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4 CONTENTS

Summary

This work examines optimal trajectories through the space of target tracking system parameters.
In particular, the focus is on pulsed signals with linear frequency modulation. The signal
configuration parameters are the pulse width, 7", the inter-pulse spacing, 7},, and chirp rate,
b. The study is motivated by the observation that optimal values for these parameters, from
the point of view of maximising the information gathered regarding the target, depend on time

varying target parameters.
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https://wind-energy-wildlife.unl.edu/researchbat.asp#echolocation

Figure 1: A bat searching for food transmits a broad signal with low
chirp rate, large pulse width and large inter-pulse spacing. Once a target
is detected, the bat approaches the target and adjusts the transmitted
sonar signal so as to increase the chirp rate, decrease the pulse width
and decrease the inter-pulse spacing. This adjustment continues until the

target is captured.

The view taken in this study is that the configuration parameters should change in such a way
as to maintain optimality from the point of view of information gathering. Thus the trajectory
of the curve

~v(t) = (T(t),T,(t),b(t)) through the parameter space should be a geodesic on a suitable
manifold. To this end, mathematical aspects of a pulse-Doppler radar transmitter /receiver
system are considered, beginning with the radar ambiguity function.

This function measures the disparity between transmitted and returning signals and is obtained

by taking the square of a radar auto-correlation function.
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The ambiguity function is also referred to as the likelihood, describing the probability of locating
the target given a set of measurements and forming the basis for construction of the Fisher
information matrix which, in turn, allows measurement of the information content of a given
location for a specific target as a function of the configuration parameters.

The auto-correlation function leads to a collection of integrals containing the products of shifted
sinc functions. These integrals did not appear in the literature and so a novel method for solving
such integrals is developed.

Once the calculation of the Fisher information metric for a given sensor configuration is achieved,
a family of such metrics is required in order that the optimal selection of configuration parameters
may be undertaken. This family of metrics is accounted for by construction of the Gil Medrano
metric, which provides a metric for the manifold of all Riemannian metrics corresponding to
sensor configurations.

The calculation of geodesics on this manifold allows an optimal choice of sensor configuration
to be made, facilitating efficient selection of sensor parameters and increasing the information
content of received signals. Such configurations are those that possess an optimal Time-
Bandwidth product, an important feature in signal processing that describes how efficiently the
available bandwidth is being utilised while simultaneously describing the inverse relationship
between the range and frequency resolution of the system.

The main contributions of the thesis are:

e Computing an ambiguity function for an infinite Gaussian modulated pulse with linear

frequency modulation.

e Using notions from information geometry to determine optimal trajectories for configuration

parameters.

e A method for computing a class of definite integrals comprising products of sinc function

shifted by integer multiples of pi and derivatives of such functions.

This thesis explores the mathematics needed, in principle, to determine geodesics for configura-
tion parameters and the mathematics represent the sole focus of this thesis, ignoring all aspects

of physical implementation via real world sensor systems.
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Chapter 1

Introduction

The methods developed in this thesis seek to establish a mathematical framework for exploring
the optimisation of target tracking sensor systems. This approach is a collaborative effort
between applied mathematics and radar engineering, with a strong focus on construction of
the mathematical aspects of the problem rather than the practical execution of an engineering
task. A typical radar system consists of a transmitter and a receiver, with complex systems
of multiple transmitter /receivers being common. The detection of a target is performed by
transmitting a signal pulse, waiting for the pulse to strike a target, be reflected and return to
the receiver. The radar ambiguity function is employed to determine how much the returned
signal differs from the transmitted signal. The ambiguity function is a function of the round-trip
time delay of the signal and the Doppler shift due to target motion. Integrating the square of
the ambiguity function is a sufficient statistic for the detection problem.

The optimisation of target tracking sensor systems has been well researched and practically
demonstrated from a wide variety of approaches [12], [29], [14]...etc. The application of
information geometric methods to the optimisation of target tracking sensor systems represents
a relatively new option for optimisation of such a system, and represents one of the main
contributions of this thesis. Information geometry provides a mechanism by which to view the
space inhabited by a collection of sensors and targets as a coordinate space in which points
contain probabilistic information about the inhabitants. This is known as a statistical manifold.
In this thesis, the method by which such information may be used to optimally configure a
sensor system is established for two scenarios.

The first scenario describes an infinite Gaussian pulse train with a linear chirp and the second
scenario describes a single Doppler bin model with a Gaussian modulation and linear chirp.
The motivation for developing calculations for two independent cases is simply to demonstrate
the method for these extreme cases. The techniques required vary greatly between the two cases
and provide insight into the technical challenges of this method. The infinite Gaussian pulse

train is addressed in Chapter [4] and the single Doppler bin case in Chapter [5
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The Fisher information is a Riemannian metric that provides a means of measuring the
instantaneous information gain, pertaining to the target. In the case of a radar system, this
information consists of the target’s range and relative speed, represented using the time delay
and Doppler shift of the returned signal. By taking this view, one effectively constructs an
information landscape in which all points contain distributions of target information.

A good example of optimising the information content of a signal is described by the hunting
strategies of bats. In figure [1] the phases of a bats hunting process are shown. The bat
echolocation signal incorporates distinct patterns depending on the information required for a
specific phase. When the bat is searching for its target, the chirp rate is relatively low, the pulse
width is wide and the space between pulses is large. This large inter-pulse spacing allows pulses
time to return, where shorter inter-pulse spacing would result in ambiguous range estimates. In
phase two, the bat acquires its target and begins its approach. Now there is a need for higher
accuracy and the bat adjusts its signal appropriately. The chirp rate increases, the pulse width
decreases and the inter-pulse spacing decreases. This trend continues and indeed accelerates as
the bat prepares to catch its prey. The chirp rate of phase three is very high, the pulse width
is very short and the bat produces many chirps in rapid succession. The modification of the
signal parameters by the bat represents a clear case where the optimisation of the signal is being
utilised to maintain high information content under changing physical conditions.

The result of these changes of parameter is that in order to construct a method for selecting
an optimal configuration a family of Fisher metrics is required. Here each Fisher metric is
associated with a specific configuration which may themselves be described as inhabiting a
single manifold.

This manifold of Fisher metrics is a submanifold of the manifold of all Riemannian metrics and
is, in this thesis, referred to as the configuration manifold, G, as defined by Gil Medrano [13].
On this manifold points represent individual sensor configuration manifolds, each with their own
associated Fisher metric. The advantage of viewing the entire family of Fisher metrics for sensor
configurations in this way is that, once GG is obtained it is possible to determine geodesics on G.
These geodesics are determined by solving a system of ordinary differential equations (ODE),
the coefficients of which are partial derivatives of the Gil Medrano metric. The objective is
to provide formulae for calculating these geodesics without the necessity of using numerical
differentiation to set the coefficients of the ODE specifying the geodesics.

The context of the problem and related literature are discussed in Chapter [2l In computing
the components of the Fisher matrix for the infinite pulse train scenario, a class of integrals of

products of shifted sinc functions were encountered for which formulae were not available in the
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literature. A method was developed for evaluating these integrals analytically. This method and
formulae for the required integrals are presented in Chapter [3] Chapter [4 develops formulae for
the Fisher metric and configuration metric for the case of the infinite pulse train scenario and
Chapter [5| develops the same for the single Doppler bin case. A short summary and suggestions

for future work is appears in Chapter [f] and some extended calculation may be found in the

appendix



Chapter 2

Literature Review

Presented here is an extensive, but by no means exhaustive, cross section of the work performed
in fields relevant to the information geometric approach to the optimisation of target tracking
sensor systems. This chapter focuses on forming a cohesive picture of the advances made across

the range of mathematical disciplines required in the execution of this research.

Commencing with a brief outline of the basics of Radar systems in Section and followed
by an examination of statistics in Section Information geometry is discussed in Section
2.3] where Subsection describes work on exponential families and how such families are
connected to the field of information geometry by the related works of Amari. Finally, Section
is concerned with more recent work relating directly with ideas upon which this thesis is

based.

2.1 Radar Basics

The operation of a typical target tracking sensor system, such as radar, involves the transmission
of a signal, which travels until it is incident with an object and is reflected back to be picked
up by the receivers. Any object in the signal’s field of view that is sufficiently reflective can
return a signal. Typically only a fraction of the returning data is of interest. In general, the
data associated with an object of interest is referred to as target data, where as the undesirable
data is referred to as noise. There is a large body of literature describing the operation of
such systems. Providing a broad scope of research, these works address topics ranging from
the basics of radar system operation [6]]|34], to information on more specific topics such as
sensor scheduling [24] or Riemannian metrics on parameter space [25]. A brief examination of
some of the literature relevant to the intersection of radar systems and information geometry is

presented here.

11
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2.1.1 Sensor Systems

Beginning with some foundational information, Moran [24] provides a thorough breakdown of
sensor management, describing features of signal transmission, construction, range accuracy

and Doppler shift. Moran defines a signal s(t) with wave form w(t) and carrier frequency f. as
s(t) = w(t) cos (27 fet) . (2.1)

If the wave form is assumed to be complex then equation becomes
s(t) = (Rw(t)) cos (2 fet) — (Fw(t)) sin (27 f.t) . (2.2)

The complex signal can then be considered as consisting of two components, where Moran
suggests that the ‘in-phase’ component, denoted I, may be separated from the ‘quadrature’,
denoted Q, by demodulation against sin (27 f.t) and cos (27 f.t) respectively. The complex
version of the signal in equation is

se(t) = w(t)e* e, (2.3)
The signal voltage at the receiver antenna is described by
su(t) = As (t —2r), (2.4)

where A represents the reduction in the amplitude of the received signal (the attenuation) and
r is the distance from the transmitter/receiver and the target. The receiver generates heat,
which produces ‘thermal noise’, that to a high degree can be regarded as a white Gaussian

process (stochastic process)

sp(t) = su(t) + N(1), (2.5)
where N (t) represents the noise.
The next feature of the signal that needs to be accounted for is the effect of a moving target
on the frequency of the return pulse; the Doppler shift. If the target has a radial velocity, v,

relative to the radar then the received signal is

su(t) = As (at — 2r), (2.6)
with
o= 8 J_r :; . (2.7)

Here ¢ is the speed of light in the medium and v is the speed of the receiver relative to the

medium. Typically v << ¢, in which case

o~ (1 - 2?”) . (2.8)
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As long as the signal does not significantly exceed the channels coherence bandwidth, “narrow
band”, then the range (f. — ¢, f. + 0) approximately accommodates the Fourier spectrum, in
the case where ¢ is small compared to f.. Given a return pulse from a stationary target at the
same range as the moving target and shifting it by f; = (%”) fe, called the Doppler frequency,

the complex signal is adjusted to account for this shift as follows

2R ; v
sut) = M <w <t - —> eszc(l-i)<t—2f>) . (2.9)
c
Demodulation of the return signal is performed to remove the carrier frequency, f., from
equation (2.9). This demodulation is achieved by first ‘mixing’ the signal, by multiplying it with
cos (27 ft), the mixed signal is then low-pass filtered. The demodulated signal is then typically

match filtered against a second signal v(t), where v is generally selected to be the same as the

fluctuating wave form w, resulting in
Apo(z, f) = / v(t) w(t — x)e? el dt, (2.10)
R

Moran [24] describes a ‘scene’ as a function of both the range and the Doppler and assigning a
corresponding ‘reflectivity’ p(t, f) to each range and Doppler. The superposition of these signals
show that the range and Doppler of the scene, convolved with the ambiguity, produce the return

signal.
R(r, f) = //32 p(7', [Awe(T =7, f = f)dr'df". (2.11)

Here the ambiguity refers to a two dimensional function of the signal round-trip time delay and
the Doppler frequency. Van Trees [35] deals with the ambiguity function from the perspective
of hypothesis testing, for the detection of a slowly fluctuating point target. The signal, s(t) is

given by
s(t) = V2Re [r(t) x /] (2.12)
where
r(t) = b\/ELf(1 — 1) x €“Pt 4 n(t), (2.13)

and w, is the carrier frequency, wp is the Doppler shift, 7 is the time delay, F; is the energy
in the signal. Additive white noise is modelled by n(t). The null hypothesis, Hy is when only
noise is received, n(t) and H; is when the full signal is s(t) is received. To generate a set of
sufficient statistics for this hypothesis test we can integrate against any complete orthonormal

basis. Van Trees [36] uses the transmitted signal, so(t) (i.e. s(t) where 7 = wp = 0) as the first
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element of the orthonormal basis, leading to the sufficient statistic r;

r = /so(t)s(t)dt, (2.14)

= 2E1/f(t)f(t —7) x /Pt (2.15)
where 7y is the ambiguity function. The likelihood ratio is
p (R, =r|H)
Alr) = 7 2.16
( 1) p(Rlzrl‘HO) ( )
and the white noise, n(t), with variance o gives a Gaussian distribution for R,
1 ||
p(Ry=m) = 27erXp{— 5,2 }. (2.17)
So the log likelihood, logA is
logh = Clr1[2 = Clo(r,w)l2 (2.15)

where ¢(7,w) is the radar autocorrelation function. The practicality of using multiple sensor
systems relies on the effective use of sensor scheduling, which arises as a result of restrictions on
which members of a sensor array, some subset of the total number of sensors, are able to utilise
measurement data at any given time. Thus, an optimised schedule allows for a more efficient

generation of estimates.

