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ABSTRACT

It is a well-known result of T.Kato that given a continuous path of square matrices of
a fixed dimension, the eigenvalues of the path can be chosen continuously. In this paper,
we give an infinite-dimensional analogue of this result, which naturally arises in the context
of unitary spectral flow. This provides a new approach to spectral flow, which seems to be
missing from the literature. It is the purpose of this paper to fill in this gap.
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1. INTRODUCTION

By “operators” we always mean bounded linear operators on a separable Hilbert space H.
1.1. Motivation.

1.1.1. T. Kato’s finite-dimensional continuous enumeration. The task of continuous enumer-
ation is akin to tracking the individual movements of, for example, a swarm of bees. Our
“bees” are utterly identical, they pass through one another, and they can make instant changes
of direction infinitely many times per second (since we consider merely continuous paths), so
that we cannot know which is which after a collision. However, it still seems intuitive that
we should be able to assign (although not uniquely) a finite number of continuous functions
which completely describe the movement of the “swarm”.

Now, we give a rigorous formulation of finite-dimensional continuous enumeration due to
T. Kato. The following exposition is directly taken from [Bhal, §VI.1]. Let Cg,, be the quotient
topological space obtained from C" via the equivalence relation which identifies two n-tuples
of complex numbers, if they are permutations of each other. That is, C  can be viewed as

sym
the space of “unordered n-tuples” of complex numbers. Given an n-tuple (A1,...,\,) € C",
we denote its equivalence class in Cf,, by (A1,...,A,)*. The topological space Cg,,, thus

defined inherits a metric
dist (A1, .-, An)™, (B2, -+ p)™) == min max |A; — pr, |,
T 1<i<n

where the minimum is taken over all permutations 7. The following result is Kato’s selection
theorem (|[Kat2, Theorem II1.5.2)):

Theorem 1.1. Let A(-) be a continuous mapping from an interval I of R into the space
Céym- Then there exist n continuous complex-valued functions A1(-), ..., An(:) on I, such that
At) = (A1(t), ..., A\ (t))" forallt e 1.

As is typical, although seemingly obvious, an existence theorem of this kind is not altogether
straightforward to prove. Furthermore, the following example shows that the domain I cannot
be replaced by a general metric space:

Example 1.2. Let M,(C) be the set of all n X n matrices of complex entries equipped with the ordinary
uniform norm. In [Bhal §VI.1], it is proved that the mapping

(1) Mn(C) 3 Ar— (M(A),..., A (A)" € Cym,
where A1 (A),..., A\ (A) are the eigenvalues of A repeated according to their algebraic multiplicities, is contin-
uous. Let us consider the case n = 2, and set A(z) := ((1) f)) for all z € C. The mapping A(-) is continuous

on any open subset I of C and the eigenvalues of A(z) are +2'/2. Continuity of the mapping implies that
I5z— (M(A(2)), A2(A(2)))* € CL is continuous. However, if the domain I contains the origin, then this
continuous mapping cannot be represented by constituent continuous functions.

Given a square matrix A € M,(C), we may identify the spectrum o(A) of A with the
unordered tuple as in . The following result is an immediate consequence of Theorem
and the continuity of the mapping M,,(C) 3 A — o(A) € C

sym*

Theorem 1.3 (Kato’s finite-dimensional continuous enumeration). If A(:) is a continuous
path of square complexr matrices of a fixed dimension n, then there exist continuous paths
M)y () in C, st o(A()) = A1)y, An(0))™.
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In this paper, we give a certain infinite-dimensional analogue of Kato’s continuous enu-
meration of eigenvalues, which naturally arises in the context of the so-called unitary spectral
flow. This provides a new approach to spectral flow, which seems to be missing from the
literature. It is the purpose of this paper to fill in this gap.

1.1.2. Self-adjoint Fredholm spectral flow. The origin of spectral flow goes back to Atiyah-
Patodi-Singer [APS]. Spectral flow has since found many connections, famously for example
to the Fredholm index (see [RS]). Given a continuous one-parameter family {F(¢)}icp,1) of
self-adjoint Fredholm operators, we naively understand the spectral flow of the continuous
path F' to be the number of eigenvalues of F'(t) that cross 0 rightward minus the number that
cross 0 leftward as ¢ monotonically increases from 0 to 1. The usual way of making this idea
rigorous involves the notion of intersection number: we precisely define the spectral flow of
the path F" to be the intersection number of the graph (J,co 1) o(F'(t)) with the line A = —¢,
where € is any sufficiently small positive number. Spectral flow turns out to be a homotopy
invariant.

1.1.3. Unitary spectral flow. The notion of unitary spectral flow is discussed in [Pus|. Let
U,(H,I) be the set of all unitary operators U such that U — I is in the p-Schatten class
Sp(H) (see below for definition), where I denotes the identity operator. Throughout this
paper, we let p be a fixed number in [1,00]. The collection U,(#,I) thus defined admits a
natural complete metric

dist (U, U) := [U = U'lls,, VU,U' € Up(H, 1),

where [|- ||, is the norm on &,(H). It follows from Weyl’s theorem on the stability of essential
spectrum that the essential spectrumﬂ Oess(U) of any unitary operator U € U,(H, 1) is {1}.
We can then understand the spectral flow of a continuous path U(-) of unitary operators in
U,(H,I) to be the integer-valued function sf (—;U) : (0,27) — Z given by

(2) sf (6; U) := (the number of eigenvalues of U (t) that cross ¢? anticlockwise)
—(the number of eigenvalues of U(t) that cross e clockwise)

as t monotonically increases from 0 to 1.

1.1.4. Unitary spectral flow and spectral shift function. In [Pus] the naive definition is
made precise and is used to express the spectral shift function (SSF) as the averaged spectral
flow of a path of unitary operators. This path of unitary operators is obtained from the
scattering matrix by analytic continuation of the spectral parameter (energy) into the complex
plane: see [Pus, (4.9)] for details. Let us briefly recall the definition of SSF. If H, Hy are two
self-adjoint operators with a trace-class difference H — Hy € &1(#H), then the SSF &(—; H, Hy)
of this pair, introduced by [Lif] and [Kre] (see also [GM], [Yai], [Sim1]), is a unique real-valued
integrable function satisfying

T () = 6(H0)) = | /(e . Ho)i
for all compactly supported smooth functions ¢ on R.

1 Recall that given a normal operator N, the discrete spectrum ogis(N) is the set of all those eigenvalues
of N which are isolated points of the spectrum o(N) and have finite multiplicities. The complement of the
discrete spectrum in the spectrum is the essential spectrum Gess(IN).
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1.1.5. Calculating unitary spectral flow via continuous enumeration. Suppose for simplicity
that U(-) is a loop in U,(H, I) based at I. According to the naive definition (2), the spectral
flow sf (—; U) in this case assumes some constant value N € Z independent of the angle 6 :
the number N represents the net number of windings that the eigenvalues of U(-) make in
the anti-clockwise direction. Perhaps, it should be possible to continuously enumerate the
eigenvalues of U(+) as in the finite-dimensional setting. At this point, we recall the notion of
extended enumeration due to Kato:

Definition 1.4. Given a normal operator N, a sequence (\;);cn of complex numbers is called
an extended enumeration of the discrete spectrum ogis(IV), if (A;);en contains all eigenvalues
of N in o4is(N) taking into account their multiplicities, and in addition, may contain some
boundary points of the essential spectrum oess(IN) repeated arbitrarily often.

We propose the possibility of selecting a sequence (Aj(-))jen of loops in T based at the
boundary point 1 of the common essential spectrum, such that for each ¢ € [0, 1] the sequence
(Aj(t))jen is an extended enumeration of oqis(U(t)). It is necessary to consider extended
enumerations by allowing A;’s to take the boundary value 1. If such an enumeration is
possible, an intuitive understanding of the number sf U := N would be the formal sum

(3) stU = [M]my + [N2]my +-- 1,

where each [A;|, is the homotopy class in the fundamental group (T, 1) = Z, representing
the net number of windings that A; makes in the anti-clockwise direction.

1.2. Infinite-dimensional continuous enumeration. The infinite analogue of a finite un-
ordered tuple is often called a multiset. Given a nonempty set X, a multiset in X is under-
stood naively as a subset of X, whose elements can be repeated more than once. For instance,
the multiset {z,z}* in X, where we are using * to distinguish multisets from ordinary sub-
sets of X, is considered to be different from {z}* or {x,x,x}*. Given any unitary operator
U € Uy(H,I), we may identify its spectrum o(U) with the following multiset in T:

(4) O'(U) = Udis(U) U {1} = {21,22723, ey 1, 1, 1, .. .}*,

where z;’s are the eigenvalues in o4;5(U) taking multiplicities into account and 1’s are repeated
infinitely many times. The question which needs to be addressed next is the following: is there
a natural topology in the set of multisets which makes the mapping U,(H,I) > U +— o(U)
continuous? The answer is affirmative, and it is based upon the following estimates.

1.2.1. The Hoffman- Wielandt inequality. Hoffman-Wielandt proved the following well-known
matrix inequality (see [Bhal, Theorem VI.4.1] for details):

Theorem 1.5 (Hoffman-Wielandt). If N, N’ are two n x n normal matrices, then we can
enumerate the eigenvalues of Ny, N' as (A1,...,A\n), (N],...,A,) respectively, so that

[i [Ai = Aif?
i=1

We are interested in infinite-dimensional analogues of the Hoffman-Wielandt inequality:
given a pair N, N’ of normal operators with N — N’ € G4, can we choose a pair ()\;), (A}) of
extended enumerations of the discrete spectra of N, N’ respectively, such that

(5) [Z A — NjJP
=1

1
2

<IN = Ne,-

P
<C|N - Ns,,
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where C'is a positive constant which does not depend on N, N'? Kato ([Katl, Theorem II})
proved under the assumption that N, N’ are self-adjoint operators and C' = 1. Kato’s
result was extended to unitary N, N’ with C' = 7/2 by Bhatia-Sinha ([BS]). Bhatia-Davis
(IBD Corollary 2.3]) proved (j5)) under the assumption that N, N, N—N’ are normal operators
and C' = 1.

1.2.2. Summable multisets. Formally, a multiset in T is a mapping S: T — {0,1,2,...,00},
which assigns to each point z € T a unique nonnegative integer or an infinity S(z) which is
understood as the multiplicity of the point z. A countable multiset in (T, 1) is a multiset S
in T with the following properties:

1. The fixed point 1 is the only point having infinite multiplicity in S.

2. The support of S given by supp S :={z € T | S(z) > 0} is countable.
We shall make use of the trivial multiset O := {1,1,1,...}*. A sequence (z;)jen in T is
called an enumeration of a countable multiset S, if it contains each point of T according to
its multiplicity in S. Evidently, S admits a representation S = {z1, z9,...}*. Given countable
multisets S = {z1, 22,...}* and T' = {wy,wo,...}* in (T, 1), we define their p-distance by

1
sl P
(6) dp(S,T) := inf [Z |zi — wn, ]p] ,
=1

where the infimum is taken over all permutations 7. A countable multiset S in (T, 1) is said
to be p-summable, if d,(S,01) < co. In this paper it is shown that the set of all p-summable
multisets in (T, 1), denoted by 8,(T, 1), forms a complete metric space with the metric dp,. In
fact, we have chosen the metric d), so that Bhatia-Sinha’s result ([BS]) immediately implies:

1. The spectrum of each unitary operator U € U,(#,I) can be viewed as a member of
8p(T, 1) through . That is, 04is(U) can be shown to be p-summable.
2. The mapping U,(H,I) 5 U — o(U) € 8,(T, 1) is continuous.
Indeed, we have

(7) dy(o(U),0U) < 5|U-U'lls,  VU.U" € Up(H, 1),
and setting U’ := I ensures the p-summability of each o(U) since o(I) = {1,1,1,...}*.

1.2.3. Continuous enumeration in the setting of unitary spectral flow. In this paper, it is
shown that any continuous path of the form S : [0,1] — 8,(T,1) admits a continuous enu-
meration (\;(+))ien in the sense that each \; is a continuous path in T with the property that
for each ¢ € [0, 1] the sequence (A;());en is an enumeration of the multiset S(¢). An immedi-
ate consequence of this result and is the following unitary analogue of Kato’s continuous
enumeration:

Theorem 1.6. Let H be a separable Hilbert space. If U(-) is a continuous path in Uy(H,I),
then there exists a sequence (\j(-))jen of continuous paths in T, such that

L oo(U()) ={M(), A2l), - "

2. (Nj(+))jen ts an extended enumeration of oqis(U(-)) pointwise.

In fact, we obtain this result as a special case. More precisely, we generalise this setting by

replacing the identity operator I by any fixed unitary operator Uy. Details are summarised
below.
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1.3. Main results.

1.3.1. Generalisation to symmetric norms. We have only considered the p-Schatten classes
S,(H) so far, but they are only special types of the general Schatten-class S (), where ®
is a so-called symmetric norm (see below for definition). In fact, the previously mentioned
theorems by Bhatia-Shinha and Bhatia-Davis are concerned with symmetric norms:

Theorem 1.7 ([BS]). Let H be a separable Hilbert space, and let ® be a symmetric norm. For
any pair U, U’ of unitary operators on H with U — U’ € &g (H), there exists a pair (\;), (X))
of extended enumerations of the discrete spectra of U, U’ respectively, s.t.

s
(M = N, e = Mal,. ) < DU~ Ul

Theorem 1.8 ([BD) Corollary 2.3]). Let H be a separable Hilbert space, and let ® be a
symmetric norm. For any pair N, N’ of normal operators on H with N — N’ being normal
®-Schatten class, there exists a pair (X;), (A;) of extended enumerations of the discrete spectra
of U, U’ respectively, s.t.

(I)(P‘l - )‘/1’7 ‘)‘2 - /2|’ .- ) < ”N - N/HG<1>'
In this paper, we work with the general Schatten class G4 (H) for completeness.

1.3.2. General multiset theory. Sections are devoted to general multiset theory about
a metric space X and a fixed point zg € X. Given a symmetric norm ®, the definition of
S (X, zp) requires the obvious modification (see §3.2 and §3.3 for details). As before, we
make use of the multiset Oy, := {xo, x0, Zo, ...}*. The following are our main results:

1. Theorem [3.7] asserts that 8¢ (X, o) is metric space. In addition, it is shown in Theorem
that if X is complete and if ® is a regular symmetric norm (see below for definition),
then 8¢(X, z¢) is complete.

