

= [ 1)sl= 00y

Lemma 2.1.15 Suppose that p,q,r € Lz(].:/{\d), be C(TY), o, € C, and 0 is an
embedding of Z% in R%, then

1' IIp,OZQ"_ﬂT]]@ :OéII 7q}]9+5ﬂp77’]]9;

2. [p,qogbly = [p, qlyb, where b is a function on T for which qogb € L*(RY) when-
ever ¢ € L2(RY) (this is the case when b € C(T?) or b € L>(T?));

*

3. [p,aly = la,ply, where the unary operation -* is complex conjugation on C(T?).

PROOF: Let ¢ € T?, we calculate
det(4g) [p.aqg+6r]y = > p(¢+0)(ag+Br)(C+9)
de(A)—1zd
= a > pl(+0e¢+a)+8 > plC+I)r(¢+d)
de(Ay)—1zd de(Ay)—1Zd

= det(Ag) (afp,qly(C) + Blp, 1)) -

We also calculate

det(4g) [p,qoab]o(Q) = > p(C+0)(g0b)(¢ + )
de(A)—1zd

> p(C+d)q(¢ +8)b(C)

We finally calculate

I, al5(C) = ——

~ det(Ay)

se(Ay)—1zd



2.1. CONSTRUCTING A HILBERT MODULE FROM THE TRANSLATIONS 57

Proposition 2.1.16 Let 6 : Z¢ — R? be an embedding. The space C.(R?) is an inner
product C.(Z%)-module with operations [, lg and oy, and || - ||x, is equal to the Hilbert
module norm on C.(R?).

PROOF: In Lemma 2.1.6, we showed that C.(R?) is a right C.(Z¢) module with the
operation og.

From Lemma 2.1.14, properties 1, 2 and 3 of Definition 0.4.1 are satisfied for C.(R)
with the operations oy and [, ]o. Suppose that f € C.(R?), then by Lemma 2.1.12,

1

(Faald: 110 = 14 710(©) = G709

S FCH+BCHB)

pe(Ay) 124

which is non-negative for all ¢ € T So Fya[f, f]s is a positive element of the C*-
algebra C(T%). We know from Theorem 0.3.6 that C*(Z¢) and C(T%) are isomorphic
and that this isomorphism is given by the Fourier transform on the subalgebra 1'(Z%)
which is dense in C*(Z¢). This implies that [f, f]s is a positive element of C*(Z?),
verifying Property 4 of Definition 0.4.1. Now if [f, f]g = 0, then for all v € Z9,

Jra flx =) f(xz)dx = 0, so in particular [ga f(z)f(x)dx = 0, so | f[2 = 0, implying
that f = 0. This verifies Property 5 of Definition 0.4.1. It therefore follows that C.(R%)
is a right inner product C.(Z%)-module. It is an immediate consequence of Definition
0.4.1 and the definition of || - || x, that || - | x, is the Hilbert module norm. O

Remark 2.1.17 Note that we have not used Lemma 2.1.13 in the proof of Proposition
2.1.16. Proposition 2.1.16 gives us an alternative proof to the fact that |- || x, is a norm,
as proved in Lemma 2.1.13. Because we know that C.(R%) is an inner-product C.(Z%)-
module, the fact that | - || x, is a norm directly follows from [RW, Corollary 2.7].

Remark 2.1.18 Proposition 2.1.16 is a special case of one of the main results in [R1]
(see also [RW]). The results in these references are more general in that Z¢ and R?
are replaced by a closed subgroup H of a locally compact group G. The fact that Z? is
abelian enables us to use the Fourier transform in the proof for Proposition 2.1.16 to
provide a simpler proof of the positivity of the C.(Z%)-valued inner product.

We shall now define the Hilbert modules Xy and Xg, we will then show that they
are Hilbert modules.

Definition 2.1.19 Let 0 : Z¢ — R be an embedding. We define the bracket product
Hilbert C*(Z%)-module Xy as follows: Let the linear space Xy be the completion of
C.(R?) with respect to the norm || - ||x, that was defined in Lemma 2.1.13. We equip
Xy with the bracket product [, ], : Xg x Xy — C*(Z%) and module action oy : Xy x
C*(Z%) — X as defined in Definition 2.1.3.
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We define the Fourier transformed bracket product Hilbert C(T%)-module Xy as
follows: Let the linear space X@ be the image of Xy under the Fourier transform on R%.
We equip X@ with the Fourier transformed bracket product [, [, : Xg X Xg — C(T9)
and module action o : Xy x C(T%) — Xg, as defined in Definition 2.1.10.

Remark 2.1.20 We know from Lemma 2.1.13 that we can continuously embed Xy in
L?(RY), this means that it makes sense to talk about the image of X, under the Fourier
transform on R?. In Lemma 2.1.7 we defined the bracket product on L?(RY), so we
can use this to describe the bracket product on Xy. We show in Theorem 2.1.21 that a
module action of C' *(Zd) on Xy exists, without providing an explicit formula for what it
is (unless the element of C*(Z?) consists of a function on Z%). It is very useful that we
have also constructed a Hilbert module X in the Fourier domain, because in practice
we can use the Gelfand transform to represent an element of C*(Z?) as a continuous
function on T¢, and use the Fourier transformed module action oy.

Theorem 2.1.21 is the main theorem of this section and states that Definition 2.1.19
defines a Hilbert module. The main idea of the proof is to use the completion process
described in Lemma 0.4.5 to obtain a Hilbert C*(Z%)-module from the inner product
C.(Z%)-module C.(R%).

Theorem 2.1.21 Let 0 : Z¢ — RY be an embedding. Let X9 C L?*(R%) be the com-
pletion of C.(R?) with respect to the norm || - | x as defined in Definition 2.1.19. Let
Xy C L2(1:/{\d) be the image of Xy under the Fourier transform as defined in Definition
2.1.19. We have that

1. The space Xg is a full Hilbert C*(Z%)-module with the inner product [ , |g. The
module action of C*(Z?) on Xy has the property that for f € Xg and a € I'(Z%)
(note that 11(Z%) C C*(Z4)), the module action of a on f is given by the module
action associated with the bracket product f og a as defined in Definition 2.1.19.
We furthermore have that if (fn)nez i a convergent sequence in Xy, then it is a
convergent sequence in L?(R?).

2. The operations [, ]; and o make Xy into a full Hilbert C(T%)-module;

3. If we identify the isomorphic C*-algebras C*(Z%) and C(TY), then the Fourier
transform on RY is a unitary isomorphism between Xg and Xg.

PROOF:

1. Lemma 0.4.5 tells us that the completion of an inner product module over a pre-
C*-algebra with respect to the Hilbert module norm is a Hilbert module. We
have defined the linear space Xy to be the completion of C'C(Rd) with respect to
the Hilbert module norm || - || x,. It therefore follows from Lemma 0.4.5 Because
Lemma, 0.4.5 states that we obtain the completion of an inner product module by
taking the completion of the linear space with respect to the Hilbert module norm,
it therefore follows that the space X, is a Hilbert C*(Z%)-module with the inner
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product [, ]. It also follows from Lemma 0.4.5 that the module action of C*(Z%)
on Xy has the property that for f € Xy and a € I1(Z?), the module action of a on
f is given by the module action associated with the bracket product f og a. We
know from Lemma 2.1.13 that if f € C.(RY), then ||f||3 < ||f||§(6 It follows that
if f,g € C.(R?%) and € > 0, then ||f — g||x, < € implies || f — g||2 < &. Therefore
if (fn)nen is a convergent sequence in Xp, then it is a convergent sequence in
L?*(RY).

To see that Xy is full, choose an element ¢ € Xy for which [¢, ¢]g = 1. A possible
choice for ¢ would be any continuous compactly supported wavelet or scaling
function corresponding to the translations G(Zd). For example, let ¢ be the
Daubechies scaling function that was described in Example 1.4.5. Recall that ¢
is a continuous compactly supported function on R satisfying [¢, p]g = 1. We can
define a continuous compactly supported function ¢ on R? or which [p, 0o =1
as follows. We let

d(0(x1,x9,...,2q9)) = p(x1)p(x2) ... p(24q).

Then [¢, ¢lg = 1. Therefore for all a € C*(Z?), it is the case that

[p,pogalg = [b,Plgoga

= Q.

Because ¢ op a € Xy, it follows that C*(Z?) = [Xy, Xy|s, verifying that Xy is full.

— —

. Let C.(R%) be the image of C.(R?) under the Fourier transform. Let C.(Z4) C

C(T?) be the image of C.(Z%) under the Fourier transform. By Lemma 2.1.12,

—

if p,q € C.(R%), then [p,q], € C.(Z4). It also follows from Lemma 2.1.12 that

p——

C.(R?) is a right C,.(Z%)-module with module action .
From Lemma 2.1.15, Properties 1, 2 and 3 of Definition 0.4.1 are satisfied for

CXI\{d) with the operations oy and [, ],. Properties 4 and 5 of Definition 0.4.1
are satisfied by the same argument as for C.(R?). Therefore the operations [, |,
and oy make C’C(I\{d) into an inner product Cﬁd)-module. The completion of
C.(R%) with respect to the Hilbert module norm is equal to Xy. So by Lemma
0.4.5, the operations [ , ], and o5 make X, into a Hilbert C(T%)-module, and if
p,q € Xp, then [p,ql, € C(T%). The fact that Xy is full follows from the fact

that Xy is full.

By Definition 0.4.8, we need to show that the Fourier transform Fgrq is a unitary
adjointable operator from Xy to Xy. In the notation of Section 0.4, we want to
show that F is a unitary element of E(Xg,)fg). From Lemma 2.1.12, if f € X
and p € Xg, then

[Fra(f),plo = Fza ([f, Fra(P)o) - (2.35)

We therefore have that Fga is adjointable with Hilbert module adjoint F5,. We
have that FraFga = 1x and FpeFgre = 1, so Fgra is unitary.
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2.2 Incorporating the Dilation

In this section we shall use Theorem 2.1.21 to construct Hilbert modules which are
related to wavelets. In order to study wavelets, we also want to incorporate the dilation.
We do this by defining a chain of Hilbert C*(Z¢)-modules (X, )nez. Each Hilbert
module X, corresponds to the nth level of a multiresolution analysis. All of these
Hilbert modules will have as their linear space a space which is the completion of C.(R%)
with respect to a norm which depends on n. For each Hilbert module X,,, we shall
define an “nth level bracket product” [, ], and an “nth level module action” o,,. We
shall also define Hilbert C(T%)-modules (X,,)nez in the Fourier domain. Throughout
this section we shall work with the standard multiresolution structure with index m on
L*(R%) associated with a dilation matrix D € M%(Z).

In Theorem 2.1.21 we have shown how to construct a Hilbert module Xy from
an embedding 0 : Z¢ — RY Recall from Lemma 2.1.1 that associated with this
embedding is a linear transformation Ag : R% — R? for which 0 = Agt, where ¢ is the
natural embedding 9£ Z¢ in R?. We also showed in Lemma 2.1.1 that there is a dual
homomorphism 6 : R¢ — T given by 6 = LAp.

Notation 2.2.1 In equation (1.6) of Section 1.3 we defined some homomorphisms
(tn)nez : Z — R by 1, = D~". In the situation that § = ¢,,, we have that A, = D",
and i, = i(D*)~". In Definition 1.1.5 we defined representations (7"),cz of Z¢ on
L*(RY) by

(75 F)(@) = (7 f)(@) = f& = n(y)) = flz = D"u(y)).
We shall make use of the above notation throughout this section.

Definition 2.2.2 Suppose that D is a dilation matrix, and n € Z. For f,g € L?(RY),
a € ll(Zd), v € Z? and z € R?, define the nth level bracket product [, |n and nth level
module action o, to be

L.gn0) = gl ) = [ F@=Dmu()g(a)da. (2.36)
fona = fo, a= Z a(y)my f. (2.37)
A

For p,q € L? (P/{\d) and b € C(T?), we define the nth level Fourier transformed bracket
product [p, ¢],, and nth level Fourier transformed module action o, to be

[p.ql,, = Ip,dl,,; (2.38)
ponb = po,b. (2.39)
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Lemma 2.2.3 Forp,q € l?l\d, ¢ € T?, if we identify T¢ with the cube [—%, %)d, then

p.al, () =m" > p((D)C+8)a((D)C+8). (2.40)

6E(ﬁ*)nzd

PROOF: Because A4, = D", it follows that det(4,, ) = m~" and that (Ar )71z =
(D*)"Z¢. Now from Lemma 2.1.9, (D*)"Z¢ = {¢ € R 0(¢) = 0}. It is therefore the
case that {€ : (;,(€) = ¢} = {(D*)"¢ + B : B € (D*)"Z%}. The result now follows from
equation (2.24). O

The following Lemma tells us how the operations we have just defined relate to each
other when n changes.
Lemma 2.2.4 Suppose that n € Z. We have

1. If f,g € L2(Rd), then
[f,gln = [D7"f, D "go. (2.41)

2. If p,q € L2(].:/{\d), then
[p.dl,, = [D"p,D"q],. (2.42)

3. If f € L2(RY), a € 11(Z9), then

D "(fopa)=(D"f)oga. (2.43)
4. If p e LA(RA), b e C(TY), then

D" (poyb) = (D~ "p)sob). (2.44)

PROOF:

1. We calculate

DD gy) = [ DTNE =)D ") @)da

= [fa g]n-
2. We calculate

[D"p, D"qly (1) = m" > (Dp)(& + D™ B)(D"q)(& + D)
BeZd

= > p(D "¢+ B)g(D"E+ B)

BeZd

= Y p(G€+ Bané + B)
BeZd

= [p,qly(tnf).
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3. We calculate

D (fona) = Y a()D "xl(f)
yezZd
= Y a()m(D7"f)
yeZd
= (D_nf) Op a.