Kershaw and Evans [16] describe a typical tracking system explaining that such a system
consists of a sensor and a tracker, where the sensor’s job is to perform signal processing tasks
and obtain estimates of the targets position and velocity. An example of a tracker is the
Kalman filter [28], which takes a series of measurements represented by the results of the sensor
signal processing, and produces a joint probability distribution which represents a likelihood
function. This method enables predictions of the targets future position and velocity, with
much greater accuracy than a similar estimate using only a single measurement. This method
has a familiar feel, being quite similar to the process of “Dead Reckoning” used in navigation,
where current position estimates are made using past positional measurements in combination
with estimates of direction and velocity. The sensor and tracker elements of the system must
work in tandem while performing their tasks over two separate time frames; the sensor operates
over the duration of a received pulse and the tracker on the interval between pulses. Kershaw
and Evans [16] determine a tracking filter structure and waveform parameter selection that
minimises the variance of the target state vector. The process of determining this structure

returns to the methods already described, calculating the Fisher information metric (|16] denotes
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the FIM: J), which is done for a restricted case, showing that the elements of the FIM are
second derivatives of the ambiguity function. The ambiguity function describes the degree of
distortion in a returning pulse, as compared to the signal template at the receiver, the matched
filter. Provided with the appropriate conditions, the FIM may be calculated, thus enabling
determination of the Cramer-Rao lower bound . In |16] the Cramer-Rao lower bound is obtained
by taking the inverse of the FIM, an option that was discussed earlier. The Cramer-Rao lower
bound is employed in |16] to provide a lower bound for the error covariance matrix and is
achieved when the mean squared error of an unbiased estimator is minimised. In general the
Cramer-Rao lower bound is found to have an inverse dependence on several features of the
pulse train |15]. These are the pulse ‘on-time’, the number of pulses K and the pulse time
variance R,. The argument is made in [16] that, for signal-to-noise ratios allowing the neglect
of unwanted signal noise from the ambiguity function, represented by the sensor sidelobes,
it is possible to select an optimal receiver. Combining this with the fact that the maximum

1 suggests that the

likelihood estimates are jointly Gaussian with the covariance matrix g~
covariance matrix is a reasonable interpretation of an optimal waveform selection receiver. The
FIM is expressed in the notation of [16] as ¢ = nU(#), where 7 as the signal-to-noise ratio,
U(#) a symmetric matrix with real valued constants for any specific waveform, combined with a

transform matrix T = diag(c/2, ¢/2w.), where ¢ is the propagation speed of the wave form and

w, is the transmission frequency. The form of the measurement covariance matrix N() is

N(9) = %TUlT. (2.19)

This form of the covariance matrix is valid only for transmission of constant energy waveforms.

2.2 The Geometry of Statistics

The construction of a target tracking sensor optimisation method by information geometric
means is a relatively unexplored application of the theory and comes as a new instalment in
a long chain of advances from disparate research topics and fields. The development of these
methods begins with the work of Fisher, who in his 1921 paper |11}, laid the foundations for the
analysis of data by application of efficient statistics, where efficiency in this context refers to
minimising the number of observations required to achieve accurate results. This work was later
developed by Rao who, in 1945 [17], first introduced the idea of a Riemannian metric to the
field of statistics, applying differential geometric methods to probability distributions in order

to analyse statistical data.
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In the 1970s, the statistician Efron, |[10]]|9], expanded on this idea, with an examination of
‘exponential families’, in which he showed that the second-order information loss and second-order
variance of a maximum likelihood estimator are related to the statistical curvature.

Efron introduced a notion of curvature in the context of a space of density functions [9]. More

specifically, he considered one parameter families of densities of the form
F={fs(x):6€ 0}, (2.20)

where 6 € O is a possibly infinite interval of the real line. The functions

Lo(z) = logfe(x), Le(x) = %Lg(:c), Lo(z) = %Lg(x), (2.21)

were defined and smoothness and uniform growth conditions were assumed for f € F' so that
the expectations exist for these functions. Then FyLy = 0 and EyLy = — E,L. Efron defines

lg = —ng/ and so the covariance matrix of (Lg, Lg) is

EyL? EyLyL
My=1| "7 rmene (2.22)
EgLyLey EyL3— i3
The statistical curvature of the family F' is defined as

Yo = (“;4—3|)é . (2.23)

0

The quantity iy is the Fisher information. Efron goes on to show that for the special case
of one parameter exponential families, the curvature is zero and that the formula for ~, is
entirely analogous to the usual formula for the curvature of a function defined on the real line.
Additionally Efron defines

Uy(z) = lo(@) 0, (2.24)

lg
which is an unbiased estimator for 8 near 6;. The statistical curvature can be described as

the derivative, at 8§ = 0y, of the unexplained fraction of the standard deviation of Uy given
Up,. In the event that the exponential families discussed by Efron possess curvature, they may
be described as representing geodesics through the space of probability distributions [9]. The
ability to consider these curved exponentials as geodesics on a probability space is a feature
that will be explored further later on.

It is important to note that the square of the statistical curvature, 77 describes, approximately,
the amount by which the variance exceeds the Cramer-Rao lower bound. Here the Cramer-Rao
lower bound [17] defines the minimum variance of an unbiased estimator and Efron’s proposed
unbiased estimator Uy, turns out to be a local formulation of the Fisher score, which achieves

this bound.
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2.3 Information Geometry

In 1982 the pioneer of information geometry, Shun-ichi Amari, explored exponential families
from the perspective of differential geometry [1]. Amari uses the typical notation for probability
functions, p(z|0) and suggests that, if one considers points, 6, in the space of distributions, S™,
then these points can be thought of as carrying the function ¢(x|6) = log(p(x|0)) of z. Letting
Ty be the tangent space of S™ with a basis, €;(i = 1,- - -,n), Amari states that since each point

6 has an associated ¢(z|f), the basis for the tangent space at 6, e;(€), can be represented as

This representation is commonly used when constructing the Fisher information metric (FIM)
which, with a small amount of additional effort, may be defined for #. Following the method of

[1] the FIM is

9i;(0) = E{0:((x]0)0;((x|0)}, (2.26)

noting that the Fisher score used by Efron and the FIM of equation ([2.26) are directly related.
The Fisher metric, rather than the score [(f), is of interest and is obtained by the additional
calculation of the expectation g(f) = E[I(f)]. Amari [1] describes the metric tensor for the

probability space, S™, which provides a means of determining the length, ds, of the line element,

de.
ds® =df-df =) " gi;d6'de’. (2.27)
1,
However, the Cramer-Rao theorem mentioned in Section states that the covariance matrix

of any unbiased estimator 0 of 0 cannot be smaller than the inverse of the Fisher information

matriz
By { (éi - ei) (éﬂ' - 03')} ) (2.28)

According to Amari, viewing equation with the Cramer-Rao theorem in mind shows
that, for some Riemannian space, the length ds is a measure of the difference between the
distributions p(z|@) and p(x|6 + df). Taking the integral of ds over all curves connecting a pair
of points in some Riemannian space, provides a curve of minimum length with respect to the
metric, a geodesic. These observations cement the idea that a Riemannian metric, such as the

FIM, is an appropriate object to apply to probability spaces.
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2.4 A Manifold of Metrics

In a 1991 paper, Gil Medrano and Michor [13]| explored the manifold of all Riemannian metrics,
following from earlier work by Michor [23]. The authors consider a Riemannian space (M, G),
consisting of the space of all Riemannian metrics M = M(M) on a manifold M. Here M is

itself an infinite dimensional manifold and G is smooth Riemannian metric defined as
Gyl 1) = [ tr(g g™ Kyuol(g). (2.20)
M

with vol(g) = \/F(g)dx. The curvature of M may be determined by first developing the
covariant derivative of a vector field along geodesics. These geodesics on M represent a stable
state, where the energy functional has been minimised. Gil Medrano and Michor [13] use
the covariant derivative to facilitate the construction of the Jacobi equation, as presented
in Do Carmo [21], in terms of the covariant derivative D, the Riemann curvature tensor R,

4 = dvy(t)/dt the tangent vector field and the Jacobi field J.

2

D0+ R, A0)3(0) =0, (2:30)

where the solution of this equation defines a Jacobi field. Such a field represents a tangent space
to a geodesic on M, inhabited by a family of infinitesimal variations of the geodesic. Do Carmo
[21] expands on the idea of Jacobi fields, by first developing the basic outline of Gauss’ Lemma
which states that, given a Riemannian manifold M, a sphere of sufficient size, centred at a point
p on M is perpendicular to any geodesic through p. Indeed, given the point p and a velocity

vector v € T, M, then a geodesic 7, is defined, with the properties
7(0) =p and 4(0) =v € T,M. (2.31)

Following [27], there exists an exponential mapping from the tangent space 7,,M at a point p
on the manifold M, given by
e:T,M — M, (2.32)

where t — exp(tv) represents a unique geodesic through the point p with tangent v. A feature
directly related to the Jacobi field is that of conjugate points, where according to [30] a pair
of points, p,q € v, are called conjugate if there exists a non-zero Jacobi field that vanishes at
p and ¢. This is equivalent to stating that, given a second geodesic infinitesimally close to ~
and passing through the points p and ¢, then p and ¢ are conjugate. Importantly, the simple
existence of any second geodesic through p and ¢ does not mean that they are conjugate. The

Jacobi field is a requirement for this condition to be true. The feature of conjugate points most
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relevant in the examination of the configuration metric is that, for Riemannian geometry, the
conjugate points represent a localised failure of v to be a curve of minimum length through p
and ¢ [30], meaning that the curve through p and ¢ may be the shortest path locally, but not
necessarily globally. An example of local failure to be path length minimising is on the sphere,
where, tracing a curve originating at the north pole to some point on the sphere, it is clear that
this curve cannot be of minimal length if it first passes through the south pole before reaching
the point. The path length between these points depends on in which direction the geodesic is
followed. The existence of conjugate points can be used as a test to establish that the curve
under investigation is reliably a shortest path, where failure to possess a conjugate could confirm
a shortest path. The Jacobi field describes the space of vectors tangent to a geodesic curve
and according to [30] the Jacobi equation shows that in the event that the covariant derivative
%J (t) is the Levi-Civita connection [33], which is an affine torsion free metric connection, then
the geodesics of the connection are the geodesics of the metric. It is worth noting that the
Levi-Civita connection is able to differentiate sections of the vector bundle along tangents of the
underlying manifold. The concept of a vector bundle (or fiber bundle) is discussed in detail by
[33] and is used by Gil Medrano 13|, who defines the fiber bundle S?*T*M on M, additionally

proposing a connector, K, which is related to the Christoffel symbol in a chart by the equation

Here, h and k represent modified elements of the Fisher matrix, for instance the partial derivatives
0a,39. The connector, K, is directly related to the process of parallel transport on the bundle,
connecting the local geometry by identifying fibers over nearby points. Making use of this
relationship, the curvature for the canonical Riemannian metric on M is determined. This
method for constructing the manifold of all Riemannian metrics allows for the calculation of a
metric describing the ‘distance’ between two arbitrary Riemannian manifolds. Again, this is a
feature that will be of significant use in the construction of a completed target tracking sensor

optimisation method.

2.4.1 Exponential Families

Returning in greater depth to exponential families, both Murray [27] and Amari [2] investigate
the idea that exponential families possess an affine structure. Murray claims that utilisation
of the log-likelihood can be considered as treating sets of probability distributions as affine

geometries. The benefit of viewing these distributions as affine emerges from the fact that
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exponential families are affine spaces and as such are geometrically flat. This concept is of
interest with regards to the target tracking sensor optimisation method as the log-likelihood is
a common feature in radar calculations.

Affine connections are discussed in [27], [13], [33], where the connection of primary interest in
this case is the Levi-Civita connection. This connection is a Riemannian metric connection which
is both affine and torsion free, meaning that it is invariant under transformation (symmetrical).
As its name implies, the Levi-Civita connection, connects nearby tangent spaces and does so
in such a way that tangent vectors are differentiable as though they were functions on the
manifold, rather than the tangent space. This characterises the idea of parallel transport, which
may be summarised as connecting the geometry of nearby points by transporting vectors along
curves on the manifold such that the vectors remain parallel with respect to the connection.
Amari proposes that it is necessary to understand three types of metric connection, defined in

[2]. However, here it is only necessary to examine the a-connection, which is defined as
T8 = (V50;,01). (2.34)

The a-connection should be understood alongside an investigation of dual connections, which

Amari regards as vital to the subject of information geometry, but is not further investigated

here. Another relationship of importance is the link between the FIM and an object called the

Kullback-Leibler divergence [19] which is also considered by both Murray [27] and Amari [2].

