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SUMMARY

Indonesia has the highest number outbreaks of avian flu in poultry and the greatest
number of human casualties due to avian flu. It has also been speculated that the
country poses the biggest threat for a future epidemic caused by a mutated virus
resulting from recombination between avian flu and other strains of influenza-A. Work
to mitigate the impact of avian flu and control the spread of disease in Indonesia,
where millions of poor people rely on poultry for their livelihoods, is very important.
A synthesis of available best practice in emergency response is needed to advise the
country in capacity building, surveillance methods, and approaches for coping with new
introductions of avian flu as well as future emerging disease threats. Several important

issues in the control and impact of avian flu in Indonesia are little understood.

Indonesia has difficulties in containing avian flu due to enormous and complex
problems. Four main non medical factors in the spread and control of the disease
are domestic farming practices, the prominence of wet markets, lack of government
coordination on disease prevention, and economic constraints. This thesis addresses
the problems of modeling the effects of these factors to the spread and control of avian
flu and possible mutated viruses. It is assumed that a mutated virus, referred to here
as mutant-avian-flu, emerges as a result of a rare virus recombination between avian

flu and swine flu.

More specifically, it is assumed that avian flu, swine flu and mutant-avian flu are
spreading among linked populations of poultry and humans. The populations are char-
acterized by their disease states. The dynamics of the disease states are described as
deterministic processes and modeled in the form of well defined initial value problems
(IVPs) and optimal control problems (OCPs). The basic reproduction numbers are
defined for avian flu transmission among birds, swine flu transmission among humans
and mutant-avian flu transmission among humans. The equilibrium points of the sys-
tems are given as functions of the basic reproduction numbers. Stability analysis of
the equilibrium points are given. Some are globally asymptotically stable (GAS), and
others are locally asymptotically stable (LAS). Disease controls are defined as functions
of the basic reproduction numbers. The disease controls describe the effort to reduce

the effectiveness of the force of infection.

The models do not attempt to match observations in high detail but are intended
to capture the main features of the disease dynamics under certain assumptions. As
analytical tools, the models and methods developed in this study help to better under-
stand the dynamic behavior of avian flu, swine flu and mutant-avian flu among linked
populations of poultry and humans in Indonesia. The models presented in this thesis
are intended to demonstrate the feasibility of constructing a model-based tool to inform

decision making bodies in Indonesia regarding the management of future epidemics.
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PREFACE

This thesis can be classified as a mathematical epidemiology of infectious disease caused
by multi-strain influenza-A viruses. It contains models and methods for the solutions
of some problems on analyzing the disease transmission dynamics of avian flu, swine
flu and mutant-avian flu. The mutant-avian flu is a hypothetical virus to model the
threat of a future epidemic due to recombination between avian flu and swine flu. The
work herein is an analytical study; simulations are carried out to visualize some of the
results only. Even though the study addresses the specific circumstances in Indonesia,
the models and methods may be applicable to other under-resourced countries which

have similar problems to Indonesia.

Chapters 1, 2, and 3 provide background information. Chapters 4, 5, 6, and 7
present the original contributions of the thesis. Chapter 8 provides concluding remarks
of the thesis.

Chapter 1 serves as an introduction to the thesis. It states the motivation, rationale
and aims of the study. It also describes the material and methods used and lists the

outcomes of the study.

Chapter 2 reviews existing literature on biological and mathematical aspects of the
spread and control of multi-strain influenza-A. Section 2.1 provides some information
on the basic science of influenza-A viruses from biological and medical points of view.
Section 2.2 reviews existing mathematical models of the viruses. The review focuses
on the scope of the models and the modeling approaches used. The reviewed models
differ both in terms of the aspects of influenza-A outbreak considered and in terms
of the mathematical setting. The choice of mathematical setting is influenced by the
aspect of influenza-A outbreaks addressed in the study. Section 2.3 discusses modeling
approaches and in particular compartmental models. The discussion leads to a justifi-
cation that deterministic modeling is a suitable approach to tackle problems considered

in this study.

Chapter 3 gives some theoretical background on the basic ideas and techniques for
modeling infectious diseases. Section 3.1 describes a class of deterministic compart-
mental models considered in the study. Section 3.2 provides methods for characterizing
the local and global stability of a disease state equilibria. It includes the Salle’s invari-
ance principle and the Poincaré Bendixon theorem. Section 3.3 discusses the limiting

system. It provides a stability theorem for the limiting system and the method of bi-
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ological permanence. Section 3.4 derives a method to calculate the basic reproduction
number and its relation to the stability analysis. Section 3.5 describes optimal disease
control problems for the epidemic models. This section includes methods for designing

disease control and solving the optimal disease control problems.

Chapter 4 presents models for analyzing the effect of human behavior on the dy-
namics of the diseases caused by avian flu, swine flu and mutant avian flu in a single
isolated region. Section 4.1 discusses the modeling choices and assumptions made. A
well defined epidemic model is derived in Section 4.2. In Section 4.3, three reproduc-
tion numbers are defined as the threshold values of the disease transmissions. Section
provides stability analysis of six disease state equilibria. Numerical simulations are
given in Section [4.7] Epidemic parameters are taken from a case study of Tipar, a small
isolated village in the sub-district of Cikelet, West Java. Tipar has the largest number
of human cases in West Java. The sensitivity analysis of reproduction numbers is given
in Section Section discusses the analytical and numerical results and draws

some conclusions.

Chapter 5 presents models for analyzing the effects of bird trading to the dynamics
of the diseases in the bird and human world. Section discusses the modeling choices
taken. The effect of bird trading on the spread of disease and control of disease is
modeled by transport-related infection and border-screening. A well defined epidemic
model is derived in Section 5.2l Section [5.3] discusses the disease transmission model in
two identical regions. Reproduction numbers are defined in Section [5.4l Disease state
equilibria and their stability analysis are given in Sections [5.5] and respectively.
Section provides some simulation results. The last section discusses the study

results and draws some conclusions.

Chapter 6 presents models for analyzing the effects of border screening for infected
birds on the dynamics of the diseases in the bird and human worlds. Section [6.1
discusses the modeling choices and assumptions made. A well defined epidemic model
is derived in Section [6.2l Section [6.3] discusses the disease transmission model in two
identical regions. Reproduction numbers are defined in Section [6.4] Disease state
equilibria and their stability analysis are given in Section Section provides
some simulation results. The last section discusses the study results and draws some

conclusions.

Chapter 7 presents models for analyzing the economic trade-off between the spread
and control of disease in an isolated region and the problem of designing optimal disease
controls. The first section recalls the disease dynamic with no control. Section
outlines a disease control problem. The necessary condition for the existence of an
optimal control is given in Section [7.4] Finally, Section discusses some results of
the study. Section [7.5] outline an Indirect method algorithm for solving the optimal
disease control problem ([ODCP) in the simulation study. Section discusses some

results of the study and draws some conclusions.
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Chapter 8 serves as the concluding chapter of the thesis. This chapter summarizes
the study results and provides an overview of the new knowledge discovered during the

study followed by some implications of the study and future research directions.



1. INTRODUCTION

This chapter serves as an introduction to this thesis. The first section introduces the
motivation for the study. Section [1.3| states the rationale and the aims of the study.
Section [I.4] states the assumptions and approaches used to develop models and the

method of analysis. The outcomes and limitations of the study are listed in Section

1.1 Motivation of the study

Indonesia has a long history of epidemics caused by influenza-A viruses. In 1539,
the island of Ternate in the Maluku archipelago (red dot in Figure was hit by a
disease outbreak that rapidly destroyed healthy birds and soon after by a disease of
similar lethality in humans. As a result of the disease many places in the region were

depopulated [2].

Not all evidence points to avian-origin influenza-A (H5N1) or avian flu as being
responsible for the 1539 outbreak. Nevertheless, there is a lesson to be learned from
the outbreak. Features of the outbreak have some similarity to avian influenza of the
215¢ century. The disease was consistent with a zoonosis (an infectious disease that
can be transmitted from animals to humans), supporting the idea of transmission from
poultry to humans. The zoonosis appears to have been an emerging infectious disease,
not seen before by the indigenous people or by the Portuguese. Also, throughout the

island, the illness seems to have affected poultry before affecting humans [2].

The 1539 outbreak was prevented from spreading by the isolation of the region. The
isolation was due to a trading practices policy imposed on the region by Portuguese

colonists at that time [2]. This acted as an unintentional public health measure.

The second epidemic was the Spanish flu which occurred between 1918-1919. It
claimed 1.5 million out of 30 million lives in Indonesia (Dutch East Indies) [3], [4], [5].
The virus was believed to be derived from influenza-A [6] , [7], [8], [9]. The disease
spread from Hong Kong and Singapore to Indonesia through sea ports [3], [4], [5]. The
first case was reported on the east coast of Sumatra in July 1918. In the same month,
the disease spread to Java and Kalimantan and then Bali and Sulawesi, reaching as far
as the eastern part of the archipelago in Maluku and Timor. The second wave came in

October 1918 and was more widespread and brought the most deaths. In Tana Toraja,
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10 percent of the population reportedly died from the disease [3]. In Lombok island,

the disease claimed 36,000 lives or 5.9 percent of the island’s population.

Attempts to control the influenza pandemic were implemented in 1920 by ordering
regional authorities, schools, sea craft, and seaports to raise a special flag called the
Influenza Flag [4]. Posters on disease prevention were published in tribal languages
to educate the people. Often, posters were in the form of a dialog between characters

from puppet shows which were popular at the time.

Highly Pathogenic Avian Influenza (HPAI) is the most recent and globally impor-
tant of such emerging disease problems. This disease harms the livelihood of poor
farmers as well as commercial poultry producers. It infects humans and has the po-
tential to evolve into a human pandemic. In Indonesia, avian flu first appeared in
Pekalongan in Central Java in August 2003 and by January 2004 it had spread across
Java and into Bali, Kalimantan and southern Sumatra. In 2005, the disease reached
Sulawesi, North Sumatra, and Aceh, and in 2006, Papua. At the end of June 2006, 27
of 33 provinces were affected [10] and by the end of 2007, nearly all provinces reported
outbreaks (Figure [1.2)).

Initial outbreaks of avian flu are thought to have been in the commercial poultry
sector, resulting from imports of live birds as breeding stock from China [10]. Phyloge-
netic analysis suggests that the Indonesian outbreak originated from a single introduc-
tion [II]. The rapid spread is most commonly explained as the result of transporting
infected commodities including commercial chickens [12]. The prevalence rate of the

disease among poultry varies between regions (Figure [1.2]).

The avian flu epidemic among birds has raised some concern about poultry pro-
duction, marketing and consumption in Indonesia. Between August 2003 and January
2004, at least 600,000 chickens reportedly died of the flu in 17 of Central Java’s 35
regencies. Some 10.5 million birds were reportedly lost in 2004 due to the disease
and culling. During peaks of infection in February/March 2005 and 2006, recorded
monthly poultry deaths were 530,453 and 647,832 respectively. The losses due to dis-
ease or culling are estimated to have been between 15% and 20% of all poultry stock.
In 2004, the combined effect of 50% to 60% lower prices and 40% lower sales volumes
meant income reductions of 70% to 80% for traders [13]. Employment opportunities
dropped by 40% at large poultry farms. During outbreaks, there was a drop in poultry
product demand by 45 — 60%. The industry operated at just a third of its full capac-
ity [13]. The economic loss resulting from avian flu epidemic from 2004 to June 2008
reached $32.4 million [14].
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Fig. 1.1: Map of Indonesia: 1539 Outbreak at Ternate island (red dot).
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In 2003 there were three cases of avian flu among humans in Vietnam and one in
Cambodia, all resulting in deaths. From 2005 to 2008, Indonesia had more deaths from
the disease than any other country and, at the time of writing this thesis, had the
highest number of total deaths (Table [1.1). By April 12, the cumulative number of

human cases in the country was 156 deaths out of 188 human cases [15].

The distribution of avian flu among humans in Indonesia has not been uniform.
Ninety seven percent occurred on Java and Sumatera (Table |[1.2). The majority
of human cases in Indonesia occurred in Jakarta Province (25.2%) followed by two
neighboring provinces Banten (20.6%) and West Java (16.8%). Statistical analysis
showed that the confirmed cases were geographically clustered within an area on Java
island covered by eight districts along the border of three neighboring provinces of
Jakarta, West Java, and Banten [1] (Figure .

There were the 113 sporadic and 26 cluster outbreaks detected between July 2005
and July 2009 [16], [I7]. Opinions vary as to whether human H5N1 virus infections
in Indonesia have a cluster pattern. All human H5N1 cases have been among blood
relatives, suggesting a possible genetic predisposition toward susceptibility to H5N1
virus infection. A small cluster of eight cases of which seven were fatal, has been
identified in Karo, North Sumatra [10], [I8], [19]. Whether the virus is capable of

sustaining human to human transmission is still unproven.

Indonesia has difficulties in containing avian flu due to enormous and complex
problems. Four main non-medical factors in the spread and control of the disease
are domestic farming practices, the prominence of wet markets, lack of government

coordination and economic constraints.

Poultry farming in the country is predominantly a rural or backyard enterprise.
Domestic poultry production has been identified as a key element in poverty alleviation
in rural areas. The problem is that most poor households have limited knowledge about
human and animal health. They do not understand the bio-security and health issues
at stake. In this case, the bio-security is understood to mean the protection of food
supply from contamination and threat. People raise birds and other animals such as
ducks and pigs in very close proximity, facilitating the spread of illnesses. Not only do
these people live close to their poultry, they also live close to each other, often sharing

farm tools without thorough cleaning between uses.

Wet markets, also called live bird markets, are common throughout Indonesia. Wet
markets typically consist of a hodge-podge of stalls selling pet birds, ornamental birds,
chickens, ducks, pigeons and many other types of birds. While the emphasis is on birds,
many of these markets also sell other animals such as cats, dogs, hamsters, mice, and
many more species. Among the stalls selling live birds and animals there are stalls

selling food and stalls where birds are de-feathered, slaughtered and cooked.



Fig. 1.2: Avian flu outbreaks among poultry in Indonesia during 2005-2007 2008, [I]
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Often the sanitation is poor and stalls seldom have their own water supplies, relying
instead on water fetched in buckets from a common source. Grey waste water is usually
just poured out on the ground. There is little awareness among farmers, bird sellers, and
consumers on how diseases such as avian flu are spread and there are no procedures in
place to manage emergencies. It has been suggested that the mixture of species, the lack
of management, and multiple suppliers are all features that make the markets potential
hot spots for spreading viruses [20]. It is thought that poultry trading contributes to
the spread of the disease across the country [10], [1§].

Most human cases in Indonesia have acquired avian flu infection from poultry and
live bird markets [10], [I8]. Handling of sick or dead poultry during the week before

the onset of illness is the most commonly recognized risk factor[10], [1§].

Both domestic farming practice and wet markets raise concern of possible virus mu-
tation through re-assortment or recombination between avian flu and other influenza-A
viruses such as swine flu [10], [18]. A mutation might result in a new virus with a epi-
demic potential among humans [21], [22], [23], [24]. However, unlike the 2009 swine flu
pandemic which was caused by a low pathogenic virus, a future epidemic caused by a
new mutant-avian flu could become one of the worst in history if it is highly pathogenic
[22], [25].

The third reason for the persistence of the disease and its spread in the country is
the lack of government coordination. Countrywide action and cooperation is essential
in combating a virus such as avian flu. This type of response becomes very challenging
in the presence of a decentralized government. From 1998, the Indonesian government
has undergone significant reforms moving from a highly centralized model to a more

decentralized one.

The local branches of government hold most of the power. As a result, it has been
very difficult to mount a united defense against the flu even for implementing border

screening and culling policies.

The fourth reason for the persistence of the disease and its spread in the country is
economic constraint. The country has little capacity, or regulatory enforcement power,
to implement control of even basic bio-security measures. The World Health Organiza-
tion has recommended the culling of infected birds and any bird which may have come
in contact with an infected bird. A lack of initial action and ineffective procedures,
however, has prevented these measures from being fully implemented. When culling
was utilized, few incentives were provided to the public to participate. The subsidy
offered by the government was less than the market value for chickens. The low level
of financial compensation from the government for bird depopulation does not provide

incentive for the farmers to cooperate [10].
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Tab. 1.2: Human cases of avian flu in Indonesia by province as of December 2007. The
percentages refer to the percent of the total confirmed or suspected cases.

Province Island Population Confirmed Suspected
density/km? number (%) number (%)
DKI Jakarta Java 13,400 27 (25.2) 153 (50.7)
Banten Java 1,016 22 (20.6) 51 (16.9)
West java Java 1,033 18 (16.8) 0 (0)
Central Java Java 951 9 (8.4) 0 (0)
North Sumatra Sumatra 158 8 (7.5) 0 (0)
East Java Java 726 7 (6.5) 87 (28.8)
Riau Sumatra 52 7 (6.5) 0 (0)
West Sumatra ~ Sumatra 100 3 (2.8) 0 (0)
Lampung Sumatra 197 2 (1.9) 0 (0)
Bali Bali 599 2 (1.9) 0 (0)
South Sumatra Sumatra 59 1 (0.9) 11 (3.6)
South Sulawesi  Sulawesi 133 1 (0.9) 0 (0)
Total 107(26.2) 302 (73.8)

1.2 Tipar: A case study of an isolated village

West Java has had eighteen human cases of avian flu (Table 1.2), eleven of which were
located in Tipar, a small village in the sub-district of Ciketet, Kabupaten Garut, West
Java. The outbreak in Tipar is anomalous in that most other cases occurred in areas
with a large poultry industry or areas involved in the transport of poultry. Tipar is an
isolated village of 556 households comprising an area of about 60 acres surrounded by
hills and a mountain (Fig. . A typical household raises 15-20 chickens for domestic
consumption but there is no poultry industry and the village in not part of a trade
network in poultry. Houses are built about 50 cm above ground and chickens use this
space for shelter (Fig. . Chickens roam about the village freely.

During the day, men work the fields and women and children stay near the house
and tend the chickens. This is significant since most cases were among women and
children. A study showed that among housewives in Tipar, 62.4% had no knowledge

of avian flu and 79.2% have never had social support from the government [26].

The first human case of avian flu in Tipar occurred in June 2006. Some people from
Pameungpeuk, a village close to Tipar, brought chickens to a village function. The
chickens died the next day and some the villages own chickens died shortly afterward.
No one associated the death of the chickens with avian flu and the chickens were
consumed. Soon afterward, on June 16, 2006, a villager died after symptoms of high
fever. The local puskesmas (health care clinics) did not become aware of the outbreak
until three people died. The regional government of Garut only took action after five
people had died. The village was isolated and the villagers were vaccinated. The local

government reported 12 cases of suspected and confirmed avian flu (Table .
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Fig. 1.3: Tipar, Cikelet. An isolated village having twelve human cases of avian flu. It
surrounded by hills and a mountain

Tab. 1.3: Human cases of avian flu in Tipar, Cikelet from June to August 2006

No Name Age Feel Sick Case Status

1 Rahmat Hidayat 1 June 4 Suspected Dead, June 16

2 Satria 4 July 19 Suspected Dead, July 31

3 Robiah 13 July 28 Suspected Dead, August 1

4 Misbah binti Sukmayji 20  July 28 Suspected Dead, August 6

5 Umar bin Aup 17 July 28 Confirmed Survive

6 Euis Lina 35 July 19 Confirmed Dead, August 10
7 AiSiti Amanah binti Ade 2 August 3 Confirmed Dead, August 15
8  Santi bin Iwan 6 August 3 Suspected Survive

9 Yana 60  August 15 Suspected Survive

10 Iswahati binti Pendi 5 August 15 Suspected Survive

11 Kuraesin 35  August 17 Suspected Survive

12 Osin Gil 14 August 20 Suspected Survive

Pasir Gambir and Pameungpeuk are two villages close to Tipar which also have had

a few human cases of avian flu. These villages are separated by a big river. Therefore,

the most likely mode of transmission of avian flu was through trading of chickens.

1.3 Rationale and aims of the study

Efforts were made by many institutions to track [HPATL develop vaccines and control

the disease in endemic countries to prevent a global pandemic but many of these were

not implemented in Indonesia. This work is of great importance in the context of

trans-boundary animal diseases, particularly those arising in developing countries such

as Indonesia whose scarce resources and capacity in disease control could lead to the

spread of diseases harmful to animal and human health in other regions around the
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Fig. 1.4: Typical house of Cikelet villagers. The wooden floor is raised about fifty cen-
timeters to house free range chickens resting during the nights

globe.

Work to mitigate the impact of [HPATl in Indonesia, where many millions of poor
people rely on poultry for their livelihoods, is very important. A synthesis of available
best practices in emergency response is needed to advise the country in capacity build-
ing, surveillance methods and approaches for coping with new introductions of [HPATl
as well as future emerging disease threats. Several important issues in the control and

impact of [HPATl in Indonesia are little understood.

Mathematical models have been developed and used to understand the spread and
control of influenza-A viruses. The review of existing models given in Chapter 2 shows
that models have been developed based on the premise of ideal situations of bio-security
and un-limited resources for disease surveillance and containing the pandemic. Such
models may be applicable for developed countries but not for developing countries such
as Indonesia. No published work could be found which models the spread and control

of avian flu and the threat of a future epidemic in Indonesia.

There are lessons to learn from the three previous pandemics in Indonesia. Gov-
ernment regulations and propaganda programs for disease prevention are key factors
for disease prevention and eradication. Therefore, in order to mitigate further spread
of avian flu and anticipate future pandemics, a model is needed that demonstrates the
likely patterns of the spread of disease and allows for comparison between possible

control measures.
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In modeling control, the realities of Indonesian culture and economic state discussed
in Section 1.1 must be taken into account. For example, simply asking rural people to
cull their chickens is not viable as people will choose the threat of disease over certain
poverty. Compensating family farmers for their losses is not economically feasible and
resources do not exist to implement comprehensive preventative measures. This study
provides work toward a model for the spread and control of avian flu that is realistic

for Indonesia.

1.4 Scope of the study

Field studies show that human infection of avian flu is influenced by, and may even
depend on, host genetic susceptibility [17], [27], [28]. There is no evidence of human to
human transmission of avian flu [29], [30], [31], [32]. Therefore, it is assumed in this

study that avian flu rarely infects humans but is not communicable among humans.

Genome studies provide strong genetic evidence that new future strains could be
mixing and mutating in the tropics [33], [34]. A likely plausible scenario is that a new
virus results from recombination between avian-origin influenza-A (H5N1) and swine
flu [35], [36], [37], [38], [39]. The emergence of such a hypothetical virus is included in

this study and is referred to as mutant-avian flu.

This study is concerned with the development of new mathematical models and
methods for analyzing the disease spread and control of avian flu, swine flu and mutant-
avian flu among linked populations of birds and humans in Indonesia. It is assumed that
the three influenza-A virus strains cause five disease transmissions, namely (i) avian flu
transmission among birds. (ii) avian flu transmission from infected birds to humans.
(iii) swine flu transmission from infectious humans with swine flu to susceptible humans.
(iv) swine flu transmission from infectious humans with swine flu to humans having
swine flu but who are asymptomatic. (v) mutant-avian flu transmission among humans.

The disease transmissions are modeled by using the mass action incident assumption.

The linked populations of poultry birds and humans are characterized by their
disease-states. The dynamics of the disease states are described by deterministic pro-
cesses and modeled in the form of well-defined systems of differential equations. The

models and methods developed in this study are justified theoretically.

This thesis is an analytical study. In addition, simulations were carried out but
only to visualize some results. The epidemic parameters used for simulations were
taken from available literature on the 1918-1919 Spanish flu, the 2004-2009 avian flu
epidemics among birds, the 2004-2009 avian flu cases among humans and the 2009

swine flu pandemic.

Extensive algebraic manipulations were carried out by using the symbolic computa-
tion package of Maple 16(c). Simulations were performed by using MATLAB R2010b(©.
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1.5 Outcomes and limitations

The models do not attempt to match observations in high detail but are intended
to capture the main features of the disease dynamics under certain assumptions. As
analytical tools, the models and methods developed in this study help to better under-
stand the dynamic behavior of avian flu, swine flu and mutant-avian flu among linked

population of poultry and humans in Indonesia.

The thesis outcomes are useful for modeling and analyzing the current and future
situations of disease spread and control of influenza-A in Indonesia. The models are
able to track the disease dynamics among birds and humans simultaneously. Specific

outcomes include:

e In Chapter 4, models are presented to analyze the dynamics of avian flu, swine

flu and mutant-avian flu in human and poultry populations.

e In Chapter 5, models are presented to study the effect of the transportation of

birds to the dynamics of the diseases in the bird and human worlds.

e In Chapter 6, models are presented to study the effect of border screening for

infected birds to the dynamic of the diseases in the bird and human worlds.

e In Chapter 7, models are presented to analyze economic trade-off between the

spread and control of the diseases.

Even though the work herein addresses the specific circumstances of Indonesia, the
models and methods may be applicable to other under resourced countries which have

similar conditions to Indonesia.

There are limitations to the models developed. One limitation is that precise knowl-
edge of epidemic parameters in particular disease transmission of mutant-avian flu is
unknown and is difficult to measure. Unfortunately, this is a key parameter that yields
the force of infection or transmission of the disease. It is a source of important non
linearity of the models and can make the difference between regular cyclic variations of
incidence and chaos. Another limitation of the models is the difficulty in running the
full model over all regions of interest in Indonesia. Therefore, the models cannot to be
used as prediction tools. The scope of the thesis is laying the mathematical foundation
for a model.Despite these limitations, the models can help interpret observed epidemi-
ological trends, guide the collection of data towards further understanding, and assist
the design of programs for the control of the diseases. The models can help gain insight
into the factors controlling the disease persistence and stability of disease transmission

within large human communities.



2. LITERATURE REVIEW

The purpose of this chapter is to review existing literature on biological and mathemat-
ical aspects of the spread and control of multi-strain influenza-A. Section provides
some information on influenza-A viruses from biological and medical points of view.
Section reviews existing mathematical models of influenza-A viruses including the
scope of the models and modeling approaches that have appeared in the literature. The
reviewed models differ both in terms of the aspects of the disease outbreak considered
and in terms of the mathematical setting. The choice of mathematical setting is often
influenced by the aspect of the disease outbreaks addressed in the study. The compart-
mental model is the most popular and the basic compartmental model is described in
Section 2.3l A discussion leads to the conclusion that deterministic models are suitable

for addressing the problems posed in Chapter 1.

2.1 Basic science of influenza-A

The various types of influenza-A viruses can broadly be categorized as low and high
pathogenic viruses. The cycle of a low pathogenic virus among waterfowl and wild birds
is genetically stable [40]. It persist in water [41], is capable of surviving more than 100
days at 17°C and uses ice as its reservoir [42], [43], [44]. Direct disease transmission
among birds is through a fecal-oral route [45]. Low pathogenic influenza may evolve
into high pathogenic virus [46], [47], [48].

Avian flu can be maintained, amplified, and disseminated in live-poultry markets
[45][49]. Once avian flu has developed in poultry birds, it can transmit horizontally
among poultry birds with a mortality rate of 60% [40], [47]. The interaction of migratory
wild birds and domestic poultry has sustained avian flu, but the importance of migrating

wild birds as an ecological reservoir is uncertain [49].

Influenza A virus of different subtypes infect many other species, in particular mam-
mals such as domestic cats [29], [30], [31], [50], dogs [32], mice [51], [52], ferrets [53], [54],
cynomolgous (monkeys) [55] and swine [35]. The pathogenic level of the virus depends
on its hosts. The differences in the surface proteins prevent these viruses from jumping
across species barriers and causing infection in humans [24]. The highly pathogenic
avian-origin influenza-A (HENT)) virus has succeeded in crossing the species barrier and

has started infecting humans [36], [56], [57], [58]. The virus is less pathogenic in mam-
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mals generally, but is highly pathogenic to ferrets [59] and humans. The mortality rate
in humans is about 60% [60], [61], [62].

Human cases of avian flu acquire the virus by direct transmission from infectious
birds [24], [47], [56], [60], [61], [62], [63] although the exact mode and sites of the virus
acquisition in the respiratory tract are not completely understood [64]. There is no
conclusive evidence of human to human transmission of avian flu [29], [30], [31], [32],
but there is a possibility that this might have happened [65], [56]. Clusters of human
avian flu illness with at least two epidemiological linked cases have been identified in

10 countries and have accounted for approximately one quarter of cases.

The 20th century witnessed three pandemics caused by influenza-A viruses namely
the Spanish flu which occurred between 1918 and 1919, Asian flu (H2N2) occurred 40
years later (1957-1958) and the Hong Kong flu (H3N2) 1968 to 1969. The first influenza
A pandemic of the 21st century was marked by the spread of Swine flu, a new strain
of swine-origin influenza-A (HINTI).

The Spanish flu pandemic has been described as “the greatest medical holocaust in
history” [66]. The global mortality rate of the disease is not known, but it is estimated
that 10% to 20% of those who were infected died [67]. With about a third of the world
population infected, this case-fatality ratio means that 3% to 6% of the entire global
population died [9]. Phylogenetic analyses of the complete genome of the 1918 influenza
virus suggest that the 1918 virus was derived from an avian source[6]. It is a bird flu

that learned how to spread among humans.

Asian flu was identified first in Guizhou, China in February 1957. It spread quickly
to Singapore in the same month, reached Hong Kong by April, and the US by June

[68]. Tt caused approximately two million deaths worldwide.

Hong Kong flu was detected first in Hong Kong in early 1968. The pandemic
infected an estimated 500,000 Hong Kong residents, 15% of the population [69]. It
arrived in the United States in September 1968 and became widespread in December
1968. Deaths peaked in December 1968 and January 1969 with the elderly being hit
hardest. The virus returned in 1970 and 1972. Total deaths were approximately 33,800,

making it a mild pandemic [69].

Swine flu was first identified in Mexico in April 2009 and soon spread worldwide.
The disease is communicable among humans with a mortality rate similar to seasonal
flu, around one percent [70], [71]. In May of 2009, the World Health Organization
(WHOQOI) announced that there had been 30,000 confirmed cases of swine flu influenza,
but the same day, the Centers for Disease Control and Prevention (CDC) estimated
around a million cases [72]. In November of 2011, WHO reported that the global
swine flu pandemic included more than 18 thousand deaths and that the virus was
still circulating, though at much reduced levels compared to those in 2009. Swine flu

vaccination programs have been effective in halting the disease spreading further [73].
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The programs might be optimized by giving the vaccine to a targeted population only
I7a1, [75), [76), [77.

The spread of avian flu among birds appear to be principally related to the move-
ment of poultry and poultry products [47], [62], [78], [T9]. Poultry markets, in particular
live bird markets, are the most risky places for disease transmission [63], [78]. A bird
is most likely to get infected if the bird resides within a radius of one km from an out-
break area (26.2%). The second largest possibility to get infected is during transport
(21.3%). A bird may also get infected by indirect transmission from poultry workers
and their tools (9.4%) and in the slaughter house (8.5%). Only a small proportion
(1.0%) of poultry birds get infected by a direct transmission from wild birds in nature
[79].

The has warned that the threat of a new influenza pandemic has been aggra-
vated with the appearance of highly pathogenic avian flu [80]. The Food and Agricul-
ture Organization (FAQI) has estimated that avian flu has led to the death or destruction
of more than 200 million birds worldwide, resulting in economic losses of over 20 billion
dollars [81]. Experts claim that the next flu pandemic could become one of the worst
in history, not because it has killed many people yet but because of its potential [22],
[25].

The threat of a mutated version of avian flu causing pandemic is real. Simultaneous
infection of humans by avian flu and other influenza A viruses could theoretically
generate novel influenza viruses with pandemic potential [36], [82], [83]. The lesson to
learn is that of the 2009 swine flu pandemic. The virus is thought to be a mutation,
more specifically, a recombination of four known strains of influenza A virus subtype
[HINT] one endemic in humans, one endemic in birds, and two endemic in pigs [71],
[84].

A virus mutation process could be in the form of antigenic shift or antigenic drift.
Antigenic shift is the process by which two or more different strains of a virus combine
to form a new subtype having a mixture of the surface antigens of the original strains.
Antigenic drift describes small and gradual changes in the surface proteins (antigens)

of the virus through random mutational processes [23], [85].

Figure 2.1 depicts a possible scenario of future pandemic generation. A virus re-
combination can occur when avian flu (which can live in birds with 2-3 receptors) from
birds and swine flu (which can live in mammals and human with 2-6 and 2-3 receptors)
from human recombine to become more infectious and then infect the human popu-
lation [35], [36], [37], [38], [39]. These molecular-biological and genomic studies are
important to unfold in advance possible new strains which may have pandemic poten-
tial [83]. The new strains found could then be utilized to support the development of

vaccine or other disease control planning processes [36], [83].

Hybrid viruses have the potential to express surface antigens from avian flu to
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Fig. 2.1: Pandemic Generation.

which the human population has no preexisting immunity [25]. Therefore, it has been
suggested that the virus may only need to change slightly to become communicable
among humans [22], [56], [65], [25]. The process for a pandemic can be triggered by
three stages of virus mutation[2I]. First, an incremental increase in the ability of the
virus to move from birds or animals to humans. Second, an incremental increase in the
virulence of virus. Third, an incremental increase in the contagiousness of the virus

between humans.

2.2 Scope of mathematical modeling of influenza-A

The foundations of mathematical epidemiology were laid in the late nineteenth and
early twentieth centuries by public-health physicians and biological scientists [86], [87],
[88], [89], [90]. The concept of differential mortality was used to estimate the rate of
deaths attributable to a given disease such as the 1918 influenza pandemic. A discrete

chain binomial was used to model the spread of infection in a susceptible population
[86], [1].

A disease control model was first developed by R. A. Ross in his work on malaria,
which earned him the second Nobel prize in Medicine in 1902. His model showed that
the spread of malaria in a region can be controlled by reducing the mosquito population
[87]. The result was generalized later for larger classes of diseases by introducing the
concept of reproduction numbers [88], [89], [90].
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The reproduction number is the number of secondary infections caused by a single
infective introduced into a homogeneous population made up entirely of susceptible
individuals over the course of the infection of this single infective [88], [89], [90], [92],
[93]. A non homogeneous population is considered as a multi state population. The
reproduction number of a multi state population based on age classes and types of
individuals are referred to as state-reproduction number [94] and type reproduction

number [95], respectively.

Models have been developed for understanding the spread and control of avian
influenza. Various issues have been considered in influenza epidemic and pandemic
models such as the number of virus strains, the population of study, transmissibility,
disease control measures, effect of spatial demographics, delay, and virus mutation. The
following subsections (2.2.1 to 2.2.7) review the existing models based on the scope of

models.

2.2.1 Number of virus strains

Most of the existing models consider a single influenza-A virus strain spread among
birds populations only [60], [62], [96] or among human population only [61], [71], [97],
[98], [99], [100]. Only few consider multi strain influenza-A viruses circulating in both
bird and human populations [I01], [102], [103], [104].

2.2.2 'Transmissibility

A main focus of modeling infectious diseases has been in the understanding and com-
putation of the basic reproduction number [105], [106], [107], [108], [109], [110], [111],
[112], [I13]. If the value of reproduction number is less than or equal to one, then
the disease free equilibrium is locally asymptotically stable and therefore the disease
cannot invade the population. If it is greater than one, the disease free equilibrium is

unstable and the disease may invade the population.

Transmissibility of avian flu in poultry birds has been estimated. The disease la-
tency period among birds varies from 0.20 days to 0.44 days. The mean infectious
period varies from 1.3 days to 2.5 days and the reproduction number varies from 0.99
to 2.0 [I14]. These estimated reproduction numbers are slightly lower than those based
on a field observation of 2.0 to 3.5 [17], [I15].

In humans, avian flu transmission due to direct transmission from infectious birds
is very rare [103], [L04]. The resampling-based test was used to detect person-to-person
transmission of avian flu among humans [I7], [116], [117]. Studies show that there is

no evidence of transmissibility of avian flu virus among humans.
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2.2.3 Risk of epidemic

The risk of a future avian flu epidemic among human populations has been modeled
and analyzed. Most of the existing models are based on the underlying assumption
that the disease is already communicable among humans such as 1918 (Spanish) flu
[98], [99], swine flu [61], [71], and 1957 (Asian) flu [100].

Some assumed that avian flu has a high risk of causing an imminent pandemic
such as in the Spanish (1918) flu pandemic. In these models, epidemic parameters
based on 1918 Spanish pandemic where used [7], [§]. The reproduction numbers were
estimated between 2 to 3 [7] or 1.49 (spring wave) and 3.75 (autumn wave) [I18].
These reproduction numbers are higher than the reproduction number of Asian flu
(H2N2)) which was estimated to be between 1.6 — 1.8 [33], [I00]. The reproduction
number of Spanish flu is also higher than the reproduction number of the Hong Kong
flu (H3N2)) pandemics which where estimated as 1.06 —2.06 [119]. These models ignore
the complexities of cross species infection processes. Only a few consider virus mutation

when modeling the risk of an avian flu epidemic among human [103], [104].

2.2.4 Disease controls

The basic reproduction number may also be considered to be the control effort needed to
eliminate the infection from a homogeneous host population [120]. Feasible intervention
strategies both biomedical and behavioral have been modeled and analyzed. The control
policies can be categorized into two groups. The first group of control policies aims
to reduce the effectiveness of the force of disease transmissions. In this category the
disease control could constitute vaccination [79], antiviral agents [121], social distancing
policies such as school closure [100], [122], travel restrictions [46], [79] or a combination
of these [123], [124]. The second group of control policies aims to manage the disease
out break such as screening for infectious individuals followed by quarantine [98], public

health measures [§], [97], bird culling [I125] and cleaning the environment [96].

Disease control by vaccination

Theoretically, a pandemic with a reproduction number of 2 to 4 could be prevented by
vaccinating or administering antiviral prophylaxis to 50—75% of the population [7]. For
highly contagious viruses (i.e. a reproductive rate of 2.3 or higher), the use of the vaccine
for approximately 20% of the population leaves 30% — 50% of the population infected
[126]. Given enough drugs for 50% of the population, household-based prophylaxis
coupled with reactive school closure could reduce clinical attack rates by 40 — 50%.