4. This is a consequence of equation (2.29) of Lemma 2.1.12, and the previous cal-
culation.

Definition 2.2.5 For n € Z, let X,, := X, and let X,, := X, (see Definition 2.1.19).
Equip X,, with the nth level bracket product [, ], and nth level module action o,,. We
call X,, the nth level wavelet Hilbert C*(Z%)-module, and (X, )nez a wavelet chain of
Hilbert C*(Z4%)-modules.

Equip X,, with the Fourier transformed nth level bracket product [ , ],, and nth level
Fourier transformed module action o,. We call X'n the nth level Fourier transformed
wavelet Hilbert C*(Z%)-module, and (X, )nez a Fourier transformed wavelet chain of
Hilbert C*(Z%)-modules.

Theorem 2.2.6 Let D € MYZ) be a dilation matriz and consider the standard mul-
tiresolution structure with index m on L?(R®) corresponding to D with tm@glation group
I = Z¢ and dilation D. Let n € Z and let X,, € L*(R%) and X,, € L2(R?) be defined
as in Definition 2.2.5. We have that

1. The space C.(R?) is an inner product C.(Z%)-module with operations | , ], and
on, and || - ||x, is equal to the Hilbert module norm on C.(RY).

2. The space X,, is a full Hilbert C*(Z%)-module with the inner product [, ],. The
module action of C*(Z%) on X,, has the property that for f € X, and a € I*(Z%)
(note that 1*(Z%) C C*(Z%)), the module action of a on f is given by f o, a.
We furthermore have that if (fn)neN is a convergent sequence in X,,, then it is a
convergent sequence in L*(RY).

3. The operations [, |, and ox make X, into a full Hilbert C(T9)-module.

4. If we identify the isomorphic C*-algebras C*(Z%) and C(T?), then the Fourier
transform on R? is a unitary isomorphism between X, and X,,.

PRrROOF: Part 1 is a direct result of Proposition 2.1.16. Parts 2,3 and 4 follow directly
from Theorem 2.1.21. O

Recall from Definition 0.4.6 that we introduced adjointable operators, the main
morphisms between Hilbert modules. The following corollary demonstrates that the
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translations and dilations are unitary adjointable operators. Recall from Definition
0.4.8 that two Hilbert modules are isomorphic if there is a unitary adjointable operator
from one to the other.

Corollary 2.2.7 For n € Z, v € Z%, the translation 7l (when restricted to X, ) is a
unitary element of L(X,). The dilation D is a unitary element of L(Xy, Xnt1), and
D is a unitary element of L(X,, Xps1). Hence the Hilbert C*(Z%)-modules (X, )nez
are all isomorphic (as Hilbert C*(Z%)-modules) to each other and the Hilbert C(T%)-

modules (X, )nez are also isomorphic to each other.
PROOF: The translation 7 maps X,, to itself. It is the case that for all f,g € X,

[ﬂ-zfa g]n = [f? (Wz)_lg]n

n
v

and hence is a unitary operator on Hilbert modules.

for all v € I, and so 7
N A )

We now verify that the dilation D maps X,, onto X, and that D maps X,, onto
Xr:-i—l- By Definition 2.2.5, X, is the completion of Cc(Rd) with respect to the norm
|- ||lx, and X, is the Fourier transform of X,,. For f € C.(R%), we have

is an adjointable operator on X,,. The translation satisfies

1flxuss = sup ILF, flya ()12

gerd
2 a 1
= sup |[[D7'f, D7 f],(9)]2
geTd
= D7 flx.-

We therefore have that D maps X, onto X, 1. It follows that D maps X,, onto X,;H
because D = F*DF.
From equation (2.41) it follows that for f € X,,, g € X141,

[va g]n-l—l = [f?D_lg]n

so D~! = D* (where in this case D* is the adjoint of D as an adjointable operator be-
tween Hilbert modules). Hence D is a unitary element of £(X,,, X;,11). From equation
(2.42) we have that for p € X,, q€ Xr:-i—h

[[251)7 q]]n—i—l = [[p7 ﬁ_lq]]n

so D71 = D* (again D* is the adjoint of D as an adjointable operator between Hilbert
modules). Hence D is a unitary element of £(X,, X,11). O

The next proposition demonstrates that each X,, shares the same linear space and is
partially based on [PR2, Proposition 1.11]. The difference between each X, is therefore
in how the C*(Z%)-valued inner product and the module action are defined within the
linear space.

Recall from page 22 that we defined A € Hom(Z%) to be A(y) = D~'9D (as
a unitary operator on H), where the translation v € Z? is thought of as a unitary
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operator on H. We shall be interested in the dual homomorphism A € Hom(T9). This
satisfies

~

(A():¢) = (1 AKQ), rez’¢eT
It follows that if we think of T as being the quotient I/{\d /Z%, then

A(Q) = uD*(¢), ¢eT™ (2.45)

In the above equation ¢ is the quotient map from R? onto T¢.

Proposition 2.2.8 For p,q € Xn, we have that
1

Aw)=¢
This implies that
m™ 2 |pllx, < llplx, . < lIpllx,. (2.47)

We therefore have that the Hilbert C*(Z%)-modules (X,)nez all share the same linear
space, and that the Hilbert C(T%)-modules (X, )nez also all share the same linear space.

PrROOF: Recall that for f € C.(RY), [f, flno1(7) = [f, fln(A(y)) for v € Z%. We
calculate

[p.dl,_1(¢) = m"* AZ p(&)q(€)

1
= — > I,
Aw)=¢
Now let
F:={CeT:A(¢) =0}
Then F is a subgroup of T? with m elements (because the index of A(Z%) in Z? is
equal to m). Because Ais a homomorphism, it follows that if w,w’ € T¢ satisfy

A(w) = A(w'), then there exists 3 € F such that w = w’ + 3. We therefore have that

a1 (O = 3 .l (5°(Q) + ). (2.45)

BeF

Therefore

sup [p,p],,_1(¢)
¢eTd

_ J sup — 3 [p.l,,(B*(C) + B)

¢ceTd M BEF

Ipllx, s =




2.2. INCORPORATING THE DILATION 65

LS sup [p.ql,(P*1(C) + B)

M scr¢eT?

1
= = o,

BeF

IN

= lplx.-
We now use equation (2.40) and the fact that (D*)"Z¢ c (D*)"+1Z? to obtain that
L, Q) = m"™ 3 (D) C+B)a (D) ¢+ 8)
ﬁe(f)*)nflzd

w3 p (D) B)a (B¢ + ).

5E(ﬁ*)nzd

v

This implies that .
. ), 1 (UD*Q)) = m ' [p,p], ()

where ¢ is the quotient map from R? to Z¢. Therefore

Hp”Xn—l = \/Sllp [[pvp]]n—l(g)

¢eTd

= \/cseu"ll.?d [p,pl,—4 (L(ﬁ*o)
> \/sup m~1[p,p],,(C)

¢eTd
— /2

Ipllx, -

It therefore follows that the norms (|| - || x,, )nez are all equivalent. Because the linear
space X, is the completion of C.(R?) with respect to the norm || - ||x,, it follows that
the Hilbert C*(Z%)-modules (X, )nez all share the same linear space, and that the

Hilbert C'(T%)-modules (X,,),ez also all share the same linear space.
a

We will now demonstrate the utility of the Hilbert module approach with Proposi-
tion 2.2.9. Proposition 2.2.9 is a formulation of necessary and sufficient conditions for
a set of elements of X to be a multiwavelet. We shall show in Example 3.2.3 that not
all wavelets are elements of Xy. But in the next section we shall prove a result which
is similar to Proposition 2.2.9, but which holds in more generality.

Proposition 2.2.9 Suppose that (X,,)nez is a wavelet chain of Hilbert C*(Z%)-modules.
Suppose that Y1, ..., M are elements of Xo. Then {yt, ... ,wM} is an orthonormal
multiwavelet if and only if

1. Fori,j=1,...,M, and m,n € Z,
[an27Dm¢]]n = 5i,j5m,n1 (249)

where 8,7 is the Kronecker delta and 1 is the unit in C*(Z%).
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2. For all f € L?*(RY),

M
f= Z Z Dn¢z On [anz’ fln (2.50)

i=1neZ

and the above sum converges in L?(RY).

PROOF: Suppose that {1, ...,4¥M} is an orthonormal multiwavelet. Then from or-
thogonality it holds that for each i = 1,..., M, [t 4"y = 1 and so [D™)*, D")'],, = 1
for all n € Z. Equation (2.49) also follows from orthogonality. Equation (2.50) is a
direct consequence of the fact that the wavelets form an orthonormal basis for L2(R9),
with the sum converging because the L?-norm of f is finite.

Now suppose that equations (2.49) and (2.50) hold. Then equation (2.49) im-
plies that {D"(v(¢"))},ezd nez.i=1... a is an orthonormal set and equation (2.50) im-
plies that {D"(v(¢"))},czd nezi=1, . is an orthonormal basis for L?(R%). Therefore
{t, ..., M} is an orthonormal multiwavelet. O

Remark 2.2.10 Some of the theory described above can be generalised considerably.
Consider a multiresolution structure (I', D) with index m acting on the Hilbert space
L?(@), for G a locally compact group. Assume that I' is a subgroup of G. Suppose that
0 : T — G is an embedding ( we know that such a theta exists because I' is assumed to
be a subgroup of G). Then §(T") is also a subgroup of G. Associated with 6 we define
a representation 7% of ' on L?(G) by

(ﬂzf)(x) = f(z0(rv71)), forz e G, yeT, fe L*G).

Let A be the modular function on G and let § be the modular function on I'. For
fyg € C(Q), a € C.(T), define

(Fona)(s) = [ F(s0()30 a(t)dur(t) (251)

Falo(®) = % | T atr00)dnc(r) (2.52)

Then from [RW, Theorem C.23], the completion of C.(G) with respect to the Hilbert
module norm

17llx = I el f € Cu(G): (2.53)

is a Hilbert C*(I")-module.

Suppose now that there is an automorphism D : G — G for which (Df)(z) =
vmf(Dz) for f € H, x € G. And that the translations v € T act on H by vf(z) =
f(zy™1) for f € H. Then by a calculation that is very similar to the calculation
verifying equation (1.3), we obtain that forn € Z, f ¢ H, vy € T,

(D"yD"f)(z) = f(zD"yY), forz € G. (2.54)
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So consider the embedding ¢y, : I' — G given by i, (v) = 75”(7), and for f,g € C.(G),
a € C.(I"), write (f op a) := (f o, a) and [f, g]n := [f, g].,,- We then have that

(f ona)(s) = /Ff(sﬁ"(t_l)ﬁ(t_l)a(t)dur(t); (2.55)

o) =[5 [ ol 0)dc(r) (2:56)

At this level of generality there is no longer an obvious way of defining the Fourier
transform. If we were to work with Harmonic multiresolution structures as described
in 1.2, there are still some difficulties in constructing a Fourier transformed bracket
product. There are impediments to proving an analogue of Lemma 2.1.8 because it
identifies T¢ with the cube [~1/2,1/2)¢, and in the more general situation it is difficult
to come up with an analogue of the cube which has all of the required properties
(for example [—1/2,1/2)% is a measurable subset of R? for which 0 is contained in a
neighbourhood of [~1/2,1/2)¢, and we can tile R¢ with translations of [~1/2,1/2)% by
elements of Z%). There are some results in Chapter 3 for which we encounter similar
problems, including Lemma 3.4.4 and Lemma 3.4.6.

2.3 Some Hilbert modules over L>(T%)

Consider the setting of the standard multiresolution structure in L?(R¢) with dilation
matrix D (see Definition 1.3.1), and let # be an embedding of Z¢ in R?. We shall now
construct a Hilbert L>°(T%)-module which we denote by Yj, and is based on a Hilbert
module described in [CoLa] and [CaLa]. We shall construct this Hilbert module in the
Fourier domain, and show that it can be embedded in L?(R%).

Just like the Hilbert C(T%)-module Xy, the Hilbert L>°(T¢)-module Yy shall have
the same operations [, ], (see equation (2.24)), and oy (see Definition 2.1.10). Recall
that we showed that the sum in (2.24) converges absolutely almost everywhere, this
time we shall look at convergence in the weak* topology. Recall that L°°(T?) is the
continuous dual space of L'(T%)* in the sense that elements of L>°(T%) are bounded
linear functionals of elements of L'(T¢). We make the following definition.

Definition 2.3.1 If (f,)neN is a sequence in L>(T9), then (f,)nen converges to f in
the weak* topology if for all a € L*(T?), lim,, .o fn(a) = f(a).

Let the linear space Yy be the set of measurable functions p on R for which the
norm

1 _
lplly, == \l ess supCETdm Z p(C+ B)p(C+ B) (2.57)
Be(Ay)—1zd

is finite. We shall show in Example 2.3.3 that the above series does not necessarily
converge in norm in L (T9), so we instead require weak* convergence. Compare this
norm with || - || x,, which we defined in equation (2.34). The difference between the two
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norms is that || - ||y, involves taking the essential supremum instead of the supremum
and we are working in the Fourier domain. We can thus write

Ipllv, = \/ess supceralp, ply(C),

recalling that .
[p,ply(C) = det(Ag) Z p(¢+ B)p(C + B). (2.58)

pe(Ay) 124

Lemma 2.3.2 Suppose that p € Yy. Then the sum in [p,p], converges in the weak*
topology to an element of L>°(T?).