The Kullback-Leibler divergence is typically expressed as

log (P (x)) dPp, (2.35)
Q(x)

where P is a continuous probability measure with respect to the measure (), describing the

Dis(PIQ) = [

X

amount by which the distribution P differs from @) and for this reason it is also known as
the relative entropy. Considering, for instance, a pair of distributions P, and @),. Taking the

Hessian of the Kullback-Leibler divergence and evaluating at 6 = 6, results in the expression
92

9 (0) = Soi90i DKL (P (0) [P (6o)) , (2.36)
where the evaluation at § = 6, indicates that the two distributions are close together. The
Hessian of the Kullback-Leibler divergence is shown to be the Fisher information metric which,
for practical purposes such as formulation of the manifold of metrics, is more appropriate,
since the Kullback-Leibler divergence does not represent a true metric where as the FIM does.
The Kullback-Leibler divergence is also related to another information measure, the Shannon

information, sometimes referred to as the Shannon entropy and provides a different view to that
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of the Fisher information, instead focusing on the communication of information. If a higher
measurement for the Shannon entropy is obtained then the message being sent is regarded
as containing a higher information content. This is due to the idea that learning an unlikely
event has occurred provides more information than learning a likely event has occurred. Frieden
[4] shows that the relationship between the Shannon entropy, H [X] and the Kullback-Leibler
divergence is expressed as

where n is the number of values X can take. The standard form of the Shannon entropy H [X]
1s

H[X] = =% p(z)log(p (). (2.38)

Frieden [4] suggests the Fisher information is more sensitive than the Shannon information.
This is because the Fisher information is a local measure of the system with a dependency on
the probability distribution. The Shannon information, on the other hand, is a global measure
and behaves as a probability distribution function itself. Amari’s work forms a foundation for
the field of information geometry, a field that is concerned with probability distributions and
the mechanisms by which they may be translated into the language of differential geometry. For
example, Amari describes probability densities in terms of objects such as a metric or an affine
connections such as the Levi-Civita connection [33]. Another piece of investigative machinery
described by Cheng et al [5] is the relationship between the Ricci-curvature tensor field and
the amount of information it is possible for a given sensor network to obtain. This relationship

begins with the definition of a statistical manifold, as follows.

Given a state of interest, 6, in the parameter space ©® € R”. The measurement, z, in the sample

space X € R™ is an example of a probability distribution p(z|6).

The points, S(#), of the manifold S each describe a probability distribution, p(x|f). A
parametrised family of probability distributions, denoted S = {P(z|#)}, form an n-dimensional
statistical manifold where 6 acts as a coordinate system. For such a parametrised family of
probability distributions the Fisher information matrix plays the role of a Riemannian metric
tensor. For continuity the FIM is reiterated here in a modified form, denoted G(6) = [g,;(0)]
and defined

Oln (p(z[0)) Oln (p(l‘|9))) ’ (2.39)

9,6)=F ( 26, a9,

where again E denotes the expectation. The Fisher information measures the ability of the

random variable x to discriminate the values of the parameter 6 from 6, for 6 close to 6 and, as
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mentioned earlier, is used to define the metric of a statistical manifold S, a smooth Riemannian
manifold, providing a sense of distance between distributions. Three methods are proposed in [5]
to achieve such a calculation, the integrated Fisher information distance, the Kullback-Leibler
divergence and the Energy difference. Recall the definition of the infinitesimal squared distance

seen in equation ([2.27)
ds® = gi;db;do; = 6" G(6)db, (2.40)
ij
where the alternate form, the final factor of the equality, is of use. Consider a curve 6(t) € ©

joining distributions 0; = (¢;) and 6, = 0(ts) for t; <t < t,. Equation (2.41)) determines the

distance between these distributions

pwa= [ ((%) o (%)) o

The integrated Fisher information distance is the integral along the curve 6(t) that minimises

equation ([2.41)).

t2
do\ T dg
Dp (01,02) = I — 0) | =) | dt. 2.42
r (01, 02) {e(t);e(tl)mf}BG(tz)Hz}[ \/(dt> “ )(dt> o
1

The integrated Fisher information distance can be difficult to calculate and in such cases

an alternative to the integrated Fisher information distance is to utilise the Kullback-Leibler
divergence [1§]. Despite the Kullback-Leibler divergence allowing the information distance to
be approximated without statistical manifold geometry, the fact that it does not constitute a
genuine metric limits its value. It is still possible to take advantage of the property discussed
previously, that the Hessian of the KLD once calculated is in fact the FIM. The Hessian, as
discussed in [27],[33] is a matrix of second order partial derivatives, the definition of which is
expressed here as per [33].

Consider a function f : V — R, where v;...v, is a basis for a vector space V. Then for any two

vectors, v, w € V, the second derivative is

fax(0)(w) = %!tzof(v + tw). (2.43)

Then given ¢ : R* — R, defined by

olat..a™) = f (Z aivi) : (2.44)

then

Jos (Zn: biUi) (Zn: c’@-) = 822§xj (b) - c'd, (2.45)
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where, according to Spivak [33], the map f..(v) : V — R is the Hessian of f at v € V.
There are two final pieces of machinery worth noting here, the Riemann curvature tensor and

the Ricci curvature tensor. The Riemann curvature tensor, Rﬁ 1., 1s defined by

0 s s
Rzgk aejr aek 1]+Z F]s ik ks zg) (246)

where

~ .l (Ogu  Ogi Oy
Ik = e L = 2.47
] ZZI: g 2 <ayj + ayz ayl 9 ( )
defines the Christoffel symbol [33], [7]. The Ricci curvature tensor, R;;, is defined by

0 B,
ZR”J Z(@rg aeﬂr) > (T T - T, (2.48)
l

lm

The main feature of interest here is the Ricci scalar (scalar curvature) which is described by [5]
as the ‘simplest curvature invariant of a Riemannian manifold’. The Ricci curvature tensor is a
contraction of the Riemann curvature tensor and represents the amount by which a section of a
curved Riemannian metric deviates from standard Euclidean space.

The scalar curvature is defined as the trace of the Ricci curvature
R =) g¢'Ry. (2.49)

The Ricci curvature tensor controls the the growth rate of the volume of metric balls in a

Riemannian manifold.

2.5 Current Parallel Work

This thesis builds on the information geometric approach to sensor configuration in [32] and this
construction is of such importance it is worth reiterating some of the main ideas. The general
construction of the manifold of metrics and the corresponding sensor manifold is discussed,
developing all the familiar features incorporated in the radar problem under investigation. The
framework for calculation is reiterated here though purely for additional familiarisation with
the notation.

The collected set of measurements from individual sensors is expressed as
= {z;}N,. (2.50)

Assuming independent measurements the probability of this set of measurements z, given the

target can be found at location € is

p(z]0) = HPZ(%W) (2.51)



24 CHAPTER 2. LITERATURE REVIEW

Equation (2.52)) calculates the likelihood ratio of obtaining the same measurement, x, from a
target located at 6 rather than at 6

L (0, 0’) = log 5 ((;”||5,)). (2.52)

The average over all measurements is the Kullback-Leibler divergence

D <0||9’) —E, [L (9,9’)} - /p(x|0)log}%, (2.53)

here it is reiterated that the Kullback-Leibler divergence does not satisfy the triangle inequality

and is not a true metric for the space [18]. However, its Hessian, the Fisher metric, is. The

total information when traversing a curve ~(t) C M is

I(T) = / g (7 0.7'®)dr. (2.54)

and is equivalent to the energy functional [§].

There is a conceptual framework in development, principally by Williams [32], in which the
information space is endowed with an information flow, that determines the rate at which the
geodesics must be traversed in order to optimise the magnitude of the information exchanged
between the target and the sensors. Traversing the geodesic at a rate slower than /g (7' (¢),~'(¢))
results in the ‘flow’ pressing against the target from behind. The flow pressure concept and the
mechanism by which interaction with the target leads to an information gain by the sensors are
not subjects that have, at this stage, been investigated in any meaningful way.

Traversing the geodesic at a rate faster than /g (7'(t),7'(t)) is currently being interpreted as
producing a larger change in angle between sweeps of a bearing only radar and as such provides
fewer but better quality position estimates at the sensor. Better position estimates obtained by
the sensor is quite clearly not a desirable outcome for the target.

The arclength of the path is

ly(v) = / Vg (Y (), (1))dt, (2.55)

where the extrema of the information functional and the arc length are the same as sets. The

geodesics minimise the information functional if traversed at velocity

NIk (2.56)

this is equivalent to the arc-length parametrisation of the geodesic.
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A set, v = { N}, of sensor locations defines a particular choice of sensor configurations. The
Fisher-Rao metric g can be viewed as a function of both the sensor locations, I', and the target
location, 8. Consider a normal distribution, with mean 6" and covariance ¢g—!. The inverse of
the Fisher metric, g, represents the Cramer-Rao lower bound which defines a lower bound on
the variance of an unbiased estimator.

Taking the ideas proposed in [32], an exploration of a simple target tracking sensor system
can be undertaken. This involves setting up a system in which a configuration consisting of
one or more fixed sensors are positioned to perform a ‘sweep’, and on each sweep detects the
same target, only the bearing to the target is obtained by this means. Examining [32], the
configuration manifold for this system is discussed. The integrals for the configuration metric
require some consideration as the comparison between the ‘bearings’ configuration manifold
and the Gaussian pulse configuration manifold should be of great interest and enable a deeper
understanding of how the curvature of these manifolds effects detection.

An investigation of the bearing-only case begins with the notation for a set of N landmarks,
A (n=1,...,N). The establishment of position estimations for an unknown point # using these
landmarks requires the use of a special case of a probability distribution function known as the
von Mises-Fisher distribution. This is a distribution defined on the (p — 1)-dimensional sphere
in R?. The special case in question, p = 2, is called the von Mises distribution and gives the
probability distribution on the 1-dimensional circle. The von Mises distribution

K cos(-—arg(6—An))
2nly(k)

e

Tn ~ pu(-[0) = (2.57)

provides angle measurements (bearings) from the landmarks with respect to 6. Here  is known
as the concentration parameter, a fixed parameter representing the degree of concentration of
points distributed about the mean (usually denoted p,). At this stage k is regarded as being
independent of n. The Fisher information for this von Mises distribution is calculated, observing

first that the full likelihood is expressed as

N
1 N
p (1= (1)hiil0) = | [ p(7al0) = e 2nm cos(mael0=an), (2.58)
( =11 (2mo(w)"

Here the distinction between a probability and a likelihood should be noted. The calculation
of a probability is one that is performed prior to data being available to adequately estimate
an outcome. A likelihood, on the other hand, is calculated after the required data has been
collected. Additional note should be made of the log-likelihood, which appears as a useful tool

here since the log and the actual function achieve their respective maximums at the same point.
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The log-likelihood may then be used when calculating a maximum likelihood estimation (MLE).

0)T) = KZCOS w —arg(d — \,)) . (2.59)

Considering equation (2.59), some further advantages of taking the log-likelihood are the
conversion of the product, in equation (2.58)), into a sum and the elimination of arbitrary

constants. Further development requires a differentiation of the log-likelihood with respect to
dol = K Z sin (7, — arg(f — \,)) dparg(d — \,,). (2.60)

The form of the Fisher information equation, as defined in [2], is written

FI1(0) = Eﬂa [dol @ dpl] , (2.61)
N
=E. g |k Z sin (1, — arg(6 — \,)) dparg(f — \,) ® K Z sin (7, — arg(6 — A\,)) dparg(d — A,
m=1
(2.62)

Taking into account that the sine function is odd, some additional simplification is made,

reducing the Fisher information to

FI(0) = E g [dol ® dol] = K ( 2o /<;) ) Zsm —arg(0 — \,)) dparg(6 — \,).  (2.63)

Here the factors Iy(k), L(k) are Bessel functions of the zeroth and second order respectively.
Further calculation is certainly possible, however, there is little utility following this example
further. The formulation of this problem represents a basis from which the construction of a
target tracking sensor optimisation method has been pursued. Other methods of calculating, as
well as additional motivation from van Trees [37] have resulted in a structurally reminiscent but
content modified formulation of this calculation. In order to examine a bearings only system
in a different scenario the work of Moreno-Salinas [26] is considered, in which bearings only
target localisation methods are used in estimating the position of targets located under water.
A slightly modified expression describing the relationship between the Cramer-Rao lower bound
and the FIM is included here, illustrating how this relationship describes the variance of an

unbiased estimator
var {G} == tr(Cov{q}) = tr (E{(G—q)(¢—q)"}) > tr(CRLB(q)). (2.64)

This work, again, follows the well trodden path to acquisition of the FIM and, as discussed in
previous cases, the optimisation is achieved by minimisation of the Cramer-Rao lower bound.