2. Theorem asserts that any continuous path in 8¢ (X, z¢) has a continuous enumeration.

3. In under the assumption that ® is a regular symmetric norm, and that X is a path-
connected, locally simply connected metric space, we construct a group isomorphism

(8) Vg m1(8a (X, 20), Og) ~ Hi(X),

where 71 (8¢(X, z0), Ox,) is the fundamental group and H;(X) is the first singular ho-
mology group. The formal sum is used to define Vg.

1.3.3. Infinite-dimensional analogues of Kato’s continuous enumeration. One of our main
results is Theorem with the identity operator I replaced by a fixed operator Uy. To state
this result, we consider the metric space Ug(H,Up) whose definition is obvious (see for
details). Since the essential spectrum K := 0ess(Up) is no longer a point-set, we need to form
the quotient space T/K = {[z]k }.er via the equivalence relation which identifies points of K
and leaves other points as they are. Let K denote the equivalence class represented by points
of K. The topological space X := T/K is a metrizable space (see Theorem with a fixed
point zg := K, and so we may consider

8o(T, K) := 8o(T/K, K).

As before, we can view the spectrum of each unitary operator U € U (H, Up) as a multiset in
T/K through . With the notations introduced above in mind, Theorem is our main
theorem, which is an infinite-dimensional version of Kato’s continuous enumeration. We also
give an analogous result for self-adjoint perturbations (see Theorem [7.8)).
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1.3.4. Unitary Spectral Flow. In we give an alternative approach to the unitary spectral
flow. Note first that if we set (X, z¢) := (T, 1), then the isomorphism is of the form

\Ifcp : 7T1(8<1>(T, 1), 01) ~ 7.
If U(-) is a loop of unitary operators in Ug (T, 1) based at the identity operator I, then o(U(+))
is a loop in 8¢ (T, 1) based at O1. We define the spectral flow of the path U(-) to be

stU = Vo ([o(U)]xr) € Z,

where [-]r, denotes the homotopy class in 71 (8¢ (T, 1),01). This definition is indeed con-
sistent with the naive one (3), where the existence of each loop A;(+) in (T, 1) is asserted in
Theorem [L.6l

2. PRELIMINARIES

Here, we briefly recall standard facts about symmetric norms and Schatten class operators.
Details can be found in |[GK] and [Sim2].

2.1. Symmetric norms. Let ¢y be the set of all real-valued sequences converging to 0, and
let cgp be the set of all real-valued sequences with a finite number of non-zero terms. Evidently,
co and cgp can be both viewed as vector spaces over R.

Definition 2.1. A norm ® on cyy, which assigns to each sequence & = (& )en in coo a
unique non-negative number ®(§) = ®(&1, o, . . .), is called a symmetric norm, if the following
conditions are satisfied:

1. ©(1,0,0,...) = 1.
2. ®(&1,8,...) = (J&n |5 |&nsl, - - -) for any £ € cop and any permutation 7.

Let ® be a symmetric norm. A sequence £ € ¢ is said to be ®-summable, if the limit
®(&) := lim ®(&,...,£,0,0,...)
n—oo

is finite. The vector space of all ®-summable sequences, denoted by fg, is called the natural
domain of the symmetric norm ®. The pair (¢, P) turns out to be a Banach space (see
[Sim2, Theorem 1.16 (d)]). The symmetric norm & is said to be regular, if

nh—>Hc}o q)(fn+1,£n+2, .. ) =0 < nh—>nolo(£1’ .oy 6n, 0,0, .. ) =¢ VE € L.

Let Eg be the set of all those sequences in f¢ with non-negative terms.
Example 2.2. Given a fixed number p € [1, oo], we define the regular symmetric norm @, by
(2, &) ”, it p < oo,

SUp;ecn |fi|7 if p = oo,

where £ € coo. The natural domain £, := £, is known as the set of p-summable sequences in R. Evidently,
loo = co. See |GK] §IIL. 7] for more details.

(9) ®p(¢) = {

Given a sequence ¢ = (&);ey of non-negative terms in ¢y, we define the sequence & =
(§Z.i )ien to be the non-increasing rearrangement of &1, s, . ... That is, we define &+ through

+ ) + 1 _ ) )
& = IZIIEaI@(&, & +& Igéajx (& + gj)a

The non-increasing rearrangement of a finite sequence of non-negative terms can be defined
analogously.
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2.2. Schatten class operators. Let ® be a symmetric norm, and let H be a separa-
ble Hilbert space. The singular numbers of a compact operator A on H, denoted by
51(A), s2(A), ..., are the eigenvalues of the positive operator |A| := v/ A* A, that are repeated
according to their multiplicities and arranged in the non-increasing order. The operator A is
said to be ®-summable, if (s;(A))ien € Lo: that is,

(10) |Alles == li_)m D(s1(A),...,s0(A),0,0,...) < 0.
The set S¢(H) of all d-summable operators, known as the ®-Schatten class, forms a Banach

space with the norm . Details can be found in [GK], §II1.4]. The p-Schatten class is the
Banach space &,(H) := &g, (H).

2.3. Majorisation and inequalities. Here, we introduce the notion of majorisation which
allows us to develop useful inequalities involving symmetric norms. Let R’} be the set of all
finite sequences of length n whose terms are non-negative real numbers. Given two finite
sequences &,n € R” | we say that & is weakly majorized by n, written £ <, 7, if

k k
Ye <Ny Vk=1,....n,
j=1 j=1

A norm ® on R" is referred to as a finite symmetric norm, if the two conditions specified in
Definition are satisfied. It is a well-known fact (see [Bha, Example 11.3.13]) that a finite
symmetric norm ¢ on R" respects weak majorization. That is,

§<wn=2E) <®(n) VE&neRYE.

We will make use of the following obvious lemma throughout this subsection:

Lemma 2.3. If ® is a symmetric norm, then the following is a finite symmetric norm:
R™ € (&1,...,&) — ®(&1,...,&,,0,0,...) €R
To begin we consider the following standard facts (see [GK], §II1.3] for details), which will

be freely used throughout the paper without any further comment:

Lemma 2.4. Let ® be a symmetric norm, and let £, € E;ﬁ :
L ®(&1,8,...) = ®(&xy s &nys - - ) for any permutation 7. In particular, ®(£) = ®(&4).
2. If & <m; for each i € N, then (&) < ®(n).

3. ¢ <) <Y, ¢
Note that the last assertion implies #1 C fp C £.

Proof. For the first assertion, observe that for each n € N there exists a large enough index
Ny, st. &ryy.oo,&n, is among &, ...,&N,. Since a finite symmetric norm respects weak
majorisation, we have ®(&x,,...,&r,,0,0,...) < ®(&1,...,¢N,,0,0,...) for all n € N. Taking
the limit as n — oo establishes ®(&;) < ®(&). A similar argument shows ®(¢) < (&), and
the firs assertion follows. The second assertion follows from (&1,...,&,) <w (M1,-..,7n) for
all n € N. The last assertion follows from ®(&) = ®(£%) and

(£5,0,...,0) <w (61,65, ..., 65) <4 (Zf},o,...,o) ¥n € N.
=1
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We will conclude this section by obtaining an infinite analogue of the following inequality:

Lemma 2.5. For any finite symmetric norm ® on R™, we have

(11) S(l&t =yl 16 —m) S @& =l [ —mal)  VEM ERY.
Proof. The claim follows from the following non-trivial majorization:
(& =il 165 = D) =<w (€ =l Jén —mal)  VEm € R
See [MOl Theorem 6.A.2.a] for details. O

We believe that an infinite analogue of this inequality must be a standard result, but were
unable to find an appropriate reference. Here, we will present our own proof for which we do
not claim the originality. We prove the following lemma first.

Lemma 2.6. Let ® be a regular symmetric norm, and let £ € Eg. If we let €M
(€1,...,60,0,0,...) for each n € N, then (™) — ¢+ as n — .

Note that (£()+ £ (¢4)(™) in general (otherwise this claim would be trivial).

Proof. Here, we consider the non-trivial case where £ is a sequence with infinitely many non-
zero terms. For each n € N, we set {(,) := (§n+1,8nt2,...). It follows from the regularity

of @ that for any e > 0 there exists an index ng s.t. ®(£4,,)) < €/2 and ®[(&F) ()] < €/2.
Furthermore, there exists an index N > ng s.t. for all n > N we have ®(§(,)) < 5,%0“. It

follows that for all n > N the numbers &,11,&,42, ... are all strictly less than 5,%0: that is,
the first ng terms of &+, (€M) are identical. For all n > N we have

B(e— (€M) = @(0,...,0,& 1 — €™y
< DY) (n)] + @E™)Y) (o))
< 5+ 2UE™) )
It remains to prove ®[((£™)4) ()] < €/2 for all n > N. Let n > N be fixed. Then there

exists a permutation 7w of {1,...,n} s.t. &, > ... > &, . It is easy to observe that
((g(n))i)(no) = (57Tn0+17 e 7€7Tn7 O? 07 . )
Since fwnoﬂ, ..., &x, are the smallest n — ng terms of £", we have

@[((g(n))i)(no)] = (§Wn0+17 cee agrrna 0 0 )
(€n0+1a"'a§n70 0 )
(€n0+1a o agnv §n+1 €n+23 e )
(€(no)) <

The proof is complete. ]

)

l\.')\m

We are now in a position to prove the following result:

Theorem 2.7. Given a reqular symmetric norm ®, we have

(12) O(let =yl 165 — w3l ) < B(& —ml & —mal,..)  VER €L
That is, E(Jg S & & € Uy is 1-Lipschitz continuous.
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Proof. Let ® be a regular symmetric norm. It follows from Inequality that for any

&1 € g
(M) — (M) < @(lg™ —n™))  VneN.
By Lemma taking the limit as n — oo completes the proof. O

3. SUMMABLE MULTISETS

3.1. Countable multisets. Let X be a nonempty set with a fixed point g € X. A multiset
in X is understood naively as a subset of X, whose elements can be repeated more than
once. For instance, the multiset {z, z}*, where we use notation {...}* to distinguish it from
ordinary subsets of X, is considered to be different from {z}*. We shall make use of the
following multiset throughout the paper:

Omo = {xo, Lo, LQy - - .}*,

where xq is repeated infinitely many times. Formally, we define a multiset in X to be any
mapping S : X — {0,1,2,...,00} assigning to each point 2 € X a unique non-negative
integer of infinity, S(x), which is understood as the multiplicity of x in S.

Definition 3.1. A countable multiset in (X, xo) is a multiset S in X s.t.
1. The fixed point z¢ is the only point in S having the infinite multiplicity.
2. The support of S, defined by supp S := {z € X | S(z) > 0}, is a countable subset of X.

Evidently, Oy, is a trivial example of a countable multiset in (X, z). Throughout this
paper, we will only consider multisets of this kind, and freely make use of the following
convention without any further comment. Given a finite or infinite sequence (s, $2,...) in X,
we assume that the multiset {s1, s2,...}* contains the fixed point z( infinitely many times,
so that it can always be viewed as a countable multiset in (X, zg).

Example 3.2. With the above convention in mind, the correct interpretation of the multiset S := {z1,z1}",

where z1 # zo, is the mapping S : X — {0,1,2,...,00} given by S(z1) = 2,5(z0) = oo, and S(z) = 0
whenever = # xo and x # x1.

Let us introduce the following terminology:

Definition 3.3. Let S be a countable multiset in (X, zg):

1. A sequence (s;)ieny is called an enumeration of S, if the representation S =
{s1, 2, s3,...}* holds. If the enumeration (s;);en contains the fixed point z( infinitely
many times, it is called a proper enumeration of S.

2. The rank of S, denoted by rank S, is the sum of the multiplicities of all points in supp S
except the fixed point xg.

Remark 3.4. Let S be a countable multiset in (X, z(). Any two proper enumerations of
S are identical up to a permutation. Furthermore, given an enumeration (s;);en of S, the
sequence (s1, Zg, S2, X0, - - -) 1S a proper enumeration of S.

Given two countable multisets S, 7T in (X, x¢), we agree to write T < S if T'(x) < S(z) for
all z € X. We define the sum S + T, and difference S — T in case T' < S, by

0, if x = xo,

(SET)(z) = {S(m) + T'(x), otherwise.
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Given a countable multiset S in (X, z0) and an arbitrary subset U of X, we define their
intersection, denoted by S N U, to be the multiset

00, if x = xg,
(SNU)(z) =< S(z), ifz+#x9andxzeU,
0, ifz#xpand z ¢ U.

Note that the multiplicity of the fixed point z¢ in S N U is always infinite, even if the fixed
point xg does not belong to the set U. Thus, we can always view SNU as a countable multiset

in (X, zp). We also define S\ U := 5N (X \U).
3.2. Summable multisets.

Notation. We assume the following throughout the remaining parts of the current section:
1. Let ® be a symmetric norm.
2. Let (X, d) be a metric space with a fixed point g € X.

Let S be a countable multiset in (X, zo) with an enumeration (s;);en. The multiset S is
said to be ®-summable, if (d(xo, s;))ien € Lo. That is, d(zg, s;) — 0 as i — oo and

d@(OxO, S) = (I)(d(x(), 31),d(a;0, 82), .. ) < 00.

The set of all such multisets is denoted by 8 (X, zg). The ®-distance between any two
countable multisets S,T" € 8¢(X, x¢) is defined to be

(13) de(S,T) :=inf ®(d(s1,t1),d(s2,t2),...),

where the infimum is taken over all pairs of enumerations (or equivalently over all pairs of
proper enumerationsﬂ) (8i)ien, (ti)ien of S, T respectively. Note that (d(s;,t;))ien € lo by
triangle inequality.

Remark 3.5. Let S, T be multisets in 8¢ (X, xg) with enumerations (s;);en, (¢;)ien respec-
tively. Since the sequence (d(s;,t;))ien € Lo is P-summable, we have

o
(14) sup d(si,t;) < ®(d(s1,t1),d(sa,t2),...) < > d(sq, i),
1€EN i—1
Furthermore, if @ is a regular symmetric norm, then we have
(15) hm @(d(.ﬁo, Si+1), d(l’o, SH_Q), . ) =0.
71— 00
We will prove that 8¢ (X, zo) forms a metric space with using the following lemma:

Lemma 3.6. If S € 84(X, ), then the following assertions hold true:
1. supp S can have one and only one accumulation point xg.

2. supp S is a compact subset of X.

Proof. For the first part, assume that supp S is infinite. If supp .S had an accumulation point
other than z, then the sequence (d(zo, s;))ien could converge to zero. This is a contradiction.
The second part is now an immediate consequence. ]

Theorem 3.7. 8¢(X,z0) forms a metric space with the distance function (15).