Proor: To simplify our notation we shall assume without any loss of generality that 0
is the natural embedding of Z¢ in R?. We therefore want to show that the sum defined
for almost every ¢ € T? by

> p(C+B)p(¢ +B) (2.59)

BeZd

converges in the weak* topology to an element of L>(T%). Suppose that (S, )neN is a
sequence of finite subsets of Z% for which S,, C Snt1 and Upen Sy = Z%. Then

Y p(C+Pp(C+B) = lim > p(C+Pp(C+H).

B€Zd BESn

Note that the summands in the above sum are positive so if it converges, it converges
unconditionally. Because p € Yjp, it is the case that the set of all ( € T¢ for which
> pezi P(C + B)p(¢ + B) does not converge has measure zero. Define a function L on
T by

L(¢) = > pezd P(C+ B)p(¢ + B) when it converges,
B 0 otherwise.

Because

esssupcera Y p(C+ B)p(¢ + B) < oo,
peZd
it follows that L € L°°(T%).
We shall now show that the sum in (2.59) converges to L in the weak* topology.
We want to show that for all @ € L'(T9),

tm [ S0 BT AR+ BalQde = [ L(OalC)dc:
n—oo Td Td

BESn
Because all of the terms in the above sum except for a(() are positive, it is sufficient
to show that the above relation holds for |a(¢)| (instead of a({)). Suppose that E is a
measurable subset of T%, let ¢ (E) = [ |a(¢)|d¢, then by [Rul, Theorem 1.29], ¢, is
a measure and for all measurable g : T¢ — [0, 0ol

[, 9Q)d6a(© = [ g(Q)a(Q)dc.
d Td
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It now follows from Lebesgue’s monotone convergence theorem (see [Rul, Theorem
1.26]) that

lim [ 5" BB +Adon() = [ L(da(C

n—oo
BESH

This verifies that the sum (2.59) converges to L in the weak* topology. a

We note that it follows from the polarisation identity (Lemma 0.4.3) that if p, ¢ € Yy,
then [p, q], € L>=(T9).

Example 2.3.3 This example is from page 5 of [CoLal, it is an example of a situation
where the sum in (2.58) does not converge in the norm topology in L% (T9). Assume
that d = 1 (so we are looking at functions on R), and that € is the natural embedding
of Z in R. As usual, identify T with [-1/2,1/2). We define

po= ) )

It then follows that for all ¢ € [-1/2,1/2), [p,p]y(¢) = 1. However, the sum in (2.58)
clearly does not converge in norm (the L*-norm of each term equals 1).

We have that for p € Yy,
91 = [ 1p:pLo(€dC < esssupeeralp. 1o (€) = IR,

and so Yp is contained in Lz(].:/{\d).

Theorem 2.3.4 The space Yy is a Hilbert LOO(Td)—module when equipped with the
Fourier transformed bracket product [ , |, with convergence in the weak* topology on
L>(TY), and associated module action .

PROOF: The space Yy satisfies Properties 1,2 and 3 of Definition 0.4.1 by Lemma 2.1.15.
For p € Yy, the sum

> p(C+B)p(C+P)

Be(Az)~124

is nonnegative for all ¢ € T¢. Therefore Ip, ply is a positive element of LOO(Td), verifying
property 4 of Definition 0.4.1. If [p,p], = 0, then ||p|ly, = 0 and hence ||p||2 = 0 since
llpll2 < |Iplly,- This implies that p = 0, verifying property 5 of Definition 0.4.1.

We now show that the space Yy is complete. Suppose that (p;) is a Cauchy sequence
in Yyp. Then for all € > 0, there exists J € N such that

gk > J = |p; — pill3, <e.
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This implies that for almost every ¢ € T,

[pj —pr,pj —Prlp(C) < €
ie. > (- HB) i —pe)(C+0) < edetAg
Be(Ay)~1zZ4d
so for all 3 € (A5)7'Z%,  (pj —pr)(C+B)(pj —pr)(C+B) < edet Ay.

So for almost every ¢ € R, there exists a scalar p(¢) for which lim;_, p;(€) = p(&).
This defines a function p almost everywhere on R?.

We shall now show that limy_, ||[p—pkl|ly, = 0. Suppose that (Sy,)nen is a sequence
of finite subsets of (A;)_lzd for which S,, C Sp+1 and UpenS, = (A(’;)_lzd. Now

p — pr = lim; .o pj — P, SO

1
lp—pelly, = €8S SUPcerd 3 Z lim (p; — p&)(C + B)(p; — pr)(C + B)
? peay 1z’
= || esssuPcerd g A@ Jim Z hm — )€+ B)(pj — pr)(C + B)

: 1 :
= Jim  |esssupcerag o lim ﬂg (pj =) (€ + B)(pj — pr) (¢ + 5)

= lim |ess supCETd; > (@i =)+ B) i —pr)(C+B)

j—00 detAg ﬁE(Ag)_lzd

Because (p;) is Cauchy in Yy, it follows that for all € > 0, there exists a natural number
k such that ||p — pg|ly, < e. Since p = (p — pi) + pr, it follows that p € Yy. Therefore
Yy is complete. O

Definition 2.3.5 For n € Z, let Y,, be the set of measurable functions p on l?{\d for
which the norm

Iplly, = \/ess supceralp, pl, (C) (2.60)

is finite. Again we only require weak™ convergence in the above series. Equip Y, with
the nth level Fourier transformed bracket product and the associated module action.
By Theorem 2.3.4 it is a Hilbert L (T¢)-module. Note that X, CY,. We call (Yn)nez
a wavelet chain of Hilbert L°°(T?)-modules.

It is the case that for p € Yy, ||pll2 < |[p|ly, and that Y, € L?(RY), because these
properties hold for any Yjy.

The proof of the following proposition is very similar to the proof of Proposition
2.2.8.

Proposition 2.3.6 For p,q €Y,,, we have that

ddys© = 3 al ), (2.61)

Aw)=¢
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This implies that
m 2 |plly, < llpllv,, < [Iplly,. (2.62)

We therefore have that the Hilbert L>(T%)-modules (Yy,)nez all share the same linear
space.

PRrOOF: The proof that (2.61) is satisfied is the same as the proof that (2.46) is satisfied.
Let
F:={CeT?:A(¢) =0}

By the same argument as in Proposition 2.2.8, we have that F is a subgroup of T¢
with m elements, and

Pl 1(Q) = - 3 [p.al, (B(C) + ). (2.63)
BeF
Therefore
Ipllv, . = \Jesssupceralp,pl, 1(C)

— ess supger% Z Ip, q]]n(@*—l(g) + )
BeF

IN

L3 ess supgelp al (B1(Q) + )
BeF

1
= = S lplv,

BeF

= lpllv.-

By the same argument as in Proposition 2.2.8, we have that
P ),y (UD*Q)) = m ' [p.p], (<)

where ¢ is the quotient map from R? to Z?. And thus

Iplly, . = yfess supgeralp,pl,1(C)
— \/ess supcerd[ps P,y (L(ﬁ*{))

> \/ess SupCerm_l [p. p],,(¢)

It therefore follows that the norms (|| - ||y, )nez are all equivalent. Because the linear
space Y, is the set of functions on R¢ for which the norm |- ||y, is finite, it follows that
the Hilbert L>°(T%)-modules (Y, )necz all share the same linear space.

|
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Proposition 2.3.7 can be thought of as a slightly stronger version of Proposition
2.2.9. It gives neccessary and sufficient conditions for a set of elements of L2(R%) to be
a multiwavelet. It also demonstrates that any wavelet will have it’s Fourier transform
contained in Y. The proof to Proposition 2.3.7 is almost exactly the same as the proof
to Proposition 2.2.9.

Proposition 2.3.7 Suppose that (Yy,)nez is a wavelet chain of Hilbert L°°(T%)-modules.
Suppose that Y1, ... M are elements of L>(RY). Then {¢',... 4™} is an orthonor-
mal multiwavelet if and only if

1. Fori,j=1,...,M, and m,n € Z,
[[D”z/ﬂ sz/ﬂ]] = 0;,j0mnl (2.64)

where &;, 7 is the Kronecker delta and 1 is the function on T¢ which takes the
value 1 everywhere.

2. For all f € L*(RY),
M
Z > D, [Draji, [, (2.65)
i=1neZ

and the above sum converges in L?(RY).

Furthermore, if {¢, ... M} is a multiwavelet, then for all i, z/;l €Yy If {o!,...,¢"}
is a set of scaling functions, then for all i, ' € Y.

PROOF: Suppose that {i!,...,vM} is an orthonormal multiwavelet. Then from or-
thogonality it holds that for each i = 1,..., M, [¢",¢']; = 1 and so [D"¢", D")'],, = 1

for all n € Z. This implies that ||D"z/ﬂ||y = 1. We therefore have that for all n € Z,
D"W € Y, and in particular z/ﬂ € Yy. We have that go € Yy, because [[gp gpl]]o = 1.
Equation (2.64) also follows from orthogonality. Equation (2.65) is a direct conse-
quence of the fact that the wavelets form an orthonormal basis for L2(R%), with the
sum converging because the L?-norm of f is finite.

Now suppose that equations (2.64) and (2.65) hold. Then equation (2.64) im-
plies that {D"(v(¢"))},ezd nez.i=1.. ar is an orthonormal set and equation (2.65) im-
plies that {D"(v(¢"))},ezd nez i=1, s is an orthonormal basis for L?(R%). Therefore
{pt, ..., M} is an orthonormal multiwavelet. O

Remark 2.3.8 In Chapter 3 we shall provide an example of a wavelet which is not
contained in Xy. This example, and the above proposition, suggest that results about
(Y,)nez can be thought of as being more relevant to wavelets in general, while results
about (X, )nez are more relevant to “nicely behaved” wavelets.



Chapter 3

Filters and the Cascade
Algorithm

In this chapter we shall explore in detail the concept of a “filter”. There are quite a
few standard results in wavelet theory that relate filters to wavelet theory in various
ways. In this chapter we shall review quite a few of these results, but do so in the
setting introduced in Chapter 2. These results will include the fast wavelet transform
(that we briefly described in Section 1.4), and how it relates to the Cuntz relations
[J1, BJ1, BJ3]; the cascade algorithm [Lwl, Lw2, St, BJ2], see also [Coh|; and wavelet
matrices [Gr, SN, Tu].

In so doing we shall illustrate the utility of the bracket product notation. In Theo-
rem 3.4.10 we shall prove that the cascade algorithm converges in the topology of the
Hilbert module X. As far as the author is aware, this is the first time that the conver-
gence of the cascade algorithm has been investigated with respect to this topology. In
Lemma 3.4.1 we shall show demonstrate that an operator associated with the cascade
algorithm is an adjointable operator between Hilbert modules.

In the first four sections of this chapter we shall be assuming the wavelets correspond
to a single scaling function ¢, while in the fifth section we will investigate multiwavelets
which have more than one scaling function. In Section 3.1, we shall investigate an
operator called the downsampling operator, and its Fourier transform. In Section 3.2
we will relate wavelets to certain elements of C*(Z?) known as scaling and wavelet
filters. In this section we shall also show that the Shannon wavelet is not contained
in the Hilbert C*(Z%)-module Xg, but does have it’s Fourier transform contained the
Hilbert L°°(T%)-module Yy, see Example 3.2.3. In Section 3.3 we shall relate the fast
wavelet transform to representations of Cuntz algebras. In Section 3.4 we shall study the
convergence properties of the cascade algorithm. In Section 3.5 we shall investigate the
properties of multiwavelets by constructing Hilbert modules over a matrix C*-algebra.

Wavelet theory partially emerged from the study of operators and filters and their
applications to engineering and numerical algorithms [SN]. In this chapter we attempt
to demonstrate that our construction relating wavelets to Hilbert modules fits in nicely
with this perspective.

73
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Notation 3.0.1 Unless otherwise stated, throughout this chapter we shall be working
with the standard multiresolution structure (introduced in Section 1.3) that is associ-
ated with a dilation matrix D with index m. We shall be working with the Hilbert
modules described in the previous chapter.

We shall be making extensive use of the operations [, |, on, [, ],, and o, which we
defined in Definition 2.2.2, for n € Z. Recall from Lemmas 2.1.5, 2.1.7, 2.1.9, 2.1.11,
2.2.6 that these operations map between the following spaces:

on : L*RY) x1YZ%) — L*RY);
[ ]+ L2RY) x LX(RT) — Co(27);
[.], : L*®)x LR — LN(TY);
on ¢ L*RY) x O(T% — L*(RY).

We shall use the notation RY to indicate that we are working in the Fourier domain.
Recall that Lemma 2.1.12 relates [, |,, and o, to [, ], and o, via the Fourier transform.
Theorem 2.2.6 tells us that we can use the above operations to construct isomorgl\lic
Hilbert C*(Z%)-modules X,, ¢ L?*(R%), and Hilbert C(T%)-modules X,, ¢ L2%(R9).
Recall from Proposition 2.2.8 that the Hilbert modules (X, ),cz all share the same
linear space, so the difference between them is in how the inner product and module
action are defined. In Definition 2.3.5 we construct a Hilbert L°°(T¢)-module Y;, which
contains X, as a subset, and whose L>°(T%)-valued inner product is given by [, |,
with module action given by o,.