It is important to note that, as in other papers (citation needed), the D-optimality criterion
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is considered a perfectly valid method by which to achieve optimality rather than via the
Cramer-Rao lower bound, where D-optimality instead maximises the determinant of the FIM.
According to , the maximisation of the FIM determinant has the effect of minimising the
volume of the uncertainty ellipsoid of the target estimate. Where this type of uncertainty

ellipsoid can typically be seen as below

~\ 99%

Pt -

2, 1 PEECE SRR 1

Figure 2.1: An uncertainty ellipsoid, or confidence region arises from
repeated measurement and calculation of uncertainty for a set of data.
Comparing these sets of measurements results in the ‘true’ value being
contained within a particular confidence region some percentage of the
time. In the image above, the red ellipse captures the true value in 99%

of cases, the green in 95% and the blue in 90% .

http://www.visiondummy.com/2014/04/draw-error-ellipse-representing-covariance-matrix/

and is also commonly referred to as the confidence region. An interesting observation here is
that the D-optimality can lead to errors due to rapid improvement in information in only one
dimension, giving a very large FIM determinant, while other dimensions contain little-to-no
information. It is also possible to make use of A-optimality, which minimises the trace of

the Cramer-Rao lower bound, or another alternative method E-optimality, which takes the


http://www.visiondummy.com/2014/04/draw-error-ellipse-representing-covariance-matrix/
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minimum eigenvalue of the FIM and maximises it. According to [26], using A or E optimality
can eliminate the type of error to which D-Optimality is subject, though these methods are
subject to variation under scalar changes to parameters or linear transformation of output,
which D-optimality is not. Nonetheless [26] elects to utilise A-optimality.

Much of this work outlines the method by which optimal sensor locations are expressed and
selected. This is obviously a valuable notion, but since their method does not utilise information
geometry it is of interest but not of use with respect to the calculation under way. It is also
noted that an adequate model for system noise is imperative if the sensor configuration is to
be optimally selected; while this seems obvious it is well worth keeping in mind. In practical
scenarios, the location of the target is typically known only within some error region. The
geographical relocation of sensors is therefore performed with the express purpose of minimising
the trace of the Cramer-Rao lower bound, thus minimising the error region. Obviously, since the
Cramer-Rao lower bound is the inverse of the FIM this describes the same type of requirement
seen elsewhere, where the maximisation of the FIM is desired, thereby maximising the information
content of points within the confidence region.

This concludes the background material supporting the analysis of target tracking sensor systems

by the methods of information geometry.



Chapter 3

Integrals of Products of Shifted Sinc

Functions

The calculation of the Fisher metric for an infinite pulse-train, performed in Chapter [4] requires
the values of definite integrals of the forms in equations (3.1)) and (3.2).

For z € Z, let 1, denote the unnormalised sinc

sin(z — zm)

W o (3.1)
The integrals of interest are of the form
o K L
I= / TTT] % de, (3.2)
X k=11=1

where {zy,w; : k=1,2,..., K, | =1,2,....L} is a collection of (not necessarily distinct) integers.
To the author’s knowledge, values for integrals in equation have not appeared in the
literature. A method for evaluating these integrals in general, for all combination of K and L, is
presented in Section [3.1] In particular, each of these integrals will be reduced to an integral of
linear combinations of terms of the form sin™ x/sin™ x in order that closed form formulae may
be found. The specific versions of the integrals in Section needed in Chapter 4| are those
with K + L =4 and L < 2. There are 21 such integrals and since these play a crucial role in
this work, closed-form solutions are listed in Section [3.2] Full details for the proofs for these 21
formulae appear in Section [3.3]

3.1 A General Method

Let a > M = max{|z7|, |wr| : k =1,2,..,K,l = 1,2,....L}, where z, 2z, w, and w; are

integers. Define

L - / H H sin(r — ) (v — wym) cos(x — wym) — sin(xr — wym) dz. (3.3)

(x — zpm) (x — wym)?

k=1 1=1

29
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Making use of the identities sin(x — z7) = (—1)*sin(z) and cos(z — zm) = (—1)? cos(z),

e [ T2 g () - vt ), 00

T — wT T — WwpT
—a 1 =1 t !

where v = (—1)ZkK=1 2t Wi

The Product of binomials may be written conveniently as

H(Al _Bl) _ Z L M __ H lel vl (35)

=1 vEZE

where v = (v1,v9,...,vr) and n, = Zlel v;. Applying this expansion to the product over [ in

equation ((3.4)),

a inK+L_77U (

L=y [ Sy

~% ezt Lo I (2 = ) (20 — )2

x) Cosnv (:B)

dx. (3.6)

The next step is to expand the product in equation (3.6 by partial fractions. To do so, the shift
parameters z; and w; are re-indexed as a list of distinct integers of two classes; those appearing

among the derivatives ¢/, and those appearing only among the shifted sinc functions v,. Set,

Q={q¢qez:3el,2,.. L with ¢ =w},

P={peZ:3kel,2, .. K with P=z,p¢ Q}.

Set R = |Q|, S = |P|, let m, denote the multiplicity of z — p,m in [[;_,(z — z7) and for
v € Z%, let n, , denote the multiplicity of z — g,7 in HkK:1 Hlel(x — ) (2 — wym)? ™. With
this notation equation (3.6 is

cos™ (@)

S
I, = / L Mo
2. [17 T (2 = pom)™ (@ — gum)mos

veZE

in KL= (z)

: (3.7)

where the shift parameters {pi, p1, ..., Pr, @1, @2, ---, ¢s, } form a collection of distinct integers.

This allows the decomposition of each term into partial fractions,

fa = / Z L nv{if v,rm Sln;(iL "“(x:ncos”v(x)

o= s e pr)
S Nus K+L—n, v
+;n 1 vsnsmx_;(r))cosn( )}dg;, (3.8)
where the constants A, ,.,, and B, , satisfy the 2L (one for each v € Z%) polynomial equations
A Avrim A BusaWs
1—;;@_2” 21; FEp (3.9)
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where

R S
W, = H H (x — ppm)™ (x — gsm)™oe. (3.10)
r=1m=1

Not all individual terms of equation (3.8)) are necessarily integrable, but the sum of terms

comprising a single shift are integrable since they arise from shifted sinc functions, derivatives

of shifted functions or products thereof. Hence

I _72 )i n{z/ai vrmSlnI;J'j " (z) cos™ (x)

vEZ p'/r)m
2 By g sinf T (1) cos™ ()
d 3.11
ry [y st et 1, 1)

With changes of variable t = x — p,.m and t = x — ¢,7 in the respective terms of equation (3.11]

and using identities sin(t + jm) = (—1)’ sin(¢) and cos(t + jw) =

(—1)7 cos(t) for integers j,

I, =~ Z )L m{ Z JE+L) /ap”r i Ay g SINETET (1) cos™ ()

=

vEZ r=1 —a—prT ([E - prﬂ—)m
S a—qsm Nu,s s K+ L—
By.spsin " (x) cos™ (x)
_]_ (K+L)q$ / v,8,1 d ' 312
! ;( ) —a—qsT ; (-T — qsﬂ')n X ( )

The integrals in equation (3.12) are over different intervals but since a > M and M
max{|p, 7|, |qgsm| : 7 SRys = 1,2

subintervals as,

,..., 5.}, each interval may be broken into three

[—a—pm,a—po]| =[—a—pm,—a+ MU[-a+M,a—M|Ula—M,a—pm7]. (3.13)
This means that [, may be written as an integral over the common subinterval [—a+ M, a — M]

plus separate integrals over the remaining intervals. Thus

R a—M Mmr < K+L—
Ay rm Sin T (x) cos™ (x
Ia:’yE an{E: )(E+L)p / Z , () (z)

vEZL r=1 —at+M g (‘T o pTﬂ-)m
S a—M Mwv,s K+ L—
By s.nsin M (x) cos™ (z)

- () / 5 dz + J,, (3.14)
where J, is the sum of the integrals in equation (3.12)) over intervals [—a — p,7, —a + M|, [a —
M, a — p,r],[—a — qs7,—a + M| and [a — M, a — g,7].

Lemma
lim J, = 0.

lim (3.15)
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-a-n a-n

-a-m a-m

Figure 3.1: Intervals of Integration: The example intervals repre-
sented here are constructed by setting [ = 2, m = —4, n = 3, thus
M = max{|l|,|m|, |n|} = 4, with a = 7. The three rectangles show the
alignment of the intervals and the vertical lines show the bounds for the
common interval [—a + M, a — M] symmetric about zero. As a increases,
the width of the common interval increases but the lengths of the rectan-

gles not within the bounds of the common interval remain the same.

Proof

J, is the sum of integrals of the form

—a+M A W K+L-Sy t Sy t
T = / vrm S0 (t)cos™(®) gy (3.16)
P S tm
—a—prm A 3 K+L_SU t S’L) t
ijm :/ v,rym S ( )COS ( )dt7 (317)
sy tm
a—M
—a+M B W K+L-S, t Sv t
Jv_pm o / v,s,n S ( )COS ( )dt, (318)
sy —a—qer tn
—a—gsT B K+L—-S, t Sy t
J;rpm _ / v,s,n SH1 ( )COS ( )dt, (319)
w a—M n

All these individual integrals exist since none of the intervals contain zero. In the first case,

[ Au,rm| (M + p,)

J- < 3.20

Tl < (320)
and so

alggo J;pm = 0. (3.21)

The other cases follow similarly. B
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Taking a — oo in equation (3.14) shows that the integral in equation (3.2)) is

R oo Mr K+L— Tv Mo
_ vrmsm I ) COS X
I=~Y (-1 ﬂv{ K+L)pr/ Z — (w)l ()
r=1

veZ Pr W)

z) cos™ () }dx. (3.22)

v,s K+L— 77'0(

+ 3 (1) / Z vsnsm

S=

(x — gsm)"

In many cases, writing equation (3.22) as

R m . _
o B % Ay SINETET (1) cos™ (x
I Dy B S

r=1 m=1

S Nu,s  K+L—
By s sin M (x) cos™ (z)
—1)E+L)gs V5,1 d 92
-3y 3 Bt U ot ), o2

s=1 n=1

is more practical since some combinations of terms may add to zero or reduce to simpler forms.

3.2 Integral Formulas Required for the Fisher Metric

Calculation

Formulae for the 21 definite integrals required in Chapter [4] are presented here. Section [3.2.1
lists all five integrals in the form of equation (3.2) with K =4 and L = 0, Section lists the
seven integrals with X' = 3 and L = 1 and the nine integrals with K = 2 and L = 2 appear

in Section [3.2.3] Proofs appear in Sections [3.3.1] [3.3.2] and [3.3.3] respectively. The formulae
for equations (3.28)), (3.35)) and (3.44)) are well known and do not require the general method

presented in Section but are included here for completeness. Throughout, k,[,m and n

represent distinct integers.
3.2.1 Four Shifted Sinc Functions

(_1 m—4n

2(m l)(”—l)ﬂ
/ Vhide = e ) (3.26)

/ Bpmtpndc = (3.25)

( 1>m+n+1

3
N ¢m¢nd$ = m (3.27)
N Yide = %ﬂ (3.28)
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3.2.2 Three Shifted Sinc Functions and One Derivative

o , (_1)k+l+m+n
/—oo PR = S T~ ) m — ) (3.29)
[ tomitde = g (3.30)
/_ Z Vit de = <2_<z1)_l+7;g?;__ ln—)zzlz)’ a0
/_ : U8 da = (—1)m <2(m1_ <+ 5 _?’n)gwg) | (3.32)
[ vhnde = = .
/Z Y2 dr = (—1)™" <2(m _1n)37rz N 6(m1_ n)) | .
/ e =0, (3.35)
3.2.3 Two Shifted Sinc Functions and Two Derivatives
/ Z Dt dr = (Q?W{L)T:;; ((k — m)l R n)l(l - n)) , (3.36)
/: Vittnds = (1) (2(l - m)1<l “ayr 2(1 - m)?l(z — n)%m3
+2(l - m)2(lm —n)?ms * 2(1 — n)2(1n — n)zﬂs) ’ (3.37)
/_ Z btz = (~1)F <6<l - <1m - 2 - zgz(ltsfggzmmi ;;;;Zn - 3n2) |
(3.38)
[ vmian = S (A L), 539
[ bmtntitids = s, 10
[ vhttde = 1y ( et _271)%3) | 1)
/Z Vit = (m —271)47r3 *3m _2 e (3.42)
/_ Z bt 2d = (—1) (6<m ! =+ 5 _1n)4ﬂg> , (3.43)
/_Z vl = 2. (3.44)

3.3 Proofs of the Integral Formulae

The proofs that follow show how the integral forms in Section [3.2] are obtained.
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3.3.1 Four Shifted Sinc Functions

Proof of equation (3.24): I = [ Yxtihmibnde
From equation ([3.24)) the integral is

> A B D
I=xv / ( + + ¢ + >sin4(x)dm, (3.45)

w\z—kr zx—Ilm z—mm x-—nrw

where v = (—1)*"*™" and the constants satisfy the polynomial equation

1 =A(x —Im)(x —mm)(x — nw) + B(x — kn)(x — mn)(x —nn) + C(z — kr)(z — In)(z — nm)

+ D(x — kr)(x — Im)(x — mm). (3.46)
Comparing the coefficients of 2% on both sides of equation (3.46]) shows that A+ B+ C + D = 0.