2 This immediately follows from the second part of Remark
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Proof. The symmetry dg(S,T) = do(T,S) is obvious. For the non-degeneracy, let dg (S, T) =
0. We assume S # T and derive a contradiction. Without loss of generality, we may assume
that there exists a point 2’ # zg, s.t. S(z') < T'(2’). Since 2’ cannot be an accumulation
point of supp S by Lemma we can choose a small enough open e-ball B.(z') around 2/,
whose intersection with supp S is either the empty set () or the singleton {2’}. In either case,
this leads to a contradiction dg(S,T) > € > 0 by (14).

To prove the triangle inequality de(S,7T) < do(S,U) +de(U,T), we let (s;), (t;) be proper
enumerations of S, T respectively, and let (u;)ien, (u))icny be two proper enumerations of U.
Then there exists a permutation 7 satisfying u;h = u; for each i € N. Now,

D[(d(si, ui))ien] + @[(d(us; ti))ien] = @(d(si, ui))ien] + P[(d(ui, tr,))ien]
> O(d(s1,u1) + d(ur, tey ), d(s2,uz) + d(uz, try), .. .)
> O(d(s1,tny ), d(S2,tmy),---)
> de(S,T),

where the the second inequality follows from the triangle inequality w.r.t. d. Since all the
proper enumerations (s;)ien, (ti)ien, (4;)ien, (u})ien were chosen arbitrarily, taking the infi-
mum over these sequences establishes the triangle inequality. In particular, selecting U := Oy,
ensures d,(S,T) < oo for all S,T € 8¢(X, xp). The proof is now complete. O

Example 3.8. Let ®, be the symmetric norm in Example In this case, we use the short hand
(8p(X, 20),dp) := (82, (X, 20),ds,). The metric d, is then given by

(2, d(siyti)p)l/p, if p < oo,
sup;cy d(si, ti), if p= oo,

dp(S,T) = inf {

where the infimum is taken over all pairs of enumerations (s;), (t;) of S, T respectively. It follows from
that 81(X,z0) C 84 (X, z0) C 8cc (X, x0) for any symmetric norm ®.

Lemma 3.9. If ® is a reqular symmetric norm, then the mapping
8p(X,x0) 3 5 = {s1,50,...}* —> (d"(w0, 5:))ien € la,

where (d*(zo, s;))ien s the non-increasing rearrangement of the sequence (d(xo, 8;))ien, 5 a
1-Lipschitz continuous mapping.

Proof. Let S,T € 8¢(X,x¢), and let (s;), (¢;) be arbitrary enumerations of S, T respectively.
For notational simplicity, we let £ := (d(zo, $;))ien and n := (d(xo,t;))ien. It follows that

<I>(d(51, tl), d(SQ,tQ), .. ) Z q)(|d(330, 81) — d($0,t1)|, |d(330, 82) — d($0,t2)|, . )
=®(|& —ml, (&2 —m2l,..)
> o(gr — iyl &5 —msl.- ).

where the last inequality follows from . Taking the infimum over (s;);en, (¢;)ien establishes
the 1-Lipschitz estimate ® (& — nt) < de(S,T). The proof is complete. O

3.3. Some estimates.

3.3.1. Estimates involving sum.

Lemma 3.10. do(S+ S, T +T") < de(S,T) + do(S',T") for all S, 58", T,T" € 8¢(X, xo).
Proof. Let (si)ien, (8})ien, (ti)ien, (t;)ien be enumerations of S, S’, T, T" respectively. Since

/ / / ! / !
(s1, 51,82, 85, 83,85,...) and (t1,t],t2,th,t3,15,...)
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are two enumerations of S + S, T + T’ respectively, we have

(I)[(d(si> ti))iEN] + @[(d(s;, t;))iEN] = (I)(d(slv tl)v 0, d(s27 t2)> 0,.. ) + (I)(Ov d(S/h t/1)> 0, d(5/27 tIQ)v . )
> Q(d(sh tl)? d(slh t/1)7 d(827 t2)7 d(8/27 t/2)7 . )
> de(S+ S, T+ 1.

Since the enumerations (s;)ien, (})ien, (ti)ien, (t;)ien were chosen arbitrarily, taking infimum
over these enumerations establishes the claim. O

3.3.2. Estimates involving difference. In general, an estimate analogous to Lemma [3.10
(16) d<I>(S_S/7T_T/) < d@(SaT)+d‘1>(S,7T/)’

where S, 5", T, T" € 8¢(X, xg) with S" C S and 7" C T, fails to hold as below:

Example 3.11. Let N be a natural number > 1. Here, we consider the space 82(R4, 0), where Ry is equipped
with the standard metric p(z,y) := |z — y|. We define multisets S, S’, T, T’ through

S=8=T={% 2, 1} and T =T - {1} ={%, 2,... K2}"

N

Then S — 8 = O and T —T" = {1}*, and so p2(S — S',T —T") = p2(Oo,{1}*) = 1. On the other hand, since
(%,%,...,1,0,0,0,...), (0, %, %,..., ¥1,0,0,0,...) are enumerations of 5", 7" respectively,
2 2 2\ 3
1 2 1 N-—-1
T < . £ S A
pg(S,T)+p2(S,T)_O+<N 0 +’N Nl T +'1 N )
1 12
S(m*- +ﬁ)
1 ’
< <1< p(S—S.T—T
ST p2( )

That is, Inequality fails to hold in general.

Nevertheless, the following weaker version turns out to be sufficient:

Lemma 3.12. Let S,5",T,T" € 8¢(X,x9) be multisets satisfying S" C S and T" C T. If
S, T" are finite-rank multisets and if n := rank S’ + rank T", then

do(S = 8", T —T'") < 3n (do(S,T) + do (S, T")) .
This result will be proved with the aid of the following lemma;:
Lemma 3.13. If S,T,U € 8¢(X,x0) and if n :=rank U < oo, then
de(S,T) < 3n-de(S+U,T+U).

Proof. (A) Let us first prove the claim for U = {u}*. Let (s})en, (t;)ieny be enumerations of
S+ U, T +U respectively, s.t. s; =u and t; = u for some ig, jo € N. If ip # jo, we can then
simultaneously renumber (s});en, (¢})ien, so that

(S;)ZEN = (317 u, 82, 83, . - ) and (t;)ZEN = (U, tla t2a t3> .- )
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for some enumerations (s;);en, (t;)ien of S, T respectively. It follows that
d@(s, T) < CD(d(sl, tl), d(SQ, tg), .. )

< CD(d(sl, tl), 0,0,.. ) + (I)(O, d(SQ, tg), d(83, Ifg) .. )
< d(Sl, u) + d(u, tl) + (I’(O, d(SQ, tQ), d(83, tg) .. )
= CD(d(sl, u), 0,0,.. ) + (I)(O, d(u, tl), 0,.. ) + (I)(O, d(SQ, tg), d(83, t3) .. )
S 3‘1’(d(81, u), d(u, tl), d(SQ, tQ), .. )
= 3®0(d(s,t}), d(s5: 13), - - .)-

Note that the same estimate de(S,T) < 3®[(d(s},t.))ien] also holds trivially in the case

1771
io = jo, and so taking the infimum over (s});en, (t;)icn establishes the claim for U = {u}*.

(B) For the general case, suppose U = {u1,...,u,}*. It follows from (A) that
3n-de(S+UT+U)>3(n—1)-de(S+ {ut,...,un—1}" T+ {ur,...,up-1}").
Continuing this way establishes the claim. O

Proof of Lemma[3.13. The multiset S’ + 1" has finite rank n. By Lemma [3.13| we have
de(S—S'T—-T)<3n-de(S—S5 +(S"+T"),T-T + (5 + 1))
<3n-de(S+T',T+5")
< 3n (de(S,T) + de (5", T")),
where the last inequality follows from Lemma [3.10] g

3.3.3. Estimates involving finite-rank multisets. We shall make use of the following estimates:

Lemma 3.14. Given sg,S1,...,8, € X and ty,...,t, € X, we have
n
(17) do ({1, sn}" {t1, . ta}*) < d(si, ta),
i=1
18 sup d(sg,s;) <2de({so,...,50}",{s1,...,5n}").
(18) Sup (s0, 5:) »({s0 o} {s1 nt")
n times

Proof. Inequality immediately follows from Lemma indeed,
do({s1,- -, sn )" {11 ta}) S da({s1}" {}) + o+ da({s0}" {ta}") < D d(sis ta).
i=1

For , it follows from the triangle inequality w.r.t. d that

d(SO, Si) < d@({So, o .,80}*, {81, e ,Sn}*) Vi = 1, ey
U]

3.3.4. Estimates involving intersection. Given S,T € 8(X,zo) and a subset U of X, the
following inequality does not hold in general:
(19) de(SNU,TNU) <dg(S,T).
Here, we establish a criterion under which estimate holds true.
1. Given a subset U of X, we set 8 (X,z0) := {5 € So(X,2¢) | suppS C U}.
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2. A finite tuple (Uyp,...,U,) of non-empty subsets of X is called positively separated, if

dist (U;, U;) = inf  d(u;,u;) >0 Vi
ist (U;, Uj) T (ui, uy) i # ]

By convention, whenever we speak of a positively separated tuple (Uy,...,U,), we will
always assume that the fixed point zy belongs to the first component Uy.

Lemma 3.15. Let (Uy,...,Ux) be a positive-separated tuple of subsets of X. Let 6 :=
min;; dist (Us, Uj), and let U := Uf:o Ui. If S,T € 84(X, x0) satisfy do(S,T) < 6, then:

1. de(SNU;, TNU;) <de(S,T) foralli=0,..., k.

2. rank (SNU;) =rank (T'NU;) foralli=1,... k.

Proof. Suppose that S,T € 8Y(X, o) satisfy do(S,T) < 4, and that (s;)ien, (ti)ien are
arbitrary enumerations of S, T respectively satisfying ®[(d(s;,t;));en] < 6. That is,

(20) sup d(s;, t;) < 0.
1€N

It follows that each neighborhood U; has the property that s; € U; <= t; € U; for all
1 € N. The second assertion follows. The first assertion follows by taking the infimum over

(8:)ien, (ti)ien- 0
The following result is an immediate corollary:

Corollary 3.16. If (Uy,...,Uy) is a positively separated tuple of subsets of X with U :=
Uf:o Ui, then each mapping

SY(X,20) 38 +— SNU; € 86(X,x0), i =0,...,k,
is continuous. Furthermore, the following function is locally constant:
SY(X,x0) 3 S +— (rank (SN UY),...,rank (SNU,)) € Z"
Lemma 3.17. If U is an open subset of X, then 8§ (X, xo) is an open subset of 8o(X, xo).

This lemma will be used frequently with Corollary [3.16] under the assumption that
(Uo, ..., U,) is a positively-separated tuple of open subsets of X, and that U := UyU...UU,,.

Proof. Given S € 8%(X,x0), we set § := dist (suppS, X \ U) > 0. Let T € 8¢(X,z¢) be
a multiset satisfying de(S,7) < d. Then then there exist enumerations (s;), (¢;) of S,T
respectively, s.t. holds. Tt follows that ¢; € U for all i € N, and so T € 8§ (X, z¢). That
is, the open §-neighborhood of S is included in Sg(X, xo). Thus, Sg(X, xo) is open. O

3.4. Canonical Lipschitz mappings. Let (Y, p) be a metric space with a fixed point yy € Y,
and let f: X — Y be an L-Lipshiz continuous mapping s.t. f(zg) = yo. It is easy to see that
f naturally induces an L-Lipschitz mapping

(21) Sa(X,x0) 2 {s1,82,...} > {f(s1), f(s2),...}" € 8a(Y,90)-
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3.5. Separability. The aim of the current subsection is to prove the following result:

Theorem 3.18. If ® is a reqular symmetric norm and if X is a separable metric space, then
Sa(X,x0) is a separable metric space.

This is an immediate consequence of the following lemma:

Lemma 3.19. If ® is a regular symmetric norm, then the set of all finite-rank multisets in
(X, z0) is a dense subset of S¢ (X, xp).

Proof. If S = {s1, s2,...}* belongs to 84(X, x¢), then Inequality implies
hm d@(s, {81, ceey Sz}*) < hm (I)(O, ces ,0, d(xo, Si-l—l)’ d(mo, 3i+2), .. ) =0.
1— 00 1—00
Since each {s1,...,s;}* is a finite-rank multiset, the claim follows. ]

Proof of Theorem[3.18 Let 8¢(X, o) be the set of all finite-rank multisets in 8¢ (X, o). By
Lemma it suffices to construct a countable dense subset of 8y(X,zg). Let A be a
countable dense subset of X. Without loss of generality, we may assume that zg € A. Let

SoU (X, z0) :={S € 80(X,z0) | supp S C A},
which is a countable setﬂ We show that 8¢'(X, z¢) is a dense dense subset of 8q(X,xg). Let

S = {s1,...,8,}* be in 89(X,zp). Since A is a dense subset of X, there exist n sequences
(Sgl))ieN, cel (sgn))ieN in A converging to si,...,s, respectively. It follows from that
{sgl), ey sgn)}* — S as i — 0o. The claim follows. O

3.6. Completeness. The aim of the current subsection is to prove the following result:

Theorem 3.20. If (X, d) is a complete metric space and if ® is a reqular symmetric norm,
then 8¢ (X, o) is a complete metric space.

Throughout the current subsection, we will assume that (X, d) is a complete metric space
and that ® is a regular symmetric norm. We will first prove the following special case:

Lemma 3.21. 8¢(R,0) is a complete metric space.

Proof. Let p be the standard metric on Ry, and let (S,)nen be a Cauchy sequence in
S8¢(R4+,0). Each S, has an enumeration £" := (35”))1@\1, s.t. sgn) > s(Qn) > ... It fol-
lows from Lemma that (£")nen is a Cauchy sequence in fg. Since {g is a Banch space,
(€™)nen converges to a limit €0 := (£9,€9,...). Now,

pq)(Sna {5(1)75(2)7 . }) = P@({Sgn)a Sgn)v . '}*7 {5?758) . }*)
< (|st"” — &0l s — €31,

=" -¢% —o0.
That is, the Cauchy sequence (Sp)nen has a limit Sy := {€9,£),...}*. Note that the ®-
summability of the multiset Sy is equivalent to £0 € (g. g

3 To see why this is true, we can take the following approach. Let A be the set of all finite subsets of A,
which is clearly a countable set. We can then write
So (X, z0) = U {S € 80(X,x0) | supp S = A'},
AleA
where each set {S € 89(X, z0) | supp S = A’} is countable. It follows that 8§¢'(X,zo) is countable.
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An immediate consequence of this lemma is as follows. Throughout this subsection, we let
(Y,y0) := (R4+,0) and p(z,y) := |x — y|, and define f : X — Ry by f(x) := d(zo,x). Since f
is a 1-Lipschitz continuous mapping, it induces the 1-Lipschitz continuous mapping . We
shall also make use of the shorthand

fF({s1,82,...}) :={f(s1), f(s2),...}" V{s1,s2,...} € Sa(X, o).