3.1 The Downsampling Operator, P

Let us consider a multiresolution structure (I', D) acting on a Hilbert space H. Recall
from page 22 that we defined A € Hom(I') to be A(y) = D~14D (as a unitary operator
on H), where the translation v € T is thought of as a unitary operator on H. Recall from
page 64 that we defined a dual homomorphism A € Hom(T%), satisfying (A(7),¢) =
(’y,A(C)), for v € Z¢,¢ € T¢,

Definition 3.1.1 Suppose that a is a function on the group of translations I'. The
downsampling operator P maps a to another function on I' which is given by

(Pa)(7) = a(Ay), ~eT. (3.1)

Suppose that a € C*(T"). Then there exists a net (a;) in C.(T") such that a; — a. We
define P(a) to be the limit of P(a;).

For the rest of this section, let us assume that the above multiresolution structure is
the standard multiresolution structure associated with dilation matrix D as described
in 3.0.1. Tt follows from equation (1.3) that A(y) = D(y), for v € Z.

Lemma 3.1.2 For fag € Xn; P[f» g]n = [fa g]n—l-
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PRrROOF: We compute for v € Z,

(PLf,9ln)(v) = [f; 9ln(A (7))

Now from the defintion of [f, g|,

[f,9ln(A(Y)) = s f@ = D= (A(T)))g(x)dx
= flz = D~0=Dy(T))g(x)da
Rd
= [f,gln-1(7)
Od
Lemma 3.1.3 Suppose that ag,...,qm_1 are a set of coset representatives of A(Zd)
in Z%, and a,b € C*(Z%), then
m—1
> (Paja)(Pa;b)* = P(ab"). (3.2)
=0
PROOF: Suppose that a,b € C.(Z?), then for v € Z4,
m—1 m—1
(Z (Paia)(Paib)*> () = > > (Poa)(B)(Paib) (v — )
i=0 i=0 BeZd
= Z Z (AB — a;)b(Ay — AB + «;)
i=0 gezd
= Y a(@b(B - Ay)
Bezd
= P(ab™)(7).
Equation (3.2) is satisfied for arbitrary a,b € C*(Z%) by continuity. O

We shall now examine the Fourier transform of P, which is given by
P =FPF*.

Because the Fourier transform maps 12(Z%) to L?(T?) and maps [*(Z%) to C(T%), P
can be thought of as a mapping from L?(T%) to itself, or as a mapping from C(T%) to
itself.

Proposition 3.1.4 For all a € C(TY),

Z a(w), for (e T (3.3)

1
m .
Alw)=¢

(Pa)(¢) =

It follows that P is a positive map from C*(Z?) to itself.
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PRrROOF: For ¢ € T, there exist m choices of w € T? for which A(w) = ¢. So for
v € Z¢,

(FraP)) () = [ (PO, )
= [ aO=26).0d
CeTd
= [ X a@)-A0).w)ic

Td E .
c A(w)=¢

- /< LS aw) Qe

€T Afo)=¢

It follows that (Pa)(¢) = 1 D A(w)=c a(w). To see that P is positive, suppose that a is
a positive element of C*(Z4). Then for all ¢ € T¢, a(¢) > 0. It follows from (3.3) that
P&(C) > 0, verifying the result. O

We remark that one can also verify (3.3) by using equation (2.46) and noting that
Xy, is full (which is a consequence of Theorem 2.2.6).
The above proposition motivates us to define for a € L>(T?),

(Pa)(() ==1/m > a(w).

A(w)=¢

The following calculation verifies that for p,q € Y, P [p,ql,, = Ip.4ql,,_; (as one would
expect).

[Pl Q) = m"™h > p(§)q(€)

Example 3.1.5 Consider the multiresolution structure of Example 1.1.3. In this ex-
amnple G = R, I' = Z and D is multiplication by 2. In this case we have that Ay = 2,
and so for a € C*(Z), (Pa)(y) = a(2y). In the Fourier domain we have

(77 AC) = (A"}/, C) = (2*}/7 C) = e47ri’y§

and so AC = 2(¢. We therefore have that

(Pa)(©) = 5 () + a5 +3))
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We will now examine the behaviour of the downsampling operator P on the Hilbert
space [?(Z%). We have that P € B(I?>(Z%)) and has norm equal to 1. The adjoint P*
of P as an operator on [2(Z?) is the operator that satisfies (Pa,b) = (a, P*b) where
a,b € 12(Z%). We shall call P* an upsampling operator. It can be verified by a routine
calculation that it is given by

(3.4)

. a(a) if there exists a such that v = Aaq,
P =
(Fra)(v) { 0 otherwise.

We use (3.4) to define the upsampling operator P* on C,(Z%), we can then use continuity
to extend its definition to C*(Z9).

Lemma 3.1.6 Suppose a,b € C*(Zd), and ag,...,Qm—_1 1S a set of coset representa-
tives of AZ® in Z?. Then a = (P*b)c if and only if for all i, Poya = b(Payc).

Proor: We have

(P*b)e)(y) = > (P0)(B)ely — B)

Bezd

= > b(B)ely — AB)

B€Zd

and

(b(Paic))(v) = Y b(B)(Paic)(y — )
Bezd
= 3 b(B)e(Ay — AB - )
BEZ4
= (P")c)(Ay — ai).

This calculation tells us that if @ = (P*b)c then for all i, Paja = b(Pa;c). This converse
to this result follows from the above calculation and the fact that «ag,..., a1 is a set
of coset representatives of AZ? in Z<. O

3.2 Filters and Wavelet Matrices

Let us now examine multiwavelets for which there exists a multiresolution analysis
with a single scaling function . These wavelets are often known as higher multiplicity
wavelets when m is greater than 2. In this case the operators associated with the fast
wavelet transform and the cascade algorithm are much easier to define than in the
general case. We shall return to the case that there is more than one scaling function
in Section 3.5.

We shall now define some important functions on Z? associated with the scaling
function and wavelets.
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Definition 3.2.1 Let 1, ...%,_1 be a multiwavelet with scaling function . We define

h = [, D ¢lo = [D"p, D" o),
g = [, Dy = [D"p, D" 9],

fori=1,...,m —1. We call h and ¢* the scaling filter and the wavelet filters.

In much of the wavelet literature, scaling filters are known as low pass filters and wavelet
filters are known as high pass filters. The term filter is also used to refer to the Fourier
transforms of h and ¢°.

Because V,,_1 and W,,_1 are contained in V,,, we can write

D"l =D"po, h="D"po, D", D" '],
D"yt =D"po, g’ = D"p o, [D"p, D" ',

The above equations are the Hilbert module versions of the scaling and wavelet equa-
tions. We shall now show that ||h|l2 = [|¢°|z = 1. We know that ||D~l¢|s = 1,
and so by (3.7), |32 ez h(7)#(- —v)ll2 = 1. Now because the translations of ¢ by
Z? form an orthonormal set, it follows from Pythagoras’ theorem that > ez |h(y)|? =
132 eza M(7)@(- =2 Therefore ||hll2 = 3> ez4 [h(7)]* = 1. The proof that ||g'[> = 1
is the same.

Now we know from Proposition 2.3.7 that ¢ and 1! are contained in Y;. So by
Proposition 2.3.6, D!y and D149 are also contained in Yj. It therefore follows that
h and g are contained in L°°(T?).

Example 3.2.2 Recall we described the Haar wavelet ¥ = x(0,1/2) — X[1/2,1) € L*(R)
in Example 1.1.3. The Haar wavelet corresponds to the scaling function ¢ = x|g,1)-
We have that D1y = 2_1/2X[0,2) and D~y = 2_1/2(X[0,1) —X[,2))- We calculate the
scaling filter

hk) = [p. D7 Yelo(k) = [ PP ol — )da
= 2_1/2/RWX[072)($_]€)‘1"E
= 2_1/2/RWX[&2+M($)CZ"E
for k € Z. It therefore follows that h = 27/ 2(60 + e_1), where e; is the element of

C.(Z) for which e;(i) = 1 and e;(j) = 0 when j # 7. We similarly calculate the wavelet
filter to be

9=1[p, D7 lg =2712(ep — e_1).

Note that in this case both h and g are contained in C.(Z), and in particular are
contained in C*(Z).
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Example 3.2.3 Let us now examine the Shannon wavelet that we described in Ex-
ample 1.1.9. In this case ¢ = X[-1/2,1/2) and 1[)(6) = eié/QX[_Ll/Q)U(l/Q’H(5) for
¢ € R. It follows from Corollary 1.2.6 that D/—Tgo = \/EX[—1/4,1/4) and D/—sz(f) =
\/ieiﬁx[_1/271/4)U(1/4,1/2] (&) for £ € R. We make use of Lemma 2.1.12 to calculate

~ —_—

h(¢) = [¢, D7 1¢], = V2 Z X[-1/2,1/2)(C + k)X [=1/4,1/4)(C + k)
keZ

= \/§X[—1/4,1/4)(C)~

And

V2 Z X[-1/2,1/2)(C + k’)eigX[—1/2,—1/4)u(1/4,1/2} (C+k)
kEZ

3(¢) = [, D],
= V2" X [_1/9,-1/a)0(1/4,1/2)-

Note that in this case k and § are contained in L2(T)NL%(T), but are not contained in
C(T). So in particular, h and g are not contained in C*(Z). We know from Propositon
2.2.8 that if ¢ € Xo, then D1y € X (because D_lgo € X_1 and X shares the same
linear space as X1). So since h ¢ C*(Z), ¢ ¢ Xo. This example is important because it
illustrates that not all wavelets are contained in Xg, and hence not all MRA-wavelets
correspond to filters contained in C' *(Zd). However, most wavelets in applications are
compactly supported and have finitely supported filters (see e.g. [Dal]).

The equations in the following proposition are the Hilbert module version of the
shifted orthogonality conditions. This result is actually a special case of Proposition
1.4.2. We prove it again to illustrate the simplicity of the Hilbert module notation
(especially for performing calculations).

Proposition 3.2.4 Suppose that fori=1,...,m—1, h and g* are scaling and wavelet
filters for the scaling function ¢ and wavelets 1, then they satisfy:

POK) = 1, (39)
Plg'¢’") = b1, (3.10)
P(¢'n*) = 0 (3.11)

where 9; ; is the Kronecker delta, and 1 is the unit function on Z¢ (i.e. 1 takes the
value 1 at the origin, and zero everywhere else).

ProOOF: Using the fact that [¢, ¢]o = 1, and using Equations (3.7) and (3.8), we have
[P, D plo = [p o by 0 hlo = [, plohh™ = hh™;
D™, Do = [pog’,wog'lo = v, vlog's™ = g’

Do, D' = [poh,pogy=[p,plog'h* = g'h*.
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From orthogonality we obtain

PD o, D7 l¢lo=[D ', D]y = 1,
PO~ D7y = D', DY = 16,
PD ', Do = [D ', D]y = 0.

And so by substituting the previous set of equations into the above set of equations we

get
P(hh*) = 1;
P(g'g’") = 8,1
P(g'h*) = 0

O

Using Proposition 3.1.4, we can write the shifted orthogonality conditions in the

following way. For all ¢ € T¢,

Y @) = 1, (3.12)
Aw)=¢

Ly i@ = b 313
Aw)=¢

% S giwh(w) = o (3.14)
Aw)=¢

Example 3.2.5 In the multiresolution structure of Example 1.1.3 (where G = R and
I' = Z) we can write the shifted orthogonality conditions as

Z h(a)h(o —2v) = 40

a€Z
> g (a)g’ (a = 2v) = 6 ;04
a€Z
> g (a)h(a—27) =0
a€Z

for scaling and wavelet filters h, g’ contained in C.(Z%), and v € Z. The Fourier
transformed shifted orthogonality conditions can be written as

ﬁ( ¢/2h(¢/2) + h(C/2+1/2)h(¢/2+1/2) =
g (C/2)97 (C/2) + g1 (C/2+ 1/2)g7 (/2 +1/2) = 231,
g (C/2R(C/2) + g (C/2+ 1/2)h(¢/2+1/2) = 0

forall ¢ € [-1/2,1/2) 2 T.
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We now define the scaling operator H and wavelet operators (Gi)izl,...7m—1 which
map functions on Z¢ to functions on Z? by

H(a) = P(ah™), (3.15)

G'(a) = P(ag™); (3.16)

with multiplication being convolution on Z¢. Note that if h (or ¢°) is an element of
C*(Z%) then because P maps C*(Z%) to itself, H (or G%) map elements of C*(Z%) to
C*(Z%). Let us also investigate how these operators act on [2(Z%). It follows from
the Fourier transformed shifted orthogonality conditions that for all w, ﬁ(w) <m. It
therefore follows from the Plancharel identity that ||H(a)|2 < m|alls for a € 1*(Z%),
and so H € B(12(Z%)). By the same argument G* € B(12(Z9)) fori =1,...,m — 1.

We can write the shifted orthogonality conditions in terms of these operators as

H(h) = 1, (3.17)
G'(¢) = &1, (3.18)
H(¢")=G'(h) = o. (3.19)

We can use Proposition 3.1.4 to write the Fourier transform of H and G* as

(Ha)(¢) = a(w)h(w), (3.20)

(Gla)(¢) = a(w)gi(w), (3.21)

where a € C(T?).

The operators H and G are examples of what we shall call filtering operators. If
b € C*(Z%), we define the filtering operator F}, associated with b, Fy, : C*(Z?) — C*(Z%)
to be

Fya = P(ab") (3.22)

The filtering operators that we have defined consist of a convolution followed by a

downsampling. We can write the scaling and wavelet filters as H = F}, and G* = Fi.

Lemma 3.2.6 For a,b € C*(Z%),

| Fyal

1 )
o (zd) < - Sup > lb@)lllallcx(zay-

CETTAw)=¢
PRrROOF: By definition we have

Ha”c*(zd) = sup a(().
ceTd
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So

|Fyallcw(zay = sup — a(w)b(w)
oz = S >
1

< = sup sup a(&)b(w)
M ceTd | (Z) Cger

= —Sup Z w)lllallc= (za)-
M ¢emd { (@)=C

O

It is sometimes also possible to define a filtering operator F, when b ¢ C*(Z%),
using (3.22). When b € L°(T%), F, will be a bounded operator on 12(Z%). Let us now
calculate the adjoint of F} as an operator on 1%(Z%).