From equation ((3.23)),
(A B C D
I= 7/ (— +—4+—=+ —) sin (¢)dt, (3.47)

Hence I = 0.

Proof of equation (3.25): I = [ ¢f¢mi),da
From equation ((3.25) the integral is

Izw/_oo( A + b + ¢ + b )2> sin*(z)dw, (3.48)

w\z—Ir  x—mr xz—nr (z—Ir

where v = (—1)™*™ and the constants satisfy the polynomial equation

1 =A(z — In)(x — mn)(x —nm) + B(x — In)*(x — nn) + C(z — Ir)*(x — mn)

+ D(z — mm)(x — nm). (3.49)

Comparing the coefficients of 2% on both sides of equation (3.49)) shows that A+ B+C + D = 0.
From equation ((3.23)),

“(A B C D > Dsin(t) vD7
v/m(t+t+t+t2)sm(t)dt 7/00 v dt 5 (3.50)

By solving equation ([3.49) for the coefficients,

1
D= e (3.51)

Proof of equation (3.26): [ 42¢2dx
From equation ((3.26) the integral is

I:«y/_oo( A + B + ¢ + D>2>sin4(x)d:v, (3.52)

w\z—Ir x—mr xz—nr (r—Ir
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where v = 1 in this case and the constants satisfy the polynomial equation
1= A(x —mn)(z — nm)? + B(x — mn)*(x — n7) + C(z — n7)* + D(z — mn)% (3.53)

Comparing the coefficients of 23 on both sides of equation (3.53]) shows that A + B = 0. From
equation ((3.23)),

B 00 A B C D . 4 - o0 Sin4(t) B (C+D)7T
I—/_w<7+?+t—2+t—2+>sm(t)dt—(C’—l—D)/ gt = (3.54)

—00

By solving equation ({3.53|) for the coefficients,
C=D= —— (3.55)

Proof of equation (3.27): I = [ ¢} ,dx
From equation (3.27)) the integral is

1:7/ ( A + B + ¢ + D 3)sin4(x)dx, (3.56)

w\zx—nr x—mr (z—mn)® (xr—mnm)

where v = (—1)™*" and the constants satisfy the polynomial equation
1= A(x — mn)® + B(z — mn)*(x — n7) + C(z — m7)(x — nw) + D(x — nr). (3.57)

Comparing the coefficients of 23 on both sides of equation (3.53]) shows that A + B = 0. From
equation ((3.23)),

B ~*(A B C D 4 B *sin'(t) ,  ACr
[—7/_w<?+7+t—2+t—3+>sm(t)dt—’yC/_ v dt—T. (3.58)

[e.9]

By solving equation ([3.57)) for the coefficients,
o — (3.59)

Proof of equation (3.28): I = [hdx

With change of variable, t = x — nx, equation (3.28]) is

I= /OO (1) gy _ 27 (3.60)

t 3

—00

3.3.2 Three Shifted Sinc Functions And One Derivative

Proof of equation (3.29): I = [ ¢xihmi),dx
From equation ([3.29) the integral is

0o A B, 4 D, .
" 3.61
7/_o<>{<£l€—l7T_I—313—m7r—{—96—n7r—l—(a:_n7T)2)51n (x) cos(x) ( )

A B C D E
—( . 2 _ 4 2)3)Sin4(a:)}dx, (3.62)

x—Ilr x—mr x—nr (z—nm)? (z—nrw
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where v = (—1)""™ and the constants satisfy the polynomial equations
1 =Ay(x —mn)(zx —nm)? + Bi(x — In)(x — nm)? + C1(z — Ir)(x — mm)(x — n)
+ Dy(z — Im)(z — mm), (3.63)
and
1 =Ay(x — mn)(x —nm)® + By(x — In)(x — nm)® + Co(z — I7)(z — mm)(x — nw)?
+ Do(z — Im)(x — mm)(x — nw) + Exy(x — Im)(x — mm). (3.64)

Comparing the coefficients of 23 in equation (3.63) and z* in equation (3.64) shows that
A1 + B1 + Ol =0 and Al + B1 + Cl = 0. From equation 323,

[ = /OO { (Al + i + ﬁ + 2) in®(¢) cos(t)

t
Ay By  Co Dy  Ep\ . 4
- =+ —+— — t) ¢ dt 3.65
<t+t+t+t+t28m() | (3.65)
> sin'(t)
Y / B (3.66)
E
_ 2B (3.67)
2
By solving the polynomial equation (3.64)) for the coefficients
—1
E, = (3.68)

(k—n)(l —n)(m —n)m3
The integrals containing one or more derivative factors become slightly more complicated to
evaluate and so a more detailed description of the method is provided in the following example
(13.69). The cases, thereafter, do not contain the additional explanation but will follow this

method or explicitly show where additional steps are required.
Proof of equation (3.30): I = [ ¢y dx

I /°° sin(z — Im) sin(z — mm) P (cos(x — nr)(x — nw) — sin(z — n7))

o (@—Im)*  (z—mm) (z — nm)?2 dx. (3.69)

Since sin(z — n7w) = (—1) sin(x) and setting v = (—1)™"",

_ Py / " sin®() cos(a) (x — ) [ ! 2} d

a (x —Im)?(x — mm)(z — nm)

_py / " sind () [ e _1mﬂ) = m)Q} dz, (3.70)
:Py/asing(a:)cos(x){ A B G D )]dx

(x—Im)? (x—In) (x—mm) (z—nm

@ A B D E
_ PV/ Sin4(x) [ 2 + 2 + C + 2 + 2 )] dux,

(x=Ir)?2 (r—=Ir) (x—mn) (z—nm)? (r—nn
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where A,B,C,D in equation (3.70) satisfy the polynomial equation

1 =A,(x —mn)(x —nr) + Bi(z — In)(x — mn)(x — nr) + Cy(x — I7)*(x — n7) (3.72)

+ Dy(z — I7)*(z — mn). (3.73)

Comparing the leading order coefficients of 23 on both sides of equation (3.73) shows that
By + Cy + Dy = 0. Solving for the coefficients gives the result

1

ST T (3.74)
_ 2l+m+n
= (1 —m)2(l —n)?’ (3:75)
1
Cr= w3 (m —10)2(m —n)’ (3.76)
1

D, = . (3.77)

Recalling the discussion of intervals in Section and illustrated by figure [3.1], evaluation of

(1))

equation (3.70)) is considered over the common interval [—a + M, a — M|, where the limit “a” is
chosen large enough that all these intervals include zero. In particular, “a” must be chosen so that
a > M = max|ln|,|mr|, |nx|. For this reason, each of the intervals [—a — jm,a — jn],j =1,m,n
may be decomposed into three intervals [—a — jm,a — jn| = [—a — jm,—a + M] U [—a +
M,a — M]U[a — M,a — jr]. The integrals in equations and will be denoted

I, and I, respectively, in order to reduce clutter. Substitute s = = — (I, m,n)m and apply

sin(s + nmw) = (—1)7 sin(s), with v = (=1)™*"

_py /“ M- Ay sin®(s +Z7T>2COS<8+Z7T)CZS—I—P’)/ /“_M By sin®(s + I) cos(s —l—lﬂ)ds
—a+M (s) —a+M (s)
. =M 0 sin®(s + mm) cos(s + mm) ds 1 Pr /aM D sind(s + nr) cos(s + nr) s
—a+M (S) —a+M (S)
(3.78)
_ Pfy/a M- A, sin® cos( )ds+Pfy /a_M (By + C1 + D) sin’(s) COS(S)ds, (3.79)
at+M —a+M (s)
a—M A
_ Py / 150 (S)ZCOS(S)ds. (3.80)
—a+M (S)
Since the integrand of equation ([3.80) is odd, this integral equals zero.
a—M A .3
Pry / 1o (S)QCOS(S)ds —0. (3.81)
—a+M (S)

Examination of equation (3.71)) where v = (—1)™



3.3. PROOFS OF THE INTEGRAL FORMULAE 39

@ A B C D E.
12—_P7/ sin4(x)[ 2 _ 2 4 2 _ ¢ 2 _ 4+ 2 _|dz, (3.82)

a (x =12 (x—=In) (x—mm) (z—nm)? (z—nn)

for A,B,C,D,E satisfying the polynomial equation

1 =Ay(x — mn)(x — nm)? + By(x — In)(x — mn)(z — nm)? + Co(x — Im)*(x — mn)?

+ Dy(z — I7)*(z — mn) + Ey(z — In)*(xz — mn)(z — n7). (3.83)

Comparing the leading order coefficients of z* on both sides of equation (3.83) shows that
By + Cy + E5 = 0. Solving for the coefficients gives the result

1

o = ST (3.84)
By = W4&3_l;§fl(l+_2>3, (3.85)
- l)lz e (3.86)
Dy = o 1)12 =t (3.87)
B, l=2m (3.58)

m(n —1)3(n —m)?’

Continuing on with equation (3.71]), over the common interval [—a + M, a — M] and again
substituting s = z — (I, m,n)m and applying sin(s + nr) = (—1)?sin(s) and v = (—1)™"™ as

before.
a—M i 4 a—M s 4
I — —PV/ A,y sm( ()32—|— l7r)dS B PV/ By sm((;’ + lw)ds
—a+M S —a+M S
a—M 4 a—M s 4 a—M .4
B Pfy/ Cy sin (s—l—mw)ds B P%/ Dy sin (52—|— mr)ds B Pfy/ E5 sin (s—l—mr)ds’
—a+M s) —a+M (s) —a+M (s)
(3.89)
_ _p, /“_M (Ay + Ds) sin®(s) ds — Pr /“_M (B 4+ Cy + Ds) Sin4(s)ds, (3.90)
—a+M (s)? —a+M (s)
a—M : 4
=Py (As & Do) sin(s) (3.91)
(s)?
—a+M
Since
> sint(x)
dr = — .92
L=t 3:92)
equation (3.91)) becomes

T 1 1
=3 (73(Z—m)(l—n)2 * W3(z—n)2(n—m))' (3:93)



40 CHAPTER 3. INTEGRALS OF PRODUCTS OF SHIFTED SINC FUNCTIONS

So equation (3.93) becomes

™ 1 1
= §P'7 <7r3(l —m)(l —n)? + (0 —n)2(n — m)) ) (3.94)
[ —2m+n

L= T my = n2im =)

Pry. (3.95)

Proof of equation (3.31): I = [ ¢y nt)dx

I /OO sin(x — Ir) sin(x — mn) sin(x — nx) P (cos(x — nw)wz, — sin(x — nﬂ))dg;. (3.96)

w (z=Ir) (r—mm) (z—nm) (x — nm)?
Sincesin(z — nr) = (—=1)? sin(x) and v = (—1)"*™,

. /_ " Psind(x) (cos(x)( — n) — sin(z) ! } da,

. (z — Im)(x — mm)(z — nr)?
" in® cos(z A b c ; !
_Py/ sin®(x) cos( ){(x_lﬂ)+(x_m7r)+(x_mr)2+(x—n7r)}d

—Py/ sin4(x)[ A + = + ¢ + = + £ )] dx,

(x—=Ir) (x—mn) (z—nnm)? (z—nm)? (r—nr

(3.98)
where A,B,C,D in equation (3.97) satisfy the polynomial equation
1 =A(z — mn)(x — nn)® + By(x — I7)(x — nm)® + Ci(x — I7)(z — mn)(z — n7)
+ Dy(x — I7)(z — m7)(z — n7w)? (3.99)

Comparing the leading order coefficients of z* on both sides of equation (3.99) shows that
Ay 4+ By 4+ D1 = 0. Solving for the coefficients gives the result

1

A= T (3.100)
1

By = e (3.101)
1

Cr = e T (3.102)

D, - tEm=2n (3.103)

w3 (n —1)2(n —m)?