Evidently, if (S),)nen is a Cauchy sequence in 8¢ (X, ), then (f(Sy))nen is a Cauchy sequence
in 8¢(R4,0). Since 8¢(R4,0) is complete, the sequence (f(Sy))nen has a limit in 8¢ (R, 0).
With this fact in mind, we will prove Theorem [3.20] with the aid of the following two lemmas:

Lemma 3.22. If (Sp)nen is a Cauchy sequence in 8¢(X, zg) with the property that each term
of it has a constant finite rank k, then it converges.

Proof. Before we proceed to the induction on k, let us first observe that if the union A :=
Unen supp Sy is a finite subset of X, then the Cauchy sequence (S, )nen Wwill eventually be
constant, and so the claim follows. Suppose that A is an infinite subset of X. For the base
step k = 1, there exists a sequence (s, )nen of points in X, s.t. S, = {s,}* for all n € N. It
follows from that (sp)nen is Cauchy sequence in X, and so (sp)nen converges to some
point sg € X. It follows from Inequality that (Sp)nen converges to Sy := {so}*. This
completes the base step.

For the induction step, we will assume that the claim has been proved for k replaced by any
smaller number. Since (S, )nen is a Cauchy sequence, the infinite set A is totally boundedﬂ
It follows that the closure A is a compact subset of X, and so A contains a limit point sg € X.
For each n € N, we choose a point s, # xg in supp S,, that is closest to sg. If (s,,)nen does
not converge to sp, there exists a 6 > 0 such that d(sy, sp) > 20 for infinitely many n’s. At
the same time, since sg is a limit point of A, the open ball Bjs(sg) contains infinitely many
points of A. This contradicts the fact that (S,),en is Cauchy, and so s, — sp as n — oc.
Now, (Sy, — {sn}*)nen is a Cauchy sequence of the constant finite rank k& — 1 by Lemma
and so the claim follows by induction. (|

Lemma 3.23. Let (S,) be a Cauchy sequence in S¢(X,xg) s.t. R :=limy, o f(Sn), and let
(Lo, ..., I) be a positively-separated tuple of open subsets of Ry s.t.

suppRC IpU...UIg.

Let Uo,...,Uy be the inverse images of Io,...,Ix under f. Then k + 1 sequences
(S nens - - -5 (ST ) nen given by SN = S, NU; are all Cauchy sequences with the property
that there exists an index N satisfying the following properties:

1. S, =89 ...+ 8% for alln > N.
2. do(Sy),8%)) < de(Sm, Sn) for each i =0, ...,k and for each m,n > N,
3. rank S = rank Sy’ for each i =1,...,n and for each m,n > N.

4 To see why this is true, we let € > 0 be arbitrary and assume S, = {s{" ... ,sﬁc")}* for all n € N. Since
(Sn)nen is Cauchy, there exists an index N, s.t. for all n > N we have do(Sn, Sy) < €. That is,

U supp Sn € Be(z0) U Be(si™)U... U Be(s{™).

n>N

Since |J,, . v supp S» is a finite subset of X, A is totally bounded.
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Proof. Let I :=IyU... Ul and U := Uy U...UUy. Let us first observe that (Uy,...,Uy) is
positively-separated tuple of open subsets of X. Indeed, if ¢ # j, then

dist (U;, Uj) = (ui,ujglégiXUj d(ui, uj) > (ui’uji)rét[”]iXUj |f(uwi) — f(uj)| > dist (£;, I;) > 0,

Note that xg € Up. Since f(S,) — R as n — oo, there exists an index N s.t. for alln > N we
have f(S,) € 85(R4,0) by Corollary and Lemma It follows that S, € 8Y(X, o)
for all n > N. Since (Sy)nen is a Cauchy sequence, the claim follows from Lemma O

Proof of Theorem[3.20 Let (Sp)nen be a Cauchy sequence in 8¢(X,z0), and let R :=
lim,, 00 f(Sy). Suppose that supp R = {r1,72,...,0}, where 1y > ro > ... > 0, and that
each 7; has the multiplicity m; in R. Let {I;};en = {(cu, 5i) }ien be a countable family of
open intervals in R, s.t. r; € I; for each i € N. We may assume that ﬂiGN[ai’ Bi] = 0.

(A) Given an arbitrary index k € N, we set I := [0, Br41) and Ag := f~1(Ip). It is easy
to see that (Ip,...,I}) is positively-separated open subsets of R, and so Lemma holds
true. It follows from Lemma that the k sequences (S5 )nen, - - -, (89 )nen all converge

to some multisets S{", ..., S(()k € 8¢(X,zp). Now,

(22) F(S{7) = lim f(S) = lim f(S,NU;) = lim (f(Sn) VL) =RNL  Vi=1,... .k

n—oo

where the last equality follows from Corollary and Lemma It follows that rank S((f) =

m; for each ¢ = 1,..., k. That is, each S(()i) admits a representation
rank S\” = {s{",... s }*
for some s{”,..., sk € X. Evidently, f(S}) = {ri,...,mi}*
(B) Part (A) allows us to define the multiset Sy := {3(11), SO 5(22), oS} whose

®-summability follows from f(Sp) = R. We show that S, — Sy as n — oco. Let € > 0 be
arbitrary. Then there exists a large enough index k € N, s.t.

€
(23) P<I>(R N IOa OO) = @(T‘k+1, sy TR+, TR425 - - o5 Th425 - - ) < 17

-~

Mmi41 times  mp49 times

where Iy := [0, Bg41) as in (A). We set S := Sy N Up. Since the last equality in is also
true for ¢ = 0, it follows that there exists an index N s.t. for all n > N we have

(24) pa(f(Sn) N 1o, Op) <

P

As in (A), we can always increase the index N, if necessary, so that for all n > N

k
(25) Sp =59 ...+ 5% and 3 da(S5),S) <
i=1

N
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It follows from , that for all m > N
do(Sn, So) = do(SY) + ...+ S5, Sy + ...+ S§)
< de(SY,S) +da(Sy, S§7) + ...+ da(Sy, S5)
< da(SK, Ouy) + do (02, S7) + 5

= pa(f(Sn) N 1o, Op) + pa(R N I, Op) + %

P
17127

where the first inequality follows from Lemma [3.10 Thus, S,, — Sy as n — oo, and so the
proof is now complete. ]

4. CONTINUITY OF MULTISET-VALUED MAPPINGS

Notation. We will assume the following throughout:
1. Let ® be a symmetric norm unless otherwise stated.
2. Let I be a metric space unless otherwise stated.
3. Let (X, d) be a metric space with a fixed point g € X.

The purpose of the current section is to establish several results about continuity of
multiset-valued mappings. We will make use of the following terminology:

Definition 4.1. The rank of a mapping S : I — 8¢(X,z¢) is defined to be the smallest
non-negative number N such that rank S(¢) < N holds for all ¢ € I. The mapping S is called
a finite-rank mapping, if it has a finite rank.

4.1. Continuity of sums. Given S,T : I — 8(X, x¢), their sum S+ T : I — 8¢(X,x¢) is
defined by (S+T)(-) := S(-) + T(").

Theorem 4.2. If S,T : I — 8¢(X,xg) are continuous, then sois S+ T : I — S¢(X, xo).
Proof. Lemma establishes the estimate

da((S +T)(1), (S + T)(Y)) < da(S(1), () + da(T(1), T(#))  ¥t,¢' €1,
from which the continuity of S + T follows. O

4.2. Continuity of differences. Given S,T : I — S¢(X, zo) with T'(t) C S(t) for all t € I,
their difference S —T : I — 8¢(X, x¢) is defined by (S —T)(-) := S(-) = T(*).

Corollary 4.3. Let S,T : I — 8¢(X,x0) be two continuous mappings with T'(t) C S(t) for
all t € I. If each point to € I has a neighborhood Iy s.t. the restriction T, is a finite-rank
mapping, then S —T : I — S8¢(X, x0) is continuous.

Proof. Given an arbitrary point ¢y € I, there exist a neighborhood I of ty and a nonnegative
integer n, s.t. rank T'(t) < n for all t € Iy. It follows from Lemma that

do((S —T)(to), (S = T)(t)) < 6n(de(S(to), S(t)) + da(T(t0), T(t))) V€ Io.
The continuity of S — T at tg follows from that of S, T. O
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4.3. Continuity of intersections. Given a mapping S : I — 8¢ (X, x¢) and a subset U of
X, we define the mapping SNU : I — 8¢(X,x0) by (SNU)(-) := S(-) NU. We also define
the mapping S\ U : [ — 8¢(X,z0) by S\U :=5SnN(X\U).

Theorem 4.4. Let S : I — S8¢(X,x0) be a continuous mapping, and let ty € I be fized.
Suppose that supp S(tg) C UpU...UUy for some positively-separated tuple (Uy, . ..,Ux) of open
subsets of X. Then there exists a neighborhood Iy of tg, s.t. the mappings SNUy,...,SNUy
are all continuous on Iy. Furthermore, the neighborhood Iy can be chosen in such a way that
the following function is constant:

(26) Iy >t (rank S(t) N Uy,...,rank S(¢t) N Ug) € Z"
Proof. This immediately follows from Corollary and Lemma ]

4.4. Continuity of induced mappings. A finite collection of X-valued mappings A1, ..., A,
on the metric space I naturally induce the mapping

I3t {M(t),...,. ()} € 8a(X, x),

which will be denoted by {A1,..., A\, }* from here on. It is true in general that if Aj,..., A,
are continuous, then so is the induced mapping S := {\1,..., A\, }* by . The purpose of
the current subsection is to given an infinite-dimensional analogue of this result. We begin
with the following definition.

Definition 4.5. A sequence A1, Ao, ... of X-valued mappings on the metric space I is said
to be pointwise ®-summable, if for each t € I the multiset {\1(¢), A2(t),...}* is P-summable.

The question we would like to address is the following. Given a pointwise ®-summable
sequence (A;(+));en of continuous mappings defined on I, is the induced mapping

(27) I>t— {\(t), A2(t),...} € 8a(X,x0),
which will be denoted by {A1, Ag,...}* from here on, continuous in general? The following
counter example says otherwise:

Example 4.6. Let us consider the space 81(Ry,0), where Ry is equipped with the standard metric p(z,y) :=
|z — y|. We define a mapping g : R — R by

sin(wt), ift e [0,1],
o(ty = Sk e 0.1
0, otherwise.

Let I = [0,1] and consider the doubly-indexed sequence (Am,n(+))m,nen of continuous functions on I defined
by Am,n(t) = 9(27:%)' Let us first prove that (Am,n())m,nen is pointwise 1-summable. Indeed, for any t € I,

> 0 Anatnl= 3 22 < (Zgn):m

m,n=1 m,n=1

where N; denotes the cardinality of the set {m € N |0 < 2™¢ < 1}. However, the mapping S : I — 81(R4,0)
induced by (Am,n())m,nen is not continuous at 0. This is because for any ¢y € (0, 1) there is a large enough
index mg satisfying 27" < to, and this gives

(28) p1(8(0),5(27™)) = p1 (00, 8(277) = Y ¢

2 ) moy &
22 g =t

Nevertheless, we have the following criterion:

Theorem 4.7. Let ® be a reqular symmetric norm, and let I be a compact metric space. Let
(Ni(+))ien be a sequence of pointwise ®-summable sequence of continuous X -valued mappings
on the metric space I. Then the following assertions are all equivalent:
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1. ®(d(xo, Ant1(+)), d(xo, Anta(:)), - ..) — 0 uniformly as n — oo.
2. The mapping &o(+) = (d(xo, Ai(+)))ien : L — Lo is continuous.
3. The induced mapping S(-) := {A1(:), Aa(*),...}* is continuous.

It is easy to observe that in Example [4.6] the mapping (d(zo, Amn(-)))mnen fails to be
continuous at 0 by .

Proof. We proceed as (1) = (2) = (3) = (1). As we shall see below, the assumption of I
being compact is only used in the last implication (3) = (1). Before taking up the proof, let
us first introduce some notation. For each n € N, we define

Sp(4) ==A{A1(), ..., A ()} and &,(+) == (d(zo, A1(")), - .., d(z0, An(+)),0,0,...).

Note that each &, is continuous, because for all ¢, € I we have

O(&n(t) — &n(t) = (ld(z0, M (1)) — d(@o, ()], -, [d(xo, An(t)) — dlzo, An(t))],0,0,...)
< ®(d(A1(8), M (), -, d(An(t), An(t)), 0,0,...)

zn:d -7;07

=1

IN

.

Since ® is a regular symmetric norm, we have lim,,_,, ®({o(t) — &, (t)) =0 for all t € I. Let
us first prove (1) = (2). Suppose that the convergence

lim_ ®(d(20, An 1)), d30, An2(),- ) = lim @(6o() — &n() = 0

n—oo

is uniform. Since &p is the uniform limit of the continuous mappings &1, &9, . . ., the mapping
& = (d(xo, Ai(+)))ien is continuous. For (2) = (3), we assume that & is continuous. Observe
that for each N =0,1,2,... the “cut-off mapping”

lo 3 (1,82, ..) = (En+1,8N12,---) € Lo

is obviously (1-Lipschitz) continuous, and so (d(zg, An+1(-)),d(x0, Ans2(+)),...) is con-
tinuous. It follows from the continuity of the norm @ that de(Og,, (S — Sn)(+)) =
O (d(zo, AN+1(+)), d(x0, AN+2(+)), - . .) is continuous. To prove the continuity of S, we let € > 0
and tg € I be arbitrary. Since ® is regular and (d(zg, \i(t0)))ien € Lo, there exists an index
N (depending on both e and tg) such that

da(Ogy, (S — Sn)(t0)) = (d(z0, An+1(t0)), d(w0, An42(t0)), - - -) < i

Since dg(Oq,, (S — Sn)(+)) is continuous at g, there exists a neighborhood Iy of ty, s.t.
€

(29) do(Oxo, (S = SN))(t) < Vtelo.

Since Sy is continuous, we may shrink Iy if necessary, to ensure that

(30) do(Sn(to), Sn (1)) < vt € Io.