More widespread prophylaxis might reduce attack rates by over 75% [126].

Vaccine stockpiled in advance of a pandemic could significantly reduce attack rates

even if the efficacy is low [I127]. Vaccine production capacity and antiviral medication
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stockpiles are insufficient to provide for broad coverage, even in wealthy countries.
Therefore, optimal distribution strategies are very important [128]. Shifting vaccination
resources away from the high-risk groups to the high-activity groups will result in
improved herd immunity in both the high-risk group and the population as whole [129].
Targeted layered containment is important for resource efficiency [130]. Targeted use of
antivirals would be sufficient to contain an outbreak with reproduction number below
1.4, as long as the intervention is applied within the first 21 days of the outbreak
[121]. Incentives are necessary for voluntary vaccine programs to be the successful
[131], [132]. Vaccination, however, is considered to be too expensive to be a practical
control in Indonesia. Therefore, vaccination is not included in the models presented in
this thesis.

Disease control by social distancing

Disease control measures that generally reduce contacts between individuals may be
the most powerful protection against a pandemic until adequate vaccine and antiviral
medicines can be produced [8]. Effective isolation measures in hospital clinics at best
would only ensure control with probability 0.87 while reducing the transmission rate

by greater than 76.5% guarantees stopping an epidemic [99].

Behavioral interventions such as closing schools, quarantining infected individuals
or imposing travel restrictions have been modeled and analyzed for effectiveness. Pro-
longed school closures could reduce the cumulative number of influenza cases by 13 to
17% [122]. It has been suggested that household quarantine could be more effective
than closing schools [127].

Some combination of behavioral and biomedical interventions are more effective
for containing the pandemic [128], [131], [I32]. In the case of the 1918 (Spanish)
flu; time-limited public health interventions reduced total mortality only moderately
(perhaps 10— 30%). The impact of intervention was limited because interventions were
implemented too late and lifted too early [§]. The effectiveness of human quarantine
varies depending on when the limitation on travel between communities is implemented
and how long it lasts, and a policy of introducing quarantine at the earliest possible

time may not always lead to the greatest reduction in cases of a disease [98].

2.2.5 Global scale models

The worldwide spread of a pandemic and its possible containment strategy at a global
level have been modeled. Migratory birds may spread avian flu viruses to new geo-
graphic regions [60], [I33]. There is a pattern to the spread of avian flu among birds
from Asia into Alaska [60], [96]. The inclusion of air transportation is crucial in the
assessment of the occurrence probability of global outbreaks [126]. A global coopera-

tive strategy, including countries that make part of their resources available for global
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use, has proven to be effective for containing the disease [84], [96], [134]. It has been
suggested that a pandemic could be effectively contained if one country donates some
of their stockpiled antivirals to other countries in need [126]. Spatial demographic and
delay both have effect on the spread of disease [135], [I36] . It has been suggested that
extensive air travel restrictions would not delay spread of a pandemic by more than a
few weeks [127], [136].

2.2.6 Population dispersal

There have been many investigations concerning the effect of population dispersal on
the spread of a disease. Epidemic models have been considered to describe the dynam-
ics of disease spread between two or more patches and study the threshold dynamics
[137], [138], [139], [140], [141]. Also the effect of population dispersal on the spread
of a disease have been investigated [137], [138], [I39]. The movement of susceptible
or infected individuals can enhance or suppress the spread of disease, depending on
the heterogeneity and connectivity of the spatial environment [139], [I40]. All these
investigations ignored the possibility that individuals become infective during travel.
Transport-related infection models for two identical regions were investigated [142].
The study shows that transport-related infection can make the disease endemic even
if two isolated regions are disease free [142]. Furthermore, restricting travel of infected
individuals in the form of border screening [143] [144] is important for disease eradica-
tion since this allows the possibility to eradicate the component of the disease driven

by transport-related infection.

2.2.7 Cross species models

The models for the spread and control of disease listed above have been developed for
a single strain such as seasonal flu [97], 1918 (Spanish) flu [98], [99], swine flu [61], [71]
or 1957 (Asian) flu [I00]. They may not be suitable for describing epidemics generated
by strains that emerge due to recombination of species-specific strains and subsequent
cross-species transmission. Interaction between birds and humans results in a different
scenario for the spread and control of disease than for a single population of birds or
humans [101], [102], [103], [104].

It has been suspected that confined animal feeding operations serve as amplifiers of
influenza. A study showed that when the workers comprised 15—45% of the community,
human influenza cases increased by 42 — 86%. Successful vaccination of at least 50% of

the workers canceled the amplification [101].

It was pointed out in Section that a virus mutation process can be modeled by a
drift or shift mechanism [23], [85]. There are only few published studies to consider the
effect of a virus mutation [102], [103], [145], [125], [104], [I46]. The drift evolution in
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seasonal influenza was first modeled as an evolutionary model [102]. The model assumes
that the susceptible class is continually replenished because the pathogen changes ge-
netically, and hence immunologically, from one epidemic to the next, causing previously
immune hosts to become susceptible. The inter-epidemic period, and the probability
that a host will become reinfected, depend on the rate of amino acid substitution in

the pathogen.

On the other hand, interaction between infectious birds and infectious humans may
also result in a virus mutation of avian flu. Shift mechanisms have been used to model
the effect of avian-human [103] and swine-human [I01] cross species virus mutations.
An avian-human cross species model considered a hypothetical mutant virus as a shift
virus mutation of avian flu [I03]. The results show that when mutant influenza-A has
already occurred, the spread of avian flu in the human world can be prevented only by a
combination of culling infected birds and quarantining the infected humans. Reducing
the contact rate between susceptible humans and the individuals infected with mutant
influenza-A also helps to prevent the occurrence of a pandemic [I35]. The quarantine
policy can effectively reduce both human morbidity and mortality but a bird culling

policy can increase human morbidity or mortality in a worst case situation [125].

Further, a model that incorporates both drift and shift as evolution mechanisms of
influenza was proposed in [104]. As in [102], the drift evolution of influenza was mod-
eled by the total number of the amino-acid substitutions during the strain circulating
time. The study showed that amino-acid substitution structure of human influenza can
destabilize the human influenza equilibrium and sustained oscillations are possible. For
low levels of infection in domestic birds, these oscillations persist, inducing oscillations

in the number of humans infected with the avian flu strain.

2.3 Modeling approaches

When modeling a complex system such as the spread and and control of influenza-A
viruses, there is a trade off between a model’s degree of abstraction and its useful-
ness. Each model has its own approach and set of assumptions. Most existing models

reviewed in the previous section are based on simulation studies.

At the microscopic level for virus mutation, bio-informatics methods have been used
to predict antigenic variants of avian flu virus. These methods predict the emergence of
a new strain of influenza-A with human to human transmission capability. A simulation
study showed that a new influenza-A pandemic might happen as a result of recombina-
tion of avian flu and swine flu. A human already infected with avian flu might become
infected with swine flu [36], [37]. Readers who are interested in simulation studies for
virus mutations may refer to [147], [148], [149], [150], [I51], [152].

Some models have been proposed for detecting person-to-person transmission in

closed social contact networks. The models assumed that each individual has a finite
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set of contacts to whom they can pass infection. The ensemble of all such contacts
forms a mixing network. Knowledge of the structure of the network allows models
to compute the epidemic dynamics at the population scale from the individual-level
behavior of infections [153], [117], [I16]. There is still much to be done in validating
the simulation results and relating them to the theory. Readers who are interested in
studying epidemics using social networks may refer to [153], [154], [155], [I56]. There is
also reference to the use of bond percolation for infectious disease prediction and control
[157]. Network theory also has been used for predicting outbreak diversity [156], [158],
[159].

Most of models discussed in the previous sections partition the population of interest
according their disease states. Such models are referred to as compartmental models.
compartmental models are very important in mathematical epidemiology of infectious
diseases due to analytical properties of the models. The following subsection reviews

the description and development of simple compartmental models.

2.3.1 Compartmental models

Compartmental models assume that population groups are fully-mixed, so every indi-
vidual has an equal chance of spreading the disease to any other member. Compart-
mental models are identified by a string of letters that provides information about the
structure of the model. A compartmental model with disease states of susceptible (S),
infectious (I) and (R) recovered is referred to as a SIR model. The model becomes
SEIR if the infection transmission has an exposed (E, infected but not infectious) pe-
riod. SIR models become SIS (or SIRS) if susceptibility returns after infection (or after

immunity).

Let S(t),1(t) and R(t) be random variables representing compartmental measure-
ments of susceptible, infective and recovered individuals, respectively. The measure-
ment can be a cumulative number or a ratio. S(t),(t) and R(t) are the disease state
variables and they may be discrete or continuous. A disease state variable may be
modelled as a continuous variable if its rate of change is small compared to the number
of individuals. Epidemic models can be classified according the type of their disease
state variables. If the transition of disease states are probabilistic in nature, the disease
state variables are probabilistic and the model is referred to as a stochastic epidemic

model, otherwise the model is a deterministic epidemic model.

The transition rate from the compartment of susceptible individuals to the com-
partment of infectious individuals is modeled by the force of infection, which is the rate
(in deterministic models) or probability (in stochastic models) at which susceptible in-
dividuals become infected. The force of infection is proportional to the transmission
rate, the effective number of contacts per unit time and the proportion of infectious

individuals. The transmission rate or contact rate is the average number of adequate
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contacts per day of an infected individual with susceptible individuals which may result

in disease transmission.

Stochastic models are used to estimate the probabilistic quantities for the outcome
events, such as the probability distribution of extinction time, the probability distribu-
tion of final epidemic size, the associate mean and so on. Consider first a simple SIR
stochastic model. It has two independent discrete probabilistic random variables S(t)
and I(t) since the random variable R(t) can be found by R(t) = N — I(t) — S(t). The
bi-variate process {(S(t),I(t))}72, has a joint probability function

ps,i(t) = Prob[S(t) = s, I(t) =],

and it has the Markov property and is time-homogeneous.

Let AS = S(t+At)—S(t) and AI = I(t+ At)—I(t). The probability of a transition

is denoted as
Plasiis) (o) (A1) = Prob ((AS, AL) = (k, j)|(S(8), I(1)) = (s,7))

At a disease state (S(t),I(t)) = (s,i), there are five possible outcomes in a near
future time t + At: a new infection, a death, a birth, or a recovery, no change (station-

ary). Assume that the probability that there will be an additional infectious individual
is b(i) = O‘]\;SAt, where « is the effective number of contacts per unit time and 3 is the

transmission rate. The formulation %(t) is the so-called true mass-action model and

includes the mixing process, i.e. the individuals in the population will be totally mixed
and the probability of contact with an infected member will decrease as population
size increases. Another approach, the pseudo mass-action with infection force BI(t)
assumes a constant probability of contact with an infected member is independent of
population size (i.e. the number of contacts increases with population size) [I60]. The
probability that the number of infectious individuals is reduced by one due to of a death
and recovery are d(i) = vy iAt and r(i) = b (N — s — i) At, respectively. The probability
that the disease state remains the same is 1 — %At — (yi+ b(N — s)) At. Therefore,
the transition probabilities can be defined as a six valued function representing six

possible outcomes, [110]

( afis . .
biAt if (k,j7)=(1,-1)
pji(At) = (2.1)
b(N — s —i)At if (k,j) = (1,0)
1— 2PN — (yi +B(N —5)) At if (k, §) = (0,0)
0 if otherwise.
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These transitions represent all possible changes in the state ¢ during the time interval
At, which must be chosen small enough such that the transition probabilities lie in the

interval [0, 1] and the sum of them is equal to one.

Applying the Markov property that the future state of the processes depends only
on the current state and not on the past and the preceding transition probabilities, the
probabilities p; at time ¢ + At can be calculated based on p;(¢) [105],

aB . .
Pyt + AL = prey1io) (t)Wﬁ(l — 1)(s + DAt + p(siq1) (D)7(i + 1) At
+ Pe—1,i41)b(i + DAL + ps_13(t)b(n — s + 1 — ) At)

sy (D) <1 - (3‘5@'5 + i + b(N — s)> At) . (2.2)

_l’_

In matrix form (2.2)) can be written as
p(t + At) = P(At)p(t) = P (At)p(0) (2.3)

where t = nAt and P(At) = (p;;(At)) is the transition matriz. When the transition
probability is independent of time, the process is referred to as time homogeneous, and

is equivalent to an autonomous system in a deterministic model. The epidemic process
{I(t)}52, is completely formulated by (2.2]) or ([2.3)).
Often, time in the epidemic equation (2.2)) or ([2.3)) is treated as a discrete variable in

which case the Markov Chain property (the current state depends only on the previous
state) is typically invoked. Such a model is referred to as a discrete time Markov chain.
A discrete time Markov chain is suitable for modeling an epidemic with disease states
which are changing relatively slowly in time such that time can be discretised. If disease
states are changing so fast such that the time can not be discretised, the models are

referred to as a continuous time Markov chain [110], [161], [162].

Comparing corresponding deterministic and stochastic models, one can say in gen-
eral that if the model is linear, the deterministic equations are the same as the equations
for the means of the stochastic model and the two have the same solutions [105], [163],
[164]. That is not true for nonlinear models. For example, in a stochastic SIS model

the expected number of infectious individuals is calculated by

BI(1) = Y inl0)

N
=0

As t — 0, one easily has [110]

B(I(1) _ B
dt = N

[N = E(I@O)E(R) = (b +7)EU(?)).

This is the rate of change of the expected number of infectious individuals. If the tran-
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sition of disease states are deterministic in nature then the disease state variables are
deterministic and E(I(t)) = I(t). Consequently, the number of infectious individuals
in the final time is calculated by
A0 _ B (v — rienre) - 6+ 4)100)
a N VG-
These show that the final mean number of infected individuals in the stochastic SIS
model is less than the final number of infected individuals in the deterministic SIS

model.

Simple SIS and SIR stochastic models discussed in the literature review show that
they do capture the variability of the disease transmission, recovery, birth, and death
processes at the individual level. Stochastic models have several advantages. More
specifically, they allow follow-up of each individual in the population on a chance basis.

There are some disadvantages in using the stochastic approach.

The first disadvantage is that there is a problem regarding the reproduction number
used for describing the properties of disease free equilibria in the population [8§], [89],
[90], [92], [93]. In a stochastic model, the disease free equilibrium may be independent
of a reproduction number. For example, recall the discrete time Markov chain for
SIS model is . The set of disease states S = {0,1,2,.., N} can be partitioned
into the set of recurrent states R and the set of transient states T. A disease state
z; is said to be transient if, for a given starting disease state z;, there is a non-zero
probability that it will never return to z;; otherwise it is a recurrent. has R = {0}
and T = {1,2,.., N}. The zero state {0} is an absorbing state, no other state can be
5)

power of transition matrix, P then for any state i € S and any transient state i € T

reached from the zero state. Let P™ = (p;;”), where pl(-;) is the (7, j) element of the nth

: (n) _
Jim vy’ =0

In matrix form, the transition probability is given by (2.3)). By using the Markov chain
condition, [110], [165]

lim p(t) = (1,0,...,0)7T,

t—o00

where t = nAt. Therefore the population approaches a disease free equilibrium regard-
less of the reproduction number. The average time to reach a disease free equilibrium
depends on the initial condition and the epidemic parameter values, but it can be ex-
tremely long. The absence of a reproduction number in disease free equilibrium is not
really expected, as a reproduction number is the central point of epidemiology modeling
[88], [R9], [90], [92], [93].

The second disadvantage is regarding the complexity of designing the transition

probabilities. For a simple SIR model with only two variables S, (where R can be
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found by R = N — S — I under a constant population assumption), the transition
probabilities are defined as a six valued function . Increasing the number of disease
states in the model will increase the model complexity exponentially. By contrast, the
complexity of a deterministic model increases only linearly with the number of disease

states.

The third disadvantage is the use of a stochastic model for large populations. In a
large population, the variability of the disease state variables are very small and many
transitions are needed to model small changes. These models can become mathemati-

cally very complex and do not lend themselves to an explanation of the dynamic.

For the reasons listed above, stochastic modeling will not be pursued further in this
work. Stochastic models are not suitable for this study. Useful references include [110],
[112], [113], [161], [162], [166].



3. DETERMINISTIC MODELS

The purpose of this chapter is to provide background on the basic ideas, theories and
techniques used in this thesis. Section describes a class of deterministic models
considered in the study. Characteristics of these epidemic models, in particular for the
uniqueness of solution and stability of the disease equilibrium states are given. Section
-3 provides methods for characterizing local and global stability. Mathematical results
on the stability analysis for the models are presented in this section. Section [3.6]derives
a method for calculating the reproduction number. Section[3.7]describes optimal disease
control problems for the epidemic models. Methods for designing disease control and

solving the optimal disease control problems are also given.

3.1 FEuclidean Space R"

The n-dimensional linear space over reals R™ is the vector space used throughout the
thesis. R™ equipped with a scalar product is referred to as Euclidean Space. The scalar

product is a function (z, y) : R™ x R™ — R satisfying condition

i (x,x) >0
ii (x,x) =0 if only if x= 0,
il (z,y) = (y, 2);
iv for any ¢t € R, (tz, y) = t(x, y);

v (4 y,2) = (z,2) + (y, 2).

If {e1,...;en} is a basis in R", and = ) wie;, y = > yje; then (z,y) = 3, ziy;(eie;).
In particular if {ej,...,e,} is an orthonormal basis in R”, then (z,y) = > z;y;. The
length (or the Fuclidean norm) of the vector is |z| = 1/ (a, ) which satisfies the following

properties:
(a) |x| > 0 for = # 0;
(b) |tx| = |t||z| for t € R and = € R™;

(€) lz4+y| < |z + |yl
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Definition 3.1. A set A C R™ is open, if for each a € A there is an open ball
B(a,r) ={xeR": |x—a|] <r, r € R} such that B C A. A set X C R" is closed if its
complement X¢ =R"\ X is open .

A sequence {2} C R" converge to x if limg_,o |2 — 2| =0

Definition 3.2. A set K C R"™ is compact, if any sequence {™} C K has a sub-

sequence {&™i} convergent to a point from K.

Theorem 3.3. A set K C R" is compact if only if it is closed and bounded.

3.2 A class of deterministic compartmental models

In a deterministic compartmental model, individuals in the population are assigned to
different subgroups or compartments, each representing a specific disease state. The

disease states are assumed to be uniformly distributed throughout space.

Suppose there are n disease states. Let

2(t) = (z1(t), ..., zn(t))

be the vector of disease state variables. The independent variable ¢ € R}r is referred to
as time. Let 0 C R"} be the set of all disease states

Q={z(t)|0<t < o0}
Let
Q={aqlg=(q,....a)} CRE

be a set of epidemic parameters. It is an open set Ri. For a given set of epidemic

parameters q € (), the dynamics of the disease states is described by

Z = flzq), (3.1a)
2(0) = z9 € Q. (3.1b)

Here 2 is the first derivative of z with respect to time t,
f:Ry xR} — RY.

and z(0) is an initial disease state.

In the following, some definitions and terminology are introduced which will be used

in later discussions on the qualitative behavior of the disease dynamics. A solution of
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(3.1a)), z= 2(t; q) € R is a map, z, from some interval I €C R! into R"

z: I —-R",

t— 2(t),

which satisfies (3.1a)),
Z(t) = fit, 2(); @).

The map 2(t; q) has a geometrical interpretation as a curve in R and gives the
tangent vector at each point of the curve. For this reason, fis referred to as a wvector
field. The space of dependent variables of (i.e, R™) is referred to as the phase
space of . A solution curve that passes through an initial state

2(to, 205 q) = 2p-

is referred to as the solution of initial value problem ([VP)) (3.1al), (3.1b)).

It is assumed that new infections can only happen by means of interaction between
susceptible individuals with infectious individuals (horizontal transmission). It is pos-
sible to have more than one disease in the transmission model. However, it is assumed
that there is no double infection of the same disease. A double infection may happen
for two or more different diseases. Each disease transmission results in a change of

disease state.

Let z = (y,x) where y = (21,22...,24) is the vector corresponding to infected
compartments and € = (zg441,-..,2,) 1S the vector corresponding to susceptible com-

partments. The set of disease free states, D C €2 can be written as
D={z=(y,2)|z€Q, y=0}.

This study considers a class of deterministic epidemic models with a polynomial vector

field f(t, z; q) satisfying the following conditions.

(C1) . The set of all disease states 2 is positively invariant for the the vector field
f(z q). That is, for any initial value zy € € the disease states z(t) remains in 2
for all ¢ > 0. It is assumed that Q is a C" positively invariant manifold with
r > 1. Here C" refers to the set of continuously differentiable functions of order

T.

(C2) . The subspace of disease free states D is positively invariant for the vector field

Az q).

(C3) . In the absence of the disease, the population has a stable equilibrium.
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For a given set of disease parameters ¢ € () and initial disease state zy € 0 , the

problem of finding the disease propagation, i.e. disease state over time, is equivalent
to the problem of finding solutions to the [VP] (3.1al), (3.1b]).

The existence and uniqueness of z(t; q,2z) € R™ is guaranteed by the following

theorem.

Theorem 3.4. For a given set of disease parameter q € () and initial condition zy € €2,

the VD (5.1d), has a unique non negative solution z(t; q, zy).

Proof. By conditions (C) and (C2) the existence of a solution is guaranteed. For the
proof of the uniqueness of the solution can be referred to [167], [168], [169]. O

Furthermore, the solution can be extended to a compact set containing the initial

condition zj.

Theorem 3.5. The solution of (-) (-) z(t;p, z0), can be extended up to the

boundary of a compact set containing the initial condition z.

Proof. By Condition (C7), the set of all disease states € is positively invariant for the
the vector field f(t, z; q), is closed and bounded. By Theorem () is compact. For a
complete proof,see [169]. O

Corollary 3.6. The solution of ' (-/ (t; g, 20) , is bounded above. There are
positive numbers K;, such that z;(t) < limsup,_, ., zi(t) § K; fori=1,...,n

The problem of understanding the qualitative behavior of the disease dynamics
governed by IVD] , is in general a very hard problem. The important
starting point in understanding the disease dynamics is to find the equilibria of ,
. Many key questions regarding the progress of an epidemic can be studied by
analyzing the disease equilibrium states. For example, whether the introduction of a

few infective individuals results in an epidemic or not.

The propagation of the disease starting from an initial disease state zy is depicted

by a graph z(t, zp) over ¢ which is also referred to as an integral curve
2(t, z) = {(2t) € R} x R}r|z/ = flz;q), z(0) = 2z, t € [0,tF]}

where tp is the final time. A disease state is said to be in equilibrium, denoted as
Z* € R, if its does not change with time. Since (3.1a]) is an autonomous or independent
of time ordinary differential equation, the equilibrium points the system of differential
equations in [[VPI (3.14)), (3.1b)) can be found using the following theorem

Theorem 3.7. Z* is an equilibrium point of VA (3.1d), if only if f1(2*;q) =
':fn(z)kQQ):O'
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It is of interest to see in the long run (¢ — co) whether the disease will be eliminated
or if it will exist in the population indefinitely. z = (y, ) where y = (21,22...,24) 18
the vector corresponding to infected compartments and & = (2441, . .., z5) is the vector
corresponding to susceptible compartments. A disease state in which the population
remains in the absence of disease is referred to as a disease free equilibrium. A disease
state equilibrium in which infected individuals remain present is referred to as disease

endemic equilibrium.

Definition 3.8. The system , is disease permanent if and only if there
is one or more disease endemic equilibrium stat es. i.e. if there exist a lower bound
ki, > 0 such that

k; < liminf y;(t
i < limin yi(t)
for at least one i. Such disease state variables correspond to infected compartments.

Let ¢(t, z9) denote the solution of [VP] (3.14)), (3.1b)) under the initial condition 2.

The equilibrium disease state z* is an attractor of (3.1a)), (3.1b)) if lim—, o w(¢, 29) = 2*
for all 2z in some open set containing z. Let N be the maximal open set of initial

disease states zy satisfying the above condition. N is referred to as basin attraction of
z*. N is the stable manifold of z*. In case N = (), 2* is a global attractor.

3.3 Characterizing the stability of a disease state equilibrium

Roughly speaking, an equilibrium state z* of ¢(t, z9) is stable if for any other disease
state that is “close” enough to z* at a given time will remain close to z* for all later

time. Formally,

Definition 3.9. (Lyapunov Stability) An equilibrium state z* is said to be stable
(or Lyapunov stable) if given € > 0, there exists a 6 = d(e) > 0 such that for any
other solution, y(t), of satisfying |2*(t') — y(t')| < 0 then |2*(t) — y(t)| < € for
t>t,t e R. When z* is not stable it is called unstable.

Definition 3.10. (Asymptotic Stability) An equilibrium state z* is said to be asymp-
totically stable if it is Lyapunov stable and for any other solution, y(t), of , there
exists a constant b > 0 such that, if |2"(to)y(to)| < b, then lim;_o |2*(to)y(to)| = 0.
Therefore z* is an attractor. The equilibrium state z* is said to be a locally asymp-
totically stable (LAS) or globally asymptotically stable (GAS) if it is a local or global

attractor, respectively.

3.3.1 Local stability

To determine the local stability a disease state equilibrium 2* = (2});=1._ 5, it is nec-

essary to understand the nature of the solution near z*. Let N, be the set of disease
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states near the disease state equilibrium 2z*. N, is referred to as a neighborhood of z*.
The notion of nearness may be specified by defining N« explicitly as dependent on a

parameter § > 0, by
Ny ={ze R} ||z— 2| <6, } (3.2)

where |.| denotes the Euclidean norm on R"™.

Consider the disease states in the neighborhood N, «. If § is sufficiently small, then
the evolution of the disease state z can be approximated by the linearized system [170],
[171]

2= Jg(Z)(z— 2) (3.3)

where J¢(2") = [g—gﬂ , the Jacobian matriz of the vector field f evaluated at the
z=2z*
disease state equilibrium z*. The local stability of the disease state equilibrium of

(3.1al), (3.1b)) can be characterized by the following theorem [170], [I71].

Theorem 3.11. z*, a disease state equilibrium of , , is[LAS if and only if
all eigenvalues of the Jacobian matriz J(2*) have a negative real part.

The spectrum of Jg(z*) is given by the roots of its characteristic polynomial. Let
A"+ I N+ L a A+ ag=0

be the characteristic polynomial of J¢(2*). A disease state equilibrium of ([3.1al), (3.1b)),
is [LAS| if and only if all roots of corresponding characteristic polynomial A; for i =

1,2,...n have a negative real part.

3.3.2 Global stability

The fact that all the eigenvalues of the Jacobian matrix J¢(z*) have a negative real part
is in general not enough to ensure the global asymptotic stability in € [172]. The main
approach used to deal with such a problem is to resort to Lyapunov functions which
are defined as follows [172].

Definition 3.12. Let G C Q) C RY} be a set of disease states generated the vector field

= f1,f2s--o, fn) in , and z* € Q be an equilibrium state. A continuous
map F : G — Ry is a Lyapunov function for f on Q if

o F(z)=0
o F(2) >0 zeG\{z"}

o LyF <0 for z€ G,
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where Ly is the Lie derivative associated to vector field f, Lrp = )" fi0z;p.

The global stability can be characterized by the following theorem [170], [I71], [I72].

Theorem 3.13. The equilibrium state z° of , is a[GAQ if and only if there
exists a Lyapunov function F : N — R.

The idea of the sets of w-limit and a-limit is used to characterize the global stability

of a disease state equilibria. These are defined as follows [170].

Definition 3.14. A disease state z is called an w-limit point, denoted as w(Z), if there
exists a sequence {t;}, t; — oo, such that p(t;,z) — z. A disease state z is called
an a-limit point, denote «(Z), if there exists a sequence {t;}, t; — —oo, such that
©(ti, 2) = 2. The sets of all w-limit points is called the w-limit set. The sets of all

a-limit points is called the a-limit set.

The global stability is characterized by the following theorem, which is a version of

the LaSalle’s invariance principle in [172].

Theorem 3.15. Let f= (f1, fa,..., fn) be the vector field f in , and let z
be disease state generated by f. Let G be a closed subset of R™ and assume that f has

a Lyapunov function F : G — R. Let J be the largest invariant set for f contained in
{z€ G| LyF(z) = 0}. Then the following statements hold.

o For any z € G such that z(t) € G for all t there exist w(z) C J.

o If J is a singleton, say z*, then it is an equilibrium of f. If moreover G is compact
then any solution z € G tends to 2" ast — oo. In particular, if G is compact and

positively invariant then z* is globally asymptotically stable in G.

Proof. See [172]. O

Similar results from a more geometric approach are obtained by creating a Dulac
function defined as follows [171], [173].

Definition 3.16. Let Q C R" be an open set and ¢ : Q — R a C' function. ¢ is

a Dulac function of (3.1d), on Q if (z) > 0,Vz € Q and p(z) = 0 implies
f2) = 0.

It is very important to understand the key feature of a dynamical system. Pe-
riodic orbits can be used to understand the orbit evolution from the distant past
(i.e. as — —o0) to the distant future (i.e. as — oo). The entire course of the evo-

lution is determined by knowledge over a finite time interval, i.e., the period.
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When the dimension of (3.1a)), (3.1b|) is two, the global stability can be charac-
terized by the following Bendizson-Dulac theorem [I71], [I73]. Let two dimensional

autonomous system

X x fl (.ﬁU, y)
r=f & = (3.4)
y f2 (.’IZ‘, y)
where f; and fo are at least C!.

Theorem 3.17. (Bendizson’s criterion) If on a simply connected region D C R? (i.e.,
D has no holes in it) A.(¢f) # 0 and does not change sign, then has no closed
orbits lying entirely in D.

Proof. Using (13.4) and applying the chain rule,

/Ffl(:v,y)dy — fa(z,y)dz =0

for a closed orbit I'. By Green’s theorem this implies

af1 | 0fs B
/S<(9x + ay)alscdy—(]

where S is the interior bounded by I'. But if % + 88—];2 # 0 and doesn’t change the

sign, then this can’t be true. Therefore, there must be no closed orbit in D. ]

The criterion was generalized as follow

Theorem 3.18. (Bendizson-Dulac) If there exists a C' function ¢(z,vy), the Dulac
function, such that A.(¢f) # 0 in a simply connected region R of the plane then

has no periodic solutions lying entirely in R.

The following theorem is refereed to as the Poincaré-Bendixson theorem [170].

Theorem 3.19. (Poincaré-Bendizson) Let a finite set of disease states M C @ C R™ be

positively invariant for the vector field f of , . Let a disease state equilibrium
z* € M. If there is w(z") then the following possibilities holds

i) w(2*) is a fized point;
ii) w(z*) is a closed orbit;
iii) w(Z*) consist of a finite number of fixed points q1, . ..qn and orbits vy with w_(y) =

¢ and w(7y) = q;

Proof. To proof the theorem, the following lemma [I70] is required.
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Lemma 3.20. If w(p) does not contain fized points, then w(p) is a closed orbit.

If w(p) contains only fixed points, then it must consist of a unique fixed point, since
the number of fixed points in M is finite and w(p) is a connected set. If w(p) contains
no fixed points, then, by Lemma it must be a closed orbit. Suppose that w(p)
contains fixed points and nonfixed points (sometimes called regular points). Let v be
a trajectory in w(p) consisting of regular points. Then w(vy) and «(y) must be fixed
points since, if they were not, then, by Lemma w(7v) and «a(v) would be closed
orbits, which is absurd, since w(p) is connected and contains fixed points. It is shown
that every regular point in w(p) has a fixed point for an o and ~ limit set. This proves
iii) and completes the proof of Theorem ( Poincare-Bendixson). O

3.4 'The limiting systems

The disease dynamic , can be qualitatively determined by those of the
limiting system under some conditions [103]. Define y, as an initial disease state of
disease dynamic , and let w(yy) denote an w-limit set of the orbit through
Yo Recall that with the initial condition gy, and the state of all disease states {2 C R}
is forward invariant for the the vector field fly, q). Let G C Q.

Theorem 3.21. If w(y,) C G for all y, € Q and there exists exactly one equilibrium
point E such that E islGASY on G and E is[LAS on €, then FE islGAS on )

Proof. Tt s required to show that E € w(y,) for all g € Q\ G Since 2 is forward invariant
and w(yy) C G for Vy, € Q\ G. w(yy) must include some element 0 € G. (i.e Jo € G
such as 0 € w(¥Yp). Since E is GAS on G and w(yy) is an invariant set, it is concluded
that E € w(y,) for all y € Q\ G. Thus, F is[GAS on Q2 because E is[LASon Q. O

3.5 The method for biological permanence

Recall the system (3.1al), (3.1b))

Z = f(z q),
z(0) = 2z € Q.

where z = (21,22...) € R} and f: R} — R". z = (y,x) where y = (21,22...,2q)
is the vector corresponding to infected compartments and © = (zg441,...,25) is the
vector corresponding to susceptible compartments. By Definition , the system
, is disease permanent if and only if there is one or more disease endemic

equilibrium states.
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It is consider here the subject of biological permanence, i.e., the study of the long-
term survival of each disease state. If there is is difficulty to predict an asymptotic
behaviour such as an equilibrium, it is necessary to examine the condition for perma-
nence, which require that all solution eventually enter and remain in a region with
non-zero distance from the boundary [I74]. The system will be called permanent if
there exists a compact subset in the interior of the state space where all orbits starting

from the interior eventually end up [175].

Theorem 3.2 guarantee the solution set of IVP (3.1a]), (3.1b), z(¢; p, z0) can be
extended into a compact set containing the initial solution z;. Assume that V is a

compact subset of R’} and W is a compact subset of V. Let V be forward invariant.
Suppose that there exists a C! function P : V — R, which satisfies P(z) = 0 if and
only if z € V. Let “” denote differentiation along an orbit and m(zy,t) denote the

solution of (3.1a)) and zp is the initial value (3.1Db]).

Theorem 3.22. If P(w) > 0 for all w € W, then there exist some positive constant k
and sufficiently large time T such that P(w(&,t)) > k for all &g € V\W and ¥Vt > T.

Proof. Proof of this theorem appear in [103], given here for completeness. Since W is
compact and P(&) is continuous on V', There exists inf P(£y) on W. Define P(&) = &
and ¢ = &/2. Since P(&) is continuous on V and P(w) > 0 Vw € W.

VweW, 3p>0,VueW: |w—u|l<p= Pu)>c
Thus, define the neighborhood N(w) Yw € W such that
Nw)={ueV : |lw—u| <p},

and N (w) for w € W forms an open cover of W (i.e.W C Uyew N(w)). Since W is com-
pact, there is a finite sub-cover Ny (w), No(ws) ... Ny (wy,) such that W C Up_ Ni(wy.
In addition let U = (J;_; Ni(wy, then U is a subset of V i.e, (V\W U # 0) such that
P(&). Since tp(w) > 0 for all w € W. Since V' \ W is a compact set, there is some
r* = ian({NO) V) eV \ U. Thus there exists some positive constants ro < r; < r*
such that

U1:{§€U:P(§§r1, U2:{§€UZP(£§TQaHdWCU1CUQCU.

It is assumed that there exists some t5 > tg such that P(w(éo,t2)) < rg (ie. 7r(§~o,t) €
Us) Véy €V \ W . Then there exists some t; < t3 such that 77(50,751) € U\ Us
because 7 (&, t) is continuous in t. Since P(m(£o,t1)) > P(m(Eo,t2)), then there must
exists some i € [t;, 5] such that P(m(£y,1)) < 0 and (&, %) € U. However, P(u) >
c Véo € U\ V goes out from U. On the other hand, there exists some ¢ such that
Tr(go,f) Vo € U \ V' goes out from U. In the similar manner, there does not exists
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ts > t such as 77(50,753) € U,. Thus, there exists sufficiently large time 7" such that
Véo € VAW, Wt > T, n(€y,t) N Uy = 0. Tt is clear that P(m(&y,t)) > ro Vt > T. O

3.6 Reproduction number and stability

Stability analysis of disease state equilibria for a class of epidemic models governed
by (3.1al), (3.1b]) satisfying conditions (C1),(C2) and (C3) were given in the previous
sections. The state variables in an epidemiological model represent fractions of the

population and so they should remain nonnegative as time goes forward.

The condition (C7) assumes that the solution space is a positively invariant mani-
fold. The nonnegative cone R} is positively invariant for the family f(z, q). Only the
positive cone R’} of the epidemic parameters space R} is of interest. The condition is

equivalent to the following.

(C1)" Write each f;(z, @) uniquely in the form f;(z, q) = fi1(z, q) + xifi2(z q) where

fi,1 does not depend on z;. to requiring for each ¢ that

Vg>0Vz fi1(zq) >0.

The condition (C2) assume that the disease free subspace is positively invariant. This

condition is equivalent to the following statement.

(C3)" The subspace V of R™ defined by 213 = ... = 24 = 0, where d < n, is invariant for
the family f(z, q). Let us write z =y, & with y = 21,...,25 and €= 2441, ..., 2n.

This condition is equivalent to requiring that

Vi=1,...,d, fi(0,z,q) =0.

The LaSalle’s invariance principle in Theorem and Theorem (Poincare-
Bendixson) however are very hard to implement. In particular it is impossible to
provide generic Lyapunov and wy-limit functions for epidemic models with three or
more disease state variables. Therefore, the additional condition (C3) states that in
the absence of the disease, the population has a stable equilibrium. Given a disease
free equilibrium (0, (q)) such that ¢ (q) is locally asymptotically stable for the family
of vector fields h(z, q). For the considered family of vector fields f(z, q), the condition

(C3) is equivalent to the following statement.

(C3)" There exists a smooth map 1 : UR™ such that 1(q) is a hyperbolic locally
asymptotically stable equilibrium of h(z, q).