Continuing on with equation (3.97)), over the common interval [—a + M, a — M| as discussed
in Section with v = (—1)Hm+n,
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_py /a M Ay sin®(s + Im) cos(s + l’/T)dS + Py /“_M By sin®(s + mm) cos(s + m) s
—a+M S —a+M S
Py =M O sin’(s + m;) cos(s + nm) ds + Py /“_M Dy sin®(s + nr) cos(s + nr) s,
—a+M S —a+M §
(3.104)
_ PW/ (A + By + Dy)sin®(s + I7) cos(s + lﬂ')ds
—a+M S
+ Py /a M ¢ sin® (s + m;) cos(s + mT)dS’ (3.105)
s
b /a M0y sin®(s + n7r2) cos(s + nm) s (3.106)
—a+M S
Since the integrand of equation (3.106)) is odd, this integral equals zero.
a—M i3
Py / Crsin’(s) cos(s) ;. (3.107)
2
—a+M (S)

Examining equation ([3.98)) where v = (—1)*m+n

¢ (o A 4 ¢ D b T
12__P7/ Sm()[(x—lw)+(x—mW)+(x—n7T)3+(x—m)2+(f’f—m) d7

—a

(3.108)
for A,B,C,D,E satisfying the polynomial equation
1= A(z — mn)(z — nr)® + Bz — Ir)(x — nn)® + C(x — Im)(x — mm)
+ D(x — I7)(x — m7)(z — n7) + E(x — I7)(x — m7)(x — nm)?. (3.109)

Comparing the leading order coefficients of z* on both sides of equation ([3.109)) shows that
A+ B+ E = 0. Solving for the coefficients gives the result

1

A= Ml —m)(l —n)® (3.110)
1

B— _ﬁ4(m_l1)(m_n)37 (3.111)

T 3112

p—__thm=2n (3.113)

w3 (n —1)%2(n —m)?’

—12 —Im + 3ln — m? 4+ 3mn — 3n?
E = 3.114
m(n —1)3(n — m)? ’ ( )
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then

a—lm A 4 l a—mm B si 4
[2:_P7/ sin®(s + W)dT—Pfy/ sm(s—i—mﬂ)dT
—a—Ir (8) —a—mm (S>

_py /C‘"7r C'sin*(s + nr) dr — Pr /“m Dsin(s + mr)dx _py /am Esin(s +n7r)dx7

(3.115)
_ _p, /“_"7r C'sin*(s + mr)ds _py /“_"7r Dsin*(s + nr) s
—a—nTm (8)3 —a—nTm (8)2
a—lm c 4
A+B+ FE
_py (A+ B+ E)sin (s+l7r)ds7 (3.116)
—a—Im (S)
T Csint(s + nm T Dsint(s 4+ nw
= —PW/ (i)?’ )ds - PV/ ((3)2 )ds. (3.117)
Since
> sin*(x) > sin*(x) s
/_Oo p dx =0, and /Oo p de = BL (3.118)
equation (3.117)) becomes
T [+m—2n
Ihb=—=P : A1
=3P (o) (G419
As I = 0, the I, equation represents the final expression of I.
Proof of equation (3.32): I = [}l dx
> sin®(x — mn) (P (cos(z — n7)(z — nn) — sin(x — nr))
= /_OO e ( oy ) dz. (3.120)

Sincesin(z — nw) = (—=1)? sin(z) and v = (—=1)™

_py /“ sin®(z)cos(z)(x — mT)dT Py /oo sin’ () de, (3.121)

_o (@ —mm)3(x — nm)? w (x —mm)3(x — nm)?

:P’y/asin?)(x)cos(x)( R S . ))d:z; (3.122)

(x —=mm)3  (x—mm)?  (z—mn) (x—nm

—Pfy/ sin4(:c)(( A + = 5+ ¢ + = + b )>da:,

x—mm)3  (z—mn)? (r—mn) (x—nm)? (z—nr

(3.123)

where A,B,C.D in equation (3.122)) satisfy the polynomial equation
1= A(x —nn) + By(x — mm)(x —nr) + Ci(z — mn)*(x — nm) + Di(z —mnm)®. (3.124)

Comparing the leading order coefficients of 23 on both sides of equation ([3.124)) shows that
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C' + D = 0. Solving for the coefficients give the result

A = m (3.125)
Bl = —m, (3.126)
= (ml_ et (3.127)
Dy = —m. (3.128)

Continuing on with equation (3.122)), over the common interval [—a + M, a — M| as discussed
in Section [3.1] with v = (—1)™.

I —p /“_M Aysin®(s + mm)cos(s + mﬁ)d P /“_M Bysin®(s + mm)cos(s + mw)d
1= s gl s
—a+M (s)? —a+M (s)?
L+ Py /“_M Cisin®(s + mm)cos(s + m) ds + Py /“‘M Dssin®(s + n)cos(s + n) s
—a+M (s) —a+M (s) ’
(3.129)
P /“_M Aysin® (s + mm)cos(s + mﬂ)d L p /“_M Bysin®(s + mm)cos(s + mw)d
—a+M (s)? —a+M (s)?
a—M 103
Ci+D
N P’y/ (C1 + Dy)sin®(s + mm)cos(s + mw)dS’ (3.130)
—a+M (5)
p /“M Aysin®(s + mm)cos(s + mw)d L p /“M Bisin®(s + mm)cos(s + mw)d
= S S.
! —a+M (s)? ! —a+M (s)?
(3.131)
Since the two integrands of equation ((3.131) are,
/“_M sin®(s) (;os(s)ds _ z) /“_M sin®(s) (;OS(S)dS o, (3.132)
—a+M (s) 2 —a+M (s)
equation (3.131)) becomes
7T
= Py AL, (3.133)
Pry
L = . 3.134
"7 2(m —n) ( )

Examining equation (3.123)), where v = (—1)™

@ A B D E
I = —Pv/ sin?(z) ( + + ¢ + + ) dx,

a (x —mm)3  (z—mn)?  (r—mn) (z—nm)? (z—nnr)

where A,B,C,D equation (3.122)) satisfy the polynomial equation

1 = Ay(x—nm)*+By(x—mm)(x—nn)*+Cy(x—mm)? (x—n7)*+ Dy(z—mw)*+ Ey(x—mn)* (z—n).
(3.136)
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Comparing the leading order coefficients of 2® on both sides of equation (3.136) shows that

Cs + E5 = 0. Solving for the coefficients

1
A= 2(m —n)?’
2
T
3
C2 = +7T4(m —n)¥’
1
S T
3
Ez = _7r4(m —n)¥’
then
I = —Pry /“_M Aysin®(s + mm) ds — P~ /“_M Bosin®(s + TfL’/T)dS
—at+M (s)? —at+M (s)?

(3.137)

_py /“M C’gsin4(s—i—m7r)d8 _py /“M Dysin(s —i—mr)ds _py /“M Egsin4(s+n7r)d8.

—a+M (S) —a+M (5)2 —a+M

—_py / T s bm) / T (Bt DaJeinls )

—a+M (3)3 —a+M (8)2
a—M iq4
B PW/ (Cy + Ey)sin*(s + nm) ds.
—a+M (S)

—a+M (s)? —a+M (s)?
Since the two integrands of equation (13.140]) are,
/a_M sin4(s)d _0 /a_M sin4(s)d om
3 5= 3 5= 5
—arnm (8) —arm (8) 2

equation (|3.140) becomes

s
Ig = —P’7§(B2 + Dg),

™

= P13 <w3<mz np 7r3<m1— n>3) |
- Pyg (W) .

Recombining, I; + I, results in the full expression of

(=)™ ((=1™(m —n)* + %)
2(m —n)3

Proof of equation (3.33): I = [ 2,4,y dx

I =

Py /“_M Apsin (s + mﬂ)ds _py /“_M (By + Dsy)sin*(s + mﬂ')d&

(3.138)

(3.139)

(3.140)

(3.141)

(3.142)

(3.143)

(3.144)

(3.145)
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I /°° sin?(z — mm) sin(z — nm) P (cos(x — nm)(x — nw) — sin(z — ”ﬂ)dm (3.146)

w (r=—mm)? (x—nm) (x — nm)?

Sincesin(z — nr) = (—=1)? sin(x) and v = (—1)"

:Pfyl/asing(x)cos(a:)< Aa_, B ¢ | D ))da:,

a (x —mm)2  (x—mm) (r—nm)? (r—nr

* A B D E
- P'yg/ sin® () <( + + ¢ + + )) dz,

a r—mm)?2  (v—mm) (r—nm)} (r—nm)? (x—nr

where A B,C.D equation (3.147)) satisfy the polynomial equation
1= Ay(z — nm)?* + Bi(x — mr)(z — nm)? + Cy(z — mm)? + Di(xz — mm)*(z — nm).  (3.149)

Comparing the leading order coefficients of 2® on both sides of equation (3.136)) shows that
By + Dy = 0. Solving for the coefficients in the bracket give the result

1
A= m2(m — n)2(2x — m)?’ (3150)
B= —Wg(m_?)g(x_ﬁm), (3.151)
¢= w2 (m —n)?(z — mn)?’ (3:152)
D- 2 | (3.153)

Continuing on with equation (3.147)), over the common interval [—a + M, a — M| as discussed
in Section with v = (=1)".

a=M 4 i3 a=M B sin3
I PW/ 1 sin’(s + mﬂ)Qcos(s + mm) ds + PV/ 1 8in°(s + mmr) cos(s + m) s
—a+M (S) —a+M (S)
+ Py /  Gisin(s ) costs £nm) g,y /aM D sin®(s + nm) cos(s + nm)
—a+M (s) —atM (s)
(A
PV/ 1+ Cp)sin®(s + gmr) cos(s + mﬂ)ds
,a+M (8)
. P’y/ (By + D) sin®(s + mm) cos(s + mﬂ)dS’ (3.154)
o (s)
_ Pv/ (Ay + C1)sin’(s + ;mT) cos(s + mﬂ)ds. (3.155)
a+M (S>
Since
a—M _: 3
/ sin(s) €os(s) 4, _ g, (3.156)
—a+M (S>

then Il =0.
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Examining equation (3.148)), where v =1

I = —Pv/ sin?(z) ( A + B + ¢ + b + b )) dx,

a (x —mn)?  (zx—mm)?2 (z—mm) (x—nm)? (r—nn

where A,B,C,D,E equation (3.148]|) satisfy the polynomial equation

1 = Ay(x—n7)*+By(x—m7)(x—n7)3+Cy(x—mm)?+ Dy(x—mm)? (z—n7)+ By (x—mm)? (z—n7)>.

(3.158)
Comparing the leading order coefficients of x on both sides of equation (3.158)) shows that
By + E5 = 0. Solving for the coefficients gives

Ay = ——— 3.15
2 7T3(m _ n)gu ( 9)
3
By = —
? mt(m —n)*’
1
G2 = w2(m —n)?’
2
Dy = ——
2T m(m—n)¥
3
by = .
7 i (m —n)t
Then,
a=m A g 4 a—m B 4
]2:—P7/ sin (Sj_mﬂ)ds—Py/ sin (s—l—m7r)ds
—a+M (S) —a+Mm (S)
a—m 4 a—mD'4 a—mE-4
B PV/ C'sin (33—|—n7r)ds B PW/ sin (32—1— mr)ds B PV/ sin (s—i—mr)dS’
—a+M (s) —a+M (s) —a+M (s)
(3.160)
_ _p, /am C sin4(s3+ nm) ds — Pr /am (A+ D) sinz(s + mm) s
—a+M (s) —a+M (s)
a—m 4
—P’y/ (B + E)sin (s+n7r)d87 (3.161)
—a+M (5)
a—m -4 a-m (A D) si 4
_ —P’Y/ C'sin (33+ mr)ds B PV/ (A+ )Sln2(8 + mﬂ)ds. (3.162)
—a+M (s) —a+M (s)
Since the two integrands of equation (3.162)) are,
a—M _: 4 a—M - 4
/ wczs —0, / S (j)ds S (3.163)
—a+M (5) —a+M (S) 2
then I is
- —ng(A + D), (3.164)
us 1 2
= —Pry— 3.165
7 (7r3(m—n)3 * 7r3(m—n)3) ’ ( )
—1)m3P
PR ) (3.166)

C2m2(m —n)3
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Since I; = 0 the full expression is I = I5.