N ™
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It follows from , that for all t € Iy we have

da(S(to), S(t)) = da((S — Sn)(to) + Sn(to), (S — Sn)(t) + Sn (1))
< ds((S — Sn)(to), (S — Sn)(t)) + da(Sn(to), Sn(t))
< do((S — SN)(t0), Ozy) + da (O, (S — Sn)()) + da(Sn(to), SN (1))

<4+4+2_
thereby establishing the continuity of S. Finally, to prove (3) = (1), we assume that S
is continuous. Then S — S,, is continuous for each n € N. It follows that each f, :=
de(Ogy, (S—Sn)(+)) : I — R is continuous. By construction, (f,)nen is & pointwise decreasing
sequence, and it converges to 0 pointwise. It follows from Dini’s theorem (see [Rud, Theorem
7.13] for details) that f,, — 0 uniformly. O

Remark 4.8. Given a compact metric space I and a continuous X-valued mapping A defined
on I, we define the radius of A to be

R(\) = Stlelg) d(zo, \(t)).

If (Ni(+))ien is a pointwise ®-summable sequence of continuous X-valued mappings on I, then
the following are immediate consequences of the first part of Theorem [4.7}
1. For any € > 0 there exists a large enough index N s.t. sup,~y R(\,) < €.

2. That is, no matter how small € > 0 may be, all but finitely many of A1, A9, ... have their
images completely included in the open e-neighborhood of x.

The following two assertions are immediate corollaries of Theorem [.7}

Corollary 4.9. Let ® be a regular symmetric norm, and let I be a compact metric space.
Let (Mi(+))ien be a pointwise ®-summable sequence of continuous X -valued mappings on I,
s.t. {1, Mgy .. }* is continuous. If (Ni(+))ien is a subsequence of (Ai(+))ien, then the induced
mapping {\}, Ay, ...}* is continuous.

Proof. Since {1, Ag,...}* is continuous, ®(d(zg, Ant+1(+)), d(zo, Ant2(+),...) = 0 uniformly as
n — oo by Theorem It follows that the convergence

P (d(w0, XNy 1(1)s d(20, Apa(), -+ .) = 0
is also uniform. By the same theorem, {\}, A}, ...}* is continuous. O

Corollary 4.10. Let ® be a reqular symmetric norm, and let I be a compact metric space.
If (Ni())ien is a pointwise ®-summable sequence of continuous X -valued mappings on I s.t.
{A1, A2, ... }* is continuous, then (Ai())ien converges uniformly to xg.

Proof. Let € > 0 and tg € I be arbitrary. Since S is continuous, it follows from Theorem
that ®(d(zo, \n+1(+)), d(zo, Anta()),...) — 0 uniformly as n — oo. Then there exists an
index N € N, s.t.

(31) S > O(d(xo, AN+1(t)), d(xo, ANt2(t),...) > sup d(xg, \p(t)) Vte .

n>N

It follows that \;(-) — zp uniformly by triangle inequality. O
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5. CONTINUOUS ENUMERATION OF MULTISET-VALUED MAPPINGS

Notation. We shall assume the following throughout the current section:
1. Let ® be a symmetric norm.
2. Let (X, d) be a metric space with a fixed point xg € X.

We stress that ® is not necessarily regular.

5.1. Introduction. Let us recall that in §4.4] we have developed a criterion under which a

given sequence Aj, Ag, ... of continuous X-valued mappings induces a continuous 8¢ (X, xq)-
valued mapping {A1, Az, ...}*. A different kind of continuity question is the following. Given
a continuous 8¢ (X, xg)-valued mapping S, does there exist a sequence A1, \a, . .. of continuous

X-valued mappings, s.t. S = {\1, \2,...}*? Such a sequence (\;(+))en is called a continuous
enumeration of S. The ultimate purpose of the current section is to prove the following result:

Theorem 5.1 (existence of continuous enumeration). If .S : [0,1] — 8¢(X, zo) is a continuous
mapping, then it admits a continuous enumeration.

This theorem is absolutely essential when we calculate the fundamental group of the metric
space 8¢(X, o) in the next section. As we shall see below, the existence of a continuous
enumeration is a simple corollary of the following two technical results:

Theorem 5.2 (finite-rank continuous enumeration). Let I be an interval in R, and let S :
I — 8¢(X,x0) be a continuous mapping of a finite rank n. Then there exist n continuous
mappings A, ..., Ap I — X s.t. S={\1,..., \}" foralltel.

This theorem is a multiset analogue of Theorem

Theorem 5.3 (theorem of finite separation). Let S : [0,1] — S (X, x0) be continuous, and
let € > 0 be fized. Then there exists a finite-rank continuous mapping Se : [0,1] — 8¢ (X, x0),
s.t. for allt € [0,1] we have S¢(t) C S(t) and supp (S — S¢)(t) C Be(xo).

This theorem is motivated by the second part of Remark

Proof of Theorem[5.1. We set €, := 1/n and proceed inductively. It follows from Theorem
that there exists a finite-rank continuous mapping S; : [0,1] — 8¢(X,zg), such that
for all ¢t € [0,1] we have Si(t) C S(t) and supp (S — S1)(t) € Be(xg). We can then apply
the same lemma with €5 to the continuous mapping S — S1 and obtain another finite-rank
continuous mapping S : [0,1] — 8 (X,z¢) satisfying the desired properties. Proceeding
this way, we can form a sequence Si,Sa,... : [0,1] — S8a(X,zp) of continuous mappings,
s.t. each S; admits a finite-rank continuous enumeration X}, ..., /\ﬁh By construction, S =

10N . )\}Ll,)\%, e )\ELQ, ...}*, and so S admits a continuous enumeration. O

Before taking up proofs of Theorem and Theorem we introduce the notion of
“simple continuous enumeration” which will be used in later sections:

Definition 5.4. A continuous mapping A : [0,1] — X is said to be simple in (X, xo), if its
support given by supp A := {t € [0,1] | A(t) # zo} is an open sub-interval of [0, 1].

Theorem 5.5 (simple continuous enumeration). If S : [0,1] — 8&(X,x0) is a continuous
mapping, then there exists a continuous enumeration (\;)ieny of S with the property that all
A1, A2, ... are simple continuous mappings in (X, zg).
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Proof. Since S is continuous, it admits a continuous enumeration (A});ey. Note that the
support each )] is an open subset of [0, 1], and so it admits an at most countable union of

pairwise disjoint intervals I1, I3, ... that are open in [0, 1]. We can then define the continuous
paths )\21,)\22, ...in X by
)\i(t) — )\i(t), iftGIJ.',
xo, otherwise.

By construction, each )\g is simple in (X, zp). Now, the doubly-indexed sequence (/\Z )i jen is
a continuous enumeration of S. The proof is complete. g

5.2. A sketch of proofs. The remaining part of the current section is devoted entirely
to proving Theorem [5.2] (existence of finite-rank continuous enumeration) and Theorem
(theorem of finite separation). As was mentioned, Theorem is nothing but a multiset
analogue of Kato’s selection theorem, and we will simply replicate his proof. As for the
theorem of finite separation, the following “local version” is easy to obtain:

Lemma 5.6. Let S : [0,1] — S8¢(X,x0) be continuous, and let € > 0 be fized. Then for any
to € [0, 1] there exists a neighborhood Iy of tg and a finite-rank continuous mapping Se : Iy —
8o (X, o), such that for all t € Iy we have Se(t) C S(t) and supp (S — Se)(t) C Be(xo).

Proof. We can always shrink € to €p, so that S(tg) N Be,(z0) = S(to) N Be(zo) and for each
s € supp S(tp) we have d(zo,s) # €. If we set Uy := Be,(x0), then there exists an open set
Uy in X s.t. dist (Up, Uy) > 0 and supp (S(to) \ Up) C U;. It follows from Theorem that
there exists a neighborhood Iy of tg, s.t. SN Uy, SNU; are both continuous on Iy and SN Uy
has a constant finite-rank on Iy. We set S¢ := (S N Uy)|z,. Then for any ¢ € Iy, we have
Se(t) € S(t) and supp (S — S¢)(t) C Be(xp). The claim follows. O

As we shall see, the theorem of finite separation is obtained by extending this local property
to the global one by “patching” appropriately chosen neighborhoods finitely many times.

5.3. A proof of Theorem (finite-rank continuous enumeration). Given a continu-
ous 84 (X, zg)-valued mapping S(-), there is no natural way to select a continuous enumeration
even if S has a finite-rank. However, there are some trivial examples:

Example 5.7. Let S(-) be a continuous mapping of 84 (X, zo)-valued mapping on a metric space I. Suppose
that S(-) has a finite-rank n and that S can be written as

S(t) :={A\t),..., x(#)}" Vtel
n times

for some A\ : I — X. In this case, the continuity of A : I — X is an immediate consequence of Inequality (18]).
That is, S admits a continuous enumeration.

Proof of Theorem[5.9. For brevity, let us call the finite sequence A1,...,\, in the premise of
Theorem a finite-rank continuous enumeration of S.

(A) Let us develop one preliminary result beforehand. Let I, I3 be two overlapping subin-
tervals of I, such that I; is located to the left of Io. Suppose that the two restrictions S|, , S|r,
admit finite-rank continuous enumerations (A},...,AL) and (A2, ..., A\2) respectively. For any
to € I1 NI, the two finite sequences (A} (t9))™ 1, (\2(¢9))™, are identical up to a permutation.
It follows that a finite-rank continuous enumeration exists on I; U I3. It follows that if J is a
subinterval of I s.t. each point of J has a neighborhood on which a continuous enumeration
exists, then a continuous enumeration exists on the whole interval J.
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(B) Let us prove the claim by induction on n. The base step n = 1 is done in Example
Suppose that the claim is proved for n replaced by a smaller number and for any interval I.
Let I" be the set of all ¢t € I for which S(¢) admits the representation S(t) = {z(¢),...,z(¢t)}",
where a point z(t) € X is repeated n times. It follows from Example again that the z(t)
depends continuously on ¢ € I'. Since I is a closed subset of I by Theorem [4.4] the open set
I\ T can be written as countable union of pairwise disjoint open subintervals I, Io, ... of I.
Given any such interval I; and any point ¢; € I}, since supp S(t;) can be written as a union of
two nonempty finite subsets of X, it follows from the induction hypothesis and Theorem
that ¢; has a neighborhood on which a finite-rank continuous enumeration exists. It follows

from (A) that a finite-rank continuous enumeration (X,..., X)) exists on each I ;. Then we
define the mappings A1,..., Ay : I — X by

x(t), iftel,
32) M) = 400k T

X(t), iftel;,j=1,2,....

It remains to prove the continuity of each A;. If ¢y ¢ I', then the continuity of A; at to follows
by construction. If tg € I', then Estimate allows to establish

dOi(to), Mi(t)) = d(z(to), M(t)) < 2da(S(to), S(t)) Ve I.

The continuity of A; at ty follows from that of S. ]

5.4. A proof of Theorem (theorem of finite separation). Let us first establish the
following technical lemma:

Lemma 5.8. Let I be an interval in R, and let S be a continuous 8¢ (X, x¢)-valued mapping
on I. Then for each ty € I and each s € supp S(tg), there exists a continuous mapping
A I — X with the property that X(to) = s and A(t) € supp S(t) for all t € I.

Proof. Given any X-valued mapping A, we denote its domain by I throughout. We will
proceed with Zorn’s lemma and consider the non-trivial case x # xg.

(A) Let A be the set of all those continuous X-valued mappings A, s.t. I is an open
subinterval of I containing ¢ty and A(t9p) = x. We define a partial order < on A by

M XAy = 1), €I, and Ay restricted to I, is A1.

If Ap = {A\a}a is a totally ordered subset of A, then it has an upper bound Xg : |J, I, = X
defined by A\o(t) = Ao (t) <= t € I,,. Evidently, Ao is a well-defined continuous mapping.

(B) By Zorn’s lemma, A contains a maximal element A : [, — X. It remains to prove
I, = I. Assume the contrary that Iy is a proper subset of I. Then there exists a boundary
point b of I with b ¢ I,. Without loss of generality we assume that b is the supremum of
I. Let us extend the domain of A by setting A(b) := z¢. The extended mapping A cannot be
continuous at b, as this would contradict the maximality of I. It follows that there exists an
€ > 0, s.t. any neighborhood I of b in I contains at least one point ¢, € I satisfying

(33) e < d(AD), A(tp)) = d(z0, A(ty))-

It follows from Lemma[5.6)that there exist a neighborhood I, of b and a finite-rank continuous
mapping Se : I, — 8¢ (X, z0), s.t. for all t € I, we have S¢(t) C S(t) and supp (S — Se)(t) C
Bc(x0). As mentioned above, the neighborhood I, contains a point ;, satisfying (33). Applying
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Theorem to Sy establishes the existence of a continuous mapping Ay : I, = X s.t. A\p(tp) =
A(tp). We define the mapping p: I U I, — X by

A(t), ift <ty,
p(t) = ),
)\b(t), if t > t.

Since p thus defined is continuous, this contradicts the maximality of A. The proof is complete.
O

We are now in a position to prove the theorem of finite separation:

Proof of Theorem[5.3 We say that a closed subinterval I of [0, 1] has Property X, if there
exists a continuous 8¢ (X, zg)-valued mapping S’ defined on I, such that for all ¢ € I we have
Se(t) € S(t) and supp (S — Se)(t) € Be(zo). We have to prove that the closed interval [0, 1]
itself has Property X.

(A) We show that if two closed subintervals Iy, I of [0, 1] have Property X, then so does
their union I; U Is. As we shall see shortly, we may assume that I; is located to the left
of Iy and that I; N I is a point-set {tp}. Let Si,S2 be finite-rank continuous Sg (X, z¢)-
valued mappings defined on I1, I respectively satisfying the required conditions so that Iy, Is
both have Property X. It follows from Theorem that Sq, S2 admit finite-rank continuous
enumerations:

Si={M,..., AL} and So = {\],..., A2}

» \ng
We will proceed to the following three steps:

1. After a suitable rearrangement of the finite sequence (A?)2,, we may assume that

(34) (Ai(to),- -, Ap(to)) = (Ai(to), - .., A (to))

for some n € N. We may assume that n is the largest natural number s.t. holds.
For each i = 1,...,n, define the continuous mappings A1,..., A, : I[1 Uly — X by

! if t <
A2(E), it > to.

2. We define the continuous mapping T : Iy — S¢(X,xg) by Ta(t) := S(t) — So(t). It
follows from Equality that

{Mhi1(to), .-, A, (t0) Y € S(to) — Sa(te) = Ta(to).