Condition (Cj5)’ is reasonable from a biological perspective and is useful from a

mathematical perspective because of Theorem below. To set up the theorem
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however, it is necessary to recall two class of matrices namely, Z-matrices and M-

matrices which are used in the theorem.

A real matrix is called nonnegative if all its entries are nonnegative. It is called a
Z—matrix if all its off-diagonal entries are nonpositive (i.e less or equal to zero). A
matrix A = (a;5) is called a Z—Matrix if a;; <0, ¢ # j. A matrix A = (a;;) is called
an M-Matrix if a;; < 0 whenever 7 # j and all principal minors of A are positive. An
M matrix is a Z-matrix with eigen-values whose real parts are positive. These two
classes of matrices are useful in spectral analysis of certain classes of matrices [I76]. A
matrix A with nonpositive off-diagonal elements is an M-matrix if and only if A is non
singular and A~! is nonnegative [176]. A d x d matrix A is an M-matrix if and only if
it may be written in the form A = sIyB, where B is nongenative and s > p(B). Here
p(.) stands for the spectral radius.

Recall also that a square matrix A is called reducible if there exists a permutation
matrix P such that PAP? is block triangular, where P! denotes matrix transpose of
P. Otherwise, it is called irreducible. A fundamental result concerning nonnegative

matrices is the following theorem known as the Perron-Frobenius theorem.

Theorem 3.23. (Perron-Frobenius) Let A be a real d x d irreducible matriz. Then
p(A) is a simple eigenvalue of A. Moreover, it has an eigen-vector w with positive

entries, i.e., w; >0 fori=1,...,d.

The following lemma gives two characterizations of M-matrices [172].

Lemma 3.24. Let A = (a; ;) be a d x d real Z-matriz and let D be the diagonal matriz

whose i diagonal entry is a;;. Then the following properties are equivalent.

i) A is an M-matriz.
ii) All the diagonal entries of A are positive and p (Id — D_lA) < 1.

iit) All the leading principal minors of A are positive.

A classical approach for the study of the local asymptotic stability of the system
(13.1al)

Z=flzq
near an equilibrium z* consists in considering the linear differential system
W = 0.f('; g).w (3.5)

where 0,f(z"; q) stands for the Jacobian matrix, with respect to z, of f at 2*. The
flow generated by the differential system (3.5 is nothing but exp(t0.f(z*;q)).w =
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0.1(Z*, t; q).w. In particular, the origin 0 which is an equilibrium of the system ({3.5)) is
asymptotically stable if and only if all the eigenvalues of the matrix 0,f(z*; ¢) have a

negative real part.

Theorem 3.25. . Consider the class of epidemic models in , where f(z; q)
satisfies the conditions (C1)" and (C2)’. Let us write z = (y, x) where y = (21,22 .., 24)
is the vector corresponding to infected compartments and © = (2441, - . ., zn) 1S the vector
corresponding to susceptible compartments and let ¢ : P — R™ % be a smooth map,

where P C Riis an open set. Let

9(y; q) = (f1(y,¥(@); @), - - -, fa(y,(q); @)

and

h(w; q) = (fd—l—l(ov I CI), ) fn(oa I q))

Then the following properties are satisfied:

i) The Jacobian matriz, 0,f(0,1(q); q), of f at (0,1(q)) has the form

( dy9(0; q) 0 )
B Ozh(1(q); q)

and 0yg(0; q) is a Z-matriz.

ii) The point (1 (0, q) is a hyperbolic locally asymptotically stable equilibrium of f(z; q)
if and only if the point 1(q) for the vector field h(x; q) and 0yg(0; q) is an M-

matriz.

Proof. The vector field h(y, g), which is the restriction of f(z, g) to the disease free

subspace, governs the behavior of the population in the absence of the disease.

i) Clearly, dy,f(0,%(q); q) = 9yg(0; @) and 9, f(0,%(q); @) = 0z;h(¥(q); g)

( 0y9(0; q) C >
B 0h(v(qiq |

By an assumption of satisfying condition (C3)" each f;(y, x; q),i =1,...,d can be
written in the form f;(y, ; q) = Z[f v (y, 7; @)yx. This gives 0y, fi(0,7(q); q) =0
and so C' = 0. On the other hand, By assumption (C1) fi(y, x; q) > 0 for any
x > 0 and any y > 0 such that y; = 0. In particular, for x = ¢ (q) and i =1, ...,d
fily,v(q); @) = gi(y;q) > 0 for any y > 0 such that y; = 0. This shows that
R" is positively invariant for the family of vector fields g(y; g), and since 0 is an

equilibrium of g(y; g) it follows from Lemma 4.1 that 0,¢(0; g) is a Z-matriz.
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ii) Clearly, (0,%(q)) is an equilibrium of f(y,x;q) if and only if so is 1(q) for
h(x; g). Moreover, the triangular structure of the matrix 9,f(0,(q); ) implies
that its characteristic polynomial is the product of the characteristic polynomials
of 0yg(0; @) and Jzh(1(q); g) This shows that (0,1 (q)) is hyperbolic and stable,
i.e., all the eigenvalues of d;h(¢(q); q) have a negative real part, if and only if so
is ¥ (q for 0yg(0; q) is an M-matriz.

O]

The following corollary holds for the class of epidemic models satisfying conditions

(C1)-(Cs)".

Corollary 3.26. Consider the class of epidemic models , where f(z; q)
satisfies the conditions (C1)'-(Cs)'. Then the following properties are equivalent.

i) The equilibrium (0,1(q)) of f(z, q) is hyperbolic and locally asymptotically stable.

ii) All the diagonal entries of the matriz 0,g(0; ) are negative and p(Ia—D~19,9(0; q)) <

1, where D is the diagonal matriz having the same diagonal as 0yg(0; q).

iii) All the leading principal minors of the matriz 0,9(0; q) are positive

where [; is the identity matrix of dimension d x d.

Proof. By Theorem and assumption (Cs)’, (0,%(p)) is hyperbolic and locally
asymptotically stable if and only if d,¢(0; g) is an M-matrix. The fact that i) is equiv-
alent to i7) and 7i7) is then a direct consequence of Lemma O

This result means p(I; — D~19,g(0; ) is a threshold value to justify whether an
equilibrium (0,1(q)) of f(z, q) is hyperbolic and locally asymptotically stable or not. If
p(Is—D718,g(0; @) < 1 then (0,1(q)) is hyperbolic and locally asymptotically stable,
otherwise unstable. The spectral radius of matrix I; — D~19,g(0; q) is less than one if

and only if all the leading principal minors of the matrix 9,¢(0; q) are positive.

The threshold value p(I;—D~19,9(0; q)) is referred to as basic reproduction number
[93], [177], or basic reproduction ratio [92], and is denoted by R,. Thus

Definition 3.27.

R, = p(Ig — D'0,9(0; 9)). (3.6)

Matrix I; — D19,9(0; q) is referred to as next generation matriz [92] for the class
of epidemic models (3.1al]), (3.1b)) satisfying conditions (C)’-(C3)" and can be thought

of as the number of cases one case generates on average over the course of its infectious
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period, in an otherwise uninfected population. R, is useful because it helps determine
whether or not an infectious disease can spread through a population. When Ry < 1
the infection will die out in the long run. But if Ry > 1, the infection will be able to

remain in the population indefinitely.

3.7 Disease control problem

An important motivation behind mathematical modelling the spread of infectious dis-
eases is evaluation of alternative control policies. One approach to this is via optimal

control theory. Let us define the disease control set

Q= {o(t) = (¢1(t),-- -, dm(t))|a < #;(t) <b, 0 <t < tp}

for a,b,tp > 0. ¢(t) represents a set of policies to control the diseases from an initial

time t = 0 to a final time tp .

It is assumed that the dynamics of diseases are modeled by

Z(t) = f(t 2 d;p) (3.7a)
2(0) = 29, 20 € (3.7b)

where

is continuous and has continuous first order partial derivatives with respect to z and
u. The f; are continuous functions and the first derivatives with respect to z;, ¢;
and t for all ¢ = 1,...,n and j = 1,...,m are also continuous functions. Setting
¢; =0,V =1,...,m reduces into the disease dynamics without control .

It is assumed that the disease control ¢(t) = (¢;(t)) for j = 1,...,m are Lebesgue
measurable functions. The existence of solutions to the initial value problem ([3.7) is

guaranteed by the following theorem

Theorem 3.28. Starting from an initial value zy € QIVD, has bounded solutions
2(t, ¢; z0) € RY. passing through the initial condition.

Proof. Since the disease controls ¢;(t) j = 1,...,m are Lebesgue measurable functions,
the right hand side of differential equations in is continuous in the disease state
variable z(t) but only measurable in ¢ for fixed z. The existence of solutions is guaranteed
by results in [178], [179]. O

The problem of designing optimal disease control policies is equivalent to the prob-
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lem of finding optimal policies z*(t,¢*(t)) € @ C R’} such that

J[o*] = max.J 9], (3.8)
where
J[6] = / "ot 2w p) + Y (2(z)) da (3.9)

Here T (z(zp)) is the value of disease states at the final time ¢p. The problem of solving
(3.7, (3.8)), (3.9) is referred as an optimal disease control problem (ODCP)).

Instead of searching an optimal solution in the solution domain €2, there are sufficient
and necessary conditions for an optimal solution for the [ODCP] (3.7)), (3.8), (3.9). In
the case of Y(2z(xp)) = 0 the sufficient condition for existence of an optimal control for

the optimal control problem is guaranteed by the following theorem
Theorem 3.29. Let M > 0 and DT = {(y°,y)|Fv € U,y = g(t, z,u;p), y° >
9(t, z,u;p)}. If

e IM >0, |2(t,u)| < M for allu e U and t € [0,tF]

e g is lower semi-continuous, (ie., liminf,,, g(z) > g(z)), 2z €9,

e DT is convex for (t,z) € [0, zp] x {|z| < M}
then there exists an optimal control u* € U.

For Y(z(xzFr)) # 0, the necessary condition for the existence of an optimal solution
for the optimal control problem is referred to as Pontryagins maximum principle [180],
[181], [182], [183].

Theorem 3.30. Let u* € U be an optimal control of the [ODCR (3.7), (3.8), (5.9).
Then there exists a set of adjoint functions A = (X\;).\; : R — R™ such that z(t,u*),u*, \;
satisfy the state system

Z(t) = f(t, zu";p), (3.10a)
2(0) = 29,20 € Q (3.10b)

and the adjoint system

oL

N(t) = 32

— (gat, zu*sp) + AT fa(t, z,u™; ) (3.11)
with transversality condition

A(tr) = Y'(2(tr)) (3.12)
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where L is referred to as the Hamiltonian functional
L(t, zu) = f(t, z,u;p) + A .g(t, z,u; p), (3.13)

and where T denotes the transpose.



4. DISEASE DYNAMICS IN A SINGLE REGION

This chapter presents models for analyzing the dynamics of diseases caused by multi
strain influenza-A viruses among poultry and human populations in a single region.
Based on modeling choices and assumptions taken in Section [£.I], a mathematical model
is developed in Section The model captures the dynamic of diseases caused by
multi strain influenza-A. The model also captures a mutation process due to genetic
assortment between avian flu and swine flu. In Section three reproduction numbers
are defined as the threshold value of three disease transmissions. In Section[4.4] disease
state equilibria of the model are derived. The ordinates of each equilibria are presented
and associated to the reproduction numbers. Section provides stability analysis
of disease state equilibria. Section discusses disease persistence among humans.
Numerical simulations are given in Section[4.7] Section [4.8| discusses the analytical and

numerical results and draws some conclusions.

4.1 Modeling choices and assumptions

4.1.1 Virus strains

This study considers three influenza viruses that are spreading among linked popula-
tions of poultry and humans. The first virus, avian flu, is transmissible between birds,
transmissible from birds to humans, but not between humans. The second virus, swine
flu, spreads and is communicable among humans but does not infect birds. The third
virus is a hypothetical virus that results from a rare mutation process in the form of
recombination of avian flu and swine flu viruses [36], [37], [38], [39]. This virus is re-
ferred to as mutant-avian flu virus. The mutant virus is assumed to be able to spread
among humans with epidemic potential similar to swine flu. An epidemic caused by the
mutant-avian flu could become severe because of the potential to combine the ability

of swine flu to spread between humans and the virulence of avian flu [22], [25].

4.1.2 Population assumptions

Only populations of poultry birds are considered in the model. While wild birds may
contribute to the onset of flu among poultry birds, interactions between poultry and

wild birds are not likely to contribute significantly to spread of avian flu among poultry
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birds [49]. Wild birds are extremely unlikely to contribute to the spread of avian flu

among humans [49].

Populations of birds and humans change over time due to births, deaths, migration
and other means of movements. However, the net of change in total population is
assumed to be negligibly small over the time interval over which the model is applied
(a few weeks or a few months). Here, total bird and human populations are assumed

to be constant.

It is assumed that individuals in the interrelated population of poultry birds (or
birds for short) and humans are assigned to compartments, each representing a specific
disease stage. Each sub population in any compartment is assumed to be homogeneous
in the sense that individuals have the same infectious periods, immunity periods, and
contact rates with individuals in other sub populations. Disease transmissions among
birds and humans are modeled on the mass action incident assumption, where the

number of effective contacts is constant.

An infection is transmitted through contacts between the infectious and the suscep-
tible individuals (horizontal transmission). Therefore, it is assumed that all newborns

are susceptible.

4.1.3 Avian flu dynamic among the bird population

Let Sp(t) be the compartment for susceptible poultry birds. It is assumed that suscep-
tible bird offspring and the restocking of birds result in population growth of 7,5,(t).
Death among susceptible birds removes birds at a rate of 6,5,(t). It is assumed that

np and 6, are independent of time ¢.

Let I,(t) be the compartment of infectious birds. A susceptible bird becomes infec-
tious at the rate of apk, Ip(t)Sp(t), where oy, is the avian flu transmission rate from
infectious birds to susceptible birds and k, is the number of effective contacts be-
tween an infectious bird and susceptible birds per unit time. Avian influenza is highly
pathogenic among birds. Death among infected birds however, may be caused by nat-
ural incidence or by the disease. Infected birds are removed at a rate of (8, +my)I,(t).
Here, m, can be considered as the avian flu virulence in the bird population. It is
assumed that oy, Kxp, m, are independent of time t. Thus, the bird system follows a

simple SI model

S, =np—0pSp — kIS, (4.1a)
I = aptip ISy — (8 + myp) . (4.1b)
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4.1.4 Disease dynamic among humans

Let Sp,(t) denote the compartment for susceptible humans. Human offspring are as-
sumed to be susceptible to the diseases. It is assumed that human offspring and sus-
ceptible immigrants enter the population at a rate of 7. Death removes susceptible

humans at a rate §;,5n(t).

Human infection by avian flu occurs by means of direct virus transmission from
infectious birds to humans [24]. Susceptible humans become infected by avian flu at a
rate of app, kpp Ip(t)Sh(t), where ayy, is the avian flu transmission rate from infectious
poultry birds to susceptible human and r, is the number of effective contacts between

an infectious bird and susceptible humans per unit time.

Existing models of the disease spread and control of avian flu among humans, such
as in [103],[104], consider one infected disease state only. Here, infected humans with
avian flu are classified as asymptomatic and symptomatic. Let I,(¢) and I;(t) be the
compartments for asymptomatic or symptomatic humans with avian flu, respectively.
This partition is important, since individuals in these groups are treated differently.
Asymptomatic individuals are usually still active while symptomatic individuals are
very sick and are usually isolated [16], [17], [28]. Since the mutations considered here
require further infection of swine flu and hence contact with swine flu infected humans,
only asymptomatic individuals are modeled as having the potential to host a virus

mutation.

A human infected with avian flu may be asymptomatic with probability v and
symptomatic with probability 1 — «. Therefore susceptible humans move to the states
of asymptomatic at a rate of ya,p kpp I, (1) S, (t) and move to the states of symptomatic

at a rate of (1 — y)apn kpn Ip(t)Sh(t),

Death among infected humans with avian flu may be caused by a natural incidence
or by the disease. They are removed at a rate of (0 + mg)I,(t) and (5, + my) (),
where m, and m; can be considered as avian flu virulence on asymptomatic humans

and symptomatic humans, respectively.

Consider a second virus, swine flu, which is spreading and communicable among
humans with a transmission rate of agp,. Let I4(¢) denote the compartment of humans
infected by swine flu. A susceptible human becomes infectious with swine flu at the
rate of agp ks Is(t)Sk(t), where kg, is the effective number of contacts among humans
per unit time in normal circumstance. Humans infected by swine flu are removed at
a rate of (6, + ms)Is(t). Here, mg can be considered as the swine flu virulence in the

human population.

It is assumed here that a pandemic threat posed by avian flu virus mutation is a re-
sult of re-combination between avian flu and swine flu. It is assumed that a double virus

co-infection happens only when an infected but asymptomatic human with avian flu is
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subsequently infected by swine flu. Suppose the co-infection happens at the rate of .
Therefore asq ksa Is(t)[4(t) can be considered as the transmission of co-infection, where
Ksq 18 the effective number of contacts between infected but asymptomatic humans of

avian flu and infectious humans with swine flu.

It is assumed that the virus re-combination of avian flu and swine flu mutate in vivo
into a new avian flu virus strain with a probability of mutation u. The virus is referred
to as mutant-avian flu virus. It is assumed that the virus has the ability to transmit
between humans at a rate of . Let I,,(t) be the compartment for infectious humans
with mutant-avian flu. A susceptible human becomes infectious with mutant-avian flu
at the rate of auup Kmp I (t)Sh(t).

Based on the above assumptions, the dynamic of the diseases among humans can

be modeled as

Sh, = nh — On Sh — aphkphIpSh — Ashksh IsSh — Amblmh ImSh (4.2a)
I = agpkan IsSp — (6 +ms) I (4.2b)
Il = yapnkpnIpSh — pasakisalsly — (0 +mg) Iy (4.2¢)
Iy = (1 = y)epnkipnlpSn — (On +mp) I (4.2d)
Il = posaksalsly + cmnKmp ImSh — (On + M) L. (4.2¢)

4.2 Diseases transmission model for a single region

It is obvious from (4.1 ) and (4.2a] — [.2¢]) that disease dynamics among birds

are independent of the disease dynamics among humans. However the disease dynamics
among humans does depend on the disease dynamics in the bird world. Figure

shows a schematic diagram of the compartments of the bird and human populations.

Let Z(t) be the vector of disease state variables for the linked population of birds

and humans.
Z(t) = (Sp(t), Lp(t), Sn(t), Is(t), La(t), Ip(), Im(t))
and € C RZF be the set of all disease states
Q={Z(t)|0 <t < o0}
For a given set of epidemic parameters g € @)1 C ]Ril

Ql :{qu = (Q])? q; = npanh75p75h)ap7ashaaph7,u’7 Qsay Omhy Kpy Kshy Kphy Ksas Kmh,

My, May My Mg,y M, '7}
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Fig. 4.1: Compartments of humans and bird populations. The red line is avian flu trans-
mission, the yellow line is swine flu transmission, the brown line is mutant-avian
flu transmission.

and an initial disease state
Z(O) — ZOa ZO — (Spoa Ipo7 Sh()a ISoa Ia07Ib07 Imo) S Qa

the dynamics of the disease state Z(t) is described by the initial value problem ([P

Sp =np = 0p Sp — apkip LSy (4.3a)
I, = apkplpSy — (0p +myp) I (4.3b)
Sh, = nh — 0 Sh — aphkipnIpSh — AsnkshIsSh — AmbKmnLmSh (4.3c)
Iy = aspkisnlsSh — (0 + ms) I (4.3d)
Iy = YapnkipnIpSh — patsatisal sl — (65 +ma) I (4.3¢)
Iy = (1 = y)apntpnlpSn — (0 + myp) I (4.3f)
Il = pasaksalsly + mpmnImSh — (On + M) I, (4.3g)
Z(0) = Zy, Zy € Q. (4.3h)

The existence of a solution for [VPI (4.3al) — (4.3¢)) and (4.3h]) is guaranteed by the

following lemma.

Lemma 4.1. For a given set of disease parameter ¢ € Q1 and initial condition Zy € 1,
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there is a solution, Z(t;q, Zy), for the [VH (4.3d) — (4.3¢g)) and .

Proof. The disease state variable Z has a mixed structure between infected and unin-
fected. It is convenient to group the disease state variables into infected and uninfected
compartments. For this reason, the state variable will be reordered so that the first five
elements of the new state variable correspond to infected sub-populations. The disease
state vector becomes Z = (Ip, Is, I, Iy, Im, Sp, Sp). Under the ordered variable Z, the
right hand side of system of differential equations — can be written as

f=f+f (4.4)
where
apriplpSp = (8p +myp) I
ash“shIsSh - (5h + ms) I
’VOéph’{phIpSh - ,Udasa/‘fsaIsIa - (5h + ma) I,
f= (1 — 7)aphkipnlpSh cf= O Iy
,Ulasa’{salsla + O‘mhK'mhImSh - (5/1 + mm) I,
—ophplpSp Np — Op Sp
| —pnkiphlpSh — asnksnlsSh — mnmhImSh | | 7 —OnSh

The component f models the rate of new infections, while the component f models
the rates of transfer due to births, deaths, disease mortality. The system described
— is an autonomous system, because f does not depend on time. Therefore,
if Z(t;q) is a solution of the system on interval t € (t1,t2) then for any real number
7 € R, the function Z(t — 7;¢q) is a solution of the system on interval (t; + 7,12 + 7).
Thus, given an initial condition Zj as a solution at initial time tq € T, the existence of

a solution at a future time ¢ > ¢ is guaranteed. O

Furthermore, the solution is unique and non-negative. This is formalized in the

following theorem.

Theorem 4.2. For a given set of disease parameter ¢ € Q1 and initial condition Zy €

Oy, the[IVA (4.3a]) — (4.3¢g) and has a unique non negative solution Z(t;q, Zy).

Proof. The reordered disease state variable Z can be written as

Z=(V,W)



4. DISEASE DYNAMICS IN A SINGLE REGION 51

where V' = (I, I, 1o, Iy, I,,) and W = (Sp, Sp). The set of disease states becomes
WM ={Z=(V,W):Z>0}.

Note that the reordered disease states variable Z only been used in a section that is

required to define a reproduction number. Let
D1 ={Z=(V,W):V =(0,0,0,0,0)}

be the set of disease free states. All disease parameters, ¢; > 0 for all ¢; € @Q, for any
initial disease state Z(0), €21 and D; are positively invariant under f. Therefore, the

uniqueness of the solution is guaranteed by Theorem in Section

Let K C Q be a compact set containing the initial condition (Z(0)). Since (4.3a]) —
(4.3g) is an autonomous system, the solution Z(t,tg, Z(0); q) can be uniquely extended
forward in time ¢ up to the boundary of D;, (Theorem 1.1.9 of [I70]). O

4.3 Reproduction numbers

In Section the reproduction number was defined as the expected number of sec-
ondary infections produced in a completely susceptible population by a typical infected
individual during the individuals entire period of infection. If the reproduction number
is less than or equal to one then the disease free equilibrium is locally asymptotic stable
and so the disease cannot invade the population. But if the reproduction number is
greater than one, then the a disease free equilibrium is unstable and the disease may

invade the population.

In the reordered notation of the disease state variable, Z, the disease state equilibria
Z} can be written as ZF = (V*, W}), where V;* corresponds to infected compartments
Vx = (I, Ik, 1 I ) and Wy = (S;, Sy ). The disease free equilibrium state Z7

p17Ts10tar? b17 m1 P12

has five disease free compartments,

VE = (LI T L T, ) = (0,0,0,0,0).

p1?7s1?7ay?

Therefore, using the decomposition of f in (4.4, only the first five elements are con-
sidered, and so f; = fl + f1 becomes

apkiplpSp — (0p +myp) Ip

asnkishlsSh — (On +ms) I

J1 = vaprkpnlpSh — posaksalsly | + | — (0n +ma) Iy
(1 = v)apntiphlpSh — (0, +mp) Iy

| basakisalsla + cpnfmnImSn | | — (0n + M) Ly |
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The Jacobian matrices of fl and fl are

apkpSp 0 0 0 0
0 QspKshSh 0 0 0
Jfl = 'Yaph'%phsh —pQsakisala  —pQsakisals 0 0
(1 — fy)aphnphSh 0 0 0 0
L 0 Hasaﬁsa-[a ,Ufasa’fsals 0 amhkmhSh ]
and
[ —(8, +my) 0 0 0 0 |
0 —((5h + ms) 0 0 0
Jy = 0 0 — (6 + ™) 0 0 ,
0 0 0 —(0n +my) 0
i 0 0 0 0 —(5h + mm) ]
respectively. Substituting Z7 into J 7 and J 7 results in
Ipptp 0 00 0o ]
op
0 Nh&shKsh 0 0 0
on
P = YphKphTih 0 0 0 0
On
(1_7)0;5phﬁph77h 0 00 0
h
0 0 0 O n}La'rgh’{nLh
- h -
and
[ (6, +myp) 0 0 0 0 |
0 — (8 + ) 0 0 0
F = 0 0 — (6 + ma) 0 0
0 0 0 _(5h + mb) 0
0 0 0 0 — (6 +mm |

F - F‘fl (where Ffl is the inverse matrix of Fl) is referred to as the next generation
matriz (Section 3.6)). The characteristic polynomial of the matrix is

C, = 22 <)\ . Tlp CpKRp > <)\ TIh CshKsh > <)\ TIh Cmh Rmph, > . (45)

Sp (6, +my) O (6 + ) 6 (6 + M)

Based on Theorem and Corollary in Section the basic reproduction num-
bers for the epidemic model (4.3al) — (4.3g) are defined as the spectral radius of the
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next generation matrices. Therefore

Tlp Cphkp
Ry=—F"—""—— 4.6
P dp (Op +myp) (4.6)
Nh CspRsh
Ry, = ——7+—— 4.7
" o (6 + ms) .7
and
Nh CmhEmh
Rop=——"7—""—. 4.8
" 5n (On + M) (48)

R, is the basic reproduction number for the transmission of avian flu among birds, Ry,
is the basic reproduction number for the transmission of swine flu among humans, and
Ry, is the basic reproduction number for the transmission of mutant-avian flu among

humans.

4.4 Disease state equilibria

4.4.1 Disease state equilibria among poultry birds

Since humans do not infect birds, avian flu dynamics among birds is independent of the
dynamics of diseases among humans. The bird dynamical system - can be
treated as a stand alone system. It is assumed there is no infected poultry, I, = 0. For
equilibrium it is required that S;o = 0. Having I, = 0, ) becomes n, — 0, S =0,

P ~po
S = Z;’
The pair
eh = (5%,,0) (4.9)

is referred to as the bird disease free state.

In an endemic situation I, # 0. For an endemic equilibrium, it is required
!/
I, =0 & |apkpS, —(6p+my)| 1, =0.

Since I, # 0 then ay,rk, Sy, — (8 +mp) = 0. Therefore,

P+
S* :5p+mp
P+ ank
p'vp
_mp 1

o Ry
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Given npa,ky, — 6p (8p +mp) > 0,

« _ TpQpKp — Op (6p +mp)
IP+ o ’
apkip (Op +myp)
Tlp Op

op +my  apky

Tp 1
= —(1— —).
5p—i—mp( Rp)

The bird system has an endemic state

et = (S5 I7). (4.10)

P+ 7P+

4.4.2 Disease state equilibria for the full system

The dynamics of the diseases among humans does depend on the dynamics of avian
flu among birds. The influence of the bird populations on the human populations may
be modeled as a time dependent external source. Another possibility is to combine
the human and bird populations into a single system. The advantage of the latter is
that the system remains autonomous. Therefore, to study the dynamic of the diseases
among humans, it is convenient to consider the full dynamical system (4.3a]) — (4.39)),
(4.3h)). It has five disease state equilibria
Zi = (Sp;s Lpis Shis Lays Ly Iy Iy, ), 1= 1,00, 5.
The first three happen when there is disease free in the bird world I; =0, : = 1,2,3

and last two happen when the disease is endemic among birds, I}, # 0, i = 4, 5.

Consider first when there is no infected poultry, I; = 0. In this case, the full system
(4.3a) — (4.3g)), (4.3h)) has at most three equlibria points. Let Z; denote an equilibrium

point.

75 = (85,0,80, 5, T2 I I ).

Si? T ag)?

At Z? the equilibrium requires

S5,=0 & ny—06,5;, =0 (4.11a)
Sp=0 & ny— [0h — asnkan Iy, — ampkmnly,, | Sp =0 (4.11b)
I.=0 & [oaraSy, — (6p +mg)| I =0 (4.11c)
I, =0 & (=) [pasksals, = (6n +ma)] Iy, =0 (4.11d)
=0 < (=1)[(6, +me)] I =0 (4.11e)
Il =0 & psatisa Ly 1y + [amhmmhI;iSzl — (0p + mm)] I, =0, (4.11f)
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From (L11a)

* * np .
S =Sp =5 i= 123
Since pasekisaly, > (0n +mg) > 0 it follows from (4.11d) that

I¥=0,i=1,2,3.

Now (4.11€]) implies that

I =0,i=123,

and hence (4.111) gives
5h + mm
Sy =——— or I} =0.
i AUmhEmh i

In the case of the former alternative then
Ui Kmbd, Sp, — (On + M) # 0
and so gives
I; =0.

Thus from (4.11b}),

]5h—|—mm

AmhEmh

Mh — [0n — asnisn Iy, — Qmptimnly, =0

and hence provided npagpksh — Op + My, > 0 there is an equilibrium coordinate

x Mh _ On >0
i 5/1 + mm AmhKmh

In the case of the latter alternative then (4.11c]) gives the further alternative

. O + ms

A shRsh

Sy or I =0.

In the case of the former of the further alternatives then (4.11b|) gives

op +m
* * S
h— |0n — Qsnksndy. — amnEmndy,. | ———— =0
T] [ S S S5 m m ml] O[sh/ﬂ}sh
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and provided npaspksn, — Op(0n + ms) > 0, there is an equilibrium coordinate

x "h On
s _— - .
! 6h + my QshKsh

In the case of the latter of the further alternatives, (4.11b|) shows that

Mh
Sh _Sho 5h

Thus, in the case of no infected birds, I; = 0, the full system (4.3al) — (4.3¢g), (4.3h)

has three equlibria points. First, the disease free equilibrium is

= (5;,,0,54,,0,0,0,0), (4.12)

* *_np
Spl_Spo_(T’
P

Th
Sh1 5h

Second, the swine flu epidemic equilibrium is

= (S,,0,8;,,1%,0,0,0) (4.13)

where

*  _ Qx _np
sz_Spo_(T’
p

Op + ms

QspKsh ’
_ 1
0 Ran

Shy =

2

7+ = ThQshfish — On(0n + ms)
QshRsh (5h + ms)
Mh 1
Sl — -
op, + M ( Rsh)

Z5 is the state in which there are no birds or humans infected by avian flu and no
human infected by mutant-avian flu but there are humans infected by swine flu.

Third, the mutant-avian flu epidemic equilibrium is

p3? ’Tms3

73 = (8%,,0,5%,,0,0,0, I, (4.14)
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where
* * T]p
S* = 8§F = 2
b3 Po 5p
0
s, = o Mm
AmhKmh
_h 1
On Rimn
7 — I CmhFmn = n (O + M)
ms3

OmhBEmh (5h + mm)
h 1
= 1 —
Op + My ( Rmh)

Z3 is the state in which there are no birds or humans infected by avian flu and no
humans infected by swine flu but there are humans infected by mutant-avian flu. Z7, Z3
and Z; are disease equilibria of the full system (4.3a)) — (4.3¢)), (4.3h) when there is no

avian-flu epidemic in the bird world.

In the case of an endemic situation in the bird world, I, # 0, the full system
(4.3af) — (4.3g)), (4.3h) has at most two equlibria points

Z; = (S;wI;wSith:wI;wIl:-’mw)v 1=4,5. (4.15)
The first,
Zy = (S;4,I;4,S,’;4,O,I;4,Ig‘4,0) (4.16)

is the avian flu epidemic equilibrium state among birds and humans. The equilibrium

requires
S,=0&mn,—06,S,, — okl Sy =0 (4.17a)
I, =0 & apkply Sy — (6, +mp) Ly =0 (4.17b)
S =0 n, —6pSh, — apnkpnSs, =0 (4.17¢)
I = 0 & yoypnkpnly, Sh, — (0 +ma) I, =0 (4.17d)
Iy =0 & (1= y)opnkpnly, Sk, — (0n +my) I;, = 0. (4.17e)

I3, >0 and the condition I), = 0 implies

Op +my
QpKp
_Mp 1

0 Ry

* R
SP4 -
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Sy, =Sy, Now I}, =0 gives

* Mp . dp
P4
op +mp  Qpkp

[y 5t )

a op + myp NpQpKp
1
= (=)
op +my R,

I;, = I, . The condition S; = 0 gives

* TIh
Sh4 = 5 *
n+ Oéphliphfm
_ Nh
Tp 1
(Sh + aphﬁphm <1 — R7p>
Nh
on

N AphKphTlp 1
1+ nh (Op+mp) (1 RP)
S;;4 also can be written as

Nh
Op,

Sy =
ha 1 + Tph

where 7, is defined as

1
%_QWWh@f) (4.18)

B N (Gp + mp) Ry,

The derivation of I, and I are as follows. Since I3, = 0 the equation (4.17d)

implies

* p)/aph thI;zL S;:4
I;, = s
h+ Mg
Since I;,, = 0 and from (4.17c)) gives apnkipnly,, = np—06pSj);, and so the above expression
becomes
Yopntiphlp, S,
5h + ma

N o *
=5 (n — nSh,)

VN 1
=—(1-1- .
Op + mg 1+T‘ph

* j—
I;, =
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A similar derivation using (4.17€) gives

(1 = Yaphrpnly,Si,
Op + My

= 5t (nn — 6nSh,)

_(1—7)%(1_1_ 1 )
op, + my 1+7”ph '

The last equilibrium disease state

* o
I, =

Zi = (S, I

ps? P5’S;;5’O’I* 11?57[* )7 (4.19)

as? ms

is the disease state equilibrium in which there are avian flu epidemics among birds and

humans and also an epidemic of mutant-avian flu among humans.

Sy =8 = =
ps P+ apkyp 6p Rp

) 1
I* :I* T]p P 77p ( _ 7)

Ps5 P+ - =
Oop+my  apkp  Op+my R,

The derivation of S} _, I, , I and I, are as follows. The relevant equilibrium equations

are

S5,=0 & S, =mnp— 0y Sp; — apkiply;Sp, =0 (4.20a)
I, =0 & aykyply; Sy, — (6p +myp) Iy =0 (4.20b)
S, =0 & ny— 0 Shy — aphKphdps Shs — AsnkshLss Shs — mbkmbLms Shy = 0
(4.20c)
I =0 & vapnkphlps Shy — Hsakisalss Ias — (On + mq) Ias =0 (4.20d)
I =0 & (1—7)aphkphlpsShs — (0 +mp) I, =0 (4.20e)
I, =0 & pasebisalss Loy + Cmplmh ImShs — (On + M) Iy = 0. (4.20f)

Suppose I} =0 and I;,. > 0 the condition I}, = 0 gives

"5 Qhkmh Oh R
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The condition (4.20c|), S} = 0, now implies

N — (5h + aph’{phl;%) S;;s

I =
e amhﬁmhs;;5
é m

B Nh — [(5h + Oéphliphéh_zifnm(l - Rip)} %

N Op + My

_ O [ ComnFmnTh__y __Cphfphthh_q i)

mhkmh |0 (Op + M) On(dp +mp) " Ry
on

- Ra—(1 .
o (B~ (1 )]

where 7y, is defined by (4.38)

P Mk (Op + mp) Ry
The final equilibrium equations (4.20d]) and (4.20€) give I/, = 0 and I} = 0. Hence,

* *
- 70‘ph’{ph[p55h5
a5 o + my
p _ 1\ ptmy
_ fyaphﬂph 5p+mp (1 Rp)amhlimh

6h —'I_ ma
YT ph
(5h + ma)Rmh

and

(1- 7)aph“ph1555;5
5h + my
(1= Mopnsiph i (1= ) gt
op, + my
(1 = Y)mnrpn
(0 + mp) R

4.5 Stability analysis of disease state equilibria

The following subsections to analyze the local and global stability of the
disease state equilibrium points. The Poincaré-Bendixon theorem (Theorem in
Section is used to prove global stability of disease state equilibria, namely that
for any initial disease state Zy, there will always exist w(Zp), the w-limit set of orbits
through Zjy in €.
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4.5.1 Stability analysis of disease state equilibria among birds
Recall that the bird system ({4.1a] ) has two disease state equilibria; ey and ey,

where ey and ey are respectively given by (4.9))

* * ”7
eo = (55,,0) where ST = i,

and (-10)

er = (Sp..1,,)
where
* np 1
S = =—
P+ 5, R,
and
JAJ— L)

Pt 5, +my R,”

The stability analysis of these disease equilibria are well known, see for example [177]

[103], but are given here for completeness.

Theorem 4.3. If R, <1 then ey islGAS on Ra_. On the other hand, if R, > 1 then
ey 1s[GAJ on Int(R2).

Proof. The Jacobian matrix for the bird system (|4.1aj is

J_ —0p — apkplp —0pkipSp ' (4.21)
aphiplp apkipSp — (0p +myp)

(4.21)) evaluated at (S ,0) is

—0p — (0p +myp) Ry
J(ep) = . (4.22)
0 (0p+my) (Rp—1)

The eigenvalues of this Jacobian matrix are —d, and (6, + m;) (R, — 1). Both eigen

values are negative if R, < 1. Therefore, ¢y is locally stable on Ri.