Lemma 3.2.7 Suppose that Fy, € B(12(Z%)). The adjoint of the filtering operator Fy
as an operator on 1*(Z%) is given by

Fya= (P*a)b". (3.23)

PROOF: We need to check that (Fya,c) = (a, Fjc), for a,b,c € 13(Z4), and F}, defined
by Equation 3.23. We have

(Fya,c) = (P (ab*) c)
= (ab™, P"c)
= (a,(Pc)b)
= (a,Fyc)
proving the assertion. O

It is interesting to formulate the shifted orthogonality conditions in terms of what
are known as wavelet matrices. Wavelet matrices are extensively used in the the study
of wavelets from an algebraic perspective [Tu], and in the study of subband coding
[SN]. An important development in the theory of wavelet matrices was in a proof by
Grochenig in 1987 [Gr] of an m-dimensional version of the theorem of the existence
of wavelets given a scaling function (see Theorem 1.1.11). To simplify notation, write
g% := h, the shifted orthogonality conditions can then be written as

P(g'g’*) = 61, whered,j =0,...,m — 1. (3.24)

Let ag,...,am_1 be a set of coset representatives of AZ? in Z¢, and set ag = 0.
For v € Z%, define A(v) € M,,(C) by
Ay +ag) Ay +ar) - Ay +am-)
1 1 1
g (Ay+a gA@y+a) - g(Ay+ama
Ay = ( : : ( . : . ( . : - (3.25)

Ay + ) "N A+ 1) - g"THAY + )
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We have just defined a “sequence” of matrices indexed by Z9, because this is a tensor
product construction, it is the same as defining a matrix of sequences which are indexed
by Z?. With this discussion in mind we define our wavelet matriz A as follows

P(apg?) Plaig®) -+ Plam-19")
ol ol ol
A P( :09) P( :19) ) P( m 19") _ (3.26)
P(apg™™ ') Plang™™h) -+ Plam—19™1)

This definition of A is equivalent to the previous definition of A (3.25).

Remark 3.2.8 Recall from Examples 0.4.2 that for an arbitrary C*-algebra A, A™ is
a Hilbert .A-module. It is known (see Chapter 15 of [W-O]) that it satisfies

L(A™) = M,,(M(A)), and K(A™) = M, (A)

where M(.A) is the multiplier algebra of A. The multiplier algebra of a C*-algebra A
is a certain unital C*-algebra which contains A, and when A is unital, M(A) = A. So
if A is unital, £(A™) = K(A™) = M,,(A). From now on assume that A is unital. The
isomorphism between IC(A™) and M,,(A) is given by

aobS s aobrn
© (a0, 1), (b0 b 1)
am_le s am_lb:(n_l

We have that A™ is a right Hilbert module over A, and a left Hilbert module over the
C*-algebra L(A™) = K(A™). The space A™ is a left Hilbert K(A)-module with the
inner product [a, b (4m) = Oap. It is worth noting that this construction shows that
the C*-algebra IC(A™) is Morita equivalent to .A. In the situation that h, g’ € C*(Z9)
we then have that A € K(C*(Z4)™).

Lemma 3.2.9 Let o, ...,am_1 be a set of coset representatives of AZ% in Z%, and
also let ag = 0. Let wy,...,wn—_1 be separate elements of T which satisfy A(wz) =0
for all i, and set wg = 0. The following three statements are equivalent:

1. The shifted orthogonality conditions are satisfied, i.e.

P(g'¢’) = 6ij1, wherei,j =0,...,m — 1.

2. The operator given by

P(apg?) P(a14°) P(am-14°)
anal ool o 1ol
A— P( :09) P( :19) ) P(m:lg) (3.27)
P(agg™™ ") Playg™™) P(am—19™"1)

18 unitary.
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3. The operator B given by

~ ~ ~

PC+w)  PCHw) - PO+ wma)

BO =i | 9CT@) g (e g o) |
¢ Hwo) gmHCHwr) o g™ HC + winet)

18 unitary.

PROOF: The operator A is unitary if and only if AA* =1 = A*A. So A is unitary if
and only if

Yot Plaig®)Plaig®)” - X0 Plaig”)P(asg™!)*
=1.
ikt Plaig™ ) P(ig®)* - Mgt Plaig™ ) Plaig™!)”
This is the case if and only if
Zg )97 (v + AX) = 8; ;650 wherei=0,...,m —1, and \ € Z¢,

yEZ

which is equivalent to the shifted orthogonality conditions.
Now examine the operator B. The Fourier transform of the shifted orthogonality
conditions is given by

1 A =
P Z G (w)g! (w) = d; 5. (3.29)
Aw=¢
We can write this as

1 m— - @
m Z ¢+ wi)g (¢ +wp) = i (3.30)

for all ¢ € T?. By inspection the above equation is equivalent to B being unitary. O

Remark 3.2.10 In this remark we shall study for the sake of comparison some work
done by J.A. Packer and M.A. Rieffel from [PR1] to study wavelet theory. We shall not
prove any new results in this remark. The notation that we shall use will be based on
the notation used in the rest of this thesis, rather than on [PR1]. The main difference
between the Hilbert modules constructed in this thesis and the one constructed in [PR1]
is that the Hilbert module they construct consists of functions on Z¢ rather than on
R?. This leads to filters being elements of the Hilbert module that they construct
(rather than wavelets). This gives a different (but similar) perspective on filters to the
one described above. We shall now describe how this Hilbert module is constructed.
Let D be a dilation matrix and consider the groups I' := Z% and T'"! := D(Z%).
We are interested in the pre-C*-algebras C.(Z9) and C.(I'"!). The embedding of '~
in Z% makes C,(I'"!) a subalgebra of C.(Z%). Let ag,...,a,_1 be a set of coset
representatives for cosets of ™! in Z¢. For each i = 0,...,m — 1 let e; be the function
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on Z? which takes the value 1 at a; and 0 elsewhere. Each element f of C.(Z?) is the
sum of its restrictions to the cosets of I' ! in Z%, and so there exist unique (f;)i—o 0,...,m—1
each contained in C,(I'"1) such that

f:Zfi*ei-

By definition, C.(Z%) is a free C.(I'~')-module of rank m, with the e;’s being a module
basis. The mapping f — (fi); € C.(I"1)4 is a C.(I'"!)-module isomorphism from
C.(Z%) to C.(T71). Define a C.(I'"!)-valued inner product on C.(Z%) by setting

(frg)c.on(v) = (fT*xg)(V)
= > fla)gla-

a€cZd

We then have that
f=>eilei, He.r-1)-

Let us now examine what happens in the Fourier domain. Both Zd and T-1 are
isomorphic to T¢. We shall only identify Z? with T?. Let F be the finite subgroup of
T consisting of the characters of Z% which take the value 1 on all of I'"'. The group
F is the annihilator of T=! in Z<. It is the case that F' is the dual of Z4/T~1 and is
finite of order m. The elements of F' give us automorphisms of C.(Z?).

The Fourier transform of C.(Z%) embeds in C(T%) which is a C*-algebra. The
group F acts on C(T?) by translation. Elements of C.(I'"!) are mapped by the Fourier
transform to elements of C(T?) which are invariant under translation by elements of
F. We let A be the completion in C(T%) of C’C(f‘—l). The A-valued inner product on
C(T9) is given by

(f,9) —mlzfx— g(x —w).

weF

In [PR1] a low-pass filter is defined to be an element h € C(T4) for which

>

0) = m, (3.31)
(h,h)4 = m, (3.32)

where m = | det D|. A set of elements §',..., 5™ ' € C(T?) is defined to be a high-pass
filter family corresponding to the low pass filter h if it satisifes the shifted orthogonality
conditions.

If we compare this definiton to Definition 3.2.1 several differences are apparant.
The main difference is that in [PR1], filters are examined from the perspective of them
being arbitrary continuous functions on T?. We showed in Example 3.2.3 that not all
scaling functions have continuous filters. We shall examine how to construct scaling
functions and wavelets from arbitrary filters in Section 3.4, where we shall also prove
an analogue of (3.31). The filters in [PR1] are also normalised differently (by a factor
of v/m). It is interesting that [PR1] demonstrates that the action of convoluting two
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functions on Z¢ and then downsampling is in fact a form of A-valued inner product. In
[PR1] the correspondence given by Swan’s theorem between vector bundles and Hilbert
modules over commutative C*-algebras is used to prove some interesting results about
continuous filters.

3.3 The Fast Wavelet Transform and Representations of
Cuntz Algebras

The filtering operators that we have just defined are used for the fast wavelet transform.
We described the fast wavelet transform in Section 1.4. We return to the fast wavelet
transform because the Hilbert module construction makes the proofs simpler and more
illuminating, and because of its relation to representations of Cuntz algebras. We shall
study some work done by Bratteli and Jorgensen relating the fast wavelet transform to
representations of Cuntz algebras. We shall also look at how the fast wavelet transform
relates to wavelet matrices.

The analysis part of the fast wavelet transform allows us to obtain the scaling and
wavelet coefficients [f, D", and [f, D], of a function f at a level n from the scaling
coefficients at the next finer level n+1. We can iterate this process to obtain the wavelet
coefficients at coarser levels. The synthesis part of the fast wavelet transform goes in
the other direction and allows us to obtain the scaling coefficients at a particular level
from the scaling and wavelets at the next coarser level.

Although we already more or less proved Propositions 3.3.1 and 3.3.2 in Section
1.4, when we proved Theorem 1.4.3, we prove them again to illustrate how our Hilbert
module construction can simplify calculations. It is also interesting to state these results
using our Hilbert module notation.

Proposition 3.3.1 (Fast Wavelet transform - Analysis Part) Suppose that

{9"}ic1,..m—1 € Xo

is a multiwavelet with a single scaling function . Then for arbitrary f € Xp11,

(D", fln = H[D" ', flnt1, (3.33)
(D™, fln = G' D", flnta. (3.34)
ProoOF: We have that
D¢, fln = P (D", flns1)
- p(DnH L1 [P, D ]n+17f]n+1)
= P(Dn+ @, f n+1[Dn%Dn+lS@]n+1)

= H[D""'¢, flns1.

The proof that [D")¢, f],, = GID" i, f],+1 is the same. O
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Proposition 3.3.2 (Fast Wavelet transform - Synthesis Part) Suppose that

{4 }ic1,. m-1 € Xo

s a multiwavelet with a single scaling function . Then for f € X411,

m—1

[Dn-i-lw’ f]n-i-l =H" [Dn307 f]n + Z GZ* [anz)zv f]n
=1

where H* = Fy and G = F;i as defined in Lemma 3.2.7.

PROOF: We have that Py, ., f = Py, f + Pw, f, so

m—1

Dn—i_l@ On+1 [Dn+1907 f]n—i—l = DnSO On [D n + Z an anz f]
1=1

Taking an inner product on the left with D1y in X, we obtain

D", D" et [P flass = [P, DM on DM, Sl

m—1

+ 3 [P DM on DM, fla] -
i=1
From orthogonality of the translates of ¢ we have that [D"*lp, D" ly], 1 = 1, and

we get

[Dn+190> flav1 = [Dn+1(:0> D"p opy1 P*[D", f]n-i-l} "
m—1

+) [D"*lso,DW ont1 P*[D"p, f ]n+1}
=1

= [Dn—’_l@apn ]n—i—lP*[DnSOaf]n

n+1

m—1
+ Z ’Dn+1907Dn Z]n-‘rlp*[lpnﬂ)z)f]n
=1

- HD st S G,

|

The fast wavelet transform is closely related to a family of C'*-algebras known as
Cuntz algebras. For n € N, the Cuntz algebra O,, is generated by a set of elements
S0, - -+, Sp—1 which satisfy

SKS; =1 (3.35)

Y 58 =1 (3.36)

The representions of O,, that we are about to describe have been described by
Bratelli and Jorgensen ([J1, BJ1, BJ3]). These representations have been used for
studying both fractals and wavelets. This is an interesting example of how C'*-algebras
are relevent to wavelet theory.
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Theorem 3.3.3 We have that

HH*=1, and G'G* =1 fori=1,...,m—1 (3.37)

and that .
H*H+ > G*G'=1. (3.38)

=1

So the mapping 7 : O, — B(?(Z%)) which is given by

W(Sb) = H*
7(S) = G* fori=1,...,m—1

18 a *-representation of Opy,.

PROOF: On page 81 we used the shifted orthogonality conditions to show that H,G* €
B(1*(Z%)). We shall now demonstrate that H*H + "' G*G' = 1. Suppose that
a € 12(Z%), let , 1" be a scaling function and some wavelets. If we set f = ¢ og a then
we have that a = [p, f]o. Now we know from Proposition 3.3.2 that

m—1
a= [‘707 f]o = H*[D_IQD, f]—l + Z Gi*[D_lqpi)f]—l
=1

But we know from Proposition 3.3.1 that

D Yp, fl-1 = Hp, flo
and [D7' fl.1 = GYg, flo.