It follows from Lemma that there exist ny — n continuous mappings u? I PR /‘%1 :
I, — X, such that (u%+1(t0), - ,/J,%L1 (to)) = (>‘111+1 (to), Y- (tg)) and

) n1

(K21 (), i (DY CTo(t) V€ Iy,

We can then define the mappings )\711/4_1, cee )\71;1 Ul — X by

/ )\1 (t) ift < to

1 7 ) = )
)\i (t) = { 2(t) >t

i s 1 > 1g.

3. Repeat the previous step with 2 replaced by 1.
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We can then define the finite-rank continuous mapping S, : I; U Iy — 8¢(X, z¢) by
Se={A AL AN T A2

y \po
By construction, the mapping S, thus defined satisfies the desired properties in order for
I, U I» to have Property X.

(B) By Lemma each t € [0, 1] has a neighborhood I;, such that every closed subinterval
of I; has Property X. Let L > 0 be a Lebesgue number of the open cover N := {I};¢c(0,1]-

We can then choose a large enough number N € N such that % < L. It follows that each of

1 1 2 N -1
Il = |:O,N:|,IQ = |:N,N:| ,...,IN = |:N,1:|,

is contained entirely in some member of the cover N'. That is, the intervals Iy, ..., Iy have
Property X. It follows from (A) that [0,1] = I; U...U Iy has Property X. O

6. THE FUNDAMENTAL GROUP OF Sg (X, xg)
The ultimate aim of the current section is to construct the following group-isomorphism:

Theorem 6.1. Let ® be a reqular symmetric norm, and let X be a locally simply connected,
path-connected metric space with a fived point xg € X. Then there exists a group isomorphism

\I/q:. : 7['1(8(1,(X, z‘o),O;EO) — Hl(X),

where 1 (8a(X,x0),Ox,) is the fundamental group of X and Hy(X) is the first singular
homology group of X.

6.1. Preliminaries. Here, we recall standard facts in algebraic topology. The details can be
found in any standard textbook in the subject. See, for example, [Hat, §1,2].

6.1.1. Fundamental groups. Let X be a topological space with fixed points xg,z1, 79 € X.
A path in X from zy to z; is any continuous mapping A : [0,1] — X with A(0) = x¢ and
A(1) = z1, where xg, x; are referred to as the end-points of A. The inverse of a path A in X,
denoted by A, is the path in X defined by A~1(¢) := A(1 — ¢). If \ is a path from z¢ to 71
and )\ is a path from 1 to x2, we define their product A % X' by

A(2t), ifo<t<i,
N@2t—-1), if $<t<1.

(A5 N)(t) = {

Paths A\, \' from z( to x; are said to be path-homotopic or homotopic in short, if there exists
a continuous mapping H : [0,1] x [0,1] — X with H(-,0) = A(-),H(-,1) = N(-),H(0,-) =
xo, H(1,-) = 1. Such a mapping H is called a homotopy from X to \'.

A loop in (X, zg) is any path A in X satisfying A\(0) = (1) = zp. Two loops A, X in
(X, z0) are considered equivalent, if there exists a homotopy from A to \. Equivalence of
loops induces an equivalence relation on the set of loops in (X, zg), and the set of all the
equivalence classes, denoted by 71 (X, z¢), forms a group under the operation

Ay % Ny = A% N5y

where [-]r, denotes equivalence classes in 71 (X, zg). The group m (X, zg) is called the fun-
damental group of (X, x¢). The identity element of the fundamental group 71 (X, z) is the
equivalence class represented by the constant loop [0,1] 3 ¢t — z¢ € X, and any loops in this
equivalence class are said to be null-homotopic. Let us recall the following basic terminology:
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1. The topological space X is said to be path-connected, if any two points in X can be
joined by some path in X. It is a well-known result that a path-connected space X
has a unique fundamental group in the sense that for any two points xg,r1 € X, the
fundamental groups 71 (X, zp), 1 (X, 1) are isomorphic to each other.

2. The topological space X is said to be simply connected, if X is path-connected and if X
has the trivial fundamental group.

3. The topological space X is said to be locally simply connected, if every point of X has a
local base of simply connected open subsets of X.

6.1.2. Singular homology groups. Let X be a topological space. The standard n-simplex is

n
A" = {(to,...,tn) e R"*! ’ Zti =1 and t; ZOVi_O,...,n}.
i=0

A (singular) n-simplez in X is any continuous mapping of the form A” — X. The free
Abelian group generated by the set of all n-simplices in X is denoted by C,(X). A member
of Cp(X), known as an n-chain in X, is a formal finite sum of the form ), n;o;, where n;
are integers and o; are n-simplices. We define the mappings do,...,d, : A" 1 — A" by
di(to, .. tn—1) = (to,---,ti—1,0,t;,...,tn—1). Given an n-simplex o of X, its boundary 0,0
is the (n — 1)-chain

n

Ono = (~1)!(cod;) € Cp1(X).
i=0
We can then extend this formula in the obvious way to obtain a group homomorphism 0, :
Crn(X) = Ch_1(X) known as the n-th boundary homomorphism. Members of ker 9, are
referred to as m-cycles. It can be shown that imd,+; C kerd,, and so we can form the
quotient group H,(X) := ker 0,,/im 0,41, known as the n-th (singular) homology group. From
here on, by homology groups, we shall always mean singular homology groups.

6.1.3. The Fundamental group and first homology group. Let X be a topological space. We
will make use of the following notations:

1. Given two paths A\, \ in X having the same end-points, we write A ~ X if A\, \ are
path-homotopic to each other.

2. Given two 1-chains 0,0’ in X with o — ¢’ € ker &1, we write 0 ~ ¢’ if 0 — 0’ € im 0s.

3. Let []r,, [ ], denote equivalence classes in 71 (X, zo), H1(X) respectively.

Note that paths in X can be viewed as 1-chains in C7(X). With this convention in mind,
we will freely use the following well-known result without any further comment:
Lemma 6.2. Let A\, i be two paths in X.

L Al =)

2. If X~ i, then X\ >~ u.

3. If A(1) = u(0), then X\ p~ A+ pu.

The following theorem shows that the first singular homology group H;(X) is the abelian-
isation of the fundamental group 71 (X, o) provided that X is path-connected:

Theorem 6.3 ([Hatl, Theorem 2A.1]). The correspondence
(35) ™1 (X, 20) 3 [Nm — N, € Hi(X)
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defines a group homomorphism from (X, xg) into Hi(X).  Furthermore, if X is
path-connected, then is surjective and its kernel is the commutator subgroup
[m1(X, z0), m (X, x0)].

Recall that the commutator subgroup [m (X, zg), 71 (X, zo)] is the subgroup of 71 (X, x¢)
generated by elements of the form [\ % u % A1 % u~1],, where \, u are loops in (X, zg).

6.2. Isomorphism Vg : m (8a(X, x0), Oz) = H1(X).

Notation. We will assume the following throughout the remaining part of the current section:
1. Let ® be a regular symmetric norm.
2. Let (X, d) be a locally simply connected, path-connected metric space, and let 2y € X.
3. We identify the constant loops t — z¢ and ¢t = O, with z¢ and O, respectively.

If S is a loop in (84(X,x0),Os,) admitting a continuous enumeration (\;);en, then each
Ai is a loop in (X, zp). Furthermore, since X has a simply connected neighborhood of x, it
immediately follows from the second part of Remark that all but finitely many \;’s are
null-homotopic. This allows us to understand the formal infinite sum

(o)
(36) dDNi=M+ A At

i=1
as the 1-cycle in X formed by summing up all those A;’s that are not null-homotopic: if all
Ai’s happen to be null-homotopic, then we set > ;2 A; = 9. We will prove the following
technical theorem in the next subsection:

Theorem 6.4. If S, T are homotopic loops in (8&(X,x0),Oz,) admiltting continuous enu-
merations (N\;)ien, (fi)ien respectively, then > 221 Ni 22> 22 [1;.

We are now in a position to introduce a mapping Ve : 71 (84 (X, z0), Oz,) — H1(X):

Definition 6.5. Given S € 71 (8¢ (X, x0), Oy, ), We select any loop S € S and any continuous
enumeration (A;)ien of S. We define Wo(S) == [3°72; Al -

We will prove that W¢ thus defined is a group isomorphism using the following two lemmas:

Lemma 6.6. The following assertions hold true:

1. If S, 8", T, T" are paths in S&(X,x0) with S ~T,S" ~ T, then S+ S ~T+T".

2. If \, X' are homotopic paths in X, then {\}*,{\'}* are homotopic paths.

3. If \, N are homotopic loops in (X, xq), then {\,N}*, {\ % XN}* are homotopic loops.
Proof. For the first part, if H, H' are homotopies from S to T' and from S’ to T” respectively,
then H + H' is a homotopy from S+5’ to T+T. For the second part, if h is a homotopy from
A to X, then {h}* is a homotopy from {A}* to {N'}*. For the last part, it is easy to observe

that {\ % xg, 20 % N'}* = {\A % N}*. Tt follows from the second part that {A\}* ~ {\ x zo}*
and {\'}* ~ {x¢ % N'}*. The claim follows by the first part. O

Lemma 6.7. If S is a loop in (8o (X, z0), Og,) admitting a continuous enumeration Ai, Az, . . .
all of which are null-homotopic loops, then S is also null-homotopic.

We shall make use of the notation R(-) introduced in Remark
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Proof. (A) Since X is locally simply connected, for each m € N there exists a pair of a simply
connected neighborhood U, of xy and a positive number d,, < 1/m satisfying Bj, (zo9) C
Um € Bym(z0). That is, if we have a loop A in (X, zq) satisfying R()\) < d,,, then there exists
a homotopy hy from zy to A satisfying R(hy) < 1/m. We may assume sup,;cy R(N\;) < 01
without loss of generalityﬂ and so for each loop A; there exists a unique m; € N s.t. 6,41 <
R(\;) < 0, It follows that there exists a homotopy h), from xg to A; s.t. R(hy,) < 1/m;,.
We renumber the sequence (\;);en so that m; < mg < mg < .... As in the second part of
Remark the sequence (m;);cn thus defined is necessarily unbounded, and so R(hy,) = 0
as ¢ — 00.

(B) Our idea is that instead of “continuously deforming” A, Ag, ... at once, we do so one by
one. More precisely, we try to construct a homotopy H from Og, to S = {A1, A2,...} in such
a way that deformation of each )\, takes place within the rectangular strip [0,1] x [, -L-].

n’n—1
For this purpose, we introduce the “reparametrisations” =, : [7117 — 1] [0, 1], where n € N:
Yn(s) :=n(n—1)s — (n—1).

We can then define a homotopy h,, : [0,1] x [0,1] — X from xg to A\, by

To, if s < %
hn(t,s) = < ha, (t,vn(s)), ifse {% %} ,
An(2), if s > L
For each (t,s) € [0,1] x [0,1], we set H(t,s) := {hi(t,s), ha(t,s),...}*. By construction, H
restricted to the rectangular strip [0,1] x [£, —L-] is of the form

H(ta 8) = {h)\n(tfyn(s))v )\nJrl(t)v )‘n+2(t)7 e }* V( ) [O 1] |:71L n i 1:|

and the ®-summability of each H(t, s) follows from that of S(t). It follows that the sequence
hi,ha,...:]0,1] x [0,1] = X is a pointwise ®-summable sequence in X. It remains to prove
the continuity of H by the first part of Theorem [4.7]

(C) Given arbitrary € > 0, there exists a large enough index N s.t. for alln > N

R(hy,) < g and ®(d(20, As1 (), (20, Anga (), . ..) <

DO ™

To prove the continuity of H by Theorem [4.7] it remains to prove
(37) (I)(d(x(), ]’LN+1(t, S)), d(x(), hN+2(t, S)), .. ) <€ V(t, S) € [0, 1] X [0, 1].

Let (¢,s) be an arbitrary point in [0, 1] x [0, 1], and suppose s € [%, ﬁ} for some n € N. If
n < N, then trivially holds as

(I)(d(l’o, hN—H (t, 8)), d(xo, hN+2(t, S)), - ) = <I>(d(a:0, )\N—i-l(t)); d(.fC(), /\N+2(t)), - ) < % < €.

5 Indeed, the first part of Remarkwith € := 01 asserts the existence of an index N s.t. sup,,> y,; M(An) <
61, and we have S = {A1, ..., AN} + {Ant1, -}~ Oug + {Ant1,. -} ~ {Ant1,.. .} by Lemma 6.6}
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It remains to prove for the case n > N. Now,
O (d(xo, hyt1(t,8)),d(xo, hn12a(t, s)),...)
= ®(d(zo, hnt1(t,8)),s ...y d(xo, hn—1(t, s)), d(x0, hn(t,s)), d(xo, hpt1(t,s))...)
= ®(d(zg, x0), - - -, d(x0, o), d(0, hx, (t, ¥ (8)), d(x0s Anti1(t)),...)
< d(xo, hx, (1, 70(5)) + @(d(20, Ant1 (1)), d(@o, Ang2(t)), - )

€ € €
<R(h)\n)+§<§+§—€,

thereby establishing . The proof is complete. O

Proof of Theorem[6.1] Let us first show that Ug is a group homomorphism. Let S,T be
two homotopic loops in (8¢(X,x0),Os,) admitting continuous enumerations (A;)ien, (t:)ien
respectively. Since the sequence (\; % f;);en is a continuous enumeration of the loop S % T,
Vo ([S]ry % [T]m,) = Yo ([S % T]r,)
=M %+ X% pe+ .m0,
=[(M+re+. )+ +pe+ . )l
= Vo ([S]m) + Yo ([T]),
where the third equality follows from the fact that all but finitely many loops in (A; % p;)ien
are null-homotopic.

Since the surjectivity of ¥g follows immediately from Theorem it suffices to prove the
injectivity. Suppose that ¥4 ([S]) = 0 and that (\;);ey is a continuous enumeration of S.
Then there exists a large enough index N s.t. A, is null-homotopic for all n > N. By Lemma
we have

S = {)\1, R An}* + {)"rH—lv Ant2, .- }* ~ {)\1, cee, )\n}* + Oy ~ {)\1, R An}*
By assumption we have xg ~ A +...+\, = A\ %...%\,. Then Theorem|[6.3|asserts that there

exist [y1], ..., [Ym] € [m1(X, x0), 71 (X, x0)] s.t. A% Ay, ~ 1%, .. %7y, Since {7;}* ~ Oy,
foreachi =1,...,m, it follows from Lemmathat {AM, A~ ox ) ~ Og,.
Thus S ~ Oy,. The injectivity of Wg follows. O

6.3. A proof of Theorem (well-definedness of V). We now work towards proving
Theorem As we shall see, we will need to deal with loops in 8¢ (X, xg) that are not nec-
essarily based at Og,. Note that members of a continuous enumeration (\;);en of such a loop
S may not necessarily be loops, and so the formal sum requires a certain modification.
Let us begin our discussion with the following terminology:

Definition 6.8. Let U be a path-connected neighborhood of xg, and let A be a path in X.
A path of the form A x 0 is called a U -right-extension of A, if 8 satisfies the following:

1. If \(1) € U, then 0 is a path in U s.t. 6(0) = A(1) and 0(1) = x.

2. If \(1) ¢ U, then 6 is the constant path assuming A(1).

The notion of U-left-extension is defined analogously. A path of the form 6; % X x 6, is called
a U-extension, if the two paths 0; % A and A\ x 60, are a U-left-extension and U-right-extension
of A respectively.