Proof of equation (3.34): I = [ 4,29 dx

[ sin(z — mm) sin®*(z — n7) P (cos(z — nw)(xz — nw) — sin(z — nr)) .
= /_oo (x —mm)  (z—nm)? (x —nm)? dz.  (3.167)

m

Sincesin(z — nr) = (—=1)? sin(x) and v = (—1)

_py / " sin?(z) cos(z) (z — ) < = W;(I - m)4> da

—a

—Py/aw#@)Qx_Wmix_mWJdL (3.168)

—a

::Py/wsm%xqux)< A + = + ¢ + = ))dm (3.169)

(x—=mnm) (zr—nn)? (z—nn)? (r—nn

-Pv/msmﬂx)<( A, B _,_C D | F )>d%

a r—mm) (z—nm)t (r—nr)3 (r—nm)? (r—nw

where A,B,C,D equation (3.169)) satisfy the polynomial equation
1= A(x —nm)® + Bi(z — mn) + Ci(x — mn)(z — nw) + Dy(x — mm)(x —nm)®. (3.171)

Comparing the leading order coefficients of 2® on both sides of equation (3.171])) shows that
Ay + D1 = 0. Solving for the coefficients in the bracket give the result

A= p el (3.172)
1

B:_HETE’ (3.173)
1

C+_F%:?? (3.174)
1

D:—F%jm3 (3.175)

Continuing on with equation (3.169)), over the common interval [—a + M, a — M| as discussed
in Section with v = (=1)™.

ds

(l*M : 3 (l*M . 3
A B
s Pfy/ 18in° (s + mm) cos(s + mm) ds + Pfy/ 1 8in°(s + mrlcos(s + nm)
—atM (S) —a+M (S>
a—M : .3 a—M . 3
c D
N PV/ 1 sin’ (s + n7r)2cos(s + nm) ds + PV/ 1 8in”(s + nm) cos(s + n) ds.
—a+M (s) —at+M (s)

_ py /“_M By sin®(s + nm) cos(s + n) 4 Py /“_M Cy sin®(s + nr) cos(s + n)

—a+M (s)? —a+M (s)?
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Py /aM (A + Dy)sin®(s (—I—)mﬂ) cos(s + m7r)d87 (3.178)
—a+M S
a—M By si 3 a—M Y i 3
_ P’y/ 18in”(s + nm) cos(s + nm) ds + PV/ 1 sin’(s + nm) cos(s + n) s
—at+M (s)? —at+M (s)?
(3.179)
Since the two integrands of equation (3.179)) are,
> sin?(z) cos(z) T > sin®(z) cos(z)
then
- PVgBl, (3.181)
_1)mtnp
Examining equation (3.170)), where v = (—1)™
“ A B C D E
I,=-P in’ d
? 'y/_asm (z) <(x—m7r) * (x —nm)t * (x —nm)3 * (x — nm)? * (z —mr)) “
(3.183)

where A B,C,D,E equation (3.170]) satisfy the polynomial equation

1 = Ay(x—n7)*+By(x—m7)(x—n7)3+Cy(x—mm)?+ Dy(x—mm)? (z—n7)+ By (x—mm)? (z—n7)>.
(3.184)

Comparing the leading order coefficients of 23 on both sides of equation ([3.184) shows that
As + E5 = 0. Solving for the coefficients gives

A= (3.185)
1

Bz = w(m—n)’
1

Gz = _7r2(m—n)2’
1

Dy = _7r3(m—n)3’

By=——
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then

_ P /“_M Ay sint(s + mm) ds— Pr /“_M By sin®(s + nr) s

et ) e (9"
— Py / T Gasinebnm)yp, / T Dasin'(snm) o p / T Benle b,
—a+M (3) —a+M (S) —orM <S)
a—M B c .4 a=M in
_ _P’y/ 5 sin (54—1— nﬂ)ds _ Pv/ Cysin (53—|— nm) ds
—a+M (s) —at+M ()
_py /aM D, sin4(s2+ nr) ds — Pr /aM (Ay + By) sin’(s + mn) ds, (3.186)
—a+M (s) —atM (5)
a—M B, si 4 a—M in*
_ —Pv/ 5 sin (s4+ nm) ds — PV/ Cy sin (33~|— mr)ds
—a+M (s) —at+M ()
a—M D> si 4
B Pﬁy/ 5 Sin (52+ ?”L7T) ds. (3187)
—a+M (8)

Since the three integrands of equation (|3.187)) are,

a—M .. 4 2 a—M _: 4 a—M . 4
/ = (f)dx = / o <f)dx —0, / o (f)da: _ (3.188)
—a+M () 3 —a+M (v) —a+M (z) 2
then
27 ™
=—P~y—By — Py—D
Y 3 2 72 2,

_2P(—-1)™ P(—-1)™

I = 3(m—n)  27%(m —n)* (3.189)
Recombining I1 + I5 gives
__(=ymP 2P(-1" P(=1)™
— 2(m—n) - 3(m —mn) i 2m2(m —n)3’ (8-190)
1 1
I=(-1)"P . 191
(=1) <6(m—n) i 212 (m — n)3) (3.191)
Proof of equation (3.35): I = [ ¢3¢/ dx
0 (i3 o o _ o o
I / sin’(z — nm) P (cos(z — nm)(x — nw) — sin(x mr))da:. (3.192)
oo (x—mnm)3 (x —nm)?

Sincesin(z — nr) = (—=1)? sin(x) and v = (—1)"

_ py / (@) cos(a) <<x _Am)4 - _Bm)g - _cm)2 - _l?m)) dr (3.193)

—a

“ A B C D E
— Py/ sin®(z) < + T+ + 5+ > dz.

a (x —nm)®  (x—nm)*  (z—nn)® (z—nn)

Thus, I = 0.



50 CHAPTER 3. INTEGRALS OF PRODUCTS OF SHIFTED SINC FUNCTIONS

3.3.3 Two Shifted Sinc Functions And Two Derivatives

Proof of equation (3.36)): wr)! ),

As before sin(z — nr) = (—1)/ sin(z) and v = (—1)**!

[ sin(z — k7) sin(z — I7) P (cos(x — mn)(x —mm) — sin(z — mm))
I'= /OO (x —km) (v —In) (x —mm)? (3:195)
P (cos(z — nm)(z — nm) — sin(z — nm)) I (3.196)
(x — nm)? ’ '
= PQ'y/_ sin?(x) (cos(x)(x — mm) — sin(x)) (cos(z)(z — nxw) — sin(x))
1
((m — kr)(z — Im)(x — mm)?(x — n7r)2> 4z, (8.197)
2 ¢ <2 2 1
L =P 7/_@8111 (x) cos®(x) <(x By e s mr)) dz,
= P?y /a sin?(x) cos® () ((:v —Aknr) + @ _Bm) + @ _Cmﬁ) + @ —Dmr)) , (3.198)

==y [ s@)ente) (=)

2 asin3mcosa: A B ¢ b E T
__PV/_G (@) ()<(x—k7r)+(x—l7r)+(x—m7r)+(m—nﬁ)2+(x—n7r)>d’

(3.199)
Iy = =Py /_i sin’(v) cos(x) ((:L‘ — km)(x — lw)(lx —mm)?(z — mr)) 4z,
2 [* 3 A B C D E
=% [ st eoste) (G o R o T )
(3.200)
=1 / ) ()
= P?y /_a sin*(z)
. ((x —Almr) * (x —Blﬂ) (x —CT’mr)2 * (x —Dmﬂ) * (x —Emr)2 * (x —Fmr)> 4z, (3:201)

where A ,B,C.D equation (3.198)) satisfy the polynomial equation

1=A(x—In)(x —mn)(x —nr) + By(x — kr)(x — mn)(x — nn) + Cy(x — kr)(x — In)(x — nm)

+ Dy(x — km)(x — Im)(z — mm). (3.202)

Comparing the leading order coefficients of 23 on both sides of equation ([3.202) shows that



3.3. PROOFS OF THE INTEGRAL FORMULAE 51

Ay 4+ By + C1 + Dy = 0. Solving for the coefficients

1

A= Sk k) (3.205)
1

B == ma—ma =y (3:204)
1

O = B Bm - D(m —n) (3.205)

D=-— ! (3.206)

m(n—k)(n—10(n-—m)’
Continuing with equation (3.198]), over the common interval [—a + M, a — M] as discussed in
Section [3.1] with y = (—1)*+.

then
a—M : 02 2 a—M 202 2
_ PQV/ Asin®(s + k) cos®(s + kw)ds N PQVI/ Bsin®(s + ) cos®(s + l7r)d87
—a+M (s) —a+M (s)
P /“_M C'sin’(s + mm) cos?(s + mmn) ds + P, /“_M Dsin®(s + nr) cos?(s + nr) ds
—a+M (s) —a+M (s)
(3.207)
a—M A B D) si 2 2
_ PQV/ (A4 B+ C+ D)sin’(s + km) cos®(s —Hm)ds, (3.208)
—a+M (S)
I =0. (3.200)
As seen in equation ([3.203)), (A+ B+ C + D) = 0.
Next, A,B,C,D,E in I, equation (3.199)), satisfy the polynomial equation
1= Ay(x — In)(xz — mn)(z — nw)® + By(x — kr)(x — mn)(z — nr)?
+ Cy(z — k) (z — Im) (v — n7)? + Doz — k7)(x — I7)(z — mn)
+ Ey(x — km)(x — Im)(x — mm)(x — nm). (3.210)

Comparing the leading order coefficients of z* on both sides of equation ([3.210)) shows that
Ao + By + C5 + E5 = 0. Solving for the coefficients give the result

1

A D mk— ape 3210
B == ;)(z ey (3212)
Co = = = 3219
O e e et (3210
B, = Kl + km — 2kn + Im — 2In — 2mn + 3n? (3.215)

m(k —n)?(n —1)%2(n —m)?
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Calculation of I, is performed, where the substitution s = x — (k, [, m, n)7 is made and applying
sin(s +nm) = (—1)7sin(s) and y = (—1)F+

a—M : 3 a—M . 3
I — _PQV/ Asin®(s + k) cos(s + k) s PQ’Y/ Bsin®(s + l7r)) cos(s + Im) s

a+M (S) —a+M (8
_p2, /“_M C'sin®(s + mn) cos(s + mmn) ds — P?y /“_M Dsin®(s + nW)QCOS(S + nm) s
—a+M (s) —a+M (s)
P /“_M Esin®(s + nn) cos(s + n) s, (3.216)
—a+M (8)
a—M 103
:—PQ’Y/ (A+ B+ C+ E)sin (s+k:7r)cos(s—|—k7r)d8
- (s -+ )
a—M D si 3
B P27/ sin”(s + mr);:os(s + n7r)d87
—a+M (S)
_ _p /“_M Dsin®(s + mr)Qcos(s + n) ds. (3.217)
—a+M (8)
L =0, (3.218)
as
a—M Dsi 3
/ sin (x);:os(a:)dx _0 (3.219)
—a+M (ZL‘)
Examining I3,
“ A B C D E
Iy = —P? in® dz.
s 7/_;““ () cos(x) ((x ) e =)  w—mm) | (o= mr)) v
(3.220)
where A B,C,D equation (3.200]) satisfy the polynomial equation
1 = As(z — Im)(xz — mm)*(x — nm) + Bs(z — kr)(xz — mm)?(x — nm)
+ Cs(x — km)(z — In)(z — nw) + Dy(z — kr)(z — In)(z — mm)(x — nn)
+ By(x — k) (x — I7)(z — mm)>. (3.221)

Comparing the leading order coefficients of x* on both sides of equation (3.221)) shows that
A3+ B3+ D3 + E5 = 0. Solving for the coefficients give the result

1

A= (k= )k —m)2(k — n)r®’ (3222)
1
b= (I —=k)(I—m)*(l —n)m*’
1
¢= (m—k)(m —1)(m —n)m3’
D:_—kl+2km—kn+2lm—ln—3m2+2mn
7k —m)2(m — 1)2(m — n)? ’
o 1

(n—k)(n—10)(n—m)>rx*
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Calculation of I3 is now possible, where the substitution s = x — (k,l,m,n)7 is made and

applying sin(s + nm) = (—1)7 sin(s) and y = (—1)k+

I, = — P /“_M Az sin®(s + kr) cos(s + k) ds — Py /a_M By sin®(s + I) cos(s + Im) s
—a+M (s) a+M (s)
a—M -3 a—M .. 3
B szy/ Cssin°(s + m7r)2cos(s + mm) e P2’y/ Djssin®(s + mm) cos(s + mm) s
—a+M (S) —a+M (S)
P, /“_M Essin®(s + nn) cos(s + nm) s (3.223)
—a+M (5) 7
“~M (A3 + B3 + D; + Ej3) sin®
_ —PQ’Y/ (As + B3 + D3 + Ej3)sin®(s + k) cos(s + k) s (3.224)
—a+M (3)
a—M s 3
B P27/ Cysin’(s + m7r)2(:os(s + mm) is. (3.225)
—a+M (S)
Again, the equation
a—M ;3
/ sin (1) €os() 4, _ (3.226)
—a+M (I)
and so,
=0 (3.227)