We therefore have that a = H*Ha + Y77 G*Ga for all a € 1*(Z9).
Suppose that a and b are contained in [2(Z4), and b € L>°(T?), then we have for
v € Z¢,

(FyFya)(y) = P(P*(a)bb*)(y)
(P*(a)bb™) (A7)
= Y (Pra(@))(bb*)(Ay — a)
acZd

= Z a(A™a)(bb*)(Ay — @)
aeAZ

= Y ala)((Bh)(A — Aa))
a€Zd

= (aP(0b"))(7)-

So if P(bb*) = 1, then F,Fa = a. Since h, g" satisfy the shifted orthogonality condi-
tions, HH*a = a and G*G*a = a. We therefore have that 7 is a representation of O,,.
O

The fast wavelet transform can be conveniently expressed in terms of wavelet ma-

trices.



3.4. THE CASCADE ALGORITHM 89

Corollary 3.3.4 Suppose that A is a wavelet matriz as defined on page 83, and corre-
sponds to scaling function ¢ and wavelets Y',... ™ 1. Let ag,...,cm—1 be a set of
coset representatives of AZ® in Z¢. We can write

D", fln PQO[DnH% fln+1

DYt £, Poi[D" o, fl,

| ¢;’f] _qer| Pl 7 L (3.39)
[anm_lmﬂn Pam—l[Dn—HSOa f]n-‘,—l

PrOOF: Equation (3.39) can be expressed as

m—1
D¢, fln = (Pajh)*(Pa[D" g, fln+1)
§=0
] m—1
D"y, fln = (Pajg")* (Pa[D" 1, flns1)
7=0
where i =1,...,m — 1. Now by Lemma 3.1.3, these equations are equivalent to

[Dn% f]n = P([Dn-HSOa f]n-i—lh*)
[anpzvf]n = P([,Dn—i_ld)ivf]n-i-lgi*)

where ¢ = 1,...,m — 1. This equation is exactly the analysis part of the fast wavelet
transform. O

We shall now demonstrate that the synthesis part of the fast wavelet transform is a
direct consequence of the analysis part and the matrix A being unitary (in other words
the shifted orthogonality conditions). Because A is unitary, Equation (3.39) can be

written as
PaO[Dn—i_lgpv f]n-i—l [Dn% f]n
Pay[D" o, fln DY, fln
1[ ¢ Jn+1 T [ | ] ‘ (3.40)
Pam—l[Dn+1(p07 f]n—i—l [Dn¢m_17f]n
and this is equivalent to saying that for ¢t =0,...,m — 1,
Pa;[D" e, flap1 = (Pah)[D Z (Paig’)[D"y, fln

which is equivalent to the synthesis part of the fast wavelet transform by Lemma 3.1.6.

3.4 The Cascade Algorithm

In this section we are interested in wavelets for which there exists a single scaling
function ¢. The cascade algorithm allows us to obtain a scaling function ¢ from
the scaling filter A associated with it. It also gives us some necessary and sufficient
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conditions for an element of C.(Z%) to be the scaling filter for some scaling function.
The main results in this section are Theorem 3.4.10 and Theorem 3.4.11. Theorem
3.4.10 describes some sufficient conditions for an element of C*(Z9) to be a scaling
filter. Theorem 3.4.11 describes some necessary conditions for A to be a scaling filter.
Theorem 3.4.10 and Theorem 3.4.11 are quite similar to results in [Lw1, St, BJ2], except
Theorem 3.4.10 also demonstrates that the cascade algorithm also converges in X|.

We note that in this section we are investigating the convergence of the cascade
algorithm in Xy, with the scaling filter candidate h € C *(Zd). It may perhaps be pos-
sible to strengthen the results described here if one works with scaling filter candidates
for which h € L>(T9), and one investigates the convergence of the cascade algorithm
in Yo.

Recall from (3.7) that the scaling equation can be written as

¢ =Dyoy h="D(pogh),
this leads us to define a cascade approrimation operator
"M, f :=Df opi1 h =D(f on h). (3.41)

If f € Xy, then because D € L(Xpn, Xp11), "M, f € X,41. It is also the case that
for any scaling filter h, "M,, € B(L?*(R%)), because h € L>(T%). We shall mainly be
interested in what happens at the core subspace of the multiresolution analysis so we
write

"M f="Myf =D(f oo h).

More generally, for arbitrary b € C*(Z%), we define the cascade approzimation operator
associated with b to be
"M, f :=D(f onb), (3.42)

and
"Mf :="Myf =D(f o b).

The cascade algorithm consists of choosing an initial estimate ¢(® for ¢, and re-
peatedly applying "M to ¢ until it is sufficiently close to . Before we examine
the convergence properties of the cascade algorithm, let us examine the properties of
cascade approximation operators in general.

Lemma 3.4.1 Ifb € C*(Z%), then *M,, € L(X,, Xpy1), and for g € X1,
(°M,)*g = (D 1g) o, b*.
ProOOF: Let f € X,, and g € X,, 11, then using Corollary 2.2.7, we obtain

PMyf,glns1 = [D(fonbd),glnt
= [f On b7 D_lg]n
= [f> (D_lg) On b*]n
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Lemma 3.4.2 For f,g € X,,, b € C*(Z%),
[ My f,* Mgy = P(Lf, glnbb*).
Proor: Let f,g € X,,, then

[anf7an9]n = fv( n)" ang]n 1
f,D (ang) op, b* ]n 1

[
[
[£,D7'D(g oy b) o b*]p—1
[

f,90n (bb )]
P[f.gon (bb*)]n
= P([f,glnbb%)
O
Lemma 3.4.3 Suppose that b € C*(Z%) and f € Xo, then
1
1M £l x, < —sup } b(w)b(w) | £1lxo -
€T Awy=
Hence if h € C*(Z%) is a scaling filter, then |"M f|x, < |If|lx,-
Proor: We calculate
b barg b 3
"M A, = (MM Floll2e g
1
= [P(S, Flobb")l| . (gay  (by Lemma 3.4.2)
1 .7
= — sup Z [£, flo(w)b(w)b(w) (by Proposition 3.1.4)
M ¢erd
Aw)=¢
1 . = o
< —sup Y b(w)b(w) sup [f, flo(€)
M CET A )= seTe
= — sup b(w)b(w)[[flx
m CGTdAZ)_C .
The fact that ||"M f||x, < ||f]lx, now follows from equation (3.12). O

Lemma 3.4.2 leads us to define the transition operator °T : C*(Z%) — C*(Z?) to be
for a,b € C*(Z9),
°Ta = P(abb*) = Fy-a. (3.43)

by Lemma 3.4.2 the transition operator satisfies

[anfa ang]n = bT[f7 g]n
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for f,g € X,,. We can sometimes also define the transition operator for b ¢ C*(Z%).
For example, if b € L°°(T%), then (3.43) defines a bounded operator on L2(Z%). The
transition operator tells us what happens to inner products when acted on by a cascade
approximation operator. We shall later see that the transition operator "7 tells us
about the convergence properties of the cascade algorithm. The use of the transition
operator was first suggested by W. Lawton in [Lwl, Lw2].

In order to examine the convergence properties of the cascade algorithm as well as
necessary and sufficient conditions for a filter to be the scaling filter, we will first prove
some standard results about scaling functions and scaling filters.

The proofs to the following two Lemmas are similar to the proof of [HW, Chapter
2, Theorem 1.7], a similar result is proved in [Coh, Theorem 1(c)].

Lemma 3.4.4 Suppose that ¢ is a scaling function for which ¢ is continuous at 0.
Then ¢(0) = 1.
PROOF: Let C' C RY be the cube [~1/2,1/2)%. Let f = xc, the characteristic function
of C. Let (Vj)jez be the multiresolution analysis corresponding to ¢, and let Py, be
the projection onto V;.

Because UjezV; = L2(RY), lim; Py, f = f, and in particular lim; ., || Py, f|l2 =
Il f]l2. We have that

Py, f =D’ po; [Dy, fl;,

SO

1Py, £113

Lo > B FEE BPE+ )
R4/(D*)-iZd

Be(D*)—izd

- / [Py, P71, ()d(6)
([Dig, Dig],[Dig, f1,)(€)d()

- / D7, f1,()d(¢)

because f = xc. So

I
\

lim [|Py; f3 = [2(0)].
j—00
But
lim [Py, fI3 = [If]I3 =1,
j—o0
so |¢(0)| = 1. O
The condition that ¢ is continuous at zero is fairly weak, for example if ¢ € L'(R%)N

L?(RY), then ¢ is continuous everywhere.

Lemma 3.4.5 Suppose that ¢ is a solution of the equation "My = ¢, where h €
C*(Z4) satisfies P(hh*) = 1 and that h(0) = /m, where m is the index of the mul-
tiresolution structure. If we define V; = span{Dj'ygp}Wezd, then UjezV; = L?(R%).
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Proor: Let W = U;czV;, we shall first show that W is translation invariant. If f € W,
then for all € > 0, there exists jo € Z and h € Vj, such that || f — k| < e. We then have
that h € V; for all j > jo, we can therefore write

h="DIpo; [Dp,hl;.
Suppose that [ < j, and let o € I'Y, we then have
ah = aD!po; [DIp,h); € V.

Since ||af — ah|l2 = ||f — hll2 < &, we have that W is invariant under translations by
elements of T for all I € Z. Since UjezlV is dense in R4, it follows that W is invariant
under all translations by elements of R%.

Suppose that there exists a g such that ¢ L f for all f € W. Since W is translation
invariant, it follows that for & € R?, f € W,

d
/ flz —a)g(x)dx = 0.
R

Taking the Fourier transform we have

| F©5@¢(eyd = 0
Rd

and so f(g)g(g) = 0 for almost every ¢ € RY. Now choose f = Dip € V; C W.
Then because ¢ is continuous at 0 and $(0) = 1, there is a neighbourhood of 0 for
which f # 0. We then have that §(£) = 0 on this neighbourhood. As j — oo, this
neighbourhood can be made arbitrarily large, and thus g = 0 almost everywhere. We
therefore have that g = 0, and so UjezV; = L2(R?). O

The following Lemma is also a standard result of wavelet theory. The proof pre-
sented here is similar to the proof of [HW, Chapter 2, Theorem 1.6], a similar result is
proved in [Coh, Theorem 1(b)].

Lemma 3.4.6 Suppose we have a sequence {V;},cz of closed subspaces of L>(R%) such
that

1. For all j, V; C Vji1;
2. feV,ifand only if Df € Vipy1;
3. there exists ¢ € Vi such that {yp},cza is an orthonormal basis for Vj.

It then follows that NjezV; = {0}.

PROOF: Suppose there exists f € N;jczV; such that f # 0, we can without loss of
generality assume that || f| = 1. For all j € Z, f is contained in V_;, so Dif € V.
We also have that || D7 f|jo = 1. Because {7¥},eza is an orthonormal basis for Vj, we
can write

DIf =poyal
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for some a’ € 12(Z?) satisfying |la’|s = 1. Taking the Fourier transform we have

Dif(€) = pl&)ai(€)
o0 f(&) = mIPai(D pD ¢).

Now let C be the cube [—1/2,1/2)?, then for j > 1,

¢ 2
o R < mi [ ed P [ D o
= w7 e / e
D CO\D C D C\D C

S m_j 2—J |¢(:u)’2d'u /;'7]‘*1 ~—J |a“J(lu’)|2dlu’
RAD C D C\D C

< w7 [ (eGP [0 (adul?
R\D = C Td

S I
R\D = C

Therefore if we let j approach oo, we obtain f:—lc\c |f(§)]2d§ =0, for f(ﬁ) = 0 for

~1
almost every £ € D C\C. T he above argument applies for all j, we obtain that f &) =

aA—j—1

0 for almost every £ € D C’\D C This implies that f = 0 almost everywhere. O

The following Lemma gives us some necessary conditions for a function k on Z¢ to
be a scaling filter.

Lemma 3.4.7 Let ¢ be a scaling function for a multiresolution analysis. Suppose that
© is continuous at 0, and ay,...,cn—1 @S a set of coset representatives of A(Zd) in Z%.
Then for alli=0,...,m —1,

> by =m:

yEa; AZ
where m is the index of the multiresolution structure. We can also state this as
h(w)=0

whenever w # 0 but A(w) = 0.
We also have that 3. cza h(y) = m?, in other words h(0) = ms.

[

PROOF: From the previous lemma, ¢(0) = 1, so by the Fourier transformed version
of the scaling equation, we have h(0) = % 80 Yoezd M(Y) = m3 (because h(0) =
Zvezd h(’)/)) :

From the definition of the downsampling operator P, we have that

Z h(vy) = m~% if and only if Z (P(cih))(7) = m‘i

“/GaiAZd "/sz
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and this is true if and only if (P(azh))(0) = m~2. Now from the shifted orthogonality
conditions,

have that

(Pm)Q) = 3 @@= 3 hwaw)
Aw)=¢ Aw)=¢
(Pi)0) = — 3 hlw)aifw)
A(w)=0
= h(0)ai(0)
0

Definition 3.4.8 Suppose that A is a unital Banach algebra, and that a € A. The
spectrum of a is defined to be the set

o(a) :={X € C: A1l —a is not invertible }.

The complement of the spectrum is known as the resolvent. The spectral radius of a is
defined to be

pla) == sup [Al.
A€o (a)

The spectrum is a generalisation of the set of eigenvalues of a matrix. We will make
use of this concept to study the convergence of the cascade algorithm. The following
proposition tells us the main properties of the spectrum of an element of a Banach
algebra.

Proposition 3.4.9 o In any unital Banach algebra A, the spectrum of each a € A
18 a non-empty compact set;

e Suppose that p is a polynomial, and a € A , then

e The spectral radius of a satisfies

pla) = lim [la” [V
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PROOF: The reader is referred to ([Dv], Theorem 1.2.1, Lemma, 1.2.2, and Proposition
1.2.3) for proofs of the the above results. O

The transition operator *T is contained in the Banach algebra of bounded operators
on C*(T4), and so it is possible to analyse its spectral theory.