To justify that S, — g—z and I, — 0 as t — oo, the LaSalle’s invariance principle is
used. First construct a Lyapunov function £. The most common types of Lyapunov
functions for infectious disease transmission models are quadratic and Volterra type of
functions [184], [185]. Following [103], let

1
L= 5(577 - Spo)2 + Spolp,
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where S, = gf' Differentiating along the orbit results in

L

Sp = Spo) (1lp = 0pSp — Apkip) + Spy [apriplpSp — (8p + mp) 1]
Ip = Spo) [=0p (Sp = Spo) — apripIp (Sp — Spo) — priplpSp,]

+ Spo laprplpSp — (6p +myp) L]

— (0p + apriplp) (Sp — Spo)2 + Spo (0p +mp) (Rp — 1).

(
(

If R, <1 then L < 0. Meanwhile the largest invariant subset of £ = 0 is the singleton
{(g—;’, 0)}. Therefore, the use of the LaSalle invariance principle in Section results
in S, — Z—Z and I, — 0 whenever R, < 1 and t — oo. Therefore, ¢y is globally stable
on R%r.

The Jacobian matrix (4.21)) evaluated at (S, , I, ) is

P4

—opRp —(6p +myp)
J(ey) = (4.23)
dp (Rp — 1) 0

with its characteristic polynomial
Co(A) = A2 + \RA + (Rp — 1) 3, (6 +m1p) -

For R, > 1, the linear coefficient and constant coefficient of the characteristic equation
are positive. That is 0,R, > 0 and (R, — 1) §, (6, + my) > 0. Therefore the roots of

the characteristic equation have negative real parts.

Let the right hand side of (4.3a]) and (4.3b|) be denoted as 1(Sy, I,) and x(Sp, I,)

. x w(Spv‘[p)
x=f & =

Yy X(Sp, Ip)
By using Theorem (Bendixson-Dulac), define a positive Dulac function as
Let the right hand side of (4.3al ) be denoted by the vector

w(SIM Ip)
X(Spa Ip)
and define a Dulac function

1

v = .
Splp
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Then
() | O(¥x)
A(Tf) = +
a5, oI,
_ 0 Tp dp 0 dp + My
= 85, |5, 1, | Tar | T TS,
Sf,lp

since S, > 0, I, > 0 and 7, > 0. Hence, the first two equations of the disease
transmission model (4.3a) — (4.3g) does not have a limit cycle in G C R2. Hence the
Dulac criterion implies that there is no periodic solution in Ri. Applying the Poincaré

Bendixon theorem (Theorem in Section, for R, > 1 gives lim¢_,o Sp(t) = Z—I’:Rip
and limy_,o0 1) (%) (1 — R—p)) Therefore, ey is globally stable on IntR? . O

= Op+mp

4.5.2 Stability analysis of disease state equilibria for the full systems

In the following subsections, the full system (4.3a)) — (4.3¢)) will be used to study the

stability of equilibria. The Jacobian matrix of the system is given by

Ji O
J = , (4.24)
J Jy

where J is given by (4.21)), the Jacobian matrix of the bird system (4.1a} [4.1b))

7= —0p — apkplp —apkipSp , (4.25)
apkply phipSp — (0p + M)
[0 J3,2 |
0 O
00 00O
0= y J=10 Js2 |
00 0 0O
0 Jez2
- 0 O -




4. DISEASE DYNAMICS IN A SINGLE REGION 64

and
[ jss dsa O 0 sz ]
Jjaz jaa O 0 O
Jo=| Js3 Jsa Js5 O 0 |, (4.26)
Js3 O 0 Jesg O
| J73 Jra gy 00 gr7 |
where j3o = —QpnkphSh, 3,3 = —0h — Opnkipndp — Asnksnls — amnkmnlm,  Jsa =
—QshkshShy  J3,7 = —QmhKmhShy,  Ja3 = —Qshkshls,  Jaa = QspkspSh — Op — M,
J5,2 = YaQphkphSh,  J5,3 = YaQphbiphlp,  J5.4 = —pQsakisala, Js5 = —p Qsaksals —

(0n +ma),  Jo2 = (1 = Ya)ynkipnSn,  Jo3 = (1 = Ya)aynkpnlp, joo = —(6n + ms),
j7,3 = amhﬂmh‘[mv j7,4 = /Jfasa’fsajav j7,5 = /Jfasa’fsaj& j7,7 = amhﬁthh - (5h +

J and Jy are referred to as key Jacobian matrices or principal minors. The Jacobian
matrix (4.24]) is stable at an equilibrium point z* if and only if the key Jacobian matrices
J(z*) and Jy(z*) are stable (by Corollary [3.26]).

4.5.3 Stability analysis of disease free equilibrium

The stability behavior of the disease free equilibrium Z7 is analyzed as follows.

Lemma 4.4. If R, <1, Rs, <1 and Ry, < 1 then Z7 = (gf,o, £,0,0,0,0) is[LAS

Proof. At Z7 = (5,0, 5} ,0,0,0)
* Mp * T
S* ==>0and S} =— >0.
p1 5p > an hy 5h >

At Zj the key Jacobian matrices (4.25)) and (4.26) becomes

Ji1 Ji2
T = (4.27)

0  Joo

and

J33 Jza 0 0 37
0 jua O 0 0
Ja=1] 0 0 jss 0 0 (4.28)
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respectively, where j11 = (=1)dp, Jj12 = —apkpSy,, Jo2 = —apkpSy, — (8 +myp),
333 = —0n,  Jsa = (—DasnksnSy,,  Js7r = (=L)amnkmnSy,  jaa = qspksnSh, —
(6 +ms)s 55 = (=1)(0n —ma), Joo = (—1)(0h —m0), Jr,7 = mnkmnSy, — (0n+

The characteristic polynomial for the first key Jacobian matrix, J, is

N[ — Ji1| = (A4 0p) [/\ — apmpS;;l + (6p + mp)]

= (A+6,) A—%;m#((Sﬁmp)

and hence Jq; is stable provided

ity Sy, = (B +my) < LW — (5, 4 my) S0 Ry <1,
p

The characteristic polynomial for the second key Jacobian matrix, Jia, is

A—J33  —J3a4 0 0 J37
0 A—Jaa 0 0 0
M —Jpl=| o0 0 A—jss O 0
0 0 0 A—jes O
0 0 0 0 A=Jr7 ]

Jio is stable provided

Agh K
ash’{sh‘s’f*u B (5h +ms) <0< ShTShnh - (5h +ms) <0& Ry <1
and
AmhBEmhTh

amhﬁth;il - (5h -+ mm) <0& — ((5h + mm) <0< R, <1.

on

Therefore Z;7 = (2,0, 72,0,0,0,0) is well defined and stable if R, < 1, Ry, < 1 and
1 5y 3y P
Ron < 1.

O]

In the following, the Poincaré-Bendixon theorem (Theorem in Section is
used to prove that Zj is also globally stable; for any initial disease state Zy there will

always exist w(Zp), w-limit set of orbit through Zj.

Starting from any initial disease state Zj, the final disease state when t — oo is

subject to the following lemma,

Lemma 4.5. Let Si° = limsup,_,, Sy(t). Then Sp° < Sj
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Proof. Equation gives

S,/1 =N — 0n Sh — apnkynLpSh — asnkgn LsSh — AmbEmp Im Sy < np — 04 Sh.
Integrating the inequality over [0, ¢] results in

Sp(t) < S, +[Sk(0) — Sp e

Therefore Ve > 0, 3t; such that [S,(0) — S, le=9t < ¢ for any t > t1.
Hence Sp,(t) < S + e for t > ¢1. Thus for Ty > ¢y, limsup,>p, Sp(t) < S + €.
Letting for T7 — oo, results in Sp° < Szl +e, S0 < S’,’:l for e > 0. O

The global stability behavior of Z7 is analyzed as follows. For Z = (S, I, S, Is, 1o, It, Imm),
let

M ={Z]S,>0,1,>0,5,>0,I;,>0,1, > 0,1, > 0, I,;, > 0}
G1={2|S,>0,I,=0,5, >0,I,=0,1, = 0,1, = 0, I,,, = 0}.

Theorem 4.6. If R, < 1,Rg, < 1 and Ry, < 1 then Z7 = (S}

pl,O,S}’;l,0,0,0,0) is
[GAS on Q.

Proof. Since S}, + 0,5, = 7, is a linear first order differential equation can be solved
exactly to give Sy(t) = np/dp + (Sp, — Np/6p)e % — n, /8, as t — co. Having I, = 0 in
equation (4.3f) and integrating over [0, co] results in lim;_,o Ip(t) = 0.

By using Lemma equation becomes
Il < [ashﬁshS}il — (on + ms)] I,
or
I < (0 +ms)(Rsp — 1) L.

Since Ry, < 1, limy_,oo Is(t) = 0. Hence, limy_,o I4(t) = 0. Therefore, as t — oo

equation (4.3g)) becomes
I7ln S amh"ﬁmhImS;l - (5h + mm) Im
or

I < (5h + mm) (Rmh — 1) I,

m

Since Ryp < 1, limyoo In(t) = 0. These imply that for any initial disease state
Zy € ) there will always exist w-limit set of orbit through Zy, w(Zy) € G1. Therefore
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Z7 is[GAS on G;. Since G1 C 4 and Z7 is [LAS on €5 (by Lemma , hence Z7 is
[GAS|on Q. ]

4.5.4 Stabilty analysis of swine flu epidemic equilibrium

The swine flu epidemic equilibrium, Z5, corresponds to the situation in which there
are no birds or humans infected by avian flu and no humans infected mutant-avian
flu but there are humans infected by swine flu. By using the definitions of the basic

reproduction numbers in Section 4.3

Z3 = (8p,,0,55,,15,,0,0,0) (4.29)
where

S =S = Z;’

Si = 2

17 = .
52 on + ms ( Ry,

* Th 1)

0,8 ,I*.0,0,0) is

hg? “s29

Lemma 4.7. If R, <1 and Rg, > max{R,1} then Z; = (5’;2,
LAS.

Proof. At Z3 %, =1 >0 S, = 247 Note that

2 p2 617 AshKsh

* h 1
Ir'=—11- >0 Ry, >1
52 5h+ms< Rsh> sh

and so I, > 0 provided Ry, > 1.

At Z3 the key Jacobian matrices (4.25)) and (4.26]) becomes

Ji1 Ji2
Jor = | (4.30)
0 Joo

and

J33 Jz4a 0 0 37
jaz 0 0 0 O
Jo=1 0 0 jss 0 0 |, (4.31)
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respectively, where j11 = (=1)dp, Ji12 = —oprpSy,,  J22 = —apkpSy, — (6p +
mp),  Js3 = (=1)(0n + asnksnly,), Jsa = (=DasnksnSy,, js7 = (=1 amnkmnSy,,
jag = (—Daspkanll,,  Jss = (—1) [pasnkanll, + On +ma)],  jes = (—1)(6h + mw),
Jr5 = (=D[pasakisaldy,  J7.7 = QmnkmnSy, + (6p + M)

The key Jacobian matrix Jo; is stable if R, <1 because Jo;1 = Ji1 and Jy; is stable

if R, < 1. The characteristic polynomial of the key Jacobian matrix (4.31) is

[ A =33 —jaa 0 0 jar |
J4,3 A 0 0 0
M — Jao| = 0 0 A—Js5 0 0
0 0 0 A — j6,6 0
.0 0 J75 0 A—=Jr7 ]
or
A—7J33 J34
M — Jag| = (A= Js,5) (A — Je,6) (A — j7,7)
—Jja3 A
= (A —Js5) (A — o) (A — Jr)) (A2 + DA+ ¢)
where b = —js3 and ¢ = —jygjsa. Since js5 = (—1) [pasksIy, 4+ (6, +ma)] and

J6,6 = (—1)(0p, +mp) < 0 the matrix Jy is stable if

)
j7,7 = amh"imh( nt mS) < 0= Rmh < Rsh

QshKsh

and the roots of the quadratic A?> + b\ + ¢ have negative real parts. Since

AshRshTh

>0
(5h+m5

b= —j33=0n+ asmksnls, =
it follows that the roots of the quadratic have negative real parts if

. .. 92 92 1 x| QshRshTh
c= —ja3J34 = Qgpkigls,Sh, = <5h+ms — 6h) (0n +ms) > 0< Ry, > 1.

Hence Z3 is well-defined and stable if R, < 1 and Rgj, > max{R,,, 1}. It is interesting
to consider the slightly stronger condition j77 = —€, < 0. If S = Sj and Ij, =0

then the final system equation becomes
I, (Sh,, 0)(t) = —€mIm (S}, 0)(t)

and so if I,;,(S},,0)(¢) > 0 then I,,,(S},,0)(t) | I, = 0 as t — oo. Hence the condition
Jr.7 <0 & Rpn < Ry, is effectively a stability condition on the coordinate I,,, at the
point I, = 0. O
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FOI' 7 = (S}’)’ijSh?IS?Ia?Ib’Im)’ let

Oy ={Z|9,>0,1,>0,5 > 0,1, >0,I, > 0,1, > 0,1, >0}
Gy ={Z|S,>0,I,=0,5, > 0,1, > 0,1, = 0,1, = 0, I,,, = 0}.

The global stability of Z3 on (23 is analyzed as follow. In relation to the equilibrium at
the point Z3, by setting I, = 0,1, = 0,1, = 0 and I,,, = 0, the full system is simplified
to

S, =1np— 6pSp (4.32a)
S = Nh — OnSh — Qsnish InSh (4.32b)
I; - ashﬁshIsSh - (5h + ms)Is- (4326)

Lemma 4.8. If Ry, > 1 then Y5 = (S}

par Shys 1sy) i LAS for the simplified system
[4.324)- (4.524).

Proof. It is important to understand that the variables S, Sj and I, are conditionally
independent of the remaining variables I, I,, I, only if these neglected variables are

guaranteed at the nominated zero values. The coordinates for the equilibrium point
Yy = (5,,,55,,I5,) in the simplified system (4.32al)-(4.32c)

75p+ms % Mh 6h

77]7 *
Sr == 5 = = —
h .
P25, e 52 5,4+ ms QspRsh

)
QshKsh

These coordinates are well-defined and positive provided I3, > 0 < Ry, > 1. Now the

Jacobian matrix at Y5 is

—6, 0 0
H=| 0  —%m (5 4m,)
0 i o 0

and so the characteristic polynomial is

AshRshTh

I—H|= 2
A | = (A+9p) (A + .

A+ Qsntisntn — Op(0n + ms)> :

The condition Ry, > 1 ensures that the constant coefficient of the quadratic factor
is nonnegative. Since the two remaining coefficients in the quadratic factor are also
positive it follows that the two roots of the quadratic have negative real parts. Since the
remaining root of the characteristic polynomial is negative it follows that the simplified

system is stable at Y5". O

Lemma applies to the simplified system (|4.32a))-(4.32c)and the projected point
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Yy = (S,,,S;,,I3,) and does not apply to the full system (4.3a))-(4.3g) and the point

Zy = (S55,,0,8; ,1%,0,0,0). In terms of convergence it can be seen that Zs(t) — Z3

D2 51 sy
implies Y5(t) — Y5 but the reverse implication is not true.

Theorem 4.9. If R, <1 and Ry, > max{Rn, 1} then Z5 = (S}

e 0557, 1%,,0,0,0)
is GAS on Q.

h27 8929

Proof. Since S}, + 0,5, = 7, is a linear first order differential equation can be solved
exactly to give Sy(t) = mp/dp + (Sp, — Np/dp)e ™%t — 0, /6, as t — co. Having I, = 0 in
equation and integrating it over [0, co] results in lim; o [p(¢) = 0. By Lemma
Sp° < Sp - Since Rpp < 1, limy o0 I, (t) = 0. Hence, limy_, I,(t) = 0. Therefore,
as t — oo equation becomes

I;n < amhnmhImS,’§2 - (5h + mm) Im
or
I, < (0p + mm) (Rmp — 1)) In,.

Since Ry < 1, limy_yo0 Iy (t) = 0. These imply that for any initial disease state, Z,
there will always exist an w-limit set of orbit through Zy, w(Zy) € G2. By Lemma
Z5 is[GASlon Ga. Since Go C Q2 and Z5 is [LAS|on Q2 then Z3 is[GAS on Q.

O

4.5.5 Stabilty analysis of mutant-avian flu epidemic equilibrium

The mutant avian flu epidemic equilibrium, Z3, corresponds to the situation in which
there are no birds or humans infected by avian flu and no humans infected by swine
flu but there are humans infected by mutant-avian flu. By using the definitions of the

basic reproduction numbers in Section

Z3 = (5,,.0,55,,0,0,0, I,.), (4.33)
where

* * Mp
S = S = —

p3 Po 5])

* h 1
S = —=—

"3 S Ronn

ms 5h + mMm Rmh ’

Lemma 4.10. If R, <1 and R,,, > max{Rg,, 1} then Z5 = (S

p37075;3707070 Iy )
15 LLASL

Y ms
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Proof.

o +m 1)
S;?) = S;O = @7 5;:3 = i = . nh i

Op Qmhbmn " O+ M QmhEmn
Note that
un On Mh 1
— >0 ——— (1 >0 R, > 1
On +Mm  CmhKmh Op + M, < Rmh> mh

and so I, > 0 provided Ry, > 1.

At Z3 the key Jacobian matrices (4.25)) and (4.26) becomes

Ji1 Ji2

Js1 = Ji = (4.34)
0 J22
and
[ jss dsa O 0 sz ]
0 Jaa O 0 0
J3g = 0 0 Jjs5 O 0 (4.35)
0 0 0 Jjeg O
L Jrs 00 0 g77 |
respectively, where ji11 = (=1)0p, j12 = —prpS;,, Ja2 = —apkpSy, — (0 +myp),

J3,3 = (=1)(0n+amntimnly,), Jsa = (—DasnksnSh,, Js7 = (—1)amnkmnSh,, Jjaa =
(=DasnksnSy, — (0n +ms), jss = (=1)(0n + ma), o = (=1)(0n + mu), Jjr3 =
(=Damnbmnln,, J7,7 = QmnkmrSh, — (6p + M)

The key Jacobian matrix J3; is stable if R, <1 because J3; = Ji1 and Ji1 is stable
if R, < 1.

A = sl = (0= 1) (A — s.5) (A = Jss) (A + BA + )

where b = (—1)j3 3 and ¢ = —j73j37. The roots js5 < 0 and jss < 0

AspKsh

Jjaa <0
AmhEmh

— (5h —i—ms) <0< R, > Ry

Hence it follows that the matrix J, will be stable if the roots of the quadratic A2 +bA\+c
have negative real parts. Since b = (—1)j33 > 0 the stability is assumed provided

* * AmhEmhTh
¢ = kol S, = <M — 5h) (6 +mm) >0 Ry > 1.

Hence Z3 is well-defined and stable if R, <1 and R,,;, > max{Rg, 1}.
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O

The global stability of the disease free equilibrium Z3 is analyzed as follows. For
S (Sp> Ip7 Sha Is; Ia; Iba Im)a let

QgZ{Z‘Sp>0,IpZO,Sh >0,I,>0,1,>0,1, >0,1, >0},
Gs=1{Z|S,>0,I,=0,8, > 0,1, =0,I, = 0,1, =0, I,,, > 0}

In domain Gy , (4.3a)) — (4.3g) reduces to

S}, = 1p — 6pSp (4.36a)
Sh = Nn — OnSh — AshshInSh (4.36b)
Irln = amhEmhImSn — (5h + mm) Ip,. (4.36C)

Lemma 4.11. If R, > 1 then Y5 = (S}

a2 Ohas Iy ) 48 LAS for the simpified system
- :

h3’ *msg

Proof. The variables S,,S;, and I, are conditionally independent of the remaining
variables Iy, I,,I; only if these neglected variables are guaranteed at the nominated

zero values. The coordinates for the equilibrium point Y5* = (Sp;, Shs, Isy) in the

simplified system ({4.36a))-(4.36c))

x _ p * _6p+mm * "k On
SP3 - g’ Sh3 -

sy — .
OmhBEmh 0 Oh+ My QuhKmh

These coordinates are well-defined and positive provided I}, > 0 & R, > 1. Now

the Jacobian matrix at Y3" is

—3p 0 0
H = 0 _a?hhfgzlnh —(5h + mm)
0 S -G, 0

and so the characteristic polynomial is

M — H| = (\+46,) ()\2 + %)\ + Qo tomnTih — On(0h + mm)> .
The condition R,,, > 1 ensures that the constant coefficient of the quadratic factor
is nonnegative. Since the two remaining coefficients in the quadratic factor are also
positive it follows that the two roots of the quadratic have negative real parts. Since the
remaining root of the characteristic polynomial is negative it follows that the simplified

system is stable at Y3". O
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Lemma applies to the simplified system (4.36al)-(4.36c)and the projected point
Y3 = (S,,, Sk, Im,) and does not apply to the full system (4.3a)-(4.3g) and the point
75 = (5,4,0,55,,0,0,0,I7,.). In terms of convergence it can be seen that Z3(t) — Z3

implies Y3(t) — Y35* but the reverse implication is not true.

Theorem 4.12. If R, <1 and Ry, > max{Rg,, 1} then Z; = (S

s 0554.,0,0,0, I3 )
is GAS on Q3.

s tmg

Proof. Since SI’J + 0,5, = 1y is a linear first order differential equation can be solved
exactly to give S,(t) = 1,/ + (Sp(0) — np/dp)e %t — n,/6, as t — co. Having I, = 0
in equation (4.3f) and integrating over [0, oo] results in lim;_,o Ip(t) = 0.

By using Lemma Spe < Sh. Since Ry < 1, limyseo I,(t) = 0. Hence,
lim¢_, o0 I4(t) = 0. Therefore, at t — oo equation (4.3d|) becomes

I, < (6p +ms) (asnksnSh, — 1)) Ls, t — 00
or
I < (0p +ms) (Rsn — 1)) L.

Since Ry, < 1, limy_,o0 I5(¢) = 0. These imply that for any initial disease state Zp, there
will always exist w(Zp), the w-limit set of orbit through Zy in Ds. By Lemma Z3
is (GAS on Gi3. Since Z3 is [LAS on 3, Z3 is [GAS on Q3. L]

4.5.6 Stability analysis of avian-flu epidemic equilibrium (among birds and humans)

Z} coresponds to the situation in which there are avian flu epidemics among birds and
humans. By using the definitions of the basic reproduction numbers, the disease state

when there are avian flu epidemics among birds and humans, Z}, becomes

ZZ = (52471-;475;24707 I;47[l>:470>- (437)
* np 1
Sy, =—— >0,
Pa 5p Rp
A _i)
P by +my R,”
Nh
On

* j—
Sh, =

AphKphTlp _ L
1 + M (Op+mp) (1 Rp)
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or

Nh
On

1+Tph

Sh, =
where 7, is defined as

QphKphTlp 1 )
rop = ———— |1 ——]. 4.38
ph nh (Gp +myp) < Ry ( )

Sp, >0 Ry >1

* YNh 1
Ir = 1-— >0
Y5 4 My ( 1+rph)

and

1-— 1
1;4:<W<1_> >0
op + my 1+ Tph
The condition R, > 1 means 7, > 0 and hence guarantees that I;;, > 0, 524 >0,1;, >0
and Iy > 0.

Theorem 4.13. If R, > 1 and max{Rg,, Ryn} < 1+ 1 then
Z3 = (Sp, 1y, Sp 50, Ik, I, 0) is [LAS.

P4’ "P4? ) Tayg)

Proof. At Z} the key Jacobian matrices (4.25)) and (4.26]) becomes

Ji1 Ji2
Jn = (4.39)
J2a1 O
and
[ jss gsa 0 0 jar |
0 jus O 0 0
Jig= | j53 jsa jss O 0 (4.40)
J63 0 0 Jes O
L 0 gra O 0 Jr7 |
respectively, where ji11 = (=1)0p(aprply,), J12 = —opkpS,,, Jo1 = aprply, —

(Op + myp),,  J22 = O‘p“pS;4 — (0p +mp), Jazz = (—1)(6n + aph”phfzz)a J3a =
(=DasnksnSy,, Js7 = (=1)amnkmnSh,, jaa = (—D)asnksnSy, — (0n + ms), Js3 =
Yapnkipnly,, Jsa = (—Dpasaksaly,, Jss5 = (—=1)(0n +ma), Joz = (1 —v)apnkpnly,,
Jee = (=1)(0n +mp), Jra = psakisaly,, J1,7 = QmnkmnSh, + (On + M)
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It follows that

|)\I — J41| = ()\ - jl,l))\ - j1,2j2,1
=M — j11\ — j1221
=N -br—c

where the formuleefor S; , and I; , can be used to see that

I — HpQphp

b= —j1,1 = apkp "5 tm >0
p P

and

_ s . 2 2q% 7%
c=—J12J2,1 = ozpmpSmIp4 > 0.

Hence if the root are real they are both negative. If the root are complex conjugates

then the real part is negative. In either case Jy; is stable. Next

A—7J33 —J34 0 J3,7
| 0 A—jua O 0
AL = Jaa| = (A = Jo.6) . . .
—J5,3 —Js4 A= J55 0
0 J7.4 0 A=Jrr |
A—J33  —J34 —Jr7
= (A —J6,6)(A — Js,5) 0 A—Jjaa O

0 A=grr 0

or

. . . , A—7J33  —Jrr1
N — Ja2| = (A= J6,6) (A — J5,5) (A — Jaa) (A — j7.7) .
0 A= J7
= s (A — Jik)

=0

it \ = jir for each k = 3,...,7. Clearly j33,j55 and jee are all negative. js4 < 0 if
ashﬁshS;kL4—(5h—ms) < 0and jr7 <0if amhnth;kM—(éh—mm) < 0. Hence the matrix
J4o is stable if ashﬁshS,’:4—(5h—ms) = —€s < 0 and apmpkmn Sy, —(0p,—myp,) = —€5 < 0.
These conditions are interesting because when 5j, = 55

I (Sh,t) = —ms)] Is(Sh,: 1)

[ovsnkisnSh, — (On = €s15(Sh,, t)
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and so I5(Sy ;) > 0 then I(S; ,0,t) L O ast 1 oo. Is [7, =0 and S, = S}, then
1,(S5,,0,t) = [mnbmnSh, — (6n — mm)] I;m (S5, t) = €mIm(SF,, t)

and so if I, (S ,0,t0) > 0 then I, (S} ,0,t) | 0 as t T co. Hence these conditions are

essentially stability conditions on I3, = 0 and I, = 0 respectively. Note that

TIhQshKsh
—(0p, —myg) <0& ————
L+ rpp (O = ms) O (0 — ms)

<1+Tph<:>Rsh<1+Tph

and

Hence Z; well-defined and stable if R, > 1 and max{ R, Ry} < 147,p. Therefore
Z; is [CAS 0

4.5.7 Stability analysis of avian flu epidemic among birds and humans combined

with mutant avian flu epidemic among humans

The disease state equilibrium point Z; corresponds to the situation in which there are
avian flu epidemic among birds and humans combined with mutant avian flu epidemic

among humans,

Z5 = (Sps> Ipg s Shysr 05 Ly Iy, I (4.41)
Tlp
S* ——>0.
Y43 5p Rp

From (4.20al) it follows that

* Tp 1
—_ P q_
A T

Hence for ;. > 0 it is required that R, > 1. it follows from (4.20f)

1)

AmhBmh

Now (4.20c)) gives
On

o= %
> AmhBEmh

[Rynp — (1 + T‘ph)] .
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where 7y, is defined by (4.38))

Tph = _ OphTphTlp (1 - 1>
b Mh (6p + myp) Ry,

Therefore for I, > 0 it is necessary that Ry, > 1+ 7p,. Finally (4.20d)) and (4.20e)
give

I = YNIhTph

=—">0
“ (6n + ma)Rmn

and

. (1 — Y)0n7pn
I =~ Dhph g
bs ((5h + mb)Rmh

The condition R, > 1 and Ry,p > 1+ rpp guarantees that 17 > 0, ;. > (),Ig)"5 >0
and I, > 0.

Theorem 4.14. If R, > 1 and R, > max{Rg,1 + 1,4} then
= (Spss s Siyn 0, L Iy s 1) is [LAS.

Proof. At Z¥ the key Jacobian matrices (4.25)) and (4.26]) becomes

Ji1 Ji2
J51 = (4.42)
Jjoa 0O
and
[ jss gsa 0 0 jar |
0 jaa O 0 O
Js2=| Js3 Jsa Jss 0 0 (4.43)
je3 0 0 Jes O
| g7 Jra 0 0 grr |
respectively. where ji 1 = (—1)6p(ap/<pI;5) J12 = —apkpSp., Ja1 = apkiply — (6p +

mp), J2.2 = apkpSy. —(0p+mp) =0, jzg= (—1)(5h+aphnph1';5+amhﬁmh1’m5), J34 =
(—DasnksnSy, a7 = (=D mnkmnSh,,  jaa = (=L)aspksnSh, — (0n + ms), Js3 =
Yapnkpnly, Jsa = (=) pasakisalys, js5 = (=1)(0n + ma), Joz = (1 — ¥)apnkpnly,,
joe = (=1)(0n +mp), Jr3 = Qmnkmnly,, J14 = BQsakisaly,, 17 = CmnkmnSy, +
(O, + ).

The key Jacobian matrix Js; is stable if R, > 1 because J51 = J41 and Jy; is stable



4. DISEASE DYNAMICS IN A SINGLE REGION 78

if R, > 1. The characteristic polynomial of the second key Jacobian matrix Jsg is

A—7J33 —J34 0 J3,7
| 0 A—jia O 0
AL = Js2| = (A — Je,6) . ‘ _
—J5,3 —Js4a  A—Jss O
| 3 —Jr4 A= Jr71

A—J33  —J34  —Jr7

= (A —J6,6)(A—J55) 0 A—jaa 0

Ji3 A—grr 0

. . . , A—7J33  —Jrr1
= (A —J6,6)(A = J5,5) (A — Jaa) (A — jr,7) . ,
—Ji7 A—Jr7

= [Mfeg (A — Jkp) ] [N+ bA + €]
=0

where b = (—1)(]’373 +j777) and ¢ = j373]’777 - j773j377. Hence |)\I - J2| =0 if and only if
A = ji for each k = 4,5,6 or if A2 4+ b\ +c=0. Now

b= 2p, + my, + Oéph/iphI;s — amh/ﬁth;;5 + Oémh/‘imhI;zs

Mp dp Op + M,
= 20p, + My + Qppkph ( - — QuuhKmh————
Oop+my Ky AnhBmh
Th on, QphRphTlp Cth“phfsp
+ mhEmh - - 5
(On + M) Qmhbmh  OmbEmh (Op +Mp) Qb EmhOpkp
_ CmhBmhn,
Op + M,
>0

and

c= (—1)(5h + aphﬁphlzs + amh/ﬁmhIan[amhmthis —0p + mm}
+ amhmmhjytzs amhﬁmhszs
Op + My, Np (5p

= —0hOmhEmh————— — QphK ( — ) (O, + M)
phvph h m
O Kmh, Op+my  apkp

* *

+ amhﬁmhIms amhﬁmhshs
* *

= amhﬁmhIms Amh Hmhshs

>0

Since b > 0 and ¢ > 0 it follows that the roots of the equation A2 + bA + ¢ = 0 are

complex conjugates with negative real parts or else they are both real and negative.
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The roots js5 and jge are both negative. It follows that Jso is stable if and only if
Jaa = ashﬁshszs — 0 +ms = €5 < 0. This is an interesting condition because when
Sh =S},

I/(S,’;s,t) = [ozsh/ishS,’;s — 0 + ms] (Ip,,t) = —€sI(Sh,, 1)

If I(S},.t) > 0 then I(S},,t) | 0 ast T oo. Hence this is effectively a stability condition

for the coordinate I, = 0. Since

(5h + mm)

- (6h —i—ms) <0< Ry, < Ry
AmhBEmh

ash/ishS;kL5 - (5h + ms) <0< aspksh

Therefore, ZZ is well-defined and stable if R, > 1 and R,,, > max{Rs;,1 +rpr}. O

4.6 Disease persistence among humans

If avian flu is epidemic among birds then the disease persists among humans. When
R, > 1, non-zero lower bounds for each of the human disease states are guaranteed by

following theorem.

Lemma 4.15. If R,(t) > 1 then there are positive lower bounds k; for Iy, Iy, Is, In,.
Proof. For Z = (Sp, I, S, Is, Lo, Ip, Iy) € RY, let

Q+:{Z\Spkav-’kawkSn-FNSK},
Dy, ={Z = (Sp, Iy, Sh, Is, I, Iy, Ip) €RY 2 Sy > Ky, I, > ky H =0,k <n+ N < K}.

Theorem guarantees the existence of a unique solution of the full system (4.3al) —
(4.3g). Q4 is a compact subset of RZF and Dy, is a compact subset of 2. On the
other hand, the bird system (4.1a] ), which is independent of (eq: HumanSingle
Ch41[4.2¢), has a globally stable epidemic state on I ntRi (by Theorem . Therefore

Q is forward invariant.

Consider ¢ as a function of ¢, £ : Q4 — R, is a continuously differentiable function

satisfying
e {(e) =0if only if € € Dy,
o £(€) >0 forall € € Dy,

where “.” denotes differentiation along an orbit.

Thus, based on Theorem for the initial disease state Zy € 24\ Dy, there exists

some positive constant kj such that

o S
htrgégf Sp(t) > kp.
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Next, define
Dy = {Z = (Spvlpvshalsv-[av-[ba-[m) € RZ. : Sp > k;xa[p > kyash > kp,Is =0,k <n+ N < K}

By using a similar method, it is easy to show that there are positive constants ks, kq, kb, km
such that

liminf I,(t) > ke,

lim inf I,(t) > ko,

liminf Iy (t) > k,

t—o00

liminf I,,,(t) > K,
t—o00

Dy= {Z=(Sp,Ip,Sh,Is, Lo, Iy, I,) ERT : Sp > ki, I, > ky, Iy = 0,k <n+ N < K},

( )
Do= {Z=(Sp,Lp,Sn. I, Lo, Iy, In,) €ERT : Sy > ky, Iy > ky, I, =0,k <n+ N < K},
Dy= {Z=(Sy,Lp,Sh,Is, Lo, I, Iy,) ER : Sp > ky, I, > ky, I, =0,k <n+ N < K},
Dy = {Z =(Sp,Ip, S, Ls, Lo, Iy, I;n) € R 2 Sy > kg, Iy > ky, Iy = 0,k <n+ N < K}.

O

Theorems and show that Z} and ZZ are LAS. Lemma [£.15shows that the
swine flu, avian flu and mutant-avian flu exist persistently in the human world even
though there is no more avian flu among birds. Thus, the uniqueness of Z; and Z7
suggests that these equlibria are GAS. The proof for GAS seem to follow similarly to
proving GAS for other disease equilibria but the size of the problem is so large that
the computations have not been completed. However, the following corollaries would
justify the use of the lower bounds and for in solving the optimal disease

control problems addressed in Chapter 7.

Corollary 4.16. If R, > 1, Rgp, > 1, Ry > 1, Ry, > Rgp, rsq < 1 then Sp(t) >

Si Lt = I3 Su(t) = S () = I, L() = I,

and

Corollary 4.17. If R, > 1, Rgp, > 1, Ry > 1, Ry, > Rgp, 1sq < 1 then Sp(t) >
Sy Ip(t) > Iy Su(t) > Sk 1a(t) > I, To(t) > Iy, I (t) > Iy,

pio ) = s = das>
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4.7 Simulation

4.7.1 Epidemic Parameters: Tipar case

The epidemic parameters used in the following simulation are based on the case study
of the Tipar village in Cikelet, West Java, described in Section There is no swine
flu in Tipar and no mutant avian flue has yet appeared in Tipar. Parameters for these

aspects of the simulation are taken from available literature.

The chicken population of Tipar is about 10,000 and so this is the value taken for
N,. In a year, a typical hen produces two broods of about ten hatchlings each. Some
are sold, eaten or die of natural causes leaving about six new chickens per hen, per year.
With an average of about 10 hens per household and 556 households, the recruitment
rate per day is taken as 7, = 90.

The mean life span of chickens is two years [13], [186], [I87], [I88]. The rate of
natural death daily is ﬁ = 0.001369863. Hence, ,, = 0.001369863.

As free-range poultry, the chickens spread unrestricted trough the village by day and
shelter underneath houses at night. Thus the assumptions of even contact rates and well
mixing of the population are well satisfied by healthy birds. However, sick birds are less
mobile. The effective contact rate between infectious chickens and susceptible chickens
is taken as two or three per day. Thus, values for &, are set at 2 or 3, x, = 2,3. The
transmission rate of avian flu among birds is estimated to be 0.2 with a mean infectious
period (incubation period) of four days [10], [L6]. Therefore, the daily transmission rate
is 0.2, ap = 0.2. An infected chicken will die in about four days and so the mortality

among chickens due to avian flu is taken as m, = 0.25.

The total population of Tipar is 2010 and so Sy, = N (0) = 2010. The mean lifespan
of villagers is about 60 years. The rate of natural death daily is m ~ 0.00005.
Hence, d;, = 0.00005. Tipar is an isolated village and so there is no daily immigration
or emigration. Since S = Np(0) = g—: = 2010, the birth rate for humans is 7, = 0.092.

Every day the villagers have contact with chickens. A population member has equal
change to have contact with chickens. It is assumed that the number of effective con-
tacts between an infectious bird and susceptible humans is 2 per day. The estimated
transmission rate of avian influenza from infected birds to susceptible humans in In-
donesia is 2.0 x 10~* [28], [17]. The estimated mean infectious period of humans with
avian influenza is about nine days [I89], [28], [I7]. The estimated mean infectious pe-
riod is about 10 days. Since m%,
is my, = 0.1. Table shows that out of twelve human cases in Tipar: six died while

six survived; nine are suspected (without symptom) and three are confirmed (with

= 10, the mortality rate of avian flu among human

symptom). There is no report to say that a survivor became infected again. In the
simulation it is assumed that a survivor can remain infected but is not infectious. In

this study, the proportion of asymptomatic case is assumed to be v = 3/4.
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The estimated transmission rate of swine flu from infectious humans with swine
flu to susceptible humans is 1.82 x 10~* [61] [T90][T91]. Virulence among infectious
humans with swine flu is 0.01 per day [61]. Therefore, ay, = 1.82 x 10~* and mis =14
or mg = 0.07 per day.