Let us consider basic properties of U-extension:

Lemma 6.9. Let U be a simply connected neighborhood of xg, and let A\, u be paths in X :
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If N, X' are two U-extensions of X, then X' ~ \'.

If N is a U-extension of A\, then (N')~! is a U-extension of A\71.

If X is a loop in X and if X is an U-extension of X, then A ~ X.

If A(1) = u(0) and if N, i’ are U-extensions of \, u respectively, then X' sy’ is homotopic
to a U-extension of A % p.

Ll O e

Proof. Suppose X', \”, 1/ have the forms X' = 6% Ax 0], \" = 0/ %0/, and p/ = 0" % pux0)".
For the first part, observe that 6; ~ 6/ and 6, ~ 6. It follows that

N=0%Ax0,~0"xxx0 =)\

For the second part, we have (\)™! = (6.) "% A~ % (0))~!. Evidently, (\')~! is a U-extension
of A~1. The third part follows easily from the fact that U is simply connected. For the last
part, since A(1) = 1(0), the path 6] x 6" is either a constant path or a null-homotopic loop.
Thus, X % g/ ~ 0] % (X % p) % 6", where the right hand side is a U-extension of A % p. [

Let U be a simply connected neighborhood of zp and let S be a path in 8¢ (X, z¢) admitting
a continuous enumeration (\;);en. A U-extension of (\;)ien is any sequence (\,);en of paths
in X, s.t. A, N, ... are U-extensions of A1, \g, ... respectively. As before, it follows from
Remark that all but finitely many paths in (\;);eny have their images entirely included in
the neighborhood U. That is, all but finitely many paths in (\);en are null-homotopic loops
in (X, zp). This fact allows us to consider the infinite formal sum

SN =M A+ A+

i=1

as the 1-chain in X formed by summing up all those paths in (X});en that are not null-
homotopic loops in (X, zp). It is always possible to choose a large enough index N € N, so
that for each n > N the image of the path A, is in U. In this case, Y .o N >~ AN + ...+ Ny

Lemma 6.10. Let U be a simply connected neighborhood of xo, and let S be a path
in 8¢(X,x0) admitting a continuous enumeration (\;)ien. Let (X))ien, (A )ien be two U-
extension of (\;)ien. Then:

LS8 N o5 A

2. 2 ()T e =N

3. Yy Np = D02y Ny, for any permutation .

4. If S is a loop in 8¢ (X, x0), then Y ;o) A is a 1-cycle in X.

Proof. The first and second parts follow from Lemma The third part is obvious. For the
last part, suppose that S is a loop and that N is a large enough index s.t. for all n > N
the path X/, is a null-homotopic loop in (X, zg). Since S(0) = S(1), it is easy to see that
the two sequences (X,(0));en, (A;(1))ien are identical up to a permutation. It follows that the

two finite sequences (A;(0))X, (\i(1))Y, are also identical up to a permutation. Now, since
S A = A+ 4 Ny, the sum Y020 N s a 1-cycle. O

This Lemma [6.10] allows us to introduce the following notation:
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Definition 6.11. Let U be a simply connected neighborhood of zg, and let .S be a loop in
S8 (X, xg) admitting a continuous enumeration (A;);en. Then we define

\Ijg ZEN [Z )\ ] 9
=1 H,

where (\));en is any U-extension of (\;)ien.
We are now in a position to state and prove the following generalisation of Theorem

Theorem 6.12. Let U be a simply connected neighborhood of xo, and let Sy € 8¢ (X, xo) be
fized. If S, T are two homotopic loops in (8¢ (X, xg),So) and if (\;)ien, (14i)ien are continuous
enumerations of S, T respectively, then Y ((Ai)ien) = U ((1i)ien)-

Evidently, Theorem is an immediate corollary. Theorem will be proved with the
aid of the following two lemmas:

Lemma 6.13. Let U be a simply connected neighborhood of xg. Let Si,...,S, be paths in
Sa(X,xg) s.t. S1%...%Sy is a loop. Suppose that Si,...,S, admit continuous enumerations

(ADien, - -+, (A\P)ien respectively, and that )\j( 1) = )\j+1( 0) for each i € N and each j =
1,...,n—1. Let (All)leN, ce ()\i Vien be U-extensions of (ADiens - - -, (A\M)ien respectively.

Then SN AN s a 1-cycle, and
e}
W (A % ... % Al)ien) ZAl YN
=1 H,

Note that the left hand side of the above expression makes sense, because (A} % ...% \);en
is a continuous enumeration of the loop S1 % ... % S,,.

Proof. For notational simplicity, we consider the case n = 2. Let N be a large enough index

s.t. for all n > N the two paths )\,1;, )\721/ are both null-homotopic loops in (X, zg). It follows

that )\711’ * )\72; is a null-homotopic loop in (X, zg) for each n > N. Note also that each path

)\11/ x )\12/ is homotopic to a U-extension of )\} * )\22 as in the last part of Lemma That is,
)\%/ * )\%/ +...+ )\]1\/, * )\% is a 1-cycle, and

TY (AL 5 A2)en) = [A}’ w02 Al x )\?\}}

1

The claim follows by
DU LN | D\ (R L D ¢ D | S
~M A D)

o0 [e.e]
~ ZA%/ + Z)\?l.
i=1 i=1
u

Lemma 6.14. Let U be a simply connected neighborhood of xg, and let H be a continuous
Sa (X, xo)-valued mapping on a metric space I. Then for each r € I there exists a neighborhood
N(r) of r, s.t. for any loop v in N(r) and for any continuous enumeration (\;);en of the loop
H o+, we have ¥4 ((\;)ien) = 0.
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Proof. Let r € I be fixed. We can choose an open ball Uy := B.(zg), s.t. Uy C U and for all
x € supp H(r) we have d(xo,z) # €. Suppose that supp (H(r) \ Up) = {xo,...,zn}, where
xg, . .., &y are distinct points in X. We can then choose neighborhoods U7, ..., U], of x1, ..., xy
respectively, s.t. (Up,...,U,,) is positively separated. Since X is locally simply connected, we
can choose simply connected neighborhoods Uy, ..., Uy, of z1, ..., x, respectively, s.t. U; C U/
for each ¢ = 1,...,n. By construction, (Uy,...,U,) is also positively separated. It follows
from Theorem that there exists a neighborhood N(r) of r, s.t. HNUy,...,HNU, are
continuous and the following mapping is constant:

N(r) > tv+— (rank (H(t) N Uy),...,rank (H(t) N U,)) € Z".
Suppose that v is a loop in N(r) and that (\;);en is a continuous enumeration of the loop
S~ := H o~. By construction, S, admits a representation
S, =8,nUp+...4+S,NU,.

It follows that the image of each path )\; is included entirely in one of Uy,...,U,, since
(Up, . .., U,) was chosen to be positively-separated. Without loss of generality, we may assume
that A1,..., An are all those paths in (););eny whose images are not in Uy. That is, Sy \ Uy =
{A1,...,An}*. We can then relabel Aq,...,Ax into A, ..., )‘}\h’ o AT, Ay, in such a
way that for each j = 1,...,n, we have S, NU; = {)\{,...,)\g\,j}*. Note that each sum

)\{ +.. .+)\§‘Vj is a 1-cycle, as the path SNUj is a loop. Since Uy, ..., U, are simply connected,
)\{—l—...—i—)\]j:xo Vi=1,...,n.

Let (X})ien be an U-extension of (););en. Given each path )\g, we let )\g/ be the corresponding
U-extension of X! taken from (X;)¥,. Since U is simply connected, we have )\{’ +...+ /\%j ~

)\{+...+)\§Vj for each j =1,...,n. Now,

U ((Ai)ien) oot AN

=[N+
=\ A D Y T
=0

The following proof is seemingly standard. See, for example, [Phil Proposition 3].

Proof of Theorem[6.13. (A) Let U be a simply connected neighborhood of zg, and let Sy €
Sa (X, xo) be fixed. Let S, T be homotopic loops in (8¢ (X, xp), So), and let H be a homotopy
from S to T. Then the square [0,1] x [0, 1] has an open cover N := {N(r) | r € [0, 1] x [0,1]},
where N (r) is a neighborhood of r having the property specified in Lemma . Let L > 0 be
a Lebesgue number of the open cover N. Select a large enough positive number n satisfying
% < %, and form n closed intervals

1 1 2 -1
I = [0,],[2:: [,},...,In:: [n ,1].
n n'n n

This allows us to partition the square [0, 1] x [0, 1] into a grid of n x n squares, {I; X I }1<; j<n.
By the choice of n, each square I; x I; has the diameter < L, and so each square I; x I; is
entirely included in some member of the open cover N.
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(B) Let us first consider the n squares

Rl ::Il XIl, RQ 2:IQ><Il, ey Rn ::Inxll.
Let a1,...,an,b1,...,by,Co,...,cp be the paths in [0, 1] X I; as shown in the figure below:
s
1 al ag an
1 - -
co Rl c1 R2 co Cn—1 Rn Cn
by by by,
———————— t
1 2 n—1
n n n 1

FiGURE 1. The boundaries of the squares are traced as above.

We will assume that all of the paths shown above trace the edges of the squares Ry,..., R,
at a “constant speed”. Let us introduce some terminology:

1. Sets of the form R; j := R; U Rj41 U ...UR;j_1 U R; are referred to as rectangles.
2. The boundary loop of the rectangle R; ;, denoted by I'; ;, is defined to be

Fi,j = (CLZ‘ X Ajp ¥ ... CLj) * Cj_l * (bZ * bi+1 XK bj)il X Ci—1.
3. The rectangle R; ; is said to have Property Y, if for any continuous enumeration (\;);en
of the loop H oT; j we have WY ((\;)ien) = 0.

Note that each square R; = R;; has Property Y, as it is included entirely in some member of
the open cover N as in (A).

(C) We will show that if two rectangles R;j, Rjt1 have Property Y, then so does their
union R; j, = R; jUR; 1 ). For notational simplicity, we will consider the special case R; ; = I
and Rj 1 = Ra. Let (M\i)ien be an arbitrary continuous enumeration of the loop

HoTyo=(Hoay)x (Hoag) % (Hocy") % (Hoby")x (Hoby') x (Hocp).

We can then choose continuous enumerations (A} );en;, - - - , (A$);en of the 6 paths Hoay, Hoas,
Ho cgl,H o b2_1, Ho bl_l, H o ¢y respectively, s.t. for each i € N we have \; = /\Z1 X ...% A?.
Indeed, each X} is merely a “reparametrisation” of the restriction )\i|[ 14 ﬂ Let (0;)icn be a

continuous enumeration of Hocy, and let (6});en be an U-extensions of (6;). Then ((6))~1);en

6 More precisely, we define each path )\Z :[0,1] = X by

Muy:&(gl%glﬁ+%).
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is a U-extension of (Qfl)ieN by Lemma . 6.9, By Lemma we obtain
VG ((Aien) = ‘I’q>((>\ % AD)ien) + 0

= Z/\}'+...+Z>\§'
Li=1 =1 Hy
[ee] o (e e}
=DM HY @)Y N+ Z AY
Li=1 =1 =1 i=1

=0+0=0,

29'+Z (67) 1]H1

=1

+
Hy

i=1 i=1

where the fourth equality follows from the fact that (A )ien, (7)™ Dien, (A )ien, (A )ien
and (A )ien, A3 )ien, A )ien, (0))ien can be renumbered to form continuous enumerations
of HolI'11,H oIy 3 respectively. That is, we have shown that if two rectangles R; ;, Rjy1
have Property Y, then so does R;j. Since each square has Property Y, it follows that the
rectangle [0, 1] x I; has Property Y.

(D) Let (Ai)ien, (1i)ien be continuous enumerations of H(-,0), H(-, L) respectively. We
show that WY ((\i)ien) = P9 ((1i)ien). Suppose that Sy = {s1,s2,...}* and that 6;,6s,...
are paths in X taking the constant values sy, sa, ... respectively. Evidently, ¥4 ((6;);en) = 0.
If (\))ien, (15)ien, (0%)ien are U-extensions of (\;)ien, (1i)ien, (0i)ien respectively, then

WY ier) — 0 (e [zx >

H,
:[zmzewzmzmza;] 0
=1 =1 i=1 =1 H;

where the last equality follows from the fact that (/\i)ieN,(Hi)ieN,(ui_l)ieN,(Gi)ieN can
be renumbered to form a continuous enumeration of the loop H o I't,. That is,
VY ((\)ien) = ¥ ((1i)ien). The claim follows by applying the same argument to all of
Hljoax1y5 - - > Hljo,1)x1, finitely many times. O

Therefore, we obtain Theorem as special case of this result.

7. INFINITE-DIMENSIONAL ANALOGUES OF T. KATO’S CONTINUOUS ENUMERATION

Notation. Throughout this section we will assume the following:
1. Let H be a separable Hilbert space.

2. Let ® be a symmetric norm.

The purpose of the current section is to give certain infinite-dimensional analogues of
Kato’s finite-dimensional continuous enumeration (Theorem [1.3). We will first discuss one
preliminary concept, the notion of factor metric space.

7.1. Factoring metric spaces by compact subsets. Given a topological space X with
a subset K, we denote by X/K the topological quotient space formed by the equivalence
relation which identifies all points in K and leaves other points as they are. Equivalence
classes in X/K shall be denoted by |[-]|x

ix+zv+zv+ze

H;
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Theorem 7.1. If (X, d) is a metric space having a compact subset K, then the factor space
X/K is a metrizable topological space whose topology is given by the metric

(39) dis L, ) = win { o). Juf e,B) + juf d(k,0) .

Furthermore, if X is a path-connected, separable, complete metric space, then so is X/K.

A proof of this theorem turns out to be technical, and so we will discuss it at the end of the
current section. Given a metric space X and a compact subset K, the quotient space X/K
contains the equivalence class K represented by points of K. Since X/K can be viewed as a
metric space with a fixed point K, we may consider the multiset space

8o (X, K) = So(X/K, K).

