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Abstract

A wavelet is a function which is used to construct a specific type of orthonormal basis.
We are interested in using C*-algebras and Hilbert C*-modules to study wavelets. A
Hilbert C*-module is a generalisation of a Hilbert space for which the inner product
takes its values in a C*-algebra instead of the complex numbers. We study wavelets
in an arbitrary Hilbert space and construct some Hilbert C*-modules over a group
C*-algebra which will be used to study the properties of wavelets.

We study wavelets by constructing Hilbert C*-modules over C*-algebras generated
by groups of translations. We shall examine how this construction works in both the
Fourier and non-Fourier domains. We also make use of Hilbert C*-modules over the
space of essentially bounded functions on tori. We shall use the Hilbert C*-modules
mentioned above to study wavelet and scaling filters, the fast wavelet transform, and
the cascade algorithm. We shall furthermore use Hilbert C*-modules over matrix C*-
algebras to study multiwavelets.

Key Words and Phrases. Wavelet, filter, C*-algebra, Hilbert C*-module, cascade
algorithm.
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Introduction

In this thesis we shall use some constructions employing C*-algebras to prove results
about wavelet theory. The main way that we shall do this is by constructing a Hilbert
C*-module using the C*-algebra which is generated by a set of translations associated
with a multiresolution analysis.

Wavelets are a tool that can be used to analyse an arbitrary function in terms of
resolution and frequency. They do this by decomposing spaces of functions into an
orthonormal basis, or more generally a Riesz basis or a frame. An orthonormal basis is
a basis where each element is orthogonal to the others and has norm equal to one. A
Riesz basis is the image of an orthonormal basis under an invertible operator. A frame
is a set which spans the space but need not be linearly independent. Both orthonormal
bases and Riesz bases are also frames.

Wavelets have numerous applications including image compression, artificial vision,
telecommunications, denoising, seismic signal processing, and medical signal processing
including tomography, computer aided mammography, and analysis of both ECG and
EEG signals, to mention a few. More applications are described in [Me2], [Dal], and
[KL]. Wavelet theory is relatively new, beginning in the early 1980’s. Since then
there have been literally thousands of papers published on the subject. Although
modern wavelet theory began quite recently, there are deep connections between wavelet
theory and earlier research, such as Littlewood-Paley theory [EG, LP1, LP2], Calderon-
Zygmund operators, pyramid algorithms, and subband coding schemes.

C*-algebras are normed Banach algebras which have an involution. They also have
the property that they can be realised as bounded operators on a separable Hilbert
space. Any commutative C*-algebra can also be realised as an algebra of continuous
functions on a compact Hausdorff space. Associated with any group there is a group
C*-algebra, and most of the C*-algebras studied here will be group C*-algebras. As
well as group C*-algebras, we shall also examine some work [J1, BJ1, BJ3] which relates
wavelets to C*-algebras known as Cuntz algebras. C'*-algebras are related to other fields
of mathematics including dynamical systems, K-theory, topology, and noncommutative
geometry.

We shall relate wavelets to C*-algebras by using Hilbert C*-modules, which we
shall usually abbreviate as Hilbert modules. A Hilbert module is a generalisation of a
Hilbert space for which the inner product takes its values in a C*-algebra instead of
the complex numbers. Hilbert modules can also be thought of as a generalisation of

X1



xii INTRODUCTION

vector bundles [Sw, Hi|, and as such they play an important role in noncommutative
geometry. We shall use Hilbert modules to study wavelets by using methods which
are very closely related to a construction announced in 1997 by Marc A. Rieffel of a
Hilbert module over a group C*-algebra associated with wavelets (see [R6, PR1, PR2]).
A large amount of this thesis is devoted to understanding this construction.

Most of the background material that we require is contained in Chapter 0, where
we study the Fourier transform, involutive algebras, group representations, group alge-
bras, Hilbert modules, and bases and frames for Hilbert spaces and Hilbert modules.
The reader who is already familiar with this material may wish to directly proceed to
Chapter 1.