The number of effective contacts between an infectious human with swine flu and
susceptible humans per day is one, kg, = 1. Otherwise, if swine flu is epidemic kg, =
0.1. It is assumed that x,,, = 1 if the mutant-avian flu is epidemic otherwise K, = 0.1.

It is assumed that ks, = 0.1 if the swine flu epidemic otherwise kg, = 0.01.

It is estimated that the virulence of the mutant-avian flu as a result of virus recom-
bination between avian flu and swine flu viruses is lower than avian flu but much higher
than swine flu. It is assumed that the future epidemic due to mutant-avian flu is com-
parable with the severe situation of the 1918 pandemic [I89]. Estimated transmission
rates of the 1918 Spain pandemic vary very widely, ranging from 1.2 to 20 [99], [192],
[7], [193]. It is assumed that the probability of mutation as a result of virus recombina-
tion of avian flu and swine flu is 4.125 x 10~ per day, x = 0.0004. This is two thirds of
the probability of virus mutation for the “sole” mutation of 5.50 x 10~* per day [125)].
Following [125], it is assumed here that transmission rate of mutant-avian influenza
is 2.8 x 107* per day with an estimated mean infectious period of about 14 days for
humans with swine flu. Therefore, v, = 2.8 x 10~% and m—lm = 14 or m, = 0.07 per

day.

Simulation studies show that the spread of avian flu in the human world appears
later than that in the bird world. Mutant influenza-A has a bigger magnitude than
avian flu in terms of the proportion of individuals acquiring the disease. Variation
in the number of effective contacts between susceptible and infectious individuals has

significant effects on the spread of disease.

Variation on the number of effective contacts between an infectious individual and
susceptible individuals have significant effects to the spread of disease. Figure[£.2]shows
the effect of variation of the number of effective contacts between an infectious bird and
susceptible birds, x,, on the disease transmission among birds. There is no epidemic if
kp is three or less. When k, = 3 there is a small outbreak in the second day, but then
disappear. Avian flu is epidemic among birds if x, > 4. The first outbreak happens
in the second day and will be followed by another outbreak about one month later.
Increasing k, will increase the concavity of the corresponding graphs. The red and

black lines intersect at about fourth and tenth days.

Figure shows the effect of the variation of x, on disease transmission among
humans. Increasing x, will also increase the spread of the diseases among humans
except the swine flu. Figure (a) shows increasing k), will decrease the spread of
the swine flu. The decrease on the proportion of human infectious with swine flu is
due to double co-infection with avian flu. Comparing Figure (a) (b), (c) and (d)
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Fig. 4.2: The effect of varying the number of effective contacts between an infectious bird
and susceptible birds, &,, on the dynamics of the avian flu in the bird world.
The vertical axis shows the proportion of birds with avian flu. The horizontal
axis shows the time in days. Green, blue, red and black lines are the dynamics
of avian flu among birds when x, equals to 2, 3, 4 and 5, respectively

shows that the outbreak of avian flu in the human world happens just after the time
of outbreak in the bird world. The time of outbreak of swine flu is independent to
the time of outbreak of avian flu in the bird world. The outbreak of mutant avian flu
happens just after the time of outbreak of avian flu and swine in the human world.
Comparing Figure (a) and (b), the proportion of human infected with avian flu
but asymptomatic is higher than that of symptomatic. This is in line with reports by
World Health Organization (WHOI) that the number of human cases (infected humans
with avian flu) is higher than that of being reported in [15].

Variations in spp, Ksh, Ksa and Ky, have no effect to the dynamics of avian flu
among birds. They all all have significant effects on the spread of diseases among
humans (Figures 4.4 - 4.7). As expected, the effective number of contacts between an
infectious bird and humans for spreading avian flu from birds to humans () effects the
proportion of humans with avian flu (both symptomatic and asymptomatic) more than
the proportion of people with mutant-avian flu (Figure 4.4). The number of effective
contacts between humans for spreading swine flu between humans(kgp, ) effects all human
groups severely (Figure 4.5) while the the number effective contacts between a human
with swine flu and asymptomatic humans with avian flu (kg,) influences the mutant
avian flu group most, as expected (Figure 46). The number of effective contacts between
humans for spreading the mutant avian flu (k,,;) obviously has greatest influence on

the proportion of humans with mutant avian flu (Figure 4.7).

Figures 4.2 - 4.7 demonstrate that the effects of the number of effective contacts
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Fig. 4.3: The effect of varying the number of effective contacts between an infectious bird
and susceptible birds, &,, on the dynamics of diseases in human world. The
vertical axes show the proportion of humans with the diseases. (a) Proportion
of infected human with swine flu. (b) Proportion of infected human with avian
flu but asymptomatic. (c) Proportion of infected human with avian flu and
symptomatic. (d) Proportion of infected human with mutant-avian flu. Green,
blue, red and black lines are the dynamics of the diseases when x, is equal to
2, 3, 4 and 5, respectively. The horizontal axes show the time in days.
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Fig. 4.4: The effect of varying the number of effective contacts between an infectious
bird and susceptible human, ,5, on the dynamics of the diseases in human
world. The vertical axes show the proportion of humans with the diseases.
The horizontal axes show the time in days. Green, blue, red and black lines are
the dynamics of the diseases when £y, is equal to 1, 2, 3 and 4, respectively. (a)
Proportion of infected human with swine flu. (b) Proportion of infected human
with avian flu but asymptomatic. (c¢) Proportion of infected human with avian
flu and symptomatic. (d) Proportion of infected human with mutant-avian flu.
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Fig. 4.5: The effect of varying the number of effective contacts between an infectious
human with swine flu and susceptible human, xg,, on the dynamics of the
diseases in human world. The vertical axes show the proportion of humans
with the diseases. The horizontal axes show the time in days. Green, blue,
red and black lines are the dynamics of the diseases when kg, is equal to 1,
2, 3 and 4, respectively. (a) Proportion of infected human with swine flu. (b)
Proportion of infected human with avian flu but asymptomatic. (c) Proportion
of infected human with avian flu and symptomatic. (d) Proportion of infected
human with mutant-avian flu. The horizontal axes show the time in days.
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Fig. 4.6: The effect of varying the number of effective contacts between an infectious hu-
man with swine flu and humans infected with avian flu but asymptomatic,xs,,
on the dynamics of the diseases in human world. The vertical axes show the
proportion of humans with the diseases. The horizontal axes show the time in
days. Green, blue, red and black lines are the dynamics of the diseases when
Ksq 18 equal to 1,2,3 and 4, respectively. (a) Proportion of infected human
with swine flu. (b) Proportion of infected human with avian flu but asymp-
tomatic. (c) Proportion of infected human with avian flu and symptomatic.
(d) Proportion of infected human with mutant-avian flu.
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Fig. 4.7: The effect of varying the number of effective contacts between an infectious
human with mutant-avian flu and susceptible humans ,%,,5, on the dynamics
of the diseases in human world. The vertical axes show the proportion of
humans with the diseases. Green, blue, red and black lines are the dynamics
of the diseases when K, is equal to 1,2, 3 and 4, respectively. (a) Proportion
of infected human with swine flu. (b) Proportion of infected human with avian
flu but asymptomatic. (c¢) Proportion of infected human with avian flu and
symptomatic. (d) Proportion of infected human with mutant-avian flu. The
horizontal axes show the time in days.
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between susceptible and infectious individuals may be substantial even for x, which

does not involve humans directly.

4.7.2 Sensitivity Analysis

There are uncertainties in the values of the epidemic parameters. Sampling methods
and sensitivity analysis are used to determine the degree of uncertainty in the basic

reproduction numbers that is due to uncertainty in the epidemic parameters.

Each of the reproduction numbers (4.6), (4.7) (4.7) and (4.8) were simulated by

sampling a single value from each epidemic parameter’s distribution. The Latin Hy-
percube Sampling method [194] was used. For each epidemic parameter, the method
defines and stratifies a probability density function into N serial intervals with equiva-
lent probability. A single value is then selected randomly from every interval and this
is done for every parameter. In this way, an input value from each sampling interval is
used only once in the analysis but the entire parameter space is equitably sampled in
an efficient manner [195], [194] [196].

There is little information in the literature regarding distributions of the parameters
in the model. In absence of other information, each distribution was taken to be
normal centered at the parameter value used in the simulations above and with standard
deviation given by approximately one tenth of the value or 1 for discrete parameters
such as the numbers of effective contacts per unit time. The specific distributions are
as follows.

e 6, ~N(0.1,0.01), 0, ~ N(0.1,0.01),

e oy ~ N(0.041,0.001), app ~ N(0.00041,0.000041),

e ag, ~ N(0.000182,0.00001), pp ~ N(0.2,0.009)

e 1, ~N(3,1) or ap ~ N(2,1),

o ks~ N(3,1) or kg, ~ N(2,1),

® Kmp ~ N(3,1) or Ky, ~ N(2,1),

e m, ~ N(0.8,0.1),m, ~ N(0.07,0.001), m,, ~ N(0.2,0..9),

d Rp ~ N(Mp’o'p)a Rgp ~ N(,U’Shv Ush)a R ~ N(thv Umh)

1 ~ N(0.001,0.0001).

The model was run 1000 times with different parameter sets sampled from the distri-

butions above.
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Equations for the basic reproduction numbers , and are non-linear.
Therefore it is appropriate to use the Spearman Rank Correlation Coefficients (SRCCs)
for sensitivity analysis of the basic reproduction numbers. The calculation of SRCCs
are useful for ranking the importance of the correlation between epidemic parameters

and the basic reproduction numbers.

Table shows the SRCCs for the epidemic parameters 7,, d,, ap, mp, K, and the
basic reproduction number R,,. The first row corresponds to SRCC values when x, = 3
and R, = 0.82. The second row corresponds to SRCC values when x, = 4 and R, =
1.32. The table shows that «, has the biggest SRCCs to the basic reproduction number

Tab. 4.1: The Spearman Rank Correlation Coefficients for R, and related epidemic pa-
rameters. For every parameter, there are two rows. The first row corresponds

to SRCC values when &, = 3 and R, = 0.82. The second row corresponds to
SRCC values when k, = 4 and R, = 1.32.

SRCCs Mp dp ap my Kp
Mp 1 0.012591 -0.029300 -0.003100 0.027533
1 -0.020150 -0.030360 0.026735 -0.062570

dp  0.012591 1 -0.021170 -0.017610 -0.002330
-0.020150 1 0.060087 0.024298  0.001436

ap -0.029300 -0.021170 1 -0.013320 -0.031380
-0.030360  0.060087 1 -0.060480 -0.015940

my,  -0.003100 -0.017610 -0.013320 1 0.047320
0.026735  0.024298 -0.060480 1 0.013221

kp  0.027533 -0.002330 -0.031380  0.047320 1
-0.062570  0.001436 -0.015940  0.013221 1

R, 0.209705 -0.201080 0.023493 -0.118070  0.931383
0.194453 -0.288710  0.041830 -0.218570  0.865198

R,. The corresponding p-values for the SRCCs are given in Table @ below. The first
row corresponds to the p-values of SRCC when k), = 3 and R, = 0.82. The second row
corresponds to the p-values of SRCC when x, = 4 and R, = 1.32. Table @ shows that
the p-values of SRCCs for x, to R, are zero, r, is the most significant contributor to
R,. Therefore R, is the most sensitive to x,. Furthermore, the Tornado plot in Figure
shows the importance of the uncertainty of each epidemic parameter in contributing
to that the variability of epidemic parameters to the basic reproduction number R, .
Brown bars are SRCCs when «, = 3 and R, = 0.82. Blue bars are SRCCs when x, = 4

and R, = 1.32. K, is the most important contributor to the variability of R,.

In the following, sensitivity analysis is carried out to determine the degree of uncer-
tainty for the basic reproduction numbers Ry, and R,,,. Table shows that kg, has
the biggest SRCCs to the basic reproduction number Rg;. Table [£.4] shows that kg,
is the most significant contributor to Rg,. Therefore Rgj is the most sensitive to kgp.
The Tornado plot in Figure [£.9]shows that the variability of kg, is the most important

contributor to the variability of Rgjp,.

Table below shows that x,,; has the biggest SRCCs to the basic reproduction
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Tab. 4.2: The p-values of SRCCs for R, and its epidemic parameters. The p-values of

SRCCs when ), = 3 and R, = 0.82 are given in the top rows. The below rows
show the p-values of SRCCs when &, = 4 and R, = 1.32

p-values Mp Op ap my Kp
Mp 0  0.690809 0.354568  0.921958 0.384377
0  0.524409 0.337388  0.398316 0.047937

Op 0.690809 0 0.503639  0.577920 0.941381
0.524409 0 0.057514  0.442714 0.963809

ap 0.354568  0.503639 0  0.673935 0.321523
0.337388  0.057514 0  0.055881 0.614659

My 0.921958  0.577920 0.673935 0 0.134805
0.398316  0.442714 0.055881 0 0.676204

Kp 0.384377  0.941381 0.321523  0.134805 0
0.047937  0.963809 0.614659  0.676204 0

R, <0.000001 <0.000001 0.457976  0.000184 0
<0.000001 <0.000001 0.186237 <0.000001 0

—Oa C O o.a o.=

Fig. 4.8: Tornado plot of SRCCs, indicating the importance of each parameter’s uncer-

tainty in contributing to the variability in the time to the basic reproduction
number R,. Brown bars are SRCCs when &, = 3 and R, = 0.82. Blue bars
are SRCCs when x, =4 and R, = 1.32

Tab. 4.3: The Spearman Rank Correlation Coefficients for R, and its epidemic param-

eters

SRCCs nh o, g, ™M Ksh
Nh 1 -0.003490 -0.000590 -0.021520 0.095111

0 -0.003490 1 0.010101  0.002796 -0.05293

o, -0.000590  0.010101 1 0.009823 0.024352
ms -0.021520  0.002796  0.009823 1 0.010505
ksn,  0.095111 -0.052930 0.024352  0.010505 1

Rsh

0.261014 -0.293140  0.105717 -0.587900 0.674317
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Tab. 4.4: The p-values of SRCCs for R, and its epidemic parameters

p-values Nh o, g, Mg Ksh
nh 0 0.912295 0.985099 0.496549 0.002616

on 0.912295 0 0.749662 0.929624 0.094334

Qs 0.985099 0.749662 0 0.756334 0.441684

Mg 0.496549 0.929624 0.756334 0 0.740006

Ksh 0.002616 0.094334 0.441684 0.740006 0

Ry,  <0.000001 <0.000001 0.000818 0 0

-0 = O 0 =1 0o.=

~alues of correlation coefficient for Rsh

Fig. 4.9: Tornado plot of partial rank correlation coefficients, indicating the importance
of each parameter’s uncertainty in contributing to the variability in the time
to the basic reproduction number Ry,

number R,,;. Table [.6] shows that k,,; is the most significant contributor to R,p.
Therefore R,,p is the most sensitive to k5. The Tornado plot in Figure shows

that the variability of K, is the most important contributor to the variability of R,,j,.

4.8 Discussion

(a) Z7 = (2—5,0, Z—Z,0,0,0,0) is well defined and stable if R, < 1,7, <1 and ry,, < 1.

(b) 25 = (5

o0 05575 15,,0,0,0) is well defined and stable if R, < 1,74, > max{rys, 1}.

Tab. 4.5: The Spearman Rank Correlation Coefficients for R, and its epidemic param-

eters
SRCCs Mh 5h Amh My, Kmh
N 1 0.025510 -0.078980 -0.009650 -0.064610
dp,  0.025510 1 -0.035470 0.019286  0.049140
amp -0.078980 -0.035470 1 -0.036180 -0.040490
my  -0.009650  0.019286 -0.036180 1 -0.037050
Kmp  -0.064610  0.049140 -0.040490 -0.037050 1

Ryp  0.138857 -0.228870  0.076889 -0.642560  0.654698



4. DISEASE DYNAMICS IN A SINGLE REGION 93

Tab. 4.6: The p-values of SRCCs for R,,, and its epidemic parameters

p-values Nh o, Qb M kmh
nh 0 0.420288 0.012499 0.760521 0.041098

on 0.420288 0 0.262380 0.542353 0.120421

Qb 0.012499 0.262380 0 0.252957 0.200725
My 0.760521 0.542353 0.252957 0 0.241731
Kmh 0.041098 0.120421 0.200725 0.241731 0
R, <0.000001 <0.000001 0.015033 0 0

-0 = O 0 =1 0o.=

“Malues of correlation coaefficient Tor Rmh

Fig. 4.10: Tornado plot of partial rank correlation coefficients, indicating the importance
of each parameter’s uncertainty in contributing to the variability in the time
to the basic reproduction number R,

(c) 25 =(S5,

s 0,57.,0,0,0, 17, ) is well defined and stable if R, < 1,7rs, > max{rg,,1}.

» tmg

(d) Z; = (Sp,:1p,,55,,0,15,, 15, ,0) is well defined and stable if R, < 1,rg, >

P4’ 7p4? Az

max{rshv rmh} <1+ Tph-

(€) Z§ = (Spg»Lpgs Sirgs 05 Lags Iy Iny) is well defined and stable if R, < 1,7p, >

Pe’ "Ppe6”’ ’ a6’
max{rsy, 1 + 7pn}.

The results above hold under the assumption that there is no external source of infec-
tion. An external source of infection may result in different disease dynamics behavior.
The next chapter discusses the effect of bird trading to the disease dynamics and how

to devise a screening policy to control the spread of the diseases.
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Jakarta is the biggest consumers of chicken in the country, but only a small number
of chickens are raised in the city. Chickens from Central Java are transported to West
Java and Jakarta. Some chicken in Jakarta markets are re-transported to Banten and
then to Lampung in Sumatra. On the other hand, Table shows that DKI Jakarta
has the highest number of human cases. Nationally, the city has 50.7% of all suspected
avian flu and 25% confirmed of avian flu. This indicates that the spread of the disease

is largely due to the transport of chickens.

It has been suspected that bird transportation enhances the spread of the diseases
and may result in different dynamic behaviors of the diseases. This chapter develops
models for analyzing and interpreting the effect of bird trading on the spread of avian

flu, swine flu and mutant-avian flu.

This chapter is organized as follow. Section describes modeling choices and
assumptions. Section formulates a model to describe the effect of transporting
birds to the dynamics of the diseases. A model for a special case of two identical
regions is given in Section Analytical analysis for the model is given in Sections
and Numerical simulations for n > 2 regions are given in Section

Section discusses the analytical and numerical results and draws some conclusions.

5.1 Modeling choices and assumptions

Demographically, the domain of the study comprises several regions which have different
characteristics in terms population, mobility, disease transmission and capability to

administer disease controls.

The modeling choices and assumptions of Chapter 4 are adopted here. The same
notation is used for compartments and epidemic parameters, but with subscript ¢ refer-
ring to region 7. Poultry birds may move from one region to another region as a result
of bird trading. It is assumed that there is no hatching or restocking during travel.
Let 0;; denote the rate of transfer of poultry birds from region j to region i. Not all
incoming susceptible birds successfully reach the destination region in the state of sus-
ceptible; some become infected during travel. Let ), and s, denote the transmission
rate of avian flu and the number of effective contacts between an infectious bird and

susceptible birds during travel from region i to region j, respectively. Due to conditions
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during the transportation of the birds, the infection rate and the effective number of
contacts between an infectious bird and susceptible birds per unit time may be higher
during transport than in the normal circumstance. It is assumed that g, > a)p, and
Bpi; = ap;. While x> 3¢, and ¢, > 3z, The incoming birds are assumed to fully

mix with the destination compartments of the same disease states.

The dynamics of the disease states among birds is described by

S;,)i (t) =MNp; — (5101- + Z Hij)spi — Qp; K’pini Spi + Z jS(l - /Bpji%pjijpj) Spj

J#i J#
I;zlai (t) :apiHPiIPiSpi - (5171' +my, + Z Hij)Ipi + Z jS(l + 5pji%pjispj) ij'
J# J#

(5.1)

The incoming birds are assumed to fully mix with the destination compartments of the
same disease states. An incoming infected bird is mixed with local infected birds, an
incoming susceptible bird is mixed with susceptible birds. It is assumed that humans
do not move, they remain in the same region. Therefore, a human is infected by local
infectious chickens only. The dynamics of the disease states among humans in region

is described by

S, (t) =1, — 0n; Sh; — QphyKphy Lp; Shy — hy Ky Ls; Shy — Cmby i Lm; Shis

I (t) =sh; sh; Ls; Sy — (On, + ms,) Is;,

I, (t) =ioph, kph, Ip; Shy — HiCsa;Ksa; Ls; Ta; — (On; + Ma;) La;,

Iéi (t) =(1 = vi)aph, Kph; Lp; Sk, — (On; + ;) Iy, s

Ly, (8) =Hi0sa; Ksa; Ls La; + Cmh, Kmn Iy Sh; = (On, + M) Iy (5.2)

5.2 Diseases transmission model for multi-regions

Figure shows a schematic diagram of the compartments of bird and human popu-
lations in two regions. The disease dynamics among birds in any region is independent
of the disease dynamics among humans. Due to transportation, an infectious bird from
a region may infect humans in any region. Therefore, the disease dynamics among
humans is dependent on the disease dynamics in the bird world. Let @,, C R?J" be the

set of disease parameters

Qn :{q = (ql)’ qi = Tp;» Mhy» 5[)7;7 5h¢7 Ap; s Oshys Ophy s Olsayy Ampys Kp; s Kshy s

Rphis Bsa;s Kmhgs s Mpy s TMay s TN,y Mes; s Moy 5 Vi 91]7 Bpija %pija 1= 17 v 7n}'
Let 2, C ]RZF" be the set of all disease states

Qn ={Z2(t) = (Zi())i=1,...n| Zi(t) = (Sp; (1), Ip; (), S, (1), Ls; (1), La; (£), o, (1), I, (1)) }-
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Fig. 5.1: Compartments of humans and poultry bird populations in two regions. Solid
red lines represent local avian flu transmission, dashed red lines represent avian
flu transmission due to transporting of birds, yellow lines represent swine flu
transmission, brown lines represent transmission of mutant-avian flu.
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For a given set of epidemic parameters q € ,, and an initial disease state Zy € Q,

the dynamics of the disease state Z(t) is modeled by

S;:)ii(t) =Np; — (51% + Z eij)SPi - O‘piﬁpilpispi + Z 9]'1‘(1 - /Bpji%pjijpj) Spj

J#i J#i
(5.3a)
Iglyl- (t) =Cp; Kp; Ipi Spi - (51% + mp, + Z Hij)Ipi + Z 9]'1'(1 + Bpji%pjispj) ijv
J#i J#i
(5.3D)
S;zi (t) =1h; = Oh;Shy — Oph, Kiphy Ip; Shy — Qs Ksh, Ls; Shy — i, Emn, Lm; Sh;» (5.3¢)
I;Z_ (t) :O‘shi”shilsis’hi — (5;” + msi) Isi, (5.3(11)
It/zi (1) =YiQph; Kph; Ip; Sh; — HiCsa; Ksa; Ls; La; — (5}11- +ma,) Lo, (5.3e)
Iéi (t) :(1 - ’Yi)aphi’iphilpishi - (5hi + mbi) Iy, (5'3f)
I;ni (t) :Miasaiﬁsailsilai + Qi ’imhilmishi - (6hi + mmz) Imw (5'3g)
Z(O) =2y, Zy € Q. (5.3h)

If 6;; = 0 for all 4,5 = 1,...,n, then (5.3a])-(5.3g) becomes n copies of (4.3a)-(4.3g)
while Q,, becomes Q; for each n. Therefore, the IVP ([5.3al)-(5.3hl)) becomes n copies of

the IVP (4.3a)-(4.3h).
The existence of a unique solution for [VP] ((5.3al)-(5.3h]) is guaranteed by the fol-

lowing theorem.

Theorem 5.1. For any non negative initial condition Zy € §2,, — has a
unique and bounded solution passing through the initial condition .

Proof. — is an autonomous system. It is easy to show that the set of all
disease states (), and its subspace of disease free states are positively invariant under
f, the vector field (right hand side) of the system of differential equations —.
Therefore, the uniqueness of the solution of [VPI , is guaranteed by Theorem
B4l in Section 3.2 O

5.3 Diseases transmission model for two identical regions

To be able to analyze the dynamics of the diseases analytically, consider two identical
regions, i.e., with epidemic parameters the same for each region. Denote the first region

as region 1 and the second region as region 2.

Avian flu dynamics among birds is independent of the dynamic of diseases among
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humans. The dynamics of avian flu among birds in two identical regions is

S;/n (t) =mp — (6p + 0)Sp, — apkply, Spy + 0(1 — Bpseplpy) Spy, (5.4a)
I;z/)l (t) = apriply, Sp, — (Op +mp + 0) Iy, + O(1 + BpsepSy, ) Ip,, (5.4b)
SI/,2 (t) =np — (0p + 0)Sp, — apkply, Sp, + 0(1 — Bpreply, ) Sy, (5.4c)
I, (t) = apkply,Sp, — (6p +myp +0) I, + 0(1 + Bp36,Sp, ) I, , (5.4d)
W(t) =Wy, Wy € Qap, (5.4e)

where Wy € Qsp is an initial disease state and
Qop = {W - (WI?W2> W = (SP17IP1)7 Wy = (Sp2>IP2)}'

The difference between two identical regions and one region is the inclusion of the

transportation terms.

The full system ([5.3al)-(5.3h)) is reduced to

S;,n (t) =mp — (0p + 0)Sp, — apkiply, Spy + O(1 — Bpseplp,) Sp,» (5.5a)
I;/)l (t) = apkplp, Sp, — (6p +mp +6) I, + 0(1 + BpspSp,) Ip,y, (5.5b)
S,/11 (t) = 1h — OnShy — pnkiphdp, Shy — shkshds; Shy — mnBEmbIm, Shy (5.5¢)
I;l (t) = asnkshls, Shy — (0n +ms) I, (5.5d)
IC’L1 (t) = vaphkphlp, Shy, — posakisals, Loy — (6n +ma) Loy, (5.5¢)
I, (t) = (1 = ¥)apnkpndp, Shy — (6 +mi) I, (5.5f)
I, (t) = posarisals, Ia, + Qmnbmbdm, Shy — (On + Man) Iy, (5.5g)
Sy () =mp — (6p + 0)Spy — pkiplp, Spy + 0(1 — ByprepIp, ) Sy, (5.5h)
I, (t) = ophiplp, Spy — (3p +mp + 0) Iy, + O(1 + BpsepSp, ) I, (5.51)
Shy () = 0 — 61Shy — phbiphLpy Shy — QshkishLsy Shy — AmhKmh Iy Shy (5.5j)
Iy, (t) = asnksnls, Spy, — (On +ms) Ly, (5.5Kk)
I(;z (t) = vyaphkphlp, Shy — tsakisalsy Loy — (On + Mq) Ia,, (5.51)
L, (1) = (1 = v)apnkipnlp, Spy — (9n + mp) Iy, (5.5m)
I, (t) = posakisalsy oy 4 CmnbmbImg Shy — (On + Man) Iy, (5.5n)
2(0) = Zo, Zo € Qa, (5.50)

where Zy € ()5 is an initial disease state and

QQ = {Z = (ZZ) : Zl = (Spi)IpiyShi7Si)ISiaIai)Ibiv-[mi)a 1= 172}
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5.4 Reproduction numbers

The following basic reproduction numbers of the spread of the diseases in two identical
regions are defined by using procedures similar to those in Section The basic
reproduction numbers for the disease dynamics among birds, - , is derived
by using the same methods as in Chapter 4.

The disease state variables Y = (Sp,, I, Sp,, Ip,) are grouped into infected and
uninfected compartments. For this reason, the state variable will be reordered so that
the first five elements of the new state variable correspond to infected sub-populations.
The disease state vector becomes Y = (Ip,, Ipy, Spy, Sp,). Under the ordered variable
Y, the right hand side of system of differential equations - can be written

as
f=f+f

where

aptiplp, Sp, + 0Bpreply, Sp,

Apkiplpy Spy + 0Bpseply, Sp,

f=
—apkiplp, Spy + 08preplp, Spy
| —aphiplp, Sp, + 0Bp30p Iy, Sp, |
and
= (6p +myp) Ip, + 01y,
}[_ — (0p +myp) Ip, + 01,

Mp — 5:0 Sp1 + Qsz

i Mp = Op Spy + 0 Spy.

The component f models the rate of new infections, while the component f models the

rates of transfer due to births, deaths, disease mortality.

In the reordered notation of the disease state variable, Y, a disease state equilibria
Y;* can be written as (V;*, W), where V;* corresponds to infected compartments V;* =
(I;,,1,,) and Wi = (S;

17 7°p2 p1?
compartments,

S,,)- The disease free equilibrium state has two disease free

V* = (I%, %) = (0,0),
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Only the first two elements are considered, and so

A=hA+h
where
i = pkiplp, Spy + 06p34pIpy Spy
1 pkiplpy Spy + 0Bpr4p1p, Sp,
and
- — (0p +mp) Ip, + 01,
| =

= (6p +mp) Ip, + 01, .
The Jacobian matrices of fl and fl are

apkpSp  0BpsepSp

h 08prpSp  pkipSyp
and
(0p +myp) + 0 —0
5 —0 (6, 4+ ms) + 6

respectively. It is assumed there is no infected poultry, I, = 0. For equilibrium it is
required that S}, = 0. Having I, = 0 and omitting the index i (5.4a) and (5.4a]) become

Mp — 0p Sy, =0,
_ T
S;O = g.
At YT = (5;,,0,5,,,0) = (g—z, 0, g—;’, 0), the Jacobian matrices J; and J at Y}* become
NpQpkp np9Bpkp
B - 5y 5y
np0Bpkp Nhshlsh
» on
and
o (6p +myp) + 0 —0
=

respectively. The next generation matrix is Fy - F| ! (where F| 1'is the inverse matrix
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of F' 1). The characteristic polynomial of the matrix is

i ap + OB)
= (r-  e)). (56)

Therefore the basic reproduction number for avian flu transmission among birds is

0
Ry = Tlp (Cphip + ﬁp%p)’ (5.7)
dp (Gp +mp)
or
Rpg = Rp + Rp@, (5.8)

where R, is the basic reproduction number due to “local” avian flu transmission among
birds which is defined by (4.6])

Tlp Ophip
Ry=——""—"— 5.9
P by (8 +my) (59)
and R, is the basic reproduction number avian flu transmission among birds during

transport

M 08p>p
Rypg=—7"". 5.10
v dp (0p + myp) (5.10)
Since a human becomes infected with avian flu virus by local infectious chickens only
and becomes infected with swine flu and mutant-avian flu viruses by local infectious
humans only, the reproduction for swine flu transmission among humans and the re-

production for mutant-avian flu transmission among humans are remain the same as
for an isolated region discussed in Chapter 4. Recall from (4.7))

Nh CshRsh

Ry, = — 1 oshitsh 5.11
S (On + ms) (5-11)
and from (4.8])
TTh &mhKmh
Ry, = — e mhmh 5.12
" 5 (On + mum) (5.12)
respectively.

5.5 Disease state equilibria

5.5.1 Disease state equilibria among poultry birds

Since humans do not infect birds, avian flu dynamics among birds is independent of the
dynamics of diseases among humans. The bird dynamical system (5.4a) - (5.4d|) can be
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treated as a stand alone system. Consider first, a situation when there is no infected
poultry in either region, so that I, = I, = 0. For an equilibrium it is required that
Sy, =0, i =1,2. Having I;,, =0, (5.4a) and (5.4c) become

S, =0 & mn,—(0,+0)S; +6Sh =0,
Sy, =0 &mn—(0,+0)S,, +0Sp =0.

Adding these equations, results

20, — (S5, + S5) =0 & (S5, +55,) = 2’;]1: oS = Zj:z —1,2
therefore
S =5 = %’
The disease state
Ej = (55,0, 5,,,0) (5.13)

is referred to as the disease free state of the bird world.

In an endemic situation I,,, # 0, ¢ = 1,2. For an endemic equilibrium, it is required
from (5.4b)) and (5.4d)),

I;)I =0 « [O‘p"fpS;l o (51’ + mp + 9)] I;l + 4 [1 + BP%PSZQ] I;2 =0
IZI)2 =0 « [%’%S;z o (510 + mp + 9)] I;2 + 4 [1 + BP%PS;J I;1 =0

Adding these equations result in
(apkp + 0Bpseply S, + (apkp + 0By3,15,)S,, — (6p +myp) Ly, + 1,,) = 0.

Only balanced equilibria are reported in this study. They are well behaved and asymp-
totically stable. Their impact to the spread of the diseases in human world are mea-
surable. Therefore, it is assumed here that, S; = S} = S;® and I[; =1, = I;@. At
a disease state equilibria

Eg=(S,.. 1) .S, I ),

Pe’ P’ TP’ TP

it is required that

(aphip + 95p%p)522@ I;@; —(6p + mp)I;@ =0.
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Since I, # 0,

(p + myp)
(aphip + 0Bp3ep)

(apkp + 0Bp3)Sp, — (Op +mp) =0 & .S, =

* * (51’ + mp) 7717 1 :
S* =8* = =2 i=1,2.
b Pe (apky +0B8psg)  0p Ry '

Given np(apkyp + 08psp) — 8y (6p +mp) > 0,

np(apkp + 0Bp32p) — 0p (0p + myp)
(apkip + 0Bp3ep) (6p + mp)
_ 9p
op+myp  (apkp + 0Bp3)
"lp 1 Jp(dp + mp)

- Op +myp np(aptip + 08psp)

Tlp 1 .
= 1——),1=1,2.
5p+mp( Rpe)

* JE—
Ipea -

)

The system dynamic (5.4a)) - (5.4d)) has an endemic state

Eé = (S;@,I;@,S;@,I;@), (5.14)
where
np 1
Sf ==
re T 4, Rpp

* np 1
Ir = 1-— .
Po by + mp( (Rpo — 1)>

In the case of 6 = 0, there is no movement of poultry birds, the endemic disease

equilibrium ([5.14) becomes

EY = (el et) (5.15)

where

e} = (S;-‘r ) I;+)

with
g~ tmp _mp L
P Qpkp Op Rp’
* 77;0 6? 77:0 (1 _ 1 )

p+:5p+mp_ap/<p:5p+mp (R,—1)”
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is the endemic equilibrium of single isolated region (4.1al)-(4.1al).

Consider the initial disease states S,,(0) > 0 and I,,(0) > 0 for ¢ = 1,2. It is
assumed that 0 < 6 < 1. The last term in equation (/5.4al) and - 5.4c) satisfy

0S,, — 0Bpkiply, Sy, >0, i =1,2

for any Sp, > 0 and I,, > 0 when 0 < ¢ < 1. This is reasonable from a biological
point of view, since the first term 6.5, represents the susceptible poultry birds leaving
region ¢ and the second denotes poultry birds in 68,k,1,,S), becoming infected during
travel from region i to j. Hence, the number (or proportion) of infected poultry birds
during travel is at most the same as the number (or proportion) of susceptible birds

who travel.

5.5.2 Disease state equilibria for the full system

The dynamics of the diseases among humans does depend on the dynamics of avian
flu among birds. Therefore, to study the dynamics of the diseases among humans, it is
convenient to consider the full dynamical system ([5.3a))-([5.3h)). It has five disease state

equilibria
w=1(Z5,2),1i=1,...5
where

Z;_(S*m pg’Sh,g’ 397[* Ibg’I* )

a9’ mie

The first three happen when there is disease free in bird world /; =0, 1,2,3 and last

two happen when there is disease endemic among birds, I*  # 0, ¢ = 4, 5.

’Pe

Consider first when there is disease free in bird world I; =0, 1,2,3. By omitting
index i, for equilibrium it is required that S), = 0. Having I, = 0, (5.5a] ) and (5.5h/)

become 1, — 4, S, = 0, therefore

* 77]7
SSo= .
Ppo 5p

For an equilibrium, it is required that S;Li =0¢=1,2. Having I, = I, = Iy, = I, =0
and by omitting index 4, f (5.5b|) and (5.5j|) become ny, — 6, Sy = 0, therefore

Mh
Sho = o

Zike = (th, th) (5-16)
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where Z7, is given by

Z3y, = (S},,,0.55,.0,0,0,0),

P16’

where

* Q¥ "Ip
S Pig Spo 5
P
« _ Th
Ship = %
Z7; is the disease free equilibrium in each region and Zj, is referred to as the bird
disease free state of (b.3al)-([5.3h]). Second, the swine flu epidemic equilibrium is

Zéka = (thv th)- (5~17)

Z5, = Z5, where Z3 is the swine flu epidemic equilibrium in each region given in (4.29)).
Hence,

Z5t = (Spyes 0,090 15,00 0,0,0,0), (5.18)
where

* _ * np
Sp29 - Spo - @’

o _mn 1

h20 5, Ry’

* Th 1
Ir =——(1- .

20 5y + ms( Rsh)

Third, the mutant-avian flu epidemic equilibrium is
Z3g = (231, Z31)- (5.19)

Z3 = Z3, where Z3 is the mutant-avian flu epidemic equilibrium in each region given

in (4.33). Hence,

Z3 = (S5,,0,55,,,0,0,0, I )

P36’ ’ T mse

is the mutant-avian flu epidemic equilibrium in each region. Here

* *_7717
Spao = Spo =

P36 (5p ’
o _ 1
"30 7 5 Ry
Mh 1
Ir = 1— .
m3o Op + Moy, ( R )
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When R,y > 1 (avian flu is epidemic among birds) there are two disease state

equilibria, Zj, and ZZ,.