If K happens to be a point-set {xo} for some xy € X, then there is a canonical identification
between 8¢ (X, {z¢}) and 8¢(X, z9), as X/{zp} and X are naturally isometric.

Lemma 7.2. Let X be either T or R, and let K be a compact subset of X. If X is a
simple continuous path in (X/K,K), then there exists a continuous path \ in X satisfying
N(-) = [A()]x with the property that A\ assumes some constant value which is a boundary
point of K on each connected component of [0,1] \ supp \.

Before taking up a proof, let us observe that this result does not seem to hold if X = C.
Indeed, a continuous path in C/K can be “absorbed into the compact set K with increasing
frequency”. Such a path can easily be constructed using a topologist’s sine curve for example.

Proof. Suppose supp X' = (0,1] for notational simplicity. It follows that for each ¢t € (0,1]
there exists a unique point, denoted by A(t) € X, satisfying N (t) = [A(¢)]x. This uniquely
defines a mapping A : (0,1] — X whose continuity follows from that of X. Since )\ is
continuous at ¢t = 0, we have

lim dist (N (¢), N'(0)) = lim dist (X' (¢),K) = lim inf d(\(t),k) = 0.

Jim dist (A'(¢), X'(0)) = lim dist (A'(2), K) = lim inf d(A(t), %)
Since X = R or X = T, there exists a unique boundary point kg € 0K s.t. infrecx d(A(t), k) =
d(A(t), ko) for any t sufficiently close to 0. It follows that

lim d(\(t), ko) = 0.
g@(()o)

Setting A(0) := ko continuously extends the domain of A to the whole interval [0, 1]. Evidently,
A(-) = [A(+)]k still holds true on the whole interval [0, 1], and so the proof is complete. O

7.2. A unitary analogue of Kato’s continuous enumeration. Given a fixed unitary
operator Uy on the separable Hilbert space H, we define the set Ug(H, Up) to be the collection
of all unitary operators U on H with U — Uy € Gg(H). The collection Ug(H, Upy) forms a
complete metric space with the metric

dist (U, U/) = ||U — U/||G<1> VU, U € Us(H, Up).
We will make use of the following assumption throughout:

Assumption 7.3. The unitary operator Uy has the property that Ug(H,Up) contains at least
one unitary operator whose discrete spectrum is empty.
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Let us assume that the fixed unitary operator Uy satisfies Assumption In this case,
the essential spectrum K := 0eg5(Up) is nonempty. The spectrum of each unitary operator
U € Ugp(H, Up) can then be identified with the following countable multiset in (T/K, K):

(39) O'(U) = {[21][(,[2’2]1{,...}*,

where (z;);en is any extended enumeration of o4;s(U) in the sense of Definition The
following theorem holds true:

Theorem 7.4. If Uy is a unitary operator on the separable Hilbert space H satisfying As-
sumption then the following mapping is a well-defined 7 /2-Lipschitz continuous mapping:

o:Ue(H,Uy) U — o(U) € 8¢(T, 0ess(Up))-
Proof. Let K := 0ess(Up), and let d be the metric on T/K given by (38). We need to show
(40) do(o(U), o (U")) < %HU —U'ls, YU,U' € Us(H,Up).

Let us first derive estimate . Theorem asserts that there exist extended enumerations
(N\i)ieN, (14i)ien of the discrete spectra of U, U’ respectively, s.t.

T
(I)(|)\1 - ,LL1|, |)‘2 - /@’a .- ) < §||U - Ul”Grb'
Since (A;)ien, (14i)ien are enumerations of the multisets o(U), o(U’) respectively, we have
T
do(o(U),o(U")) < ®(d(A1, 1), d(Ag, i), - ) < ®(|A — s [Ag — paal, .. ) < DL U'llsq

thereby establishing estimate . Since Uy satisfies Assumption there exists a unitary
operator U’ whose spectrum, viewed as the multiset, is K. It follows that for each U €
Ug(H,Uy), we have o(U) € 8¢(T, K). It follows that o : Ue(H,Uy) — So(T, K) is a well-

defined 7/2-Lipschitz continuous mapping. The proof is now complete. O

We are now in a position to give the following unitary analogue of Kato’s finite-dimensional
continuous enumeration.

Theorem 7.5. Let Uy be a fized unitary operator on the separable Hilbert space H satisfying
Assumption 7.5, and let K := 0ess(Up). If U is a continuous path in Us(H,Up), then there
exists a sequence (\;)ien of continuous paths in T, s.t.

L o(U() ={[M0O)x, M)k, -}

2. (Ni(1)ien is an extended enumeration of ogis(U(+)) pointwise.
Proof. This is an immediate consequence of Theorem [5.5] Lemma[7.2] and Theorems[7.4 O

7.3. A self-adjoint analogue of Kato’s continuous enumeration. Given a fixed self-
adjoint operator Hy on ‘H, we define the set Hq(H, Hp) to be the collection of all self-adjoint
operators H on H with H — Hy € G4 (H). The collection He(H, Hp) forms a complete metric
space with the metric

dist (H,H") := |H — H'||g, VH,H' € He(H, Hp).
Assumption 7.6. The self-adjoint operator Hy has the property that He(H, Hy) contains at

least one self-adjoint operator whose discrete spectrum is empty.

As before, we identify the spectrum of any self-adjoint operator H € Hq(H, Hy) to be
the multiset in the quotient space R/cess(Hp). Since the following two theorems require the
obvious modifications, we omit their proofs:
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Theorem 7.7. If Hy is a fized self-adjoint operator on the separable Hilbert space H satisfying
Assumption[7.6, then the following mapping is a well-defined 1-Lipschitz continuous mapping:

o:He(H,Hy) > H— o(H) € 86(R, 0ess(Hp))-

Theorem 7.8. Let Hy be a fixed self-adjoint operator on the separable Hilbert space H satis-
fying Assumption[7.6, and let K := oess(Ho). If H is a continuous path in He(H, Hy), then
there exists a sequence (\;)ien of continuous paths in R, s.t.

Loo(H()) = {IMO)]k, P2 (ks -}

2. (Ai(1))ien is an extended enumeration of ogis(H(+)) pointwise.

7.4. A proof of Theorem (metrizability of quotient space). Before taking up the
proof, we recall the following well-known result first. If (X, d) is a metric space and if ~ is any
equivalence class on X, then the quotient set X/ ~= {[z] | x € X} admits a pseudo-metric

d([2], [y]) »= inf > d(ps, ),
=1

where the infimum is taken over all pairs of finite sequences (p;)i;, (¢;)7_; of points in X
with the property that [pi] = [z], [gn] = [v], [¢i] = [pi+1] for each i = 1,...,n — 1. See [BBI,
Section 3.1.2] for details.

Proof of the first part of Theorem[7.1]. Let di be the metric , and let ~ be the equivalence
class used to form the factor space X/K. We will first prove first

(41) d(lz]x, ylx) = de([#]x, ]x) — Va,y e X.

Firstly, d. < dg follows from the following two obvious inequalities:
~ < N < inf inf .
d~([2]x; lylx) < d(z,y) and d([2]x, [y]x) < inf d(z, k) + inf d(k,y)

To prove dix < d~, we let (p1,...,pn), (q1,-..,qn) be an arbitrary pair of finite sequences of
points in X with the property that p; ~ z,q, ~ y and ¢; ~ p;41 for each i =1,...,n — 1.
Note that g; ~ p;+1 happens if and only if either ¢;, p;+1 both belong to K or ¢; = p;+1. In
the latter case, we have d(p;, qi+1) < d(pi,¢) + d(pi+1,gi+1) by triangle inequality. That is,
without loss of generality, we may assume that for each ¢ = 1,...,n — 1, the points p;, ¢;+1
both belong to K. This leads to

n
> dlpi,ai) > di (2], [Y]K)
i=1
Taking the infimum over (p;)7_,, (¢:)7, gives dx < d~. It follows that di is a pseudo-metric.
Note also that since K is a closed set, dx is non-degenerate. That is, di is a genuine metric
on the quotient set X/ ~.

It remains to show that the quotient topology 7, on X/ ~ agrees with the metric topology
Tm induced by the metric dix. Recall that 7, is defined to be the finest topology, s.t. the
quotient map ¢ : X — X/ ~ is continuous. Since ¢ is continuous with respect to 7,,, we have
Tm C 74. It remains to prove 7, C 7. Let U € 7, and let [z]x € U. Since ¢ }(U) is a
neighborhood of x, there exists a small enough € > 0 s.t. Be(z) C ¢ 1(U). Let B¢([z]k) be
the open e-ball centred at [z]x with respect to dx. We show that by shrinking e appropriately
BZ([:L‘] k) C U holds. We will consider the following two cases separately:
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1. Suppose =z ¢ K. Shrink e further, if necessary, to make sure that € < infgecx d(z, k)
holds. This implies Be(z) N K = 0. If [y|x € Bé([x]k), then

€ > d([7]k, [y k)

— in {d(e,), (o, + fuf d(k0) |

> min {d(m,y), €+ inf d(k,y)} = d(z,y).
keK

It follows that y € Be(x), and so Bé([z]x) € q(Be(z)) € (¢~ (U)) C U.
2. Suppose € K now. In this case, K C ¢ }(U). Set F := X \ ¢~ }(U). Since K, F are
disjoint, R := dist (K, F') > 0. We shrink € so that € < R holds. If [y]x € Bé([z]x), then

d ([o]xc, [ylx) = jnf d(k,y) < dist (K, F) = " f)ig{de(k )-

This immediately implies y € ¢~ 1(U). It follows that B([x]x) C U.
]

Proof of the second part of Theorem[7.1 Let X be a path-connected, separable, complete
metric space. The path-connectedness and separability of the quotient X/K easily follows
from that of X. For the completeness, let di be the metric , and let ([z,]x)nen be a
Cauchy sequence in X \ K. We consider the case where the sequence ([zy]K)nen does not
converge to the equivalence class . In this case, we can choose an ¢y > 0 and a subsequence
([2],] K )nen with di ([z),]k, K) > € for all n € N. Let € > 0 be arbitrary. Without loss of
generality, we may assume that € < eg. Then there exists an index N s.t. for all m,n > N

co > di ([, i, [, ] )
o . / / . / : /
= min {d(:z:m,:nn), klél[f(d(l'm,k‘) —1—klglf< d(xn,k:)}
> min {d(z},,z),), 260} = d(z),,2},).

m?xn

It follows that (z,)nen is a Cauchy sequence, and so it has a limit zp € X. It follows from
the continuity of the quotient mapping that [z],]x — [zo]x as n — oco. Since ([Tn]K)nen is a
Cauchy sequence having a convergent subsequence ([x] ]k )nen, it converges. O

8. PUSHNITSKI’S UNITARY SPECTRAL FLOW

Notation. We shall assume the following throughout:
1. Let @ be a regular symmetric norm.
2. Let H be a separable Hilbert space.

8.1. The flow of paths in 8¢(T,1). Let S be an arbitrary multiset in 8¢(T,1) admitting
a representation S = {e¥1 €2 .. 1* where 01,6,,... are in [0,27]. Given 6 € (0,27), we
define the paths 1 (—;0),v2(—;0),...:[0,1] — [0, 27] by

(i) = 0D 0;(1=1) € (0,27, if6; <0,
AT 0,1] 5t +—0;(1 —t)+2nt € [0,2x], if 0; > 6.
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The canonical 0-contruction of S, denoted by I'g(S), is the mapping
(42) [0,1] 3t — {MED 20 1% e 84(T, 1).

Proposition 8.1. T'y(S) is continuous for any S € 8¢(T,1) and any 6 € (0, 27).

Proof. Without loss of generality, we may assume that § < m. Since ei — 1 as j — oo, there

exists a large enough index N € N such that for all n > N we have 6,, € [0,60] U [21 — 6, 27].
It is geometrically obvious that

ei'yn(t;Q) - 1‘ <

¢ifn 1‘ vt € [0,1] ¥n > N.
It follows that
(| B | e ) ) < ([N — 1), e —1),..)  VEelo,1].

Now, the claim follows from Theorem [£.7] O

Recall that we have defined the following group isomorphism in §6}
‘l’cp : 7T1(8<1>(T, 1),01) — Hl(T) = 7.

Definition 8.2. Given a path S(-) in 84(T,1), we define the flow of S to be a function
wu(—;S8) : (0,27) — Z given by

(0 5) == T ([Lg(S(0)) ™" % S % To(S(1))],)
Theorem 8.3. Let S, T be two paths in 8¢(T,1):

1. If S, T are homotopic paths, then u(—;S) = u(—;T).
2. If S(1) = T(0), then u(—; 8 % T) = u(—; ) + p(— T).

Proof. Let us fix 0 € (0,27). For notational simplicity, we write
Lg(t) :=Ty(S(t)) and T'p(t) :=Ty(T'(t)) Vte[0,1].

For the first part, let us assume that S, T" are homotopic. Since S, T have the same end-points,
I's(0) =T7(0) and T'g(1) = T'p(1). It is now easy to observe that

pu(0;8) = Wa([Ls(0) ™ % S % Ps(1)]r,) = Yo ([L7(0) " % T % Tr(1)]r,) = p(65 7).
For the second part, we assume S(1) = T'(0). That is, I's(1) = I'7(0). Now,
w(0;S % T) = Vg ([Tser(0) % (S%T) % Tosr(1)]r,)
Ts(0) ™t x (S%T)xTr(1)]r)
[Ts(0)7 1% 8% Tg(1) % Tp(0) ™! % T % Tp(1)]y,)
o([Ls(0) ™" % S % Ls(1)]r,) + Up([Lr(0) ™ % T % Tr(1)]r,)
= p(0;.5) + p(6;T).
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8.2. Unitary spectral flow.

Lemma 8.4. If U,V are two homotopic paths in Ue(H, I), then o(U),o(U’) are homotopic
paths in 8¢(T, 1).

In particular, this establishes a well-defined homomorphism (homotopy functor)
m(Us(H, I),I) 3 [Ulx, — [0(U)]x, € m1(8a(T,1),01).
Proof. If H is a homotopy from U to V, then spec o H is the required homotpy. O

Definition 8.5. Given a path U(-) in Ug(H,I), we define the spectral flow of U to be a
function sf (—; U) : (0,27) — Z given by sf (—;U) := pu(—;0(U)).

Theorem 8.6. Let U,V be two paths in Upy(I):
1. If U,V are homotopic, then sf (—;U) = sf (—; V).
2. IfU(1) =V(0), then st (— U % V) =sf (—;U) +sf (—; V).

Proof. The assertions follow by Theorem [8.3] and Lemma [8.4 O
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