The classical definition of a dyadic orthonormal wavelet is a function 7 such that
the family

{1#]-7;6(3:) =279/ 2) (2 — k)}j,kez’ forx € R

is an orthonormal basis for the Hilbert space of square integrable functions, L?(R.).
The functions v;;, are obtained from v by acting on it by translations and dilations.
The translations and dilations are unitary operators on this Hilbert space, so they
preserve inner products. In Chapter 1 we generalise the classical definition of a wavelet
to an arbitrary Hilbert space in a manner similar to what has been done in [BCMO].
Associated with every wavelet is what is known as a generalised multiresolution analysis.
Roughly speaking, a generalised multiresolution analysis (GMRA) of a Hilbert space is
an increasing sequence of subspaces (V,,)nez of the Hilbert space, which approximate
the Hilbert space more closely as n approaches infinity. If the Hilbert space has an
element ¢ such that translations of ¢ span the subspace Vj, we call the generalised
multiresolution analysis a multiresolution analysis (MRA), and we call ¢ a scaling
function. We will prove in Theorem 1.1.11 that we can obtain wavelets when we
have a multiresolution analysis; we use von Neumann algebras to prove this theorem.
The projections onto the subspaces V,, are closely related to an important numerical
algorithm known as the fast wavelet transform. The investigation of the fast wavelet
transform was what originally lead to the development of the notion of a multiresolution
analysis, and is also closely related to the study of filter banks. We shall show in Chapter
1 that the fast wavelet transform still makes sense in this more general setting. We
will mainly be looking at the case that the Hilbert space is a space of square integrable
functions defined on a locally compact Abelian group. When this is the case it is
possible to define the Fourier transform, and we shall often make use of the Fourier
transform as a tool for examining wavelets.

Most of the author’s new results are contained in Chapter 2 and Chapter 3. Chapter
2 is where we shall introduce the construction that relates wavelets to Hilbert C*-
modules. This construction is the main tool and object that is examined in this thesis.
It is one of the aims of this thesis to demonstrate the importance and utility of this
tool for understanding wavelets. The author’s work on this construction was partially
inspired by results announced in [R6]. The construction described here is very similar
to a construction described in [PR2], which was released as an eprint not long before
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the submission of this thesis. In order to take into account the dilation, we define a
chain of Hilbert modules (X, )ncz over the C*-algebra of the translation group, C*(Z4).
The C*(Z%)-valued inner products used by these Hilbert modules are sometimes known
as “bracket products”. As well as studying the properties of bracket products on X,,,
we shall also study the properties of bracket products on L*(R?). We shall work out
the details of this construction on both the Fourier and non-Fourier domains. We show
in Corollary 2.2.7 that the dilation is an adjointable operator which maps between the
elements of the above chain of Hilbert C*(Z4)-modules. In Chapter 2 we shall also
define some Hilbert modules (Y;,),ez which are over the larger C*-algebra L>(T%),
and whose L>°(T%)-valued inner products are Fourier transformed bracket products.
These Hilbert L°°(T%)-modules are similar to ones described in [CaLa, CoLa], which
are used to study Gabor systems.

If a wavelet corresponds to a multiresolution analysis, there exist functions on Z¢
whose Fourier transform is contained in L (T?) which correspond to scaling functions
and wavelets, and are known as scaling and wavelet filters. We examine wavelets from
this perspective in Chapter 3. Associated with these filters are some operators from
the C*-algebra to itself associated with the fast wavelet transform. We shall examine
the convergence properties of an algorithm for obtaining the scaling function from
the scaling filter known as the cascade algorithm. It is then possible to obtain the
wavelets from the scaling function using the wavelet filters. The cascade algorithm
(Theorem 3.4.10 and Theorem 3.4.11) gives us necessary and sufficient conditions for
elements of C.(Z%) to be scaling filters. We demonstrate that the cascade algorithm
converges in the topology given by the Hilbert module norm, as well as in the norm
topology on L?(R%). We shall investigate wavelet matrices in this chapter and see
that they correspond to Hilbert modules over matrix C*-algebras. Our results on
wavelet matrices are encapsulated in Theorem 3.5.4, which also tells us necessary and
sufficients conditions for elements of C*-algebras to be wavelet filters, when we have a
corresponding set of scaling functions.

Part of the aim of this thesis is to show how results in operator algebra theory are
useful for studying wavelets. We want to in particular demonstrate the importance
of the construction in Chapter 2 to wavelet theory. Because of the wide variety of
applications of wavelet theory, this represents an interesting application of the theory
of C*-algebras and Hilbert C*-modules.
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