Zsg = (Zi1> Z1y) (5.20)
where
Zy=Z5 = (Sp,: Iy Sy 0 L0y 10,y 0)- (5.21)

Zy is the disease equilibrium state of each region when there are avian flu epidemics

among birds and humans. Here

S* :S* _77p 1

Pas Po ng?
Mp 1
‘' =rf =—=—(1—-—).
P46 P 5;0 + mp( RpG)
* Th
S —
hao 5’7, —+ ath‘phII;lg
_ Mh
1
b1+ cpnipn s, 2 (1 )
h
QphKphMp _ 1
1+ nh?épimp) (1 RP9)
h
1+ Tphé
where 7,9 is defined as
aphKphTlp < 1 )
o = ———— (1 — — | . 5.22
P M (6p +myp) Ry ( )
o ’yaphmphI;4S;‘L40
@10 5h + mg
i *
= — 0pS
r— (7 — OnSh,,)

1
_ " <1_ >>O
Op +mg l—i-Tph
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and
(1- /Y)O[Phﬁph j 2, Sh49
o, + my

(; ) (77h —0nSh,)

( ) (1—1>>0
op, + my 1+7’ph

Ib49 -

The condition Rpp > 1 means 7,49 > 0 and hence guarantees that I p ) > O,S;f%e >
0,1, >0and I; > 0.
The fifth equilibrium state is
de = (thv th) (523)
where
Z;t = Z; (ste’ P56 Shse’ 0, 1259 ’ Ibso’ Izlse) (5.24)

Z7 is the disease state equilibrium of each region when there are avian flu epidemics

among birds and humans and also an epidemic of mutant-avian flu among humans.

Here
. Qx* 77}7 1
SP 50 SP@ 5 Rp9
Mp 1
o= =_—" g
Pso PR 5;0 + mp( RpG)

Hence for I; > 0 it is required that R, > 1. It follows from (4.201)

x Op + M
=20
50 AmhBEmh

Now (4.20c) gives

_Nh— (5h + Qphkiph p59) Shso

> 0.

I =
mso amhﬁmhshw
g m
B R sl ) K
_ O [ ComhFomntlh__ g __Ophtphlhh_; i)
OmhRmh 5h(5p + mm) 6h(5p + ’I?’Lp) Rp9
On

- [Rmh - (1 + Tph)] :

AUmhBEmh
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where rppg is defined by (4.38))

p . CohlpnTly <1 _ 1)
P Mh (0p +mp) Rypp
Therefore for I;, > 0 it is necessary that R,p > 1+ 7ppg. Finally (4.20d) and (4.20e)

give

* *
o Yopntipnly,, Sh59
50 5h + mq
Tp _ L 6h+mm
. YQphKph Op+mp ( Rye ) AmhKEmh
on +mg
hT'ph
= RTph
(5h + ma)Rmh

and

(1 - V)O‘Ph“phj;;se Sf*bse
Op + my
1 \ dpt+mm
(1 = Yapntiph 5t (1 = 70 ) o
op +my
(1 —¥)na7ph

= ST
(8 + mp) R,

k
Ibse -

Following the previous result on disease persistence in human world, Lemma
in Section [4.6] a disease free state among birds in region 1 would not necessarily stop
the disease from spreading among humans; the disease among humans in region 1 may
disappear (disease free in both bird and human world), there could be a swine flu
epidemic, a mutant-avian flu epidemic, or epidemics of all human diseases except avian
flu.

5.6 Stability analysis of disease state equilibria
Reorder disease state variables
Z = (Sp1s Ly ShysLsys Lays Ioy s Iy s Spos Ipss Shas Lsos Lags Tbg s Imsy)
into

Z = (Sp17Ip17Sp27Ip27ShlaIslaIa17IblaIm17Sh271527]a27Ib27Im2)-
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In this new variable, ([5.5a)-(5.5n)) becomes

S;/n (t) = 1p — (0p + 0)Sp, — apkiply, Sp, +0(1 = Bypseply,) Spy, (5.25a)
I, (t) = apkply, Sy, — (0p + mp 4 0) Iy, + 0(1 + BpsySp,) I, , (5.25b)
Spy () = np — (8p + 0)Sp, — apriplp, Spy + (1 — Bpsgply, ) Spy, (5.25¢)
I, (t) = apkply,Sp, — (6p +myp +0) I, + 0(1 + Bp36,Sp, ) I, , (5.25d)
S,’Zl (t) = nn — OnShy — aphbiphdp, Shy — Qshkishls, Shy — CmnEmbdm, Sk, (5.25e)
I, (t) = asnksnls, Shy — (0 4+ ms) I, (5.25f)
I, (t) = yapnkpnlp, Shy — posakisals, Ty — (On 4 ma) Loy, (5.25g)
Iy, (t) = (1 = v)apnkiphlp, Spy — (On + mw) Iy, (5.25h)
I, (t) = posakisals Iay, + mnbmbdm, Shy — (On + M) Iy s (5.251)
S;LQ (t) = 1h — OnShy — phkphlpsShy — Ashkshlsy Shy — UmhEmhImsShy, — (5.25))
IL, (t) = agnfionlsy Shy — (6 +ms) Iy, (5.25k)
I, (t) = Yophtiphdp, Shy — BotsatisalsyTay — (On + Ma) Iay, (5.251)
I, (t) = (1 = ¥)aphtiphLpy Spy — (6 + M) Ly, (5.25m)
I, (t) = posaksalsy oy + CmnbmbImg Shy — (Oh + Man) Iy, (5.25n)
The Jacobian matrix of — at ZiVi=1,...,5 is given by
Jipn O1 O
Jio= | Ji Jw2 Os fori=1,...,5. (5.26)
Js Oz Jigs
[ i1 g2 Ji3 Jia ]
J21 J2.2 J23 J2a
Jion = | . . . . ; (5.27)
J3,1 J32 J33 J34
Jai Ja2 Ja3 Jaa
where j11 = —0p — 0 — apkply,, 12 = —pkpSp, J13 = 0(1 — Bprply,), j1a =

—0Bp3epSpys  J2,1 = pkiplpys  Ja2 = apkipSp — (Op +myp) — 0, Jo3 = 0Bpsgply,,
J2,4 = 0(1 + Bps,Sp,),
pliplpy,  J3a = —pkpSp,,  Jan = 0B8pseplp,,  Jag = 0(1 + BpseySy, ), Jas = apkiplp,,

j3,1 = 9(1 - BP%pIm)a j3,2 = _Hﬁp%p‘gpla j3,3 = _5p —0—
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Jaa = apkiplp, — (6p +myp) — (1 + By, Sp, ).

Jss Jse 0 0 Js9
Jes Jesg O 0 0O
Jigo = | Jis Jre Jiz 0 0 | (5.28)

Jss 0 0 Jss O

Jos Jog Jo7 O oo

Jio,00 Jiogr O 0 Jio14
Jji,io Ju,n o 0 0 0
Jigs = | Jiza0 Jizn Jizaz O 0 , (5.29)
Jizio0 0 0 Jiziz O
Jiaio Juann Jiai2 0 Juaua

where j55 = ji1010 = —0n — Qpnrkphdp, — Qsnkshls — OmpBEmnlm,  J56 = Jjio11 =
—QshbshShy, 59 = J10,14 = —QmhKmh Sk, J6,5 = J11,00 = —Qshkshls, J6.6 = Jj11,11 =
snkshShy — (On +ms),  Jr5 = J12,10 = YaQphkiphdp,s 7.6 = J12,11 = —H Xsaksalas
Jr7 = J12,12 = —MQsaksals; — (On +ma), Jss = 130 = (1 — Ya)ynkpnlp,, Jsg =
J13,13 = —(On +ms),  Jo5 = j1410 = UmhBmilmgs Jo.6 = J14,11 = P Qsaksala, o7 =

J1412 = M Qsaksalsys 9.9 = J1414 = QmhEmhSh, — (On + Mum).

[0 Jjs2 0 0 | [0 0 0 J10,4 ]
0 0 00 0 00 O
Ji=10 jr2 0 0 |,s5=[0 0 0 jioga |,
0 js2 0 O 0 0 0 jiza
0 0 0 0| 100 0 0 |

where js52 = ji04 = —0prkphShy, J72 = J124 = YaQphkphShi, Jg2 = Ji134 = (1 —
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Ya)OyhKphSh, - O1,02 and O3 are zero matrices

- - 0 00O0O
000 0O

00 00O
0 00 0O

O = ,O2=10 0 0 0 O
00000

00 00O
0 00 0O

) } 0 00O0O

J1, Jo and Js are the key Jacobian matrices or principal minors of the Jacobian matrix
J given in (5.26). The Jacobian matrix is stable at an equilibrium point 77, i =1,...6
if and only if the key Jacobian matrices are stable at Z, (by Corollary (3.26)).

5.6.1 Stability analysis of the disease free equilibrium
The first disease equilibrium (i = 1) is the disease free equilibrium, 73}, = (Z{;, Z};)
where Z7, = (g—z, 0, Z—Z, 0,0,0,0). Stability analysis of Z}, = (Z7;, Z7;) is given as follows.

Theorem 5.2. If Ry <1, Ry, <1, Ry, < 1, 1y < 1, then Z7, is[LAS

Proof. At Ej = (’g—;,o, ’g—;’,o, ), first key Jacobian matrix is

J11 J12 J13 Jia

0 Jo22 0 Joa
Jion = J1(Ep) = . . . ;
0 J32 J33 J34

0 Jap 0 Jaa

where ji11 = —0p — 0, Ji12 = —Oépﬁpgf; 13 =10, Jia= _Hﬂp%pgf7 J21 =0,
J22 = Oéplipgf —(0p+myp) =0, jaz =0, joa=06(1+ Bp%pgf)a Jsp =10, Jjso2=
—Gﬁp%pg—’;, Jag = —0p—0, j34= —ap/fpg—;, Ja1 =0, Jap = 9(1+/3p%pgf)7 Jaz =0,
jaa = —(0p +mp) — 6(1 + ﬁp%p%)-

The characteristic polynomial of Jyg; is
Cro = (A = mp(Ro — 1))* (A + 6,) (A + (5, + 26))

Hence, the key Jacobian matrix Jyg7 is stable if Rgg < 1. The key Jacobian matrix .J1g9



5. DISEASE DYNAMICS IN MULTI-REGIONS 112

and Jyps are the same as the key Jacobian matrix (4.28)),

J33 Jza 0 0 37
0 jia O 0 0
Jioz=Jigz=Jiz2=1| 0 0 js5 0 0 |,

0 0 0 jgsg O

0 0 0 0 jrr

where j3 3 = —0p, jsa = (—DasnksnSy ,, J3,7 = (1) mnbmnSh . Jaa = asnkisnSy ,—
(6n+ms), o5 = (=1)(0h—ma), Jo.6 = (—1)(Oh—1w), Jr7 = QmnkmnSy , — (On+mum),
Jg1 = —0p, jg2 = —(0p +mp) Rpo, Joo2 = joog = (6p +mp) (Rps — 1). Recall some re-
sults from Sub-section that Jy1 is proven to be stable if R, <1 and Jj2 is proven
to be stable if Ry, <1 and R,,, < 1. Since Jig; = Ji1 and R, < Ry, therefore Jig; is
stable if Ry <. Since Jigo = Jig2 = J12 therefore Jigo = Jigo are stable if Ry, < 1 and
Ry, < 1. Therefore Z7, is well defined and stable if R, <1, Rsy <1and Ry, <1. O

This result means that disease eradication is possible for a sufficient small parameter
fp when the both regions are disease free without traveling (that is, R,s for small
Bp when R, < 1). From if 8, = 0 and R, < 1 holds, then infectious diseases
should disappear in both regions. However, the disease free state among birds does not
guarantee a disease free state among humans. The following are three possible disease

equilibria.

5.6.2 Stability analysis of swine flu epidemic equilibrium in both regions
The swine flu epidemic equilibrium is (5.17))

Zsg = (Z34, Z3y)
where

Zyy = (5

P26’

0,8;,,.1%,.0,0,0,0),

267

is the swine flu epidemic equilibrium in each region. Here

_ _ "
S;w - S;() - g’
v _ 1
h20 5, R’
% Th 1
 j— " - .
520 5h+ms( Rsh)
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Theorem 5.3. If Ry < 1 and Ry, > max{R,;,1} then the swine flu epidemic equi-
librium Zsq isLAS.

Proof. At 259 the Jacobian matrix (5.26) becomes

Jogr O1  Oq
Jog =T (Zsg) = | Jo Jag2 O
Js O3 Jogs

Jag1 = J1g1, so from the last Sub-section, Jog; is table if and only if R,y < 1.

The second and third key Jacobian matrices Jogo = Jog3, are the same as the key
Jacobian matrix given in (4.31))

J33 Jza 0 0 37
Jaz 0 0O 0 0
Joga = Jags=Jiz2=1| 0 0 js5 0 0

0 0 0 Jjeg O

0 0 Jrs 0 J77

where j33 = (—1)(0n + asnkisnls,,), Jsa = (—DasnksnSy s Jsr = (—1)mntmnSy,,,
jas = (—Daswksnll,, sz = (—1) [pasnrsnIl, + (0n +ma)], dos = (=1)(0n +my),

g5 = (=D[uasaksals,,,  J7,7 = mpbimnSh,, + (0n + ).

Recall some results from Sub-section @l that Jo;1 is proven to be stable if i, <1
and Ji2 is proven to be stable if Ry, > max{R,,4,1}. Since Jog1 = Jo1 and R, < Ry,
then Jyg; is stable if R,y < 1 Since Jogo = J1g3 = Joo therefore Jogo = Jip3 are stable
if Ry, > max{Rn,1}. O

5.6.3 Stabilty analysis of mutant-avian flu epidemic equilibrium

The mutant avian flu epidemic equilibrium, Z§ﬁ, corresponds to the situation in which
there are no birds or humans infected by avian flu and no humans infected by swine
flu but there are humans infected by mutant-avian flu. By using the definitions of the

basic reproduction numbers in Section 4.3

Zsg = (Z34, Z3y), (5.30)
with
Za = (5539,0,5236,0,0,0,1;39),
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where
Spo=Sn = Zf
Tnay = 5, thm(l - R,lnh)'

Theorem 5.4. If Ryg < 1 and R,,;, > max{Rg, 1} then Z3, is[LAS

Proof. At Zg‘@ the Jacobian matrix (5.26) becomes

Jser O1 Oq
Ts9=T(Zsg) = | Jo Jap2 O
Js O3 Jsg3

J391 = J1g1, 80 J3g1 is table if and only if Rpp < 1.

The second and third key Jacobian matrices J3go = J3p3, are the same as Jso, the

key Jacobian matrix given in (4.40)),

J33 Jza 0 0 37

Jago=Jzgz3=J2=| 0 0 js5 O Jork =1,...,4,
0 0 0  Jes
| Jris 0 0 0 gr7
where ji1 = (=1)dp, ji2 = —oprpSy,, Jo2 = —apkpSh., — (0p + mp),  Jsz =

(=1)(0n + O‘mh“mhly*ns),

Jsa = (“DaspksnSy,,, Js7 = (—1)omnkmnSy,, Jaa =

(—=DasnkisnSh,, — (On +ms), Jss = (=1)(0h + ma), Jog = (=1)(0n +mp), Jr,3 =

(=Damntmnlym,s 37,7 = CmntmnSy,, — (On + Mm).

hsg

Recall some results from Sub-section that J31 is proven to be stable if Rl
and J3p is proven to be stable if R,,; > max{Rg,1}. Since J3g; and R, < Rpg < 1

therefore J3g; are stable if 9 < 1. Since J3po = J3g3 = J32 therefore Jzgp and J3g3 are

stable if R,,, > max{Rgp,1}.

O]

5.6.4 Stability analysis of avian-flu epidemic equilibrium.

The disease state when there are avian flu epidemics among birds and humans, Z},, is

ZZ@ = (Z:lkta ZZt)

(5.31)
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with
ZZt = (S;49 ’ I;49’ 5;:49 0, 1249’ I;)kw ’ O)’
where
g (5p+mp_77p1 -0
bao QpKyp op Rp
TIp 1
Ir = -
P4y Op + mp ( Rp9 )
I
o _ On
hao 1+ Tph
where 7p, is defined as (4.38)),
AphKphTp < 1 >
Popp = —PRPRIP (g ) 5.32
b N (0p +mp) Rpg ( )

a4 5h + mq 1+ T'pho ’

and

% Op + my 14+ T'ph ’

Theorem 5.5. If Ry > 1, Ry < 2R, and max{Rgp, Ryn} < 1+ rpp then Z3,) =

(23,73, is[[AY

Proof. At Z}, the Jacobian matrix (5.26) becomes

Jsr O1 O
Jw=JT(Zyp)=| Jo Jwa O3
Js O3 Jags
From
[ i1 g2 Ju3 dia ]
J21 J22 J23 J24
Jan = | . . . ;
J3,1 732 J33 J34
Ja1 Ja2 Ja3 Jaa
where j11 = —0p — 0 — apkplpy,,  J12 = —apkpSp,y, 13 = 0(1 = Bprgply,),

Ji4 =

—0Bp30pSpys J21 = Qphiplp,y, J2,2 = QplipSpy, — (Opt+myp) =0, Jog =08yl joa=
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O+ Bp2epSpag)s G301 = 01— Bpsgplyy,), J3.2 = —08p59pSpsy, Ja3 = —0p—O0—apkply,,,
J34 = —pkpSpy,  Jan = OBprgply,  Jao = O(1 + BprgpSpy,),  Jas = apkiplp,,
Jaa = aphiplpy — (6p +myp) — 0(1 + BprepSpy,)-

Denote the partition matrix Jyg1 as

A B
Jig1 = 5 4 (5.33)
where
—0p — 0 — apkply,, —QpkpSpy,
A=
apkplp,, pipSp,e — (Op +mp) — 0
and
0(1 — Bpstply,,) —08p6pSp,g
B 0BpspIp,, O(1 + BpspSp,y)
At E}

* * np 1
Sp46 SP@ 5 Rp9

Tp 1
I o=I = 1——
Pao P® 5;0 + mp( Rpe)
—0p — 0 — ap’ip((spzipmp)(l - R%g) _ap’fpgf%
A=
O[pl-ip(épj_ipmp)(l — R%)e) aph;p(s — 5 — (Op+my) — 0
R 1 R 1
o =0-5 (1" gy) ) By
= R 1 1 R
5 (1 7,) Gomg) gy~ (OpH11p) =0
and
01— Bty (1= 7)) —0Bpa g
Bl 0 m (1— 1) (14 B L)
PP (0p+myp) Rpye PP op Rpe
r R 1 R 1
b= 05 G R
= R 1 R 1
50w 0t G R
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At E7,, the eigen-values of matrix Jyg; is identical to those Ay + Az and A; — Az where

R 1 1
~ =3 1= Ry) G
A+B= 9R L 5 R
50 R Gampyre Ot m)
and
(Rpp—Rp) 1 (Rpg—Rp) 1
= W= mD) TG
A-B=
0 —260 — (0p +myp)

First, consider the matrix A + B. Trivially ¢tr(A + B) < 0. From (5.7),

1
(np (apkp + Gﬂp%p))R—pa —0p (8p +myp) =0.

Since Ry > 1, hence

(np (aptip + 0Bpp)) S dp (0p +myp) <O0. (5.34)

. Therefore the determinant of A + B
det(A+ B) > 0.

Hence the eigen values of matrix A + B have negative real parts. Since 0 < <1, 0 <
»x <1 and Ry > 1, (5.34) results in

1
tr(A— B) < ((ap/@p - Hﬁp%p)R—Q - m,,) <0.
Pl

In addition det(A — B) > 0 when Rpp < 2R,. Therefore, the eigen values of matrix
A — B have negative real parts. Since the eigen values of matrices A+ B and A — B
have negative real parts at £}, = ( 010> Lpags Spag> 1549), the key Jacobian matrix Jyg;
is stable when R,y < 2R,,.

The second and third key Jacobian matrices

J33 Jsa 0 0 j37
0 Jaa O 0 0
Jago = Jags = | js53 Jsa Js5 O 0 fork=1,...4
Jos 0 0 Jjes O

0 jra 0 0 J77
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where j11 = (=1)0p(aprply,,),  J12 = —pkpS,,., J21 = apkply, — (0 + myp),

Jo.2 = apkipSy, = (6p+myp) =0, ja3 = (—1)(0n+apnkpnly,,), Jsa = (—1)asnksnSy,,,
Js7 = (=DamnkmnSy,,.  Jra = (=DasnksnSy,, — (On + ms),  Js3 = yaprripnly,,,
Js4 = (_1)N0‘sa"€salg49= Js5 = (=1)(0p +ma), Jez = (1 — V)Qphﬁphlgzgv Je6 =

(=D +mu), Jra = pQsakisaly,y, 37,7 = mnkmnSy,, + (0 + M)

Next for the other key Jacobian matrices, By, k& = 1,...,4. Results from Sub-
section show that

N — Jugo| = |M — Jugs| = T3 (X — jrx) = 0

with jir, @ = 1,...7 are all real negatives. Furthermore, the matrix Jypo and Jyp3 are
stable if

n
Sn TIhOshKsh
Qsplish—— — (6, —my) < 0 & — 0 1 4 p

shtsh e (On, s) 5 (0 — 2] pho
S R, <1+ T'pho
and
I
g —2 (O — M) < 0 & Nh¥mhFfmh oo
L+ 7pne On(On — M)

S Ron <1+ Tpho-

Therefore Zj, well-defined and stable if R,y > 1 and max{Rg,, Rpn} < 1+ 7pne.
Therefore Zj is I[LAS] O

5.6.5 Stability analysis of avian flu epidemic among birds and humans combined

with mutant avian flu epidemic among humans

The disease state equilibrium point Z7 corresponds to the situation in which there are
avian flu epidemic among birds and humans combined with mutant avian flu epidemic

among humans,

Zsg = (Z5y, Zsy) (5.35)
with

Zst = (Spsgr Ipsgr Shsgr 0 Laggs Tosgs Insy )
where

o _m L

Pso 517 Rp0
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From (4.20a) it follows that

* T]p 1
=T’ q_ -
Pse 5p+mp( Rpe)’
s AmhRmh
Now ([4.20c)) gives
. o
Ly = — [Rinn — (1 + Tpno)] -

where 7pp¢ is defined by (5.32)

? Mk (0p +myp) Ryo

Therefore for I}, > 0 it is necessary that R, > 1+ rppg. Finally (4.20d) and (4.20e)
give

* YNhTph
=—" >0
@0 (8 + ma)Rpp,

and

. (1 = 9)0nrpn

bse (5h + mb)Rmh'

The condition Ryp > 1 and Ry,p, > 1+47rp, guarantees that I;_ > 0,1; >0, Ilfse >0
and I, _ > 0.

mse

Theorem 5.6. If Ry > 1, Ry < 2R, and Ry, > max{Rg,, 1 + rpn} then ZZ) =
(2, 7%, is A3,

Proof. At Z}, the Jacobian matrix (5.26) becomes

Jso1 O1 Oq
Tso =T (Zsg) = | Ju  Jse2 Oz
Js O3 Jse3

The first key Jacobian matrix is given by ([5.33))

A B
J501 =
B A

Results from the last section show that at K7 the key Jacobian matrix J5g; is stable
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when R,9 < 2R,. and

J33 Jsa O 0 37
0 jua O 0 O
Japz = Js93 = | js3 Jsa Js5 0 O fork=1,...,4

Jes3 0 0 gsg O

| J73 Jra 0 0 Jr7

where ji11 = (=1)dp(aprpl,., ), J12 = —pkpSy.,,  J21 = apkply,  — (6p + my),

Jo2 = apkpSy. — (6p +myp), 33 = (=1)(0n + apnkpnly, + Cmnkmnly,.,),  Jsa =
(=DasnksnSy,, 37 = (“DemnkmnSy s Jaa = (=DaspksnSh , — (On + ms),
Js3 = Yoapnkpnly,,  Jsa = (—Dpaseksaly,,, Jss = (=1)(0n +ma), Jez = (1 —
Yeprkpnly,s  Jes = (=1)(0n + mw),  Jr3 = QmnrBmilp.,, J14 = HQsaksalg,,,

J7,7 = Cmnkmn Sy, + (On + M)

A result from Sub-section show that the key jacobian matrix Jyg; is stable
at BF when R,y < 2R,. Hence, the key jacobian matrix Js¢; is stable at E}) when
Ry < 2R,,.

Next for the other key Jacobian matrix, Jsg2. Results from Sub-section show
that

NI — Jsp2| = |\ — Jsp3| = [TTi_g (A — jki) | N2+ DA+ =0

where

AmhKmhny,

b:
On + My

>0
and
¢ = amnkmh s CmnkmnSh, >0

If I(S; ,,t) > 0 then I(S; ,t) | 0 as ¢ T oco. Hence this is effectively a stability

condition for the coordinate I, = 0. Since

(511 + mm)

— ((5h +m5) <0< Rsp < Rmp,
OmhRmh

ash/ishs;tsg — ((5h + ms) <0< agpksh
Therefore, ZZ, is well-defined and stable if R, > 1 and R,,;, > max{Rg, 1 +rpne}. O

A small transmission rate /3, is harmful to disease eradication since R,9 > R, for
Bp > 0. The following stability analysis is for disease state equilibria when R,y > 1 that

leads to an endemic situation in both regions. If infected birds can travel and there is
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transport-related infection such that Ry > 1 and Ry < 2R, then the endemic steady

state appears in two regions and becomes stable.

5.7 Simulation

Theorems and show that the disease dynamics of (5.5a))-(5.5nl) is

dependent on the values of reproduction numbers R,9, Ry, and R,,p,.

Similar to sensitivity analysis in Section [1.7]

e R, is most sensitive to the change of oy, kp, By, 7,
e R,y is most sensitive to the change of agp, Ksn,

e R, is most sensitive to the change of au,p, Kmh.

The effect of disease transmission during transport due to bird trading is analyzed.
In relation with avian flu, Central Java, West Java, Jakarta, Banten and Lampung
are five most prominent provinces in Indonesia [I97]. Chickens from Central Java are
transported by trucks to West Java, Jakarta and banten. Some chickens in Jakarta
markets are re-transported to Lampung in Sumatra which is separated from Java by

Sunda strait. All destination can be reached in a day except Lampung.

Figure 5.2 shows that the outbreak starts in Central Java then West Java, Jakarta,
Banten and Lampung, respectively. Jakarta has the most infected birds due to the
fact that Jakarta is the biggest consumer of poultry birds and the transport of birds is
focused on supplying Jakarta.

The proportion of infected birds in Central Java and West Java increased in the
beginning then decreasing in the end. Meanwhile the proportion of infected birds in
Jakarta and Banten are increasing even though these regions initially have a very small

proportion of infected birds.

The sum of all the infectious birds over the five provinces Central Java, West Java,
Jakarta, Banten and Lampung clearly reflects the timing and magnitude of the con-
tributions from each province (Fig. [5.3)). The initial increase is the contribution from
Central Java. By Fig. a), the maximum is reached in the first day but the sum now
increases slowly due to the initial contributions from West Java, Jakarta and Banten.
The combined increase is then very rapid as the outbreak takes hold strongly in these
provinces and starts to diminish at about day 3. However the outbreak in Lampung

then dominates to push the sum to its final maximum at around day 4.

The proportion of human cases of avian flu in each provinces follows the trend of the
proportion of infected birds in the provinces. Fig. shows that West Java, Jakarta
and Banten have higher proportion of infected humans with mutant-avian flu. This is
confirmed in Table The mutant-avian flu outbreak in each region appears later

than avian flu but has a greater proportional magnitude than avian flu (Fig. [5.5)



5. DISEASE DYNAMICS IN MULTI-REGIONS

122

0.01
0.005

0.02
0.01

0.04
0.02

0.04
0.02

T e T —— _' J I
] ] L _'_:'_'_'“'T'_ =
J 5 10 15 20 P L
(b)

- Jl I e —I ------- _I—\._,_I__ _._,I _______ ]
0 5 10 18 20 2% L
(c)

_.lll_ o —I—_.\__\_I ....... _I____-I._ ....... i __

: 10 15 70 2 30

(d)
L , | | A ] ]
: 10 15 70 2 30

y 10° 2
L | | | A ] ]
: 10 15 20 P 30

Fig. 5.2: The proportion of infected birds in the provinces. The horizontal axis is time
in days. (a), (b), (c), (d) and (e) are the proportion of infected birds in Central
Java, West Java, Jakarta, Banten and Lampung respectively.

5.8 Discussion

Equation (5.8)) shows that even a small transmission rate 8, > 0 is harmful to disease

eradication since Ryg > R, for 0 < , < 1. On the contrary, the transmission rate

Bp > 1 leads to an endemic situation in both regions. In fact, if 8, = 0 and R, < 1

holds, then the infectious diseases should disappear in both regions.

The following are all possible combination values of R,, R,y and their implication

to avian flu dynamics among birds in both regions.

o If Ryp < 1,R, <1 then birds in both regions eventually become free of avian flu.

o If Ry >1but R, <1 then birds remain free of avian flu when both regions are

isolated. However, transport-related infection will lead to the disease becoming

endemic at both regions.
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Fig. 5.3: Sum of proportions of infected birds in the provinces of Central Java, West
Java, Jakarta, Banten and Lampung.

o If Ry > 1 and R, > 1 then avian flu will be endemic among birds even if both
regions are isolated. Transport-related infection will increase the magnitude of

avian flu endemic if the regions are not isolated.

Bird transport is a significant factor for the spread of the diseases not only in the
bird world but also in the human world. Bird transport may cause epidemics among
birds and humans even in a region which is initially disease free. If avian flu is already
endemic among birds in both regions, then bird trading will intensify the spread of the

diseases among bird and humans.

Consider the disease state ZZ,B as a function of 3,.

S;® — S, and I;® — I;@ as (B, — 0.

*

a8, orx
. PR P®
Since 98, < 0 and 98, > 0, hence

Spe < Spes Ipy > Iy, when B, >0,
Spe =S,

pes Ipy = IP@ when 3, = 0.

This implies that at a steady state, the total proportion of susceptible birds in the
both regions decreases with the increase of 3,, while the proportion of infected birds

increases with increases of 3,. Furthermore

;;p(sm + Ip,) < 0 when my, > 6,

and

Sp® + IP® < SPEB + Ip@'
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Fig. 5.4: The proportion of human cases (infected humans with avian flu) in the five
provinces. The horizontal axis is time in days. (a), (b), (c¢), (d) and (e) are
the proportion of human case in Central Java, West Java, Jakarta, Banten and

Lampung respectively.

Hence the final size of bird populations decreases with the increase of 3,. Finally,

0

9, Spo + I

T*
P ) > 0’

the proportion of the infected birds increases with the increase of 8,. On the contrary,

the proportion of the susceptible birds decreases with the increase of 3,. Increasing

I (the proportion of infected birds) will decrease Sh, (the proportion of susceptible

humans) and increase I;, and I (the proportions of infected humans having avian

flu without symptom and with symptom, respectively). Similar analysis of Z7, shows

that increasing 3, will decrease the proportion of susceptible humans and increase the

proportion of infected humans with avian flu and mutant-avian flu. This suggests that

infection due to bird transport increases the potential of epidemics among birds and
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Fig. 5.5: The proportion of infected human with Mutant avian-flu in the provinces. The
horizontal axis is time in days. (a), (b), (c¢), (d) and (e) are the proportion of
infectious humans with Mutant avian-flu in Central Java, West Java, Jakarta,

Banten and Lampung respectively.

therefore increases the spread of the disease among humans.

On the contrary, the transmission rate 3 leads to an endemic situation in both cities.

In fact, if 8 =0 and R, < 1 hold then infectious disease should disappear in both cities
from (5.8)). Further, if infected birds can travel and there is transport-related infection
such that Ry > 1 and R,9 < 2R, then the endemic steady state Z* appears in two

cities become stable.



6. BORDER SCREENING

Border screening and subsequent culling of diseased birds is an attractive option for
managing avian flu in Indonesia. This conclusion results from four important consid-

erations developed in this thesis.

First, avian flu does not seem to spread between humans. This was discussed in
Section 2.2.2. Thus preventing outbreaks or mitigating outbreaks requires reducing the

effective contacts between infected poultry and humans.

Second, culling birds generally is unacceptable because so many poor Indonesian
families rely heavily on raising a few chickens or other poultry. Large scale treatment of
infected birds is impractical and much too expensive. Large scale screening programs
applied to family poultry flocks across the nation are also impractical and too expensive.

These cultural and economic aspects were described in Chapter 1.

Third, the analysis in Section 4.7 shows that the effective rates of transmission are

important to the spread of the diseases.

Fourth, the results in Chapter 5 indicate that transporting poultry contributes
substantially to the rate of transmission of avian flu among birds and subsequently to
humans and hence to the likelihood of mutations causing possible highly virulent and

contagious mutant-avian flu in humans.

Border screening of poultry focuses screening to a limited number of major trans-
portation arteries and so becomes practical to install. Sick birds could be culled without
severe impact on the family poultry stock. Since this takes place in a few specific loca-

tions, setting up proper infrastructure for disposing of culled birds is also feasible.

This chapter develops models for analyzing and interpreting the effect of border
screening and the culling of infected birds to the spread and control of the diseases

among humans.

This chapter is organized as follows. Section describes modeling choices and
assumptions taken. Section [6.2] formulates a general border screening model. The
model is described and analyzed with regard to the effect of border screening and
culling of infected birds to the dynamics of the diseases. For the special case of two
identical regions, analysis on the effect of border screening to the dynamics of diseases
among birds and humans are given in Section Numerical simulations for n > 2
regions are given in Section Section discusses the analytical and numerical

results and draws some conclusions.
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6.1 Modeling choices and assumptions

The modeling choices and assumptions of Chapter 5 are adopted here. The same
notation is used for compartments and epidemic parameters. In addition, it is assumed
that screening procedures are taken after the transported birds arrive at the destination
region . Let o; denote the probability of successful border screening at region i. It is
assumed that the screening processes never falsely identify a susceptible individual as
being infected (no false positives) but some sick birds are not detected (false negatives).
When an incoming infected bird is identified, it will be isolated. Let C; denotes the
isolated poultry birds in region ¢. The quarantine birds are treated with recovery rate
rp and some are culled and disposed with a rate of ¢,. The dynamics of the disease

state among birds is described by

S ( ) npl 5132 + Z 91] apl K;pz Ipz Spl
JFi
+ Z 0i(L = Bpji26p;:dp;) Sp; + 1¢Ch;
J#i
II/7i (t) =, fip;Ip, Sp; — (Op; + My, + Z 0i;)1, Z
J#i JF#i

X (14 By, #p;:5p;) Ip; s
01,31- (t) = Z Uieﬁ(l + Bpji%pjispj) ij - (TP + mc)cpz‘ (6'1)

J#i

As in Chapter 5, it is assumed that the movement of humans between regions is

negligible. The dynamics of the disease states among humans is described by (5.2)),

Sk, (t) = N, — On;Shy — phyKph; Ip; Shy — hyKshy Ls; Shy — Qb omn; Iy Sk
(t) = asn;ksh; Ls; Sh; — (On; +ms;) Is,,

() = YiQph,; Kph; Ip, Sh; — 1iCsa;Ksails; La; — (On; + Ma;) La,,
I, (t) = (1 = ¥i) apn, iy I, Shy — (On, + ;) I,

I;ni (t) = picvsa; Ksa; Ls; La; + QmngKomn; Imy Shy — (On; + Mim,) Iy - (6.2)

/
S
/
a

The disease dynamics among birds in any region is independent of the disease dynamics
among humans. However, the disease dynamics among humans is dependent to disease

dynamics in the bird world.
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6.2 Border screening: the full model
The set of disease parameters becomes € @, C sz” for the full system becomes
Qno = {0 = (2)] @ = Mp;> Mhis Opi» Ohyy Qpys Tpis My s Qshys Ophys Csas s Uy Ky s Kshy s Kphy

Rsa;y Bmh;y iy TV — Piy Mayy Mp, Mg, s Mimy,; 5 Vi 01]7 04, 5pij7%pij7 1=

Let Z(t) € ©,, C R8" be the set of all disease states

.y}

Qg ={2(t) = (Zi(1)) : Zi(t) = (Sp; (8), Ipi (1), Cp; (8) Sy (1), L (£), Loy (8) I, (2),

I (1), i=1,...,n}.

For a given set of epidemic parameters q € @, the dynamics of the disease state Z(t)

is described by the [VP

Sjloi (t) =Mp; — (5131' + Z Hij)spi - O‘piﬂpiIPiSpi + Z Gji(l - ﬂpji%pji

J#i J#i
+ 7rpCp;,
/
Ipi (t) =0, fip; Ip; Sp; — (5131‘ +my, + Z aij)Ipi
J#i
+ Z(l - Ui)eji(l + /Bpji%pjispj) ij’
J#i
/
Cpi (t) = Z Uieji(l + 5Pj¢%pjispj) ij - (Tp + mc)cpw
J#i
S;Li (t) =MNh; — OhySp; — (pai +pbi)aphi"<‘philpishi — Qsh; Ksh; Ls; Sh,
- O‘mhi K‘mhi Iml Shi’
I;i (t) :as}li'z”-s}lilsishi - (6hi + mSi) ISz‘?
Iz/zi (t) =Pa; Oph; Kph; Lp; Shy — HiQsa;Ksa; Ls; Lo, (On; +ma,) Lo,
IZ/%' (t) =(1— ’Yi)aphi’{philpishi - (5}% + mbi) Iy,,
I;nl (t) =UiQsq, ’isaiISiIai + O‘mhi’imhi-[mishi - (5h1 + mml) Imi’
Z(O) =24, Zo € Qo

S

pPj

(6.3a)

(6.3b)

(6.3c)

(6.3d)
(6.3e)
(6.3f)
(6.3g)
(6.3h)
(6.31)

If o, = 0 for all i = 1,...,n, then (6.3a))-(6.31) becomes (/5.3a))-(5.3h) and 2,

becomes €2,. Therefore, the IVPI (6.3a)-(6.3i) becomes ([5.3a))-(5.3h]).

The existence of a unique solution for [VP| (6.3a))-(6.3i) is guaranteed by the follow-

ing theorem.