Theorem 3.4.10 differs from analagous results in [Lw1, St, BJ2] in two ways. Firstly,
the analagous results assume that the scaling filter h is finitely supported. Secondly, we
also show that the cascade algorithm converges in the topology of the Hilbert module
Xo. Although most applications of wavelet theory involve finitely supported filters, it is
still important to study wavelets in a “pure mathematical” context. For example, the
Shannon wavelet (see Examples 3.2.3) has a filter which is not finitely supported but
is an important example in wavelet theory. It is important that we have convergence
in X because this demonstrates that the cascade algorithm fits in nicely within the
Hilbert module framework.

Theorem 3.4.10 Suppose that h € C*(Z?) satisfies P(hh*) = 1 and the condition
that h(0) = m2. Suppose that if \ € o("T), then either |\| < 1, or A = 1 and is simple
and corresponds to the eigenvector 1.

Then if 0 € Xq is a function for which 2z »© (x —~) = 1 almost everywhere,
there exists ¢ € Xo such that lim, .. "M™¢©) = o in both L>(R%) and Xy, and ¢ is
the scaling function for a multiresolution analysis.

PRrOOF: Consider the sequence d)(") ="M (")qﬁ(o), we shall show that this sequence is
Cauchy. In order to do this, we will first show that for all 4, j € N U {0},

lim 7 [qzb(i), ¢(j)]0 -1

n—oo

We have that for all n, I,
(6 — gD, o) — gty = ¢, pM] — [pHD, 6]
_[qg(n)’ ¢(n+l)]0 + [¢(n+l)’ ¢(n+l)]0
= "7 (16,61 — [0, 6o
— 6@, 6Oy + [6©, ¢(l)]0)
— hpm) [¢(0) — B O _ ¢(l)]0'
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= ("MY)(0)
»((0)
It is the/c&se that [ga o0 (z)dz = 212 Ener O (z —~)dz = 1. So ¢ (0) =
and [0, $(©)],(0) = 1 for all I. Since we have that [¢p("+) ¢y = PTM)[pM) O ]

and so

6D, 60]4(0) = (T (60, 60]o)(0)
= ("T[p(+n=D)_ $(n=D]g)(0)
= (B([g+n=D), n=D]ohh")(0)

S [pt+nD, D] (w)h(w)h(w) by Lemma 3.4.7
A(w)=0

1
m

= Lpn=D), 0-1]o(0)(0)R(0)

m

_ [¢(l+n—1/)’\¢(n—1)]0(0)

And so by induction on n,
(61, 69]0(0) =1
for all 4,5 € NU{0}.
Now we have that

169,601 = (6@, 76| < 16O 216V < C

for some constant C' > 0. So from the spectral properties of "T, there exists k € C
such_that lim, .o hrm @ ¢U)]y = k1 for all i, € N. But since 1(0) = 1, and
[p(D) ,gzb ]o(0) =1 for all 4,5 € N U {0}, lim, o hm @) pU)] = 1 with convergence
in the topology of C*(Z%).

If we examine the Hilbert module norm we obtain

= sup [6) — gD 0 — gD (¢)

¢erd

= sup hrp(n) [[55(0)7¢§(0)]]0(Q + hp(n) [[Qg(l),gb(l)]]o(c)

¢eTd
T, 60](¢) = T, 6OT(0)
and again since lim,,_,oo "7 [gzb(i), gzb(j)] =1, it follows that for all € > 0, there exists

N € N such that when i and j are greater that N, |[[¢() — ¢U)|x < e, and so the
sequence is Cauchy in Xg. Since X in complete, there exists ¢ € X such that

l6 — 6T HD|I%,

Tim ¢ — @]l x, = 0.

Now recall that in Theorem 2.2.6 (2) it is stated that if a sequence converges in X,
then it converges in L?(R%). It therefore follows from Theorem 2.2.6 (2) that

lim 6™ — 2 = 0.

n—oo
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We shall now check that ¢ is the scaling function for a multiresolution analysis. We
know that ¢ = "M, in other words, ¢ = D(¢ o h), and so h = [Dy,¢]. We define
V; = span{DIyp} czq4. So by definition f € V; if and only if Df € Vj1, and because
¢ =D(poh), V; C Vji1. Because h is continuous, ¢ is continuous at zero, and so by
Lemma 3.4.5, UjezV; is dense in L?(R%). By Lemma 3.4.6 NjezV; = {0}. Therefore ¢
is the scaling function for a multiresolution analysis. O

Theorem 3.4.11 Let h € C*(Z%). Suppose that whenever > vezd o0 (x — ) =1 for
almost every x € RY, there exists ¢ such that

Tim [l ="M, =0,

and @ is the scaling function for a multiresolution analysis. Then h satisfies P(hh*) =
1, iL(O) = /m, " has a simple eigenvalue 1 corresponding to the eigenvector 1, and
if X # 1 is another eigenvalue of "T', then |\| < 1. Furthermore, the spectral radius of
h

T=1.

PROOF: Since "My = ¢, h satisfies the shifted orthogonality conditions, and iL(O) =
v/m by Lemma 3.4.4. Because h satisfies the shifted orthogonality conditions, "T'(1) =
P(hh*) =1, so 1 is an eigenvalue of "T', with eigenvector 1.

Now ||"Ta| < %esssupCerﬁ(w)ﬁ(w) ||la|l, so by the shifted orthogonality conditions,
|"T||«—« = 1, and so the spectral radius of "7 is equal to 1.

Suppose that A is an eigenvalue of *T for which |A| = 1, and X has an eigenvector
v# 1. Let a € C*(Z%) be defined as a = 1 + cv, where ¢ € C\{0}. We have that

lim "TO[f foaly = lim "M £AMO(foa)
= [p, kglo for some k € C,
= k1,

and so the sequence converges. But "T(™q = 1 + A"cv which diverges if A\ # 1, and
when A = 1, we can choose v such that #(0) = 0, in which case "I ¢ will converge to
1. In either case we have a contradiction so |A| < 1. O

If Theorem 3.4.11 can be strengthened slightly so that it is in terms of the spectrum
of MI" rather than just the eigenvalues of "T', and Theorems 3.4.10 and 3.4.11 are
formulated in terms of h € L™ instead of h € C*(Z%) then we will have necessary
and sufficient conditions for h to be the scaling filter for a multiresolution analysis.
In the case that h € C.(T9) the spectrum of "T' coincides with the eigenvalues and
we do have necessary and sufficient conditions. It is worth mentioning that there is
also a result called Cohen’s theorem [Coh, Theorem 2] which also gives necessary and
sufficient conditions for h to be a scaling filter which (loosely speaking) are related to
the behaviour of i on fundamental neighbourhoods of AnnZ<.
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3.5 Multiwavelets and Wavelet Matrices

Let us consider the situation where we have wavelets which correspond to a multires-
olution analysis of order 7. This means that we have r scaling functions ©°, ..., "1,
and (m — 1)r multiwavelets !, . .. ,M=17 where m is the index of the multiresolution
structure. So far we have been working with Hilbert modules X,, which are contained
in our Hilbert space L?(R%). It will be convenient for us to work with finite vectors of
elements of L%(R%). In other words we will work with elements of (L?(R%))? where p
is a natural number. We are especially interested in the cases that p = r, and p = mn.
In the same way that we constructed Hilbert modules contained in L?(R%), we can
construct Hilbert modules contained in (L2?(R%))P.

For p € N we let X? be the space of column vectors containing p elements of the
Hilbert module X,,. We let MP(C*(Z%)) be the C*-algebra of p x p matrices with
elements in C*(Z9). We will make XP into a left-Hilbert MP?(C*(Z%))-module. We are
going to make X? into a left module rather that a right module because this will simplify
calculations involving matrices (this way we have matrices on the left multiplying by
column vectors). For n € Z, define a module action o : MP(C*(Z%)) x X? — XP by

p
(aol £),=> fIoyay; (3.44)
=

and define a MP(C*(Z4))-valued inner product by

(x:lfgl), =l Sx, (3.45)
where f,g € XP, a € MP(C*(Z%)), and i,j = 1,...,p. We can write these operations
in matrix notation as

aix - Glp f]L f:lfi On Q14
: = : (3.46)
apr -+ Qpp I? f:lfi Op Gpj
and
[gl7f1]n [gp7f1]n
xrlf, gl = : : (3.47)
[gl7fp]n [gpypp]n

We can also define the module action and MP(C*(Z9))-valued inner product on
other spaces, if we are careful. It is a consequence of Lemma 2.1.5 that if f € (L?(R%))?
and a € MP(I*(Z%)) then foP a € (L?(R%))P. It is a consequence of Lemma, 2.1.7 that if
f.g e (L*(R%))P, then xr[f,g] € MP(Cy(Z%)). We remark that it is probably possible
to construct Hilbert modules over MP(L>(T%)) in a similar way.

Lemma 3.5.1 With the above operations XP is a full left Hilbert MP(C*(Z%))-module.

PrOOF: We shall verify each of the axioms of Definition 0.4.1. Let o, € C, f,g,h €
XP, a € MP(C*(Z%)), we calculate
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1.
(xplaf +0g.h]) - = [W.af + gl
= oW, [+ B, g
= (axzlfh]+ Bxyle.h])
0]
2.
Zi:l a1k [g17 fk]n U Ei:l aik [gpa fk]n
xelaoh f,g] = : :
ZZ:I apk[gl’ fk]n T Eizl apk (97, fk]n
and
aip - ayp I/ A R L
axe [f7g] = : ’ ’
apt o app [gl, fp]n [gp, fp]n
Zi:l alk[gl7 fk]n e Zi:l aik [gpa fk]n
ZZ:I apk[gl’ fk]n T Zizl apk (9", fk]n
= Xﬁ[a Oﬁ fag];
3.

(clef). = (.9

1

4. We shall now show that x»[f,f] is a positive element of MP(C*(Z?)). We shall
make use of [Pasl, Proposition 6.1], which states that for a C*-algebra A, a matrix
a = (a;;) € MP(A) is positive if and only if

p
> biaiib; >0 forall by,...,b, €A

1,j=1

So suppose that by,...,b, € C*(Z%), we then calculate that

p p p
|:Zfi on biy Y fjon bj] = Y > [fionbi, fjonbjln
i=1 =1

n



3.5. MULTIWAVELETS AND WAVELET MATRICES 101

Now from Definition 0.4.1, [X3_; fi on bi; Z§=l fjon bjln >0, and so
p P

> D bilfi, filnbj = 0.

=1y

=1j5=1

But
Fir il = (xzlf.11)

so it follows from [Pasl, Proposition 6.1] that y»[f,f] is positive.

5. Suppose xr[f,f] =0, then for all 7, j, [f7, f]» = 0 and in particular [f?, f*],, = 0,
which implies f* =0, and so f = 0.

We need to show that X? is complete with respect to the norm
1/2
xellEl = lxp (£, £1]12"%. (3.48)

Suppose that (fJ )jen is a Cauchy sequence in XP?, then for all ¢ > 0, there exists
J € N such that if j,k > J, then x»|[f7 — £¥|2 < 2. For (i1,iz) € {1,...p}? we define
eiyi, € MP(C*(Z)) to be

oy )1 if (i) = (s J2)
(Ciia)inia = { 0 otherwise (3.49)

From positivity we have the inequality

xellfF =517 = (e (zay Z[ — IE L = FEInei)
117712
> MP(C* (2) I3, i fZQ, le]neumn for all 71,42
= A, =i 1L = fin ||c* zd)
= |If], - fz'g”n'

So for every i1, 12, || 1]2 - Z’;Hn < €. In other words, for all 7, (ff)] is Cauchy, and so
converges by the completeness of X,,. We set f; := lim; . f{. We then have that
lim; o f7 = f, where (f); = f;. We therefore have that X7 is complete.

We finally verify that XP? is full. Because X,, is full, for all b € C*(Z9), there
exists f,g € X,, such that [f,g], = b. It then follows that if a € MP(C*(Z%)), we can
choose f,g such that for all i,j [¢7, f'],, = a;;. This means that X? is a full Hilbert
MP(C*(Z%))-module. O

We can define the dilation D in the natural way acting componentwise on X7,
then have for f,g € X?
XP [va Dg] = X571 [f7 g]

We can also define a matriz downsampling operator P, which acts on matrices of func-
tions on Z9 by

Pylaij(v)) = aij(Ay). (3.50)
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As with P, we can use continuity to extend P, to an operator on M?(C*(Z%)). Because
P is a mapping from C*(Z%) to itself it follows that P, is a mapping from MP(C*(Z%))
to itself. It follows from Lemma 3.1.2 that P,(xr[f,g]) = Xr_ [f,g] . There is a
corresponding upsampling operator which is given by

. a(a) if there exists a such that v = A«
(Pra)(v) = . (3.51)
0 otherwise.
Lemma 3.5.2 Suppose o, ...,0m_1 is a set of coset representatives of AZ¢ in Z?.