Theorem 6.1. For any nonnegative initial condition Zy € Qe — has a

unique and bounded solution satisfying the initial condition .

Proof. Comparing between ((6.3a)-(6.31) and (5.3a)-(5.3h)), o is the only additional pa-
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rameter and C; are the additional disease states. The state of all disease states €),,,

and its subspace of disease free states are positively invariant under f, the vector field
(right hand side) of the system of differential equations (6.3a))-(6.3h)). Therefore, the

uniqueness of the solution is guaranteed by Theorem [3.4] in Section

O]

6.3 Disease dynamics in two identical regions: the effect of border screening

Avian flu dynamics among birds is independent of the dynamics of diseases among

humans. For an initial disease state Wy € o5, the dynamics of avian flu among birds

in two identical regions is

S (@) =mp — (6p + 0)Sp, — apriplp, Spy + 0(1 — Bpogply,) Spy + 1pChy,
I]’Jl (t) =opkplp, Sp, — (0p +mp +0) I, + (1 — 0)0(1 + BprepSp,) Ips,
Cp, (t) =00(1 + BprySp,) Ipy — (1p + me)Cypy
5'2 (t) =np — (6p + 0)Sp, — apkiplp, Spy + 0(1 — Bpreply, ) Sp, + 1pChs,
I, (t) =apkiplp, Spy — (0p +myp +0) Ly, + (1 — 0)0(1 + By36pSp, ) Iy »
Cp,(t) =00(1 + Bpr,Sp,) I, — (1p + me)Cpy,s
W(0) =Wy, Zy € Qap,
where

Qop = {W = (W17W2) Wy = (Sp17lpl’cpl)?W2 = (Spwlpwcpz)}'

The full system (6.3al), (6.31) is reduced to

Sy, (t) =np — (8, + 0)Sp, — apriply, Sp, + 1pCpy + 0(1 — B2y, ) Sp,,
[;/91 (t) =aphiplp, Sp, — (0p +my +0) Iy, + (1= 0)0(1 + BpsepSp,) Ips,
C;g/n (t) =00(1 + BpspSp,) Ipy — (1p +me)Cpy,
Shy (t) =0n — 0, — (Pa + Po)AphiphIp, Shy — Qshkish s, Shy
— mhBmhdm, Shy s
I, (t) =aspksnls; Spy — (0n +ms) I,
I, (1) =pacphtiphlp, Shy — psatisals, Loy — (O + ma) Loy,
Iy, (t) =poapntiphIp Sy — (On +myp) I,
Iy, () =pasakisals Loy + Qmhtimnlmg Sh, — (On + 1m) Iy,
57/32 (t) =np — (Op + 0)Spy — apriplp, Spy, + 1pCpy + 0(1 — Bprgplyy, ) Spy,s
I;/;Z (t) =aphiplp, Spy — (6p +my + 0) I, + (1 — 0)0(1 + By Sp, ) I, 5
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CIIJQ (t) =00(1 + BpspSp, ) Ip, — (rp +me)Cpy, (6.5k)
Sh, (t) =nh — 6nSh, — (Pa + Pb)phkiphLpy Shy — AshkishLsy Shy

— mhEmhLmg Shy (6.51)
1L, (t) =0snksnls,Spy — (6 + ms) Iy, (6.5m)
I, (t) =paphtiphdp, Shy — Botsakisalsy Tay — (0n + ma) Iay, (6.5n)
Iy, (t) =poapnkpnlps Shy — (5n +m0) Iy, (6.50)

I, (t) =pasabksalsy Loy + OmbbmiImy Shy — (On + M) I, (6.5p)
2(0) =Zo, Zo € Qs (6.5q)

where Zy € ()5 is an initial disease state and
N ={Z =(Z;): Zi = (Sp;, Ip;, Cpy, Shy» Lsys Lays Iny s Iy ), = 1,2}
6.4 Reproduction numbers

The following basic reproduction numbers for the spread of the diseases in two identical
regions are defined by using procedures similar to those in Sections [.3] and

Wp(();ﬁlip 0 (1 B 0') npaipnp 0
0 0 O-’?peﬂp“p 0
Py = o
(1 — 0-)771’9(’3‘% 0 nhagzﬁsh O
NpoBpkp 0 0 0
D
and
(6, +my)+60 0 —(1-0)0 0
Fl _ 0 Tp + Cp —ob 0
—(1-0)f 0 (p+mp)+6 0
_09 0 0 Tp + Cp

respectively. The next generation matrix Fy - F‘l_ ! (where F’l_ 1is the inverse matrix of

F 1). The characteristic polynomial of the matrix is

G =X ()\ _ o (prip (1~ ”)Gﬁp’{p)> . (6.6)

dp (8p +myp + 0b)

Therefore the basic reproduction number for the avian flu transmission among birds is
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The basic reproduction number for the spread of avian flu among birds is

Ny (apkip + (1 —0)03,5,)
dp (8p +myp + 0b)

Rpos = , (6.7)

In the case of o = 0 (there is no border screening), the basic reproduction number in

(6.7) becomes (5.10))
oo = fip i 65)
where R, is the basic reproduction number during transport which is defined by 1 ,

1p 08p>p

fips = dp (0p + mp).

(6.9)

and R, is the basic reproduction number for “local” avian flu transmission among birds

in an isolated region which is defined by (4.6)

Mlp Cpkp
R =—F-—"7—. 6.10
P bp (Op +mp) ( )

Comparing 1) and , Rpos = Rpp when o = 0. Furthermore, since a};’f" <0,
entry screening o for 0 < o < 1 decreases the basic reproduction number. Therefore

culling is beneficial for disease eradication.

Since a human is infected avian flu virus by local infectious chickens only and
is infected swine flu and mutant-avian flu viruses by local infectious humans only,
the reproduction for swine flu transmission among humans and the reproduction for
mutant-avian flu transmission among humans remain the same as for an isolated region
discussed in Chapter 4. Recall from

Nh O shRgh
Ry, =—77"—""— 6.11
" S (On + ms) (6.11)

and from (4.8))

Nh CmhRmh
Royp=——""—"— 6.12
" S (On + ) (6.12)

respectively.
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6.5 Disease state equilibria

6.5.1 Disease state equilibria among birds

Consider first a situation when there is no infected poultry at both regions I,,, = I,,, = 0.

For an equilibrium it is required that S, = C, = 0i = 1,2, such that

SI/?l =0 & Tlp — (5 + 9>Sp1 + rpcm + 95p2 =0, (6.13&)
Cl () =0 & —(ry+me)Cy =0, (6.13b)
S, =0 & ny,—(0p+0)Sp, +1,Cp, +0S,, =0, (6.13¢)
Cp,(t) =0 & —(rp +me)Cp, =0, (6.13d)

(6.13e)

Since (rp, + m.) # 0 then C),, = Cp, = 0, adding equations (6.13a)) and ([6.13c| results

20— 65(S}, + 5p) =0 & (S, +55) =28 &5 =L =12
p p

therefore

* *_np .
Spi_SPO_?’ 7,—1,2.
p

E; = (55,0,0,5% (6.14)

poﬂ ) p07 )
is referred to as the disease free state of bird world.

In endemic situation I, # 0, ¢« = 1,2. For endemic equilibrium, it is required

Sy, =0 & 1y — (0 + 0)Sp, — apriplp, Spy + (1 — Bypseply,) Spy +1pCyy, (6.15a)
I],n =0 & apkiply Sp, — (0p +my +0) I, + (1 — 0)0(1 + By3,Sp,) Ip, = 0,

(6.15Db)
01/71 =0 & 00(1+ BpspSp,) Ip, — (rp + me)Cpy =0, (6.15¢)
Szln =0 & np— (0p +0)Sp, — aphiply, Sp, + 0(1 = Bpseplp, ) Sy, + 1pCpy =0,

(6.15d)

I, =0 & opkply,Spy — (0 +myp +0) Iy, + (1 — 0)0(1 + B34Sy, ) I, =0,
(6.15€)

01,72 =0 < 09(1 + ﬁp%p‘s’pl) Ipl - (Tp + mC)Cp2 =0,. (6.15f)
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Adding equations (6.15b)) and (6.15¢]) results in

(apkyp + Oﬁp%plgl)s; + (apkp + (1 — U)Qﬁp%plz’:z)S;Q
— (0p +myp) (I, +1;,) = 0.

Only balanced equilibria are reported in this study. They are well behaved and
asymptotically stable. So their impact to the spread of the diseases in human world is
Iy =1, =1I; and

measurable. Therefore, it is assumed here that S; = S; = S o)

Cp, = Cp, = (. At a disease state equilibria

EL= (S, ,Ci S5 I Ch ),

PR’TPR’ PR PR PR’

it is required that

(apkp + (1 — U)Hﬂp%p)S;®I;® — (0p + mp)I;® = 0.

Since I, # 0, hence

(aphip + (1 = 0)0Bp32) Sy, — (0p +myp) =0

. (6p +myp)
= 'Sp® B (aprp + (1 —0)0Byp)

Therefore, by using the definition of the basic reproduction number Ry, in (6.7)

(0p +myp) _ 1
(aphip + (1 —0)0Bpsp)  Op Rppo’

Sy =Sy, = i=1,2.

Given np(apkp + (1 — 0)08pst,) — 0p (6 + my) > 0,

np(apkp + (1 — 0)0Bp32p) — 6 (6p + myp)
(apkp + (1 = 0)0By2) (5 + myp)
_ Op
op+mp  (aprp + (1 —0)0Bps)
_ L 3p(0p +myp)
Op +my np(apkp + (1 — 0)08,)

Tlp 1 .
— 1 — 5 1= 172.
5p+mp( Rpgg)

)

* * _
Ipz‘ - IP@ -
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Substituting ;. and I; into (6.15c) or (6.15f) results in

o0(1 + BpspSp,) Ip;
Cpr = ,

' (rp +me)
1
= (1 * Bp%p(;p p0cr) 5?‘7};’11) (1 B RPGO')
(rp +me) ’
_ of Mp Rys 1 1 )

+
(rp + mc) (Tp + mc) Rp@o Rp6'0

The system dynamic (6.4a)) - (6.4f)) has an endemic state

&3 (S;®’ P®7C;®’S;®’ p®7C* ) (6.16)
where

« _Tp 1
gt —

P® 5p Rp007

* np 1

= 1_
P 5p + mp ( Rp@a- )
o N R,z 1

Cr == 4 p PB o _

be (TP + mC) (Tp + mc) Rp@a Rp@a)

where R, is given in (6.7)),

Np (apkip + (1 — 0)0B,3¢p)
8y (0p +my +00)

Rp@cr =

and R,z is given in

np 08ptp

fips = dp (0p + mp).

6.5.2 Disease state equilibria for the full system
The disease dynamic - m ) has five disease steady states equilibria

190 - (Z* Zz*)

187

where

Z;, = (S; Cr o Sy I Ir I I ), i=1,...5

Pio’ pur

of which three happen when there is a disease free bird world I;, = 0, 1,2 and the
other two happen when there is disease endemic among birds, I, ~# 0, 1,2. First,

the disease free equilibrium in which there are no epidemics among birds or humans in
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either regions
Do = (215 21) (6.17)
where Z7, is the disease free equilibrium in each region. Z7j; is given by

ZTS:(S* 0707‘9;:1070707070)7

Plo’
where

* _ * _ @
Splo' - SPO - 5 )
p

Mh

Sy =Sy —.

lo 1 5]7,

Second, the swine flu epidemic equilibrium

Zso = (23, Z35) (6.18)
where
ng = (S;20’0’07522071;20-’07070)7 (619)

is the swine flu epidemic equilibrium in each region. Here

* o Q* np
Sp2a - Spo - g
* Th 1
sp o=
h2 5h Rsha
* TIh _ 1 )

520 7 5+ m, Ry,

Third, the mutant-avian flu epidemic equilibrium

Z35 = (235, Z3) (6.20)
where
Z35 = (Sp,,+0,0,84,.,0,0,0, 17, ) (6.21)

is the mutant-avian flu epidemic equilibrium in each region. Here

* _oQ*x np
Sp3a - Spo - 57)

. _ M 1

"3 S R

* _ h ( _ 1 )
MMse 5h + mm Rmh .
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When Rpp, > 1 (avian flu epidemic is epidemic among birds) there are two disease

state equilibria, Zj_ and Z;_.

Zie = (Z1s: Z4s) (6.22)
where
ZZS = (S;4O-’ I;4o-’ 05407 S;;lo" 0’ 1240.’ Il;k4o.) O)’ (623)

is the disease equilibrium state of each region when there are avian flu epidemics among

birds and humans. Here

* * np 1
S p— = — 5
Pdo P 5}7 Rp@o‘
* * np 1
Ir =1 = 1-—
Pao P® (Sp + mp ( Rp&a )7
ol R 1
0;40 = C;@) = + L B 1- )7
(rp+me)  (rp+me) Rpoo Rpoo
Mh
S* pr— pu—
Mo 5+ aphtipnly,,
_ Th
1
On + Qpnkiph 51)_7_%17 (1 — Rp@g)
M
AphKphMp 1
1+ ﬁh?‘spimp) (1 N Rp%)
N
1+ Tpoo
where 7,9, is defined as
QphKphllp ( 1 >
Tohe = 1-— . 6.24
re Th (5[) + mp) Rp@a ( )
* ’Yaphliphlgzl S;;M
o 5h + myg
g *
= — — 0,8
5h + Me (Tlh h h4g)

1
_ " 1— >0
Op + my T+ 7rpm
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and

(L —y)apntpnly,, Sp,
op + my,
)

Op + my

1-— 1
i :<7>%(1_) >0
i Op +my 1+ 7rpm
The condition Ry, > 1 means 7,9, > 0 and hence guarantees that I; > 0,5; = >
0,15, >0and I, >0.

) T 040

* J—
Ib4o‘ -

(mn — OnSh,)

The fifth,
Zse = (Z55, Z3,) (6.25)
where
Zss = (Spser Ipsyr Shsor 05 as s Ty Iin, ) (6.26)

is the disease state equilibrium of each region when there are avian flu epidemics among

birds and humans and also an epidemic of mutant-avian flu among humans. Here

S* — S* _ np 1

P5o Pe ERPQO"
* np ]-
Ir = = 1-— ,
P50 P 5p + mp ( Rp@a )
0 R 1
0;;4 = C; = - + L v 1- )7
7 ? (TP + mc) (Tp + mc) Rp@a Rp&a
op+my, np 1
S;5" - apk - S, R > 0.
pfvp p ‘lpbo
From (4.20al) it follows that
o= Op __ [1 _ dp(dp + mp)] _ " (1- 1 )
Poo 6y +my  apkp  Op +my NpQpkp op +myp Ryoo

Hence for ;. > 0 it is required that Rys, > 1. It follows from (4.20f)

= ChT Mmoo,
57 AmhBmh
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Now (4.20c) gives
. 1h = (On + cpnripnly, ) Sh,
Imsa — _ 50
O‘mh":thhSU
4 m
nh B |:6h + Oéph/‘fph 6}1‘7’2’7{771 (1 o Ri@a) aﬁn—:?mh
N 5h +mmy
_ on |: AmhlmhTlh o  QphKphllh ( . 1 )
Umnkmh | On(0p + M) On(0p + mp) Ryoo
on

=—"" [R-(1 .
(R — (14 1)

where 7,9, is defined by (4.38)

Ty = — PPkl (1 1 >
re Th (51) + mp) Rp@a

Therefore for I};, > 0 it is necessary that Ry, > 1+ 7p9,. Finally (4.20d)) and (4.20¢)
give

_ Yoprkpnls, S

I* — P5o 50
450 Op + mg
- ’)/O[ph/iph 6p+pmp (1 - Rp@a ) O"}rlnh:zmh
5h + mg
YT ph
=—— >0
((5}1 + ma)Rmh
and
I* _ (1 - ,y)aphﬁphI;SUS;;SU
bao On + myp
_ = )opnripng i, (1 - Ryoe ) Gtimen
op +my
1-— r
_ U=)mrn

(0 + M) Rin,
6.6 Stability analysis of disease state equilibria

Let reorder disease state variables
Z = (Sp17 Ipl ) Cp1 ) Shw IS1 ) Ia1 ’ Ib1 ) Iml’ Sp27 Ipzv sz) Shga ISQ’ Iag, Ibga Img)
into

Z = (SpqupCpuSva Ip27 Cpga Sh17[S17[a17Ib17[m17 Sh27 -[827 Ia27Ib27 Img)
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In this new variable, (6.5a)-(6.27p|) becomes

)

S/l (t) =np — (6p + 0)Sp, — aptiplp, Spy + 1pCpy + 0(1 — Bpsgply, ) Sp,
Ill (t) =apriplp, Spy — (0p +myp +0) Iy, + (1 — 0)0(1 + Bp3ySp,) Ip,,
C;lol (t) =00(1 + BpsepSp,) Ip, — (1p + mc)Cpy,
Sy, (t) =np — (6p + 0)Sp, — pkiply, Sp, + 1pChpy + 0(1 — Bysgply, ) Sy,
I, (t) =apkiplp, Sp, — (0p + myp + 0) Iy, + (1 — 0)0(1 + BypsySp, ) Iy,
Cp,(t) =00(1 + Bpr6ySp,) I, — (1p + me)Cpy,

Shy (&) =1n — 0,Sh, — (Pa + Pb)AphtiphIp, Shy — Qshkishls, Sk,

— QmhBmhImy Shy s
I, (t) =oshksnls, Shy — (0n +ms) I,
I, (t) =pacpnkipnly, Shy — ftsatisals, Iay — (On + M) Lo,
Il/n (t) =poopnbiphlp, Shy — (0n +mp) Iy, ,
I, (t) =pvsabisals, Iy + cmpbmndim, Sh, — (0 + Man) Iy
Shy (t) =11 = 0nSh, — (Pa + Do) phkiphIpy Shy — Ashish sy Shy
— AmnEmhdmg Shy s
I, (t) =shkshlsy Shy — (0n +mis) I,
Iy, (t) =Paphkpnlps Sy — tisatisalsy Loy = (9 +1ma) Iay,
Iy, (t) =puaphbiphIpy Shy — (O 4 myp) I,
I, (t) =pasabsalsy Loy + OmbbmnImy Shy — (On + M) Iy

The Jacobian matrix of ((5.25a))-(5.25n)) at Z;yVi = 1,...,5 is given by

Jionr O1 O
%0 = J4 Jigg 03 fori = 1, ey 5.
Js O3 Jigs

Ji1 Ji2 Ji3 Jia J1is5 O
Jo1 g2 O Joa j25 O

0 0 J33 Jsa jz3s O
Jior = | . . . . . )
Jag Jaz 0 Jaa Jas Jag

Js1 Js2 0 Jsa Js5 O

Jje1 Je2 O 0 0 Jes

(6.28)

(6.29)
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where ji1,1 = —0p — 0 —apriply,,, Jr2 = —pkpSp,, J1,3="p, J1a=0(1—Bpply,),
Ji5 = —0B8pspSp.,s  Jei = pkplp,, J22 = apkpSp, — (6p +mp) — 0,  joa =
(1 = 0)0Bpseplp,,, 25 = (1 — 0)0(1 + Bps5pSp,,)s  Jsz = —(rp + me), Jsa =
00Bpreplp,,, 35 = 001+ BprpSp,, ), Jag = 0(1=Bpsgply,,), Jaz = —08ps0Sp,,, jaa =
—0p — 0 — apkiplp, .  Jas = —0pkpSp,,  Jas = Tp, Js1 = (1 — 0)0Bpsply,
Jsz = (1= 0)0(1 + BpsgpSp,, ),  Jsa = opkply,, Jss = —(6p +mp +0), Jo1 =

00Bpsplp,, Jo.2 = 0O(1 + Bps5pSp,,)s Jo.6 = —(rp + me).

Jir Jrs 0O 0  Jrn
Js7 Jssg O 0 0
Jigg = | Jo7  Jos Joo O 0, (6.30)

Jioz 0O 0 Jiow O

Juir Jug Jue 00 Jinn

Jiz,12 Jizas 0O 0 Ji216
J1312 Jizaz 0 0 0
Jios = | Jiaa2 Jia13 Jiana O 0 , (6.31)
Jisi2 0 0 Jisis O
Jie12 Jie1s Jieia 0 1616

where j77 = ji2,12 = —0n — pnkiphdp, — asnkshls — ampEmnlm,,, J1.8 = ji12,13 =
—QshKshShy,  J7,11 = J1216 = —QmhKEmhShy,s  J87 = J13,12 = —Qshksnls,,, Jss =
J1313 = QshkshSh, — (O + ms),  Jo7 = Jia12 = YaQphkphlp, Jog = j1a13 =
_Masaﬁsalaa j9,9 = j14,14 = _Masa"fsajsw - (5h + ma)y j10,7 = j15,12 = (1 -
Ya)yhkphdp,,, 10,10 = Ji515 = —(On + M),  J11,17 = J16,12 = OmhEmbdm,,, j11,8 =

J16,13 = M Osaksala,,, J11,9 = J1614 = B OsaRsals,,, 11,11 = J16,16 = ¥mhEmhSh, —
(5h + mm)

0 jrz 0 0 00 00 00 jia5 0
0 0 0000 0000 0 0
Ji=10 joo 000 O0|,J5=][000 0 jus 0],
0 jioz 0 0 0 0 0000 jiss O
(0 0 000 0 (0000 0 0
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where j72 = ji125 = —QprkphShy, Jo2 = J145 = YaQphKphShy, Jlo2 = Jiss = (1 —
Ya)yhKphSh, - O1,02 and O3 are zero matrices

_ _ 0O 00O 00O
0O 0 00O
00 0 0 o0
0O 0 0 0 O
O = ,O=10 0 0 0 O
0O 0 0 0 O
00 0 0 O
0O 00O 0O
- - 00 0 0 o0

J1,Jo and J3 are the key Jacobian matrices or principal minors of the Jacobian matrix
J given in (5.26). The Jacobian matrix is stable at an equilibrium point Z7%, i =1,...6
if and only if the key Jacobian matrices are stable at Z3, (by Corollary |3.26)).

6.6.1 Stability analysis of the disease free equilibrium

The first disease equilibrium (¢ = 1) is the disease free equilibrium, 27, = (Z,, Z7,)
where Z}, = (g—;’,O,g—:,0,0, 0,0). Stability analysis of Z7, = (Z},,Z},) is given as

follows.

Theorem 6.2. If Ry9, <1, Ry, <1, Ry, < 1, vy, < 1, then Z7, isLAS

Proof. At Z7  the Jacobian matrix (5.26) becomes

Jiet O1 O
\710 = j(ng) = J4 Jlgg Og . (6.32)
Js O3  Jigs

At Ef = (g—i, 0,0, Z—i, 0,0), first key Jacobian matrix is

Ji1 Ji2 J13 Jia Jis O
0 j272 0 0 j2,5 0

0 0 33 0 435 O
Jig1 = , . . . ; (6.33)
0 Ja2 0 Jaa Jas Jas

0 52 0 0 gs55 O

0 Js2 0 0 0 Jego

where j171 = —(5p — 9, j172 = —Ozplipgf, j173 = Tp, j174 = (9, j175 = —Gﬁp%pgf,
J22 = apﬁpgf — (0p + mp) -0, J25 = (1 —a)0(1 + 5}7”})%% J3,3 = _(Tp + me),
J35 = 00(1 + 5p%pgf), Ja2 = —95p%pgf7 Jag=—0p—0, jas= —Oépﬁpgf7 J4,6 = Tp,
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B2 = (1= 0)0(1 + Bpseps®), o5 = —(0p + mp +0), Jo2 = o0(1 + Bpigp®), Jos =
—(rp +me).

The characteristic polynomial of Ji,1 is
Cio = (A —mp(Ro — 1)* (A + 6,) (A + (5, + 20))

Hence, the key Jacobian matrix Jy,1 is stable if Ry, < 1. The key Jacobian matrix

Ji02 and Ji,3 are the same as the key Jacobian matrix (12 Ch4),

Js3 Jsa O 0 37
0 jua O 0 0
Jiga=Jigza=Jiz2=1| 0 0 455 0 0 |,

0 0 0 jsgg O

0 0 0 0 jrr

where j3 3 = —0p, jza = (—DasnksnSy, » J37 = (=) mnkmnSh, » jaa = QsnksnSyy, —
(On+ms), jss = (=1)(0h—ma), Jo,6 = (—1)(6h—mm0), J7,;7 = Cmnbkimn Sy, — (On+mm),
Jg1 = —0p,Jg2 = — (0p +myp) Rpos, jo2 = Joo = (0p +my) (Rpes — 1) Recall some re-
sults from Sub-section that Ji1 is proven to be stable if R, <1 and Jj2 is proven
to be stable if Ry, < 1 and R, < 1. Since Jis1 = Ji1 and R, < Rpp,, therefore
J1o1 is stable if Ry9, <. Since Ji,2 = Jis2 = Ji2 therefore Ji,o0 = Jis2 are stable if
Ry, <1 and Ry, < 1. Therefore Z7, is well defined and stable if R, < 1, Ry, <1 and
R < 1. O

This result means that disease eradication is possible for a sufficient small parameter
fp when the both regions are disease free without traveling (that is, Rpp, for small
Bp when R, < 1). From if 8, = 0 and R, < 1 holds, then infectious diseases
should disappear in both regions. However, the disease free state among birds does not
guarantee a disease free state among humans. The following are three possible disease

equilibria.

6.6.2 Stability analysis of swine flu epidemic equilibrium in both regions
The swine flu epidemic equilibrium is

Zsy = (234, Z3)
where

Z3 = (S5,,0,0,85, T

P20’ 8207

0,0,0,0),
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is the swine flu epidemic equilibrium in each region. Here

7

* _qx __'Ip
Sp2a - SPO - 5707
wo_m 1
h2e 6 Rep,’
* TIh _ 1 )

A Ry,"

Theorem 6.3. If Ry, < 1 and Rg, > max{R,p,1} then the swine flu epidemic
equilibrium Z5 . is LAS.

Proof. At Z3_ the Jacobian matrix (6.32)) becomes

Jows1 O1 Oq
Joo = T (Z5,) = Ji  Jas2 O3
Js O3  Jas3

Jao1 = J1o1, 80 from the last Sub-section, Ja,1 is table if and only if Ry9, < 1.

The second and third key Jacobian matrices Jo,o = Jos3, are the same as the key
Jacobian matrix given in (4.31)

J33 Jsa O 0 37
jaz 0 0 0 O
Jogo = Jogz = Ji2 = 0 0 455 0 0

0 0 0 jeg O

0 0 gz 0 Jr7

where j3 3 = (=1)(6n + asnkisnls,,), Jsa = (—DasnksnSy, , Js37 = (=1)amnkmnSh,
jas = (—Daspksnly, o Jss = (—1) [paspkanls,, + (6n +ma)], Jee = (—1)(0n + m0),
g5 = (=D|pasaksals, ,  Jr,7 = QmpbmnSh, + (6n + M)

Recall some results from Sub-section that Jop is proven to be stable if R, <1
and Jig is proven to be stable if Ry, > max{R,,p, 1}. Since Joy1 = Jo1 and R, < Ry,

then Jos1 is stable if Ryg, < 1 Since Jayo = Ji53 = Joa therefore Joso = Ji43 are stable
if Rgp, > max{ R, 1}. d

6.6.3 Stabilty analysis of mutant-avian flu epidemic equilibrium

The mutant avian flu epidemic equilibrium, ngﬁ, corresponds to the situation in which
there are no birds or humans infected by avian flu and no humans infected by swine

flu but there are humans infected by mutant-avian flu. By using the definitions of the
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basic reproduction numbers in Section

Z3, = (Z34, Z31), (6.34)
with

Z3 = (8,,,0,0,5}5,,0,0,0, 1., ),
where

* _ *_np
S _Spo_i

P3o 5])

o _ 1

Mo = 5, Ry’

* h 1

).

_ 1—
Moy, + mm( Ryn

Theorem 6.4. If Ry, < 1 and Ry, > max{ R, 1} then Z3 is[LAS

Proof. At Z3_ the Jacobian matrix (5.26]) becomes

J3s1 O1 Oq
Jso = T (Z3,) = Ji J3e2 O3
Js O3  J3s3

J301 = J151, S0 J341 is table if and only if Rpgg < 1.

The second and third key Jacobian matrices J3,o = J343, are the same as J39, the
key Jacobian matrix given in (4.40)),

J33 Jsa O 0 37
0 juu O 0 0
S350 = J353 = J32 = 0 0 755 O 0 Jdork=1,...,4,

where ji11 = (=1)0p, j12 = —apkpSy,  Joo2 = —apkpSy, — (6p + my),  Jsz =
(=) 0n + amnbmndy,, ),  Jsa = (=DasnksnSh, o Js7 = (=D)mnkmnSh, s jaa =
(=DasnksnSh,, — (0n +ms), jss = (=1)(0n + ma), jos = (=1)(0n + mu), jr3 =
(—1)amh/£mhlesd, j777 = amhﬁth,’:3g — ((5h + mm).

Recall some results from Sub-section that J31 is proven to be stable if 9,1
and Jsp is proven to be stable if R,,;, > max{R,,1}. Since J351 and R, < Rpp, < 1

therefore J3,1 are stable if Rpp, < 1. Since J3,2 = J353 = J32 therefore J3,0 and J3,3
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are stable if R,,, > max{Rg, 1}. O

6.6.4 Stability analysis of avian-flu epidemic equilibrium.
The disease state when there are avian flu epidemics among birds and humans, Z} , is
Zie = (23, Zyy) (6.35)
with

Zi = (S:, I, ,C*

Pac’ "Pac’ T Pdc?

o015 7, ,0),

s tage

where

1
g =g = >0

P P® g R0
By =l = g ) >0
0 R 1
O =0 == ) oy e e o)
Nh
Si, = Héﬁ
where 7y, is defined as ,
"o = Uhafg:fzsp) (1 - Rib‘a) ' (6.36)

o On +mq 1+ Tpho ’

and

o= A=7)m (1 1 >
bae T 5. | o T
On +my 1+ Tpho
Theorem 6.5. If Ry, > 1 and max{Rs,, Rpp} < 1+ 1py then Zj, = (Z4,Z3,) is
LAS.

Proof. At Z}, the Jacobian matrix (5.26]) becomes

Jict O1 Oq
Jie =T (Ziy)=| Ji Jiw2 Os
Js O3 Jus3
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At Z}_ the Jacobian matrix (5.26) becomes

Jigt 01 O
Tie=T(Zis)=| Ji Jiw2 Oz
Js O3 Juss

From (§.37)

Ji1 J1i2 13 Jia gip O
Jo1 g2 0 jgoa J25 O

0 0 J33 Jsa J3s O
Jion = | . . . . . ; (6.37)
Jax Jaz 0 Jaa Jas Jas

Jsa Js2 0 Jgsa gss O

Je1 Je2 0 0 0 Jsg

where ji1 = =0, — 0 — apkplp,, ji2=—pkpSp., J1.3="p, J1.4 =01 — Bprgply,, ),
J1s = —0BppSpy,,  J21 = Qplplp,,, 22 = apkpSp, — (Op +myp) — 0, Jou =
(1 = 0)0Bpstplpy,,  Jo5 = (1 — 0)0(L + BpsepSp,,),  Jsz = —(rp + me), Jsa =
00B8psplps,s 335 = 001+ Bp36pSps, ), Jag = 0(1—Bpsgply,,), Jaz = —0Bp>pSps,s jaa =
—0p — 0 — apkply,,, Jas = —0pkpSpys  Jae = Tp,  Js1 = (1 — 0)0Bpsplp,, .

gs2 = (1 = 0)0(1 + BpsepSps, ), Jsa = Qpkiplpy,, Js5 = —(0p +mp +0),  Jo1 =

00B8psplp,,, Jo2 = 00(1 + Bp36pSp, ), Jo.6 = —(1p + me).

At &5 = (S;j®7 Ly O Spes Lpg s C;@), the key Jacobian matrix Jy,1 can be written as

A B
Jig1 = 6.38
o1 5 4 (6.38)
where
a1 ai2 Ty big biz O
A= | a1 az2 O B=| b21 b22 O

0 0 as.3 6371 b372 0
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where
a11 = —0,— 0 — ok, I} = —6,—0 — apk "l (1-— 1 )
_ * Tp 1
arz = —apkpSy, apkp 5, Fons
a1,3 = ’l“p
* Tlp 1
= Ir = 1
a1 = apkply, ap,%pép n mp( Rpeg)
* 7717 1
az,2 = apkpSp, — (0p +myp) — 0 = Ofp’fP(TRi —(0p +my) — 0
p flpbo
azz = —(rp +me)
_ * 0\ Tlp 1
b1 =6(1— Bp%plm) =60(1— ﬁp%pd n mp(l — Rpgg)
bio = —9Bp%pS;4 = —0B, p(S Rone
* 1
beg = (1 —0)0Bprepl,, = (1 — )Gﬁp%pé " mp(l — Rpeg)
b2,2 = (1 - 0—)9(1 + ,Bp%pS;4) - (1 - U) (1 + ﬁp%p
Op Rpgg
bs1 = 00B,,1* = 008, Ty (1-— 1 )
7 per P p5p +my Rpoos
" 1
b3z =00 (1 + 51’%1’5104) =o0(1 + ﬁp%p%R )
p flpbo

At E7, the eigen-values of matrix Jy, is identical to those C = A+Band D =A—-B

1,1 C12 €13 dig dip di
C=|¢c1 c2 0 D= | d1 d22 O

Y

as1 asz2 as3 d31 d32 d3g3
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where

7 1 Tp 1
61,12*517*‘9*0‘10“105 +pmp(17R9 ) + < ﬂp%p(; +mp(17R9 ))
pvo pbo

= —0p — ];f(l - R;a)a

1,2 ap/ipng;g — 08y p5 Rieg = (5P}_zf6mp) R;U7

€1,3 = Tp,

€21 = ap"ﬂp(;p mep (1- Ri&a) (1- )eﬁp%pé T m <1 - R;J) )
= 5 Ry = Bya)1— ),

1 1
€22 = ap’fpgp R —(Op+mp) =0+ (1-0)0 <1 + ﬁp%pé R )
g pbo

np 1 Rpg 1
= o — (1 - =c——(1-—
@1=9 Bp%pd —|—mp( Rpgg) g 5p < Rpgg ’

1 R 1
6372 g < + /Bp P 5 Rp00-> g < + (Spi—{— mp Rp60.>

cg3 = —(rp +me)
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and
Tlp 1 Tlp 1
di1=—-06,—60— 1— 1-—
1,1 p ap“p5p+mp( Rpea) < ﬁp%pé +mp( Rpeg))
1 1
- _517 — 20 — g(Rp - Rpﬁ)(l - Rp@a)’
Tlp
d —Opk +9
1,2 = D p(s R Bp p(g Rpao
1 1
=——(R,— R 1-— ,
(5p+mp)( P PB)( Rp@a)
d173 =Tp
_ Mp _ 1 B 1
do1 = O‘p“p(sp +my (1 Rpeo) (1- )Qﬂp%p(; Tm <1 Rpgg>
1 1
= — — — 1 _
5p (URPG Rpﬁ)( Rpeg):
d —a/@@i—@ +mp)—0—(1—0)0 1+ﬁ% !
2,2 — &p pép Rpea p D D p5 Rpea
1 1
(o )(5p+mp)( 0 p[J’)RpeU

Ny 1 Rps 1
d3’1 U@ﬁp%p 5 +mp < Rp90> I 517 ( Rp00> ’

1 R 1
dzo = —ab (1 S .
2 7 < +ﬁp%p5 Rp00> U( +5p+mpRp0cr>

d3’3 = —(Tp + mc).

Note that matrices A and B have the same form as following

mi1 Mi2 M3

M= | m21 m22 O

m31 Mm32 7MM33

For this kind of matrix, the following Routh-Hurwitz theorem is stated as follows,

Theorem 6.6. Routh-Hurwitz. Let x1 = —tr(M), xo = My + My + M3 and x3 =
det(M), where M; = mjimags — mo1mi2, My = myiimz3 — m3imi3 and My =
moomgg. Then M is stable (i.e each of eigen value of M has negative real part) if and
only if the following conditions hold:

(Z) X1 > 07

(ii) x3 >0,

(111) x1x2 — x3 > 0.
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Here det(M) is the determinant of matrix M and tr(M) is the trace of matrix M,

it is the sum of the diagonal elements of M.

First, consider the matrix C = A + B. It is required to show that x; = tr(C) >
0. Given 0 < 0 < 1, Ryp, > 1. It is obvious that the diagonal elements are all

. R
negative. Ci11 = —6, — 5—;’3"(1 - ﬁ) < 0, c22 = apnpg—:ﬁ — (0p +mp) — 6 +
(1—-0)0 (1 + ﬁp%pg—;ﬁ) < 0and c33 = —(rp + me) < 0. Hence, tr(M) = Cy1 +
Co2 +C33 < 0and x1 = —tr(M) > 0. c21 > 0,c32 > 0,¢13 > 0. It is ease to

show that M; > 0 for all i = 1,2,3. Therefore, by Theorem matrix C = A+ B
is stable. Similarly, it is ease to proof that matrix D = A — B is stable. Hence, at

Ely = (Spaos Lysos Spaos Ipss) the key Jacobian matrix Jyg is stable.

The second and third key Jacobian matrices

J33 Jsa 0 0 37
0 jsa O 0O O
Jico = Jao3 = | js3 Jsa Jss 0O 0 fork=1,...4

Jes 0 0 gge O

0 Jjra O 0 Jr7

where ji1 = (=1)0p(aprply, ), J12 = —apkpS,, s J21 = apkply — (8 + myp),
Jo2 = apkpSy, = (0p+myp) =0, jzz = (=1)(0n+apnrpnly, ), Jsa= (—DasmksnSy,,
g7 = (=DamnkmnSy,,  Jjaa = (=DasnksnSy, — (O +ms),  Js3 = Ypnkipndp,
Jsa = (mDpasakisaly, s  Jss = (=1)(0n +ma), Josz = (1 —¥)apnkpnly, , Joo =
(=) (0n +mwp), Jr4 = pasakisals, , J1,7 = CmnkmnSy, + (0 + M)

Next for the other key Jacobian matrices, By, k& = 1,...,4. Results from Sub-
section show that

I = Jao2| = AT — Jags| = f_g (A — jik) =0

with jir, ¢ = 1,...7 are all real negatives. Furthermore, the matrix Jy,o and Jys3
stable if

Nh

NhQspKsh
Ospkgh—a— — (0, — ) <0 & ————_ <1+ 710,
sh Sh1—|—’l”p9g (h S) 5h(5h—m5) po
< Rsp <1+ 1pps
and
Zih NhOmhEmh

Amplish——2— — (6p — M) <0 & — " <1+ 194
mh sh1+rp00 (h m) 6h(5h*mm) o

& Ropp <14 1p00
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Therefore Z3, well-defined and stable if Rps, > 1 and max{Rgs, Rmn} < 1+ rpes.
Therefore Z} , is [LAS] ]

6.6.5 Stability analysis of avian flu epidemic among birds and humans combined

with mutant avian flu epidemic among humans

The disease state equilibrium point ZZ corresponds to the situation in which there are
avian flu epidemic among birds and humans combined with mutant avian flu epidemic

among humans,

Zi, = (23, Z3) (0:39)
with
Z;t = (S;5a ’ I;5a’ C;;sga S;kLEja’ 0, Izlkw ’ Il;ksa’ I:%a)’
where
* * np 1
P50 P 617 Rpeo’
Tlp 1
¥ =1 = 1— >0
P50 P® 5p +my ( Rpgg)
o n Rps 1
Cro=Cr == s (-
P50 P (””p —+ mC) (Tp + mc) Rp@a Rp@o')
K 61) +my _ " 1

P5o - 5
o apkp 0p Rpoo

Now ([4.20c|) gives

* 5}1
ImSU == m [Rmh - (1 + Tp@o-)] .

where 74, is defined by (5.32))

- QphKphTlp <1 1 )
P Nh (517 + mp) Rp90'

Therefore for I, > 0 it is necessary that Ry, > 1+ 7. Finally (4.20d)) and (4.20¢)

give

* YNhTph

=—"">0
7 (0p + ma)Rmp
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and

o (L=)mmrpn
b (Op + M) Ry

Theorem 6.7. If Ry, > 1 and Ry,p, > max{Rgs, 1 + rpn} then Z3, = (Z%,Z%,) is
LAS

Proof. At ZZ the Jacobian matrix (6.32)) becomes

Jse1 O1 Oq
Tso = T (Z2,) = Ji Jse2 O3
Js O3  Jss3

The first key Jacobian matrix is given by (6.38))

A B
J561 =
B A

Result from the last section show that at EZ the key Jacobian matrix J5,1 is stable.

and
[ 33 dsa O 0 sz ]
0 jsa O 0 O
Js02 = J1c3 = | js3 Jsa Jss5 O 0O fork=1,...,4
Jes 0 0 Jjesg O
| J73 Jra 0 0 gr7 |
where j11 = (=1)0p(apkply. ), Jr2 = —pkpSy. o Joi = apriply  — (0 4 my),

Jo2 = apkpSp. — (0p +myp), Jsz = (=1)(0n + apnripnly;, + amnkmnly,, ), Jsa =
(=DasnksnSy, o Js7 = (—DmnkmnSy._,  Jaa = (—DaspksnSh, — (0n + ms),
Js3 = Yopnkpnly, ,  Jsa = (—Dpasaksaly, , g5 = (=1)(0n +ma), Jesz = (1 —
Yepukipnly, , oo = (=1)(0n + M),  J73 = mnkmnly,,, s  Jra = posaksaly;
31,7 = Qmnkmn Sy, + (O + mm).

A result from Sub—section the key jacobian matrices c is stable at £). Hence,
the key jacobian matrix J541 is stable at EY)).

Results from Sub-section .5.6] show that

AL = Jsga| = |AI — Jsps] = [Hf_3 (A — jks)] N> +0A+ ] =0
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where

h— AUmhRmhny,

>0

and
* *
¢ = Qmnbmh g CmntmnSh, > 0

If I(S;__,t) > 0 then I(S; ,t) | 0 as t T oo. Hence this is effectively a stability

condition for the coordinate I, = 0. Since

(5h + mm)

- (6h + ms) <0
AmhBEmh

ash’ishs}*bs — (5h + ms) <0 & agpksh

< Ry < Rop.

Therefore, ZZ, is well-defined and stable if R, > 1 and R, > max{Rs,1 +1rpp}. O

6.7 Simulation

The estimated values of the epidemiological parameters and the population parameters
used in the numerical simulation are adopted from Chapters 4 and 5. The variation
on screening probability represent the commitment of each region on preventing the
spread of disease from outside. When an infected bird is identified, it will be culled
and disposed. As expected, the probability of successful border screening affects the
proportion culled birds. Increasing the probability of successful border screening that
is implemented at the entry point of a region i, o;, will increase the proportion of culled

birds at the region 1.

Following the scenario was developed in Chapter 4, poultry chickens from Central
Java are transported to West Java and Jakarta. Some chicken in Jakarta markets are re-
transported to Banten and then to Lampung in Sumatra. To see the effect of screening
and subsequent culling policies, it is assumed that the set of policies is implemented in
the entry points to Jakarta to prevent the spread of avian flu from Central and West

Java.

In the simulation, the probability of successful border screening at east entry points
of Jakarta is assumed to be 0.5, o3 = 0.5. Fig. shows the dynamics of culled birds
in the provinces. Since the set of policies is implemented at the east border of Jakarta
only, there are no culled birds in Central Java, West Java, Banten and Lampung except
Jakarta. The policy implemented at the East border of Jakarta affects the proportion
of infected birds outside Jakarta, Banten and Lampung. Figure [6.1] shows that the
policies do not affect the disease dynamics in Central and West Java, but it does

affect the disease dynamics in Jakarta, Banten and Lampung. In these provinces, the
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Fig. 6.1: The proportion of culled birds in the provinces as a result of the implementation
of screening and subsequent culling policies with o3 = 0.5 at east borders of
Jakarta. The horizontal axis is time in days. (a), (b), (c¢), (d) and (e) are the
proportion of infected birds in Central Java, West Java, Jakarta, Banten and
Lampung respectively.

proportion of infected birds are reduced.

The policy implemented at the East border of Jakarta also affects the dynamics of
diseases of humans in Jakarta, Banten and Lampung. Variations in o3 have no effect to
the dynamics of human diseases in Central Java and West Java. It has significant effects
on the spread of diseases among humans in Jakarta, Banten and Lampung (Figures 6.3
-4.4).

6.8 Discussion

Implementing entry screening policies for infectious birds entering a region is effective
in reducing the spread of disease among birds and humans in the region. Increasing the
probability of successful screening of birds entering a region will decrease the magnitude
of disease among birds and humans in the region at the expense of increased costs of

screening and culling.
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Fig. 6.2: The proportion of infectious birds in the provinces as a result of the implemen-
tation of screening and subsequent culling policies with o3 = 0.5 at the East
borders of Jakarta. The horizontal axis is time in days. (a), (b), (c), (d) and
(e) are the proportion of infected birds in Central Java, West Java, Jakarta,
Banten and Lampung respectively.

By Theorem disease eradication among birds and humans in both regions is
possible. Theorems and however, show that the disease free states

among birds does not guarantee disease free states among humans.

In the case of R,5, > 1 avian flu is endemic among birds in both regions. In this case

there are two possible endemic states; avian flu is endemic among birds and humans

or avian flu is endemic among birds and humans but with mutant-avian flu present in

humans. The disease will be endemic among birds and humans in both regions in the

sense of permanence, which means that the number of infected birds and humans will

be bounded below by positive constants which are independent of initial values.
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Fig. 6.3: The proportion of human cases in the five provinces as a result of the imple-
mentation of screening and subsequent culling policies with o3 = 0.5 at the
East borders of Jakarta. The horizontal axis is time in days. (a), (b), (c), (d)
and (e) are the proportion of human case in Central Java, West Java, Jakarta,
Banten and Lampung respectively.
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Fig. 6.4: The proportion of infected human with Mutant avian-flu in the five provinces
as a result of the implementation of screening and subsequent culling policies
with o3 = 0.5 at the East borders of Jakarta. The horizontal axis is time in
days. (a), (b), (¢), (d) and (e) are the proportion of infectious humans with
Mutant avian-flu in Central Java, West Java, Jakarta, Banten and Lampung
respectively.



7. CONTROLLING THE SPREAD OF DISEASE

Studies of uncontrolled systems in Chapter 4 showed that, even if there are disease
free equilibria, it usually takes a long time for the disease to disappear. Therefore, the

disease may cause a large number of casualties among birds and humans.

Results in Chapter 6 show that implementing screening policies for infectious birds
entering a region is effective for reducing the spread of disease among birds and humans
in the region. Increasing the probability of successful screening of birds entering a
region will decrease the impact of the disease among birds and humans in the region
at the expense of increased costs of screening and culling. This indicates some trade-
off is required between the level of screening and the impact of the disease. This is
particularly important in Indonesia where resources for screening and culling programs
and other forms in intervention are limited. Therefore, it is of interest to devise disease
control policies such that the disease can be contained in a relatively short period of

time possibly with some economic trade-off.

This chapter develops models for analyzing and interpreting the effect of the imple-
mentation of control policies in order to develop a strategy that is optimal subject to

limited resources.

The screening of birds discussed in Chapter 6 is a control measure but was presented
as a fixed program over time and and was not optimized in any way. The control
measures discussed in this chapter are time dependent. The key question is given
limited resources for implementing a control measure, what should the level of control

be, viewed as a function of time, so as to maximize the effect of the control measure.

Section [7.3] outlines a disease control problem. The necessary condition for the
existence of an optimal control is given in Section [7.4] Finally, Section discusses
some results of the study. Section[7.5|outlines an indirect method algorithm for solving
the optimal disease control problem (ODCP]) in the simulation study.

7.1 Uncontrolled system

Recall from Chapter 4 that the disease dynamics in a single region is governed by the

initial value problem ([VP)) (4.3a))-(4.3h))

S, =mp — 0p Sp — kIS, (7.1a)
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I, = apkip ISy — (8, +my) I, (7.1b)
S5, = nn — On Sh — pnkiph LpSh — asnksnIsSh — QmnFmnImSh (7.1c)
Il = agkspIsSp — (On +ms) I (7.1d)
I} = yopnkpn IpSh — psabisalsle — (O +ma) I, (7.1e)
Iy = (1 — y)apnkipnlpSn — (0n +mp) I (7.1f)
I, = pasakisalsla + CmpKmpImSh — (On 4 mm) I, (7.1g)
Z(0) = Zo, Zo € [0,T] x R, (7.1h)

Where the set of epidemic parameters @1 C ]Ril

Ql = {77;D7Tlh75]?75h7ap7ash7aphau7asa7amhuHpaK'shaK'ph7ﬁsa7ﬁmh7

My, M, My, M, M, 7}

are defined in Section [4.1l The basic reproduction numbers of avian flu transmission
in the bird world is given by (4.6]) as

Tlp Opkyp
Ry=—F"——FF+"—. 7.2
P bp (Op +mp) 7-2)

The basic reproduction number of swine flu transmission among humans is given by

@D as

TIh O sh Rsh,
Ry =—F"——"7-—"—". 7.3
" 5 (6 + ms) 7-3)

the basic reproduction number of mutant-avian flu transmission among humans is given

byas

TIh Cmh Emh

Ry = 1 Cmhomh_
LA (On 4+ mm)

(7.4)

7.2 Designing the disease controls

The sensitivity analysis of the basic reproduction numbers Rz, Ry, and R,,;, in Section
shows that R, is the most sensitive to k, R, is the most sensitive to xg, and R,y
is the most sensitive to k,,,. These results show that the contact intensities between
infected and susceptible individuals, &, ks, and k,,;, are the most feasible parameters

to be controlled for reducing the transmission of the diseases.

Let ¢,(t) be the disease control function that aims to reduce the transmission of
avian flu among birds. In principle, the control functions could have been defined
to target different control strategies. For example ¢,(t) could been chosen to target
farming methods that influence the level of contact between families and their poultry

and the control measures g (t) and ¢, (t) could have been defined to target social
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distancing programs. These were not developed further in light of the discussions at

the beginning or this chapter and the beginning of the previous chapter.

The disease control functions ¢, () is implemented into the system in such a way
that the rates of change of infected humans are modeled using relatively simple ex-
tensions of the uncontrolled system —. In order to increase the number of
susceptible birds, is modified into

S,,) = 1lp — 0p Sp — apkip(1 — p)IpSp,
In order to decrease the number of infected birds, (7.1b)) is modified into
I, = ophip(1 — @p)IpSp — (6p + mp) I,

- @sh(t), opn(t) and @mp(t) are implanted into the system in a similar way.

7.3 Optimal disease control problem

The problem of designing optimal disease control policies is equivalent to the problem

of finding optimal policies p*(t) = (w5 (t), Pep, (), Py, (1)) such that

JH() = min J () (7.5)
where
trrC Cs Cnm
s) = [ (P St St - 5,0 - 510 . (7.

subject to the disease state constraints

Szla = 1lp — 0p Sp — apkip(1 — p)IpSp, (7.7a)
I, = aprip(1 = ¢p)1pSy — (8p +mp) I, (7.7b)
Sy =nn — 0 Sp — apnkphIpSy — agnkish (1 — wsn)IsSh (7.7¢)
— amhkmh (1 = @mn) ImSh, (7.7d)
I = agka (1 — @sp) LSy — (0n + ms) Is, (7.7¢)
I = yapnkpnlpSh — pasatisalsly — (On + ma) Ia, (7.71)
Iy = (1 = 7)aphtiphIpSp — (on +myp) I (7.7g)
Iy = pesatisals o + Qmhbmh (1 = @mn) ImSh — (0 + M) I, (7.7h)
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and the control constraints

0<pp <y <1, (7.8a)
0< oo <95, <1, (7.8b)
0< @mn <%, <1. (7.8¢)

The problem of finding an optimal policy ¢*(t) = (¢,(t), p5, (), @5, (1)) is referred to
as optimal disease control problem (ODCP]).

7.4 Necessary conditions for the optimality of the disease controls

In this section the emphasis is on setting the necessary conditions for optimality of
the [ODCP| based on Theorem the Pontryagins maximum principle. Consider the

Hamiltonian function

C C, Chm
H=(-1) | -Bp2+ 22, 4 T2 S(t) — Sh(t)

2 7P 2 2
+ Cplnp — 0pSp — aphip(1 — @) IpSy] (7.9)
+ &plaprp(1 — @p)IpSp — (6p + myp) 1]
+ Culnn — On Sh — apnkipnlySh (7.10)

— agnkish(l — @sn)IsSh]

+ Eslasnrisn (1 — psn) IsSh — (0p + ms) 1]

+ EalyopnkpnIpSh — posatisaIsly — (8 +mg) 1y),

+ &[(1 — y)apnkpnlp Sy — (0n, + my) Ip)

+ &nlpasalisalsly + ampnimn (1 — @mn) ImSh — (0n + M) L] (7.11)

where the adjoint variables (p,&p, (n, s, €as &b, &m are defined by the linear differential

equations
(I/, = —14[0p + aprp(1 — @p)L|Cp — aprip(1 — @p) Ipép, (7.12a)
61/7 = aphip(1 = p)Splp — apkip(1 — p)Spép — YprkphShéa
— (L = v)apnkpnSnép, (7.12b)

C;L =—-1+4+ [(5h + Oéphliphfp + Oéshlish(l — Spsh)Is
+ amh/imh<1 - (th)Im]gh - ashﬁsh(l - @sh)Isfs;
- ’Yaphﬂphjpfa - (1 - V)Ckphffphlpfb — o EmhImEm, (7.120)

& = agmksn(l — 0sn)SsnCh + [—aspiisn (1 — osn)Ls + (0n + ms)]Es (7.12d)
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+ psarisalaa — ptsaksalam, (7.12e)
&o = [Hasakisals + (On +ma)l€a — potsakisalsém (7.12f)
& = (0n +mp)&p (7.12g)
& = Cmhbimh (1 = ©mn) Shén + [~ mnkimn (1 — @mn)Sh,

+ (On + M) m- (7.12h)

In order to maximize the Hamiltonian subject to the given control constraints.

Consider the Lagrangian function

L= H"'Vpgpp"i'ﬁp(@p(]_‘pp)'i'l/sh‘psh'i‘ﬁsh(‘Pgh_‘Psh)‘Fth‘th"'ﬁmh(‘szh_‘th) (7.13)

where vy, Uy, Vsh, Osh, Vmh, Ump are nonnegative Lagrange multipliers for the control
constraints. Set the relevant partial derivatives equal to zero and apply the Karush-

Kuhn-Tucker conditions to obtain

oL

90, =0= —Cpop+ (G — &p)aprpl,Sp +vp — 9, =0 (7.14a)
p
oL
agp N =0= _Csh‘psh + (Csh - gsh)ash"{‘shjshssh + Vsp — ﬁsh =0 (714b)
oL
8@ N =0= _thSDmh + (th - gmh)amh/{mhIthmh + Vmh — 'lgmh =0

(7.14c)

and UVpPp = Ovﬁp(wg - Qpp) = 07 VshPsh = Oaﬁsh((pg}l - Sosh) = O,thﬁﬂmh = 0 and
ﬂmh(gpglh — ©mn) = 0. It follows that

0 if ¢, <&
Op = (Cp_fp)g:’fplpsp if0< (Cp_fp)gp“plpsp < @g (7153)
(pg if SOpU < (Cp—&p g:“plpsp
0 if Csh < fsh
oh = (Cshfﬁsh)oéss;;fﬂshfshssh if0 < (Csh— ésh)%&hﬁshlshsbh < @Sh (7.15b)
(pgh if (,OU < (Csh— €sh5)ass};f€shfsh53h
0 if th < émh
Omh = (thfﬁmh)ar::z:mhfmhsmh if0 < (Cmn— Smh)amhﬁmhfmhsmh < (th
%gm if <pU < (= Smh)an;f:mhfmhsmh
(7.15¢)

Note that ¥, = 0 and v, = (¢, — &)pkplpSp > 0 when ¢, = 0 and v, = 0 and
Uy = pcpp + (& — &p)apkplp Sy > 0 when ¢, = cpg . Since 0 < ¢, < cpg, hence

vp = ¥, = 0. Similar remarks apply to the Lagrange multipliers for the other two
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control variables. The optimality conditions are given as follow
@3 (t) = min {maz {0,6,(t)}, &5 } , t € [to,tr], (7.16a)
@i () = min {max {0, gan(t)}, 05}t € [to, tr), (7.16b)
oin(t) = min {maz {0, ¢ (t)}, 05, } . t € [to, tr]. (7.16¢)
where
bo(t) = (G(t) — fp(t)gpﬂpfp(t)Sp&)
- <Cp<t)(;p§p(t)) <5p(5pnj mp)) RoL ()5, (1) (7.170)
pun(t) = o) = fsh(ﬂ)g::nshfsh(t)ssh(t)
_ Csh(t)c_sfsh(t)> <5h(5hn: ms)) Rl (t)Sh(t) (7.17b)
o (t) = Gnn®) = §mh(t)5:;h/<aplmh(t)5mh(t)
= <Cm’”‘(t>c;fp(3h>> (M‘sh; mm)) Ry I (£) S (1) (7.17¢)

7.5 Simulation

In practice it may be convenient to assume that the controls are piecewise constant.
For each given value of the constants can be found local numerical solutions to the
state equations. Since the adjoint system is a system of linear differential equations
with variable coefficients defined in terms of the known state variables it can be found
a local analytic solution for the adjoint variables. Of course the fundamental matrix
for the adjoint system will be expressed in terms of the numerical functions found for

the state variables.

7.5.1 Algorithm

The steps for implementing control are as follow.

1. Subdivide the interval [tg,tr] into N equal subintervals. For ¢ € [tg,tr11] and

k=0,1,...,N — 1 assume piecewise-constant control functions
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2. Apply the assumed controls @éi),gogz and SOZ)h to integrate the state equations

(7.72)-(7.7h) from an initial time ¢y to a final time ¢ with the given initial
conditions Zj € [0,T] x R” and store the disease state trajectory

700) — (sp, 19,5950 10 1) 1,5?) .

3. Applying gpg), goiz}z and 9052)11 and the disease state Z(*) to integrate co-state equa-

tions (7.12al)-(7.12h) backward, i.e., from [tr,to]. The starting value )\8)) (tr) can

be obtained by the transversality conditions

D (tp) = Go(tr),
&0 (tr) = &(tr),
G (tr) = Caltr),
&0 (tr) = &(tr),
&0 (tr) = Laltr),
&) (tr) = &(tr),
ED(tr) = Enltr)

Store the values C}gi)?&(?i)j C;(f)7 gi),f}(zi), §l§i) and 57(7?

4. Let

@) (@)
(ﬁz(j) (Qﬂ —Sp ) <5p(5p + mp)) Rpj—lgz’) (t)Sz(Ji) ()

Cp Tp
50 = (CS(Z) —§§Z)> <5h(5h+ms)> Ran 1D (1)59 (1)
sh Can h shis h
40 _ (cfé%—&é“) <5h<5h+mm>) Ry (6)5 (1)
mh Conr h mhim h

5. Based on the optimality criteria (7.16a)), (7.16b)), (7.16¢)), check the values of
2(71)7 ¢i’h) and ‘bsz)h-

(a) Checking the value of ¢,

i If qbg) > 0 then let goz(,i) = gb;(,i) otherwise gog) =0 go to Step 7.

ii. If qzb,(,i) < gog then let cpg) = qig) otherwise gpig,i) = cpg go to Step 5.
(b) Checking the value of ¢gp

i. If qbg,z > 0 then let gogllz = d{(:}z otherwise gogl,z = 0 go to Step n7.

ii. If gbil,z < gogjh then let gpg}z = gbg?}z otherwise gpg}z = gpgh go to Step 5.
(c) Checking the value of ¢y,

i. If (ﬁ?(ih > 0 then let 9057?}1 = d)ffl)h otherwise cp;?h =0 go to Step 7.
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ii. If gbf?i)h < gog then let wgi)h = qﬁg?h otherwise 9052)11 = ngUnh go to Step 7.

6. Let
o = (57,650,650
where
o) = o),
Pl = Pon
Pk = P
and
20 = (859,159, 817, 100, 100, 17, 16 )
where
5;5*) _ S}()i)’
I[g*) — 1;1)7
S}(L*) _ S}(Lz)’
1) = 1),
7. For k =0,1,...,N — 1 and a step size 7 adjust the piecewise-constant control

functions by

P (1) = o (t) — 760 (1),
D (1) = D (1) — 768 (1),

D (1) = o), (tr) — 76, ().

Let

o (te) = o5 (tr),
9 (tr) = D (13,
0 (t) = D (t)

and return to step 2.



7. CONTROLLING THE SPREAD OF DISEASE 166

Figure [7.1] shows that the optimal control is effective in reducing the proportion of
infected birds with avian flu in the beginning. Increasing proportion of infected birds

in the end is caused by low balancing cost factor for controlling avian flu among birds.

I:II:I-"J- T T T T T T T T T

0.035

0.03

0.025

—= 002

0.015

0.01

0.005

Fig. 7.1: Proportion of infectious poultry birds. The horizontal axis is time in days.
Uncontrolled in blue, controlled in red

Figure shows that the optimal control is effective in reducing the proportion of
infected humans with avian flu in the beginning. Figure [7.3| shows that the optimal

control is effective in reducing the proportion of infected human with avian flu.

7.5.2 Estimation of disease transmission parameters

In uncontrolled systems such as in Chapter 4, equations (4.6]), (4.7) and (4.8) estimate
the basic reproduction numbers for the disease transmissions for estimated epidemio-

logical parameter values given in Section[4.7]and a given a set of population parameters.

For a controlled system however, the problem is slightly different. For a given set
of values of basic reproduction numbers and population parameters, it is necessary
to determine the rate at which the disease spreads in order to control the disease.
The population parameters (1, M, Op, On, Kp, Kphs Kshs Ksas kmp) Used in the numerical

simulation are adopted from Chapter 4.

Estimated basic reproduction numbers of avian influenza transmission among poul-
try birds in Indonesia during 2004-2009 vary between 1.8 to 4.00 [198], [28], [I7]. There-
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fore it is reasonable to take 1.86 as the estimate of the basic reproduction of avian flu
among birds [I125]. The transmission rate among birds is estimated by using the basic
reproduction number formula (|4.6)).

The basic reproduction number of swine flu among humans is estimated to be 1.6
[61] (Rsn, = 1.6). The estimated mean infectious period of infected humans with swine
flu is about 14 days [61]. Swine flu virulence among infectious humans is 0.01 [61]
(ms = 0.01). The transmission rate of swine from humans infectious with swine flu to
susceptible humans is estimated by using the basic reproduction number formula ,
1.82 x 107 per-day (i.e. ag, = 1.82 x 1074).

7.6 Discussion

Analysis showed that the cost of disease controls plays the most important factor in
the optimal control strategy. The quarantine policy is better than the culling policy
during the spread of disease, even if the unit execution cost of the quarantine policy is
more than that of the culling policy. Also the change of the unit execution cost does
affect the total cumulative cost of the optimal prevention policies but does not affect
the relative frequency of each cumulative execution cost. Furthermore, it shows that
an optimal strategy to reduce the number of total infected humans might increase the

chance of containing the mutant influenza.

Controlling the contact intensity between susceptible and infectious birds is effective
in reducing the number of infected birds and humans. The execution costs committed to
the control policies affects the optimal strategy of prevention policies. The quarantine
policy is considered more important compared to the social distancing policy during the
disease spread, even if the unit execution cost of the quarantine policy is more expensive
than that of the social distancing policy. Also, the change of the unit execution cost does
affect the total cumulative cost of the optimal prevention policies but does not affect
the relative frequency of each cumulative execution cost. Furthermore, interestingly, it
shows that an optimal strategy to reduce the number of total infected humans might

increase a chance of invasion by a mutant influenza.
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Fig. 7.2: Proportion of infected human with avian flu. (a) Asymptomatic.

(b)Symptomatic. The horizontal axis is time in days. Uncontrolled in blue,
controlled in red
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Fig. 7.3: (a) proportion of infectious humans with swine flu. (b) proportion of infectious
humans with mutant-avian flu. The horizontal axis is time in days. Uncon-

trolled in blue, controlled in red



8. CONCLUSION

This thesis has addressed some problems of modeling, analyzing and interpreting the
spread of disease and control of multi-strain influenza-A viruses (i.e. avian flu, swine
flu and mutant-avian flu) among linked populations of birds and humans in Indonesia.
Mutant-avian flu is a hypothetical mutated virus resulting from virus recombination

between of avian flu and swine flu.

The dynamics of the disease states were described as deterministic processes. Seven
disease states were considered for a single region problem and 7n disease states for the
problems of n regions. An additional disease state (culled birds) is used to address the

effect of border screening.

The dynamics of the diseases is modeled in the form of well-defined disease dynamics
problem (DDP))s and optimal disease control problems [ODCPk. Models and methods
developed in this study are justified theoretically. Analytical results were presented in
theorems and corollaries. Simulations were presented to visualize the dynamic of the

diseases and the economic trade-off between the spread and control of the diseases.

8.1 Discussion

In the case of a single region, the variability of seven disease states were modeled
by the [DDP] (4.3al)- (4.3h)). The existence of a unique solution is guaranteed Lemma

Three reproduction numbers were defined for the transmission of the diseases by
, and . The sensitivity analysis on the reproduction numbers shows that
the reproduction numbers are most sensitive towards the effective number of contacts
of susceptible to infectious individuals. These indicate that the effective number of

contacts of susceptible to infectious individuals is the best option to be controlled.

The disease dynamic model — has five equilibria, one disease free equi-
librium and four epidemic equilibria. The four epidemic equilibria were expressed as
the functions of the reproduction numbers in (4.29), (4.33),(4.37) and (4.41). The
asymptotic analysis showed that three are globally asymptotically stable and the other

two are locally asymptotically stable. Three human epidemic equilibria namely, (4.29)),
(4.33) and (4.37) happen when there is no epidemic in the bird world. The stability
analysis are given in Theorems [4.12] [4.13] and [£.74. Numerical analysis show
that:
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(i) The spread of avian flu in the human world appears later than that in the bird

world.

(ii) Containing avian flu in the bird world does not stop the spread of the implicated

diseases in the human world.

(iii) The spread of mutant-avian-flu has a greater magnitude than avian flu in terms

of the proportion of individuals acquiring the disease.

(iv) Reducing the contact among poultry birds will reduce the spread of avian flu but

not swine flu and mutant-avian-flu.

(v) Social distancing programs reduce the number of human casualties.

The disease dynamics problem (DDP]) (4.3a])-(4.3h]) is an extension of the model

proposed in [I03] in some ways. Swine flu was considered as an additional source of
infection and the mutant influenza-A is considered as a recombination of avian flu and
swine flu. These model extensions are necessary to capture more accurately (for a
biological point of view ) the pandemic generation scenario that has been suggested
[84],[71].

The effect of bird trading on the dynamics of the diseases in a set of n-regions was
modeled by the[DDP] —. For two identical regions, the model becomes —
(5.50)). For the two identical regions model, three reproduction numbers were defined
by (5.7), (5.11)) and (5.12). These reproduction numbers are dependent on « and 3 (the
rates of disease transmission due to transport related infection). The analysis shows
that if Ryng < 1, Rpo < 1 then birds in both regions are free of avian flu. If Ry, > 1

but R,, < 1 then birds remain free of avian flu when both regions are isolated. But the
transport-related infection will lead to the disease becoming endemic at both regions.
If Ry > 1 and Ry, > 1 then the avian flu is endemic among birds even if both regions
are isolated. The transport-related infection will increase the magnitude of avian flu

endemic.

In addition to the 'local’ disease-state equilibria in each region there are disease state
equilibria due to transport-related infection. These disease equilibria will determine

which region will have an epidemic and which ones will not. The stability of the
disease-state equilibria corresponding to the[DDP| (4.3al)-(4.3h]) is preserved in the [DDP]
(5.3a)-([5.3h)). The stability analysis are given in Theorems and

Numerical analysis shows that:

(vi) Bird trading is a significant factor for the spread of diseases not only in the bird

world but also in the human world.

(vii) Bird trading may result in an epidemic among birds and humans even in a region

which is initially disease free.
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(viii) If avian flu is already endemic among birds in both regions, then bird trading

will intensify the spread of the diseases among bird and humans.

The IVPI , is an extension of transport-related infection models for a
single species and single disease transmission and appeared in [138], [139], [142], [143]
in some ways namely, number of species, number of disease transmissions. The model
also extends knowledge in the sense of its ability to analyze the effect of transport-
related infection of a species to the disease dynamics of other species. The analysis
on the effects of bird trading to the disease dynamics in the bird world confirm the
similar results for a single species population considered in [142]. This study presents
results on the effects of birds trading to the dynamics of the diseases among humans.
It extends knowledge about the effects of transport related infection and screening of

a species to the dynamics of (more than one) diseases of another species.

The effect of border screening to the dynamics of the diseases was modeled by the

[DDPI (6.3al])-(6.31) and (6.5a])-(6.5q)). For the two identical regions model ([6.5a)-(6.54)),
three reproduction numbers were defined by (6.7)), (6.11) and (6.12). These reproduc-
tion numbers are dependent on «, 5 and o (the probability for screening infected birds).

Analysis shows that:

(ix) Border screening has the potential to eliminate avian flu transmission during bird

transportation.

(x) Increasing the probability of successful screening of birds entering a region will
decrease the magnitude of spread of disease among birds and humans in the
region at the expense of increased costs of screening and culling. This indicates
some economic trade-off between screening policy implementation and spread of

disease.

The [DDPI , is an extension of transport-related infection models for a
single species and single disease transmission that have appeared in [143] in some ways,
namely, the number of species and the number of disease transmissions. The model
also extends these studies in the sense of its ability to analyze the effect of transport-
related infection and border-screening of a species to the disease dynamics of other
species. The analysis on the effects of birds trading to the disease dynamics in the bird
world confirm similar results for a single species population considered in [I43]. This
study presents results on the effects of border screening to the dynamics of the diseases
among humans. It extends knowledge about the effects of transport related infection
and border screening of a species to the dynamics of (more than one) diseases of another
species. The analysis on the effects of birds trading on the disease dynamics in the bird
world confirms the similar results for a single species population considered in [143]. Tt
extends knowledge about the effects of transport related infection and screening of a

species to the dynamics of (more than one) diseases of another species.
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The problems of modeling and analyzing the economic trade-off between spread of
disease and control was modeled by minimizing the objective function subject to
disease state constraints — and the control constraints —. The
necessary conditions for optimality of the [ODCP] —, were derived based

on Theorem the Pontryagins maximum principle. Three disease controls were
aimed to reduce the effectiveness of three disease transmissions. The control functions
are defined by the equations ((7.17a), (7.17b)), (7.17c). An indirect algorithm for finding

optimal disease control policies is given in Sub-section [7.5.1

Analysis showed that the cost of disease controls plays the most important factor
in the optimal control strategy. The quarantine policy is better than the culling policy
during the spread of disease, even if the unit execution cost of the quarantine policy is
more expensive than that of the culling policy. Also, the change of the unit execution
cost does affect the total cumulative cost of the optimal prevention policies but does
not affect the relative frequency of each cumulative execution cost. Furthermore, it
shows that an optimal strategy to reduce the number of total infected humans might

increase a chance of containing the mutant influenza.

The[ODCP — is an extension of the disease control model proposed in [146]
in some ways. This extends the previous studies for the prevention of the pandemic
influenza to evaluate the time-dependent optimal prevention policies that are associated
with culling policy and quarantine policy, considering its execution cost. The execution
cost affects the optimal strategy of prevention policies and the prevention of the spread

of disease.

8.2 Conclusion

The long range goal of this work is to provide a tool to be used by government officials
in Indonesia for making decisions concerning strategies for managing epidemics. There
was no intention of delivering such a tool in the course of this thesis study. The objective
was to provide the mathematical setting and demonstrate the feasibility of such a tool,

in principle.

The theoretical aspects of the work demonstrate that the long term behaviour of
diseases and their effects on linked populations of birds and humans may be understood
qualitatively by studying equilibria of a dynamical system. The demonstration of the
stability of these equilibria justifies numerical computations. The numerical computa-
tions provide the details of the evolution of the disease states over time that will be of

primary interest in predicting impacts on populations.

Of course, merely predicting the effects of the disease is of limited benefit. A major
feature of a future tool will be the capacity to determine optimal intervention strategies.

Should resources be used to maximum capacity at the onset of an epidemic or should
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these be spread out over time — and if so, what level of intervention, viewed as a
function of time, is optimal. This work shows that these questions may be addressed
by implementing methods from the control theory. This work also shows that the

potential benefits of optimizing interventions may be substantial.

Although the models presented here reflect the recent situation with bird flu in
Indonesia, the final tool will be designed to be more general. The theoretical aspects of
the work are already quite general and are likely to apply as is or with only minor ad-
justments. The implementation depends on knowing parameters related to the diseases
and populations involved. The final tool will allow users to redefine such parameters
as necessary in future scenarios. The tool has the potential to facilitate this step too.
Sensitivity analysis is useful in understanding which parameters of the diseases and
the populations are the most important to determine. Thus the user may use the tool
to decide if resources are better spent on carefully determining transmission rates or

effective contact rates, for example.

One important aspect of building the tool has not been addressed in this thesis,
namely the human-computer interaction aspect. The tool will be most useful if officials
with little scientific or technical knowledge are able to understand output of the model
as well the scope and limitation of the predictions. Even if the official is not the person
who actually runs the model, he or she must be able to digest the results. This will
require careful consideration of the presentation of results in terms of graphs and figures,
and text. Human-computer interaction is a separate topic and could be addressed in
the future.

This thesis has provided the core theoretical foundation for building a tool that is
useful for managing epidemics. Sensitivity analysis and the inclusion of control aspects
demonstrate that a practical tool is feasible. Numerical computations demonstrate the

potential benefit of using the model in determining strategies for intervention.

8.3 A vision and the directions for the future

Not withstanding the development of a user friendly shell for the model, the model

itself is also subject to improvement. Some directions for future work are as follow.

The models developed in this study capture the variability of disease states at the
population level, but do not capture the variability inherent at the individual level.
The mutation process was assumed to be homogeneous throughout the population and
modeled by shift evolution. One direction to improve the models is by considering a
drift evolution. Let p(7) be the probability of virus mutation due to virus recombination
between swine flu and avian flu, where 7 is time since the virus recombination took

place. The quantity 7(u,t) represents the density of humans developing mutant-avian
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flu. The cumulative number of humans develop mutant avian flu at time ¢ is

/a:l (1, )

In the case of an isolated region, the variability of disease states among birds and
humans is denoted by z(t) = (Sp(t), Ip(t), Sn(t), Is(t), 1o(t), Iy(t), [, (t)). The disease

dynamics in a single region is modeled by

t) = [i(z(t); o, p), 2(0) = 20, (8.1)

where f1 : Q1 x Uy x Q1 — R4 and z(¢t),20 € 21 C ]RZ_. a e v C Ri is the vector
of five disease transmission parameters. ¢ € Q1 C IR{}B is the vector of nineteen disease

parameters other than transmission parameters.

By introducing the additional disease state 7, the variability of disease states among

birds and humans is Z(t) = (z2(t), 7(t)) and the disease dynamics become
Z(t) = fiZ(t)a.p), Z(0) = Zo, (8.2)

where f1: Q1 x ¥y x Q1 — R4 and Z(t), Zy € U, C R8. Comparing (8.1 and (8.2)),
the former is a system of differential equations, while the later is a system of stochastic
differential equations. Analyzing the latter model will be much harder due to stochastic

differential terms in the model.
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