For f € X2, we set (o;f)(7) = f(y — ;). Let a,b € MP(C*(ZY)), the following identity
is satisfied:

m—1
> (Ppvia)(Ppasb)* = Py(ab®). (3.52)
=0
ProoF: We have
She1 (Ppaia)ix(Ppaib)yy, -+ Xh_ i (Ppaia )1k(P a;b)y
(Ppozia) (Ppaib)* = ; e .
St (Ppoi@)pr(Ppaid)iy, - 307y (Ppoi@)pi(Ppvib)yy,
Therefore
m—1 m—1 p
(Z (Ppaia)(Ppaib)*> (v) = ( > (Pajaj k) (Paibjyi)* ) ™)
=0 J1.d2 1=0 k=1
m—1
= Y > (Paiaj)(B)(Paibjr)* (v = B)
i=0 k=1gecZd
m—1 p
= Z ajlk(AB - ai)bjék(Aﬂ — Ay — ai)
i=0 k=1 gecZd
= > aj,k(8)bj,k (B — Ay)
k=1pezd
P
= > (@ * b, (AY)
k=1
= (Bp(ab"))j15,)(7)
O
Lemma 3.5.3 Suppose a,b,c € MP(C*(Z%)) and ay, ..., cm_1 is a set of coset repre-
sentatives of AZ% in Z¢. Then a = (Pyb)c if and only szor all i, Pyoja = b(Ppac).

ProoOF: We have that

((P;b)c) Z P b chk] ZP blkck]

KAt

bS]
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and
P
(praic)Z.j = Z bik(Paic)kj.
k=1
The result now follows from Lemma 3.1.6. O
We shall use the Hilbert modules X and X" to prove some results about mul-

tiwavelets, where 7 is the order of the multiresolution analysis, and m is the index of
the multiresolution structure. Recall from Theorem 1.1.11 that corresponding to the

r scaling functions {p!,..., "} there exists a multiwavelet with (m — 1)r elements
{y', ..., ™D} We now make some more definitions.
To simplify our notation we write 1%/ = wT(i_1)+j, where ¢ = 1,...,m — 1 and

j=1,...,7. We now define ® € X} and ¥!,... 0™~ c X[ by

2
b .= :
SDT
and
¢r(i—l)+1 wi,l
U= : = :
wri wi,r
To further simplify notation we also write W9 := ®, and %7 := /. Fori=1,...,m—1,
we define
[9017 D_llfli’l]() .. [Sor’ D—lwi,l]o
g = x;[D7IV, 9] = : : . (3.53)
[9017 D—lwi,r]o .. [QDT, D—lwi,r]o

We call ¢g" the scaling filter, and when i = 1,...,m — 1, we call g’ the wavelet filter.
We now define the wavelet matriz A € M™ (C*(Z%)) to be

PTaOgO e PTam_lgO
A= : : (3.54)

1 1

Pragg™™ Prop,19™™
Theorem 3.5.4 Suppose that ® € X§ is a vector of scaling functions for a multires-
olution analysis (Vy,)nez of degree r which corresponds to a harmonic multiresolution
structure of index m. Suppose that 1, ..., ™ V" qre elements of X, the following
conditions are equivalent:

o {Yl, ... w(m_l)T} is a multiwavelet with scaling functions @',..., Q" ;

e the wavelet matriz A is a unitary element of M™ (C*(Z%));
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e the shifted orthogonality conditions are satisfied, which means that for all i,j =
0,...,m—1,
PT(ngJ*) = 52']‘17«. (355)

If the above conditions are true, let f be an arbitrary element of X35 N X{, we then have
that the analysis part of fast wavelet transform holds

xlf, 0] = P, (x;[f, DBlg™ ) ; (3.56)
and the synthesis part of the fast wavelet wavelet transform holds
m—1
x[f,00) = 3 (Brxlf, o)) o' (3.57)
i=0

PROOF: Let .
W = {Z 1[)2 opa; : a; € C*(Zd)}
=1

be the space spanned by ¥1,...,¢(™ D" To prove this theorem we first will show
that if ¥',..., 9™ D" is a multiwavelet with scaling functions ®, then the shifted
orthogonality conditions hold. We then show that the shifted orthogonality conditions
are equivalent to A being unitary. We next show that orthogonality implies the analysis
part of the fast wavelet transform holds. We use this together with A being unitary
to show that the synthesis part of the fast wavelet transform holds. We will then use
the synthesis part of the fast wavelet transform to show that {i?,. ..w(m_l)r} is a
multiwavelet with scaling functions !, ..., ¢".

So suppose {1, ... M=V} is a multiwavelet with scaling functions ', ..., ¢". We
have that for j =0,...,m —1,

[9017 D_1¢j’1]0 . [SOT, 'D_lij)j’l]o 901
x; D7V, Do & = : : :
[¢17D—1¢j,r]0 . [sor’fD—le,r]O QOT
S ket " 0 [F, D71y,

> k=1 " 0o [pF, DI,

D—le,l
D—l,¢j,r
= DU,
The above equation is equivalent to the wavelets being contained in V;X. For all 4, j =
0,...,m — 1, we obtain
D7D = [ [DTI,B] of @, x; [DT 0, 0] of B

= x:lg' of @, ¢’ of D]
= 9'¢"x;[®, P].
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The following equation is equivalent to the orthonormality of the translations of the
scaling functions

[t etlo o [0
x;[®, @] = : : =1,.
[ R N
The following equation is equivalent to the orthonormality of the translations of the
wavelets
[l ity - [, g
xg [V, W] = : : = 0ij1r.
[l i)y e [T,
This means that
X3 (D1, D] = g g™,
And so
Pr(g'g™) = 81,

We have also proved that the shifted orthogonality conditions imply the orthogonal-
ity of the translations of the functions which correspond to the wavelet filters, and that
they are contained in V3. We now show that the shifted orthogonality conditions hold if
and only if A is unitary. Note that we are now no longer assuming that {¢?, . .. w(m_l)T}
is a multiwavelet with scaling functions ¢!, ..., ¢". The wavelet matrix A is unitary

if and only if AA* = A*A = 1,,,. We now calculate AA* by treating it as a “block
matrix”,

Praogo T Pram—lgo (Praogo)* te (Praogm_l)*
AdT = L : : :
Praogm_l Pram—lgm_l (Pram—lgo)* T (P1”04m,—l.gm_1)>’<
Yo (Prarg®)(Pragg®)* -+ S0 (Prog®) (Pragg™ )"
i (Prag™ ) (Pragg®)* -+ S5 (Pragg™ 1) (Pragg™ )"
Pr(g%™) - Pg®g™ )
Pr(gm—l‘QO*) . PT(gm—lgm—l*)

The last equality was because of Lemma 3.5.2. We therefore have that
AA* = 1,,, if and only if P.(¢'¢"*) = i1, for all 4, j.

Now assume that A is unitary, we shall show that this means that {i!, ... ¢(m=1r}
is a multiwavelet with scaling functions ¢!,...,¢". We already know that because A
is unitary, the functions {¢!,... w(m_l)”} and their translations by elements of Z? are
an orthonormal set. We already know that the space W is contained in V7, because we
know that for all i, D~¢¢ € Vj. It is therefore sufficient to show that V¥ C VX @ W.
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Suppose that f is an arbitrary element of X{j, we have that
x;[£, 9] = Poxp[f, V]
= P |f,x;[¥', D] of DY)
= P [x[¥, D2 o] DO, £
= P (x;[v, D3]y, [D2.1])
= P, (X; [f, DP]x7[D2, ‘I’i])
= P (X{ [faD‘I)]Qi*)

which proves (3.56).
Using Lemma 3.5.2 we can write this as

xe[£, 9 oo xo[f, 0] Pragx;[f,D®] -+ Pram_1xr[f, DD
S : = : : A
xg[£, 9 oo xo[f, 0] Praogxr[f,D®] -+ Prap_1x7[f, DP]
This can be rewritten as
PraOX{ [f, D(I)] cee Pram_l)q [f, D(I)] Xy [f, \I’O] Xy [f, \Ifm_l]
: : - L : A.
PTOfOXif [f, D(I)] cee Pram_l)q [f, D(I)] Xp [f, \I’O] Xy [f, \Ifm_l]

This is equivalent to saying that for all ¢ =0,...,m — 1,

m—1
Proixr[£, D] = Y x;[f, U*)(Proug’).
k=0

By Lemma 3.5.3 this is equivalent to

m—1
fD(I)zZZO(Ter\I/)

which proves (3.57).

Suppose now that f € V;X, and that f € X7, is given by
f
f=1 :
f
We can then write

f = xr[f,D®] o] DO.

Consider the projection given by

m—
Z o[£, U] o W
1=0
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m—1
XI[Sf,D(D] = Z Xg f \I’ OO \I/Z DCI)‘|

1=

This projection has the property that (Sf); = va owlfi = onx@w f. We have that
-1

3

- Y x [(Py xy £, W) of W', D]

~
Il
o

= (P xz[f, ¥'])x; [V, DO

3

~
Il
o

= (P} x:[f,9")g"

3

~
Il
o

Now using (3.57) we obtain
x;[SE, D] = x;[f, DP]

and so x7[Sf, D®]o] D = x:[f, D] o] D® which means that Sf = f. This proves that

Vi¥ = V5¥ @ W. Therefore {11,...9(™ 1"} is a multiwavelet with scaling functions
1 r

RN O

We remark that the proof of Theorem 3.5.4 made no use of the Fourier transform,
so it could quite possibly be generalised to the case that Z% and R? are not are replaced
by more general groups.

We shall use the above theorem to relate the fast wavelet transform for multiwavelets
to representations of Cuntz algebras. Let us define the Hilbert space which will be our
representation space. We let MP(1?(Z%)) be the p x p matrices with elements in (%(Z4),
where p is any natural number. We have that MP(12(Z%)) is a Hilbert space with inner
product given by

(a,b) = Z Z a;ibix) (0 Z Z Z aik(7)bjk (7). (3.58)
j=1k=1 j=1k=1

~yeZd

It is easy to verify that the inner product does make MP(12(Z%)) into an inner product
space. The fact that it is complete follows from 12(Z?) being complete.

We define the downsampling operator P, and upsampling operator P on M P(12(Z%))
in exactly the same way as they are defined on MP(C*(Z%)), in other words so they
satisfy equations (3.50) and (3.51). We then have for a,b € MP(I2(Z%)) that

(Pya,b)y = ZZ Z ajk(AY)bjk(y)
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We also have that P, and P, are contained in B(MP? (12(Z%))) and have operator norm
equal to 1.

For a,b € M"(C*(Z%)), define the filtering operator Fy, : M"(C*(Z%)) — M"(C*(Z%))
by

Fy(a) = Pr(ab") (3.59)

Equation (3.59) also defines an operator Fy, : M"(1?(Z%)) — M7 (1>(Z%)) in exactly the
same way. We shall abuse notation and write F3, for both of these operators. Now for
a,b,c € M"(I*(Z%)), we have that

(Fya,c) = (P.(ab"),c)
= (ab*,P’c)
= ({a,(Pre)b).

So if we define F}f = (Pjc)b, then (Fya,c) = (a, Fc).

Lemma 3.5.5 Fori=0,...,m—1, let g* be defined as in (3.53). The filtering operator

F,i is a bounded operator on M"(1*(Z%)).

PrOOF: We have from the shifted orthogonality conditions (3.55) that for all i =

1,....,m—1, P.(¢°¢"*) = 1,. For all i, write g = (gil7k2). A routine calculation shows
that .

(99" kike = D Gk s T s

k3=1
And so
(P9’ 9™ Nk = P(D iy 9ks s
k=1
r . .
kz=1

Taking the Fourier transform it follows from (3.55) that for almost every ¢ € T4,

k3=1

(Z P(éikl,k3§ik1,k3)> () =1. (3.60)

Now for all k1, k3, and almost every ¢ € T, é’klkd(g)élklkd(g) > 0, and because P is
positive (by Proposition 3.1.4) it follows that for all k1, ks,

(p <9"k1,kgéik1,k3>) €) > 0.

It therefore follows from (3.60) that

<p(gik1,k3€;ik1,k3)> () <1
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And thus by (3.3),

1 ~ =
E R Z glkl,kg,(w)gzkl,kg,(w) S 1.

Aw)=¢

Therefore gAikhkS(C)gAikhkS(() < m, and so for all ky,ks,i, it is true that gAZ'kIJ€3 €
L>®(T%). We thus have that ¢g* € M"(L>®(T?)), and because P, € B(M"(1%(Z%))),

F, € B(M"(1%(Z%))). 0

We can express the fast wavelet transform in terms of filtering operators. Theorem
3.5.4 tells us that for  =0,...,m —1, and f € Xj N X7]

m—1
x;[f,D®), = Y Frxslf, V] (3.62)
J=0

where ¢° are filters corresponding to scaling functions and multiwavelets ® and W*.

Corollary 3.5.6 Suppose that {wl,...w(m_l)’"} is a multiwavelet with scaling func-
tions @', ..., ¢", suppose that g' for i = 0,...,m — 1 are corresponding scaling and
wavelet filters as defined by (3.53). We have that

ngFg*i:1T fori=0,....m—1

and that

m—1
Y FiFu=1,.
1=0

So the mapping 7 : Op — B(M"(12(Z%))) which is defined by ©(S;) = Fy is a x-
representation of Opy,.

PRrOOF: It follows from Lemma 3.5.5 that F,; € B(M"(I*(Z%))). So suppose a €
MP(12(Z4)), let f = a o} ®, we have that

a = Xg[fv(l)]

m—1
= > Fyxe[f. D] by (3.62)
1=0

m—1

= . F;ingXS[f,CID] by (3.61)

1=0

Now suppose that a,b € M"(1>(Z%)), v € Z¢, then we have

(BFa)(7) = Po(Prabb™)(7)
— (Plabb)(Ay)
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= Y (P*a)(a)(bb")(Ay — )

a€Zd

= Z a(a)(bb*)(Ay — Aa)

a€Zd

= (aP(0b%)) (7).

So if P(bb*) = 1, then FyFya = a. Since (g")i—o..._m—1 satisfy the shifted orthogonality
conditions, ngFg*ia =aqfori=0,...,m—1.
We therefore have that 7 is a *-representation of O,,. O
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