Considering Iy,

2 ¢y A B c D b a
L=+ 7/a51n () ((ﬂi—kﬂr) * (z — Im) " (x —mm)? * (x — m) * (x —nm)? i (x_mr))d%

(3.228)
where A,B,C,D equation (3.201)) satisfy the polynomial equation
1= Ay(z — In)(x — mm)*(z — nm)? + By(x — km)(x — mn)?(x — nn)?
+ Cy(z — k) (z — Im) (v — nm)? + Dy(x — k7)(x — I7)(z — mn)(z — n7)?
+ Ey(z — km)(x — Im)(x — mm)* + Fy(x — kr)(z — I7)(z — mn)?*(z — nr). (3.229)

Comparing the leading order coefficients of 2® on both sides of equation (3.229) shows that
Ay + By + Dy + Fy = 0. Solving for the coefficients give the result

1
A, = 3.230
YT k=D (k —m)2(k — n)at’ (8:230)
1
B p—
T U= k) =m)2(1 —n)at
1
C p—
T m=k)(m=D(m—n)r¥’
D __—k:l+2k;m—kn—|—2lm—ln—3m2—|—2mn
L 7t (m — k)2(m —1)2(m —n)? ’
1
E p—
T =k —=10)(n—m)?2at
—2kl — — 2mn — 4n?
P = kl — km + 3kn — Im + 3ln + 2mn n (3.231)

m™(n—k)2(n—10)%2(n —m)3
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The final integral, I, is calculated, substituting s = x — (k, [, m,n)m and applying sin(s +nm) =
(—1)/sin(s) and v = (—1)**

a—M 4 a—M s 4 a—M .4
I = P27/ Asin®(s + k) ds+P2fy/ Bsin®(s + ) ds—i—szy/ C'sin (s+m7r)d8

—a+M (S> —a+M (8) —a+M (5)2
(3.232)
Py /“_M Dsin*(s +m7r)d$ L P /“_M Esin4(s2+ mr)ds L Py /“_M Fsin®(s —i—mr)ds’
—a+M (s) —a+M (s) —a+M (s)
(3.233)
_ P2, /a—M (A4 + By + Dy + Fy)sin*(s + kn) ds 4 P /G—M C'sin’(s j mr) s
—a+M (3) —a+M (S)
a—M 14
+ P2y / Esin <82+ ") g, (3.234)
—a+M (S)
a—M E) si 4
_ P2y / O+ B)sin’{s b mm) (3.235)
—a+M (S)
Since
=M gint(x) T
dr = —, 3.236
Lo T3 (8:220)
S0,
- P%g(@ + Ey), (3.237)
1 1
I, = P~ . 3.238
! 7 ((m—k)(m—l)(m—n)ﬂ3+ (n—k)(n—l)(n—m)%r‘*) ( )

Since I} + Is + I3 = 0 the final result for I is

k(l(mm —mn+1) —m(mn + 1) + m?) — 1 (m(rn + 1) — mn?) + m? + mmn? — mn?

I=Pn 7k —m)(k —n)(l —m)([ —n)(m —n)?
(3.239)
Proof of equation (3.37): I = [ ¢y, ¢, dx
Again, sin(x — nm) = (1)’ sin(z) and v = 1
[ sin®(z — )
-
P (cos(z — mm)(x — mm) — sin(z — mm)) P (cos(z — nm)(x — nm) —sin(z — nr)) I
(z —mm)? (x —nm)? ’
(3.240)

o [ sin®(x) cos?(x) (@ — mm)(x — n) v p ¢ sin®(z) cos(z)(x — mm) .
=P /_a (x —Im)%(x — mm)?(x — nm)? de—=F 7/_a (x —Im)%(x — mm)?(z — n7r)2d

ey / sin® () cos(z) (z — nr) - pos / sin®(z) o

(x —Im)?(x — mm)?(x — nw o (@ =1m)2(z — mm)?(z — nm)?

—a

(3.241)
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2 asin2x cos?(x A = ¢ = x
= [ (s T Gyt ) G2
2 asin3x cos(z A = ¢ D b x
]2__P7/a (z) (>((x—l7r)2+(x—lﬂ)+(:E—mw)+(x—n7r)2+(a:—n7r))d’
(3.243)
2 asin3x cos(x A = ¢ = b x
13__P7/_a (z) (>((ac—l7r)2+(x—lﬂ)+(:I:—mw)2+(x—m7r)+(x—mr)>d’
(3.244)

2 asin4a: A b c D L
[4__P7/ ( )((:L'—lw)2 Te—m " w—mre  @—mm) (& —nr)?

—a

+L> iz, (3.245)

(x — nm)
where A,B,C.D in equation satisfy the polynomial equation
1= Ai(z —mn)(z — nn) + By(x — In)(x — m7)(z — nn) + Cy(z — Ir)*(x — n)
+ Dy (x — Im)?(x — mm). (3.246)
Comparing the leading order coefficients of 2® on both sides of equation shows that

B1 + C7 + Dy = 0. Solving for the coefficients give the result
1

R (e =t (3.247)
B=y __ij;(r_t;wg, (3.248)
C= z)?(lm —— (3.249)
D= ! (3.250)

(n—1)2(n—m)m3
Continuing with equation ([3.242)), over the common interval [—a + M, a — M] as discussed in
Section [3.1] with v = 1.

I, = P oM A gin?(s + lﬂ)zcosz(s - l7r)dS P2y /“_M Bsin®(s + I7r) cos®(s + lw)dS

~atM (5) oM (5)
a—M in2 2 a—M ) 2

N P27/ C'sin®(s + mm) cos®(s + mﬂ)ds N P2’Y/ D sin®(s 4 nm) cos*(s + nr) ds,
—a+M (S) —a+M (3)

(3.251)

a—M : .2 2

_ PQV/ Asin (s+l7r)2005 (s—l—l7r)d8
—a+M (S)
a—M B D) si 2 2

+ ng/ (B + C + D)sin®(s + mm) cos®(s + Tmr)ds7 (3.252)
—a+M (S)

_ p2, /a_M Asin2(s+l7r)zcosz(s+l7r)d8. (3259
—a+M (5>
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Since,
/aM sin?(z) CSSQ(x)ds _ z’ (3.254)
i (x) 2
then
_ gPQ,YA’ (3.255)
P2
I gl (3.256)

~ o —m)(I—n)
Examining I, A,B,C,D,E equation (3.243) satisfy the polynomial equation
1= A(z — mn)(z — nm)> + Bz — Ir)(x — m7)(x — nm)? + C(x — Ir)*(x — nr)?
+ D(z — In)*(x — mn) + E(x — In)*(x — mm)(z — n7). (3.257)

Comparing the leading order coefficients of 2 on both sides of equation (3.257) shows that
By + Cy + Dy = 0. Solving for the coefficients give the result

A= ml)(l — (3.258)
By = 74&3_1 ;?T(zt?l)a) (3.259)
G = 1)12 et (3.260)
Do= e 1)12 ot (3.261)
By — L= 2m SN (3.262)

- 4 (n —1)3(n —m)?
Calculation of I is now possible, where the substitution s = x — (k,l,m,n)7 is made and

applying sin(s + nr) = (—1)’ sin(s) and v = 1

a—M ia3 a—M ia3
I — _szy/ Ay sin’(s + lw)Qcos(S + lw)ds B PQ’Y/ By sin®(s + Im) cos(s + l7r)dS
—a+M (S) —a+M (8)
a—M i3 a—M i3
B PQV/ Cysin®(s 4+ mm) cos(s + mm) ds — P2'y/ Dy sin®(s + mrl cos(s + nﬂ)ds
—a+M (3) —a+M (S)
a—M E si 3
B PQ’Y/ 5 sin’(s + ) cos(s + lﬂ')ds’ (3.263)
—a+M (S)
__p2 /aM (Ay + Dy)sin®(s + ) cos(s + In) s
—a+M (S)2
P2 /“_M (By + Cy + Dy) sin®(s + Ir) cos(s + l’/T)dS (3.264)
—a+M (S) ’ '
__p2, /“_M (Ag + Do) sin®(s + Im) cos(s + Ir) ds. (3.265)
—a+M (S)2
Since,
a—M ;.3
/ i) coste) 5, (3.266)
—a+M (x)
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SO

I, =0, (3.267)

Next examining I3, A,B,C,D,E equation (3.244]) satisfy the polynomial equation

1= A(x —mn)*(x — nn) + B(x — Ir)(z — m7)*(x — n7) + Oz — In)*(x — m7)(z — n7)

+ D(z — In)*(x — mm)(x — n7) + E(x — I7)*(z — mn)*. (3.268)

Comparing the leading order coefficients of 2® on both sides of equation (3.268) shows that
B3 + D3 + E5 = 0. Solving for the coefficients give the result

1

A= S (3.269)
=3l +m+2n
B; = 2
3= = (= ) (8:270)
1
O = B 102 (m )’ 321
—l+3m—2n
Dy = i o T (3.272)
By = ! (3.273)

7t(n —1)%2(n —m)?

Calculation of I3 is undertaken, where the substitution s = . — (k, [, m, n)m is made and applying

sin(s +nmw) = (—1)/sin(s) and vy =1

a—M 2.3 a—M .. 3
I = _PQV/ Assin®(s + Im) cos(s + lﬂ)ds B PQV/ Bssin®(s + Im) cos(s + l7r)dS

s (5)? e ()
a—M tn3 a—M in®

B P2’y/ C5sin’(s + mﬂlcos(s + mm) s PQ’Y/ D sin®(s + mm) cos(s + mm) s

i ) s “

a—M i3

- PQV/ Essin®(s + n) cos(s 4 nw) ds, (3.274)

—a+M (S)

a—M in3
_ —PQ’V/ (A3 + C3) sin’(s —1;l7r) cos(s + () s
—a+M (S)

I A,

Y (s)

a—M A in3
B —PQV/ (A3 + C3) sin’(s %;l?r) cos(s + l?T)dS’ (3.275)
—a+M (S>
L (3.276)
since,
a—M . 3
/ sin (1) €os() 4 (3.277)
—a+M (x)
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Finally, calculating I, where A,B,C,D,E F equation (3.245)) satisfy the polynomial equation
1= Ay(x —mn)*(x —nn)? + By(z — In)(z — mn)*(xz — nm)? + Cy(x — In)*(x — nr)?

+ Dy(z — Im)*(x — mn)(z — n7)? + Ey(x — Im)*(z — mm)? + F(x — In)*(x — m7)*(x — n7).
(3.278)

Comparing the leading order coefficients of 2° on both sides of equation (3.278) shows that
By + Dy + F, = 0. Solving for the coefficients give the result

A:U—mﬁé—m%“ (3.279)
B=— 2_(3711)_3 (Tzn—_n?)l??ﬁ’ (3.280)
€= 1)2(; — (3.281)
D=-4 _2<;)_?)<2$_+:))3W5, (3.282)
E:O%Jyé_myﬂ, (3.283)
po_ 2lam=2n) (3.284)

(I —n)3(n—m)3x>

The final integral, I4 is calculated, substituting s = = — (k,{, m,n)m and applying
sin(s + nw) = (—1)? sin(s) and v = 1,

ds

a—M 4 4 -4
Aysin®(s + ) Bysin®(s + ) Cysin’(s + mm)
_ 2 4 2 4 2 4
Iy=-P fy/ 5)? ds — Py ) ds — P 5)?
—a+M
Fysin®(s + nr)

Dysin*(s + mm) Eysin'(s + nn)

— P%y ds — P?y ds — P%y ds, (3.285)
(s) (s)? (s)
__p2y /“_M (A +Cy + E4)23in4(s + ) ds — P (B4 + Dy + Fy) sin(s + nr) ds,
—a+M (S) (S)
(3.286)
a—M A E i 4
_ _PQV/ (Ag +Cy+ 4)2s1n (s+ lﬂ)ds‘ (3.287)
—a+M (8)
Since
> sin*(x) s
/_OO = 7 (3.288)
then,
1 1 1
S 3.289
72(ﬂa—nma—ny+w%m—w%m—ny+ﬂ%n—n%n—my)’( )
2 l2 I(— _ 2 2
I, = Py (P+1(—m —n)+m mn—irn)‘ (3.200)

7l —m)2(l — n)?>(m — n)?
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Finally, the full expression for [ = I + I, + I5 + I, is

2P%y s 2(2+1(—m —n) +m? —mn+n?)

= m U= LT i mE =) m =)

2P% (w1 — m)(l — n) — Eolmbntme i

(m—n)

Tl —m)?(l —n)?

Proof of equation (3.38): I = [ ¢yp,¢/2dx
Again, sin(x — nm) = (—=1)/sin(z) and v = (=1)"*+™,

I —

I /°° sin(z — Im) sin(x — mx) P? (cos(x — nw)(x — nw) — sin(x — mr))zd

o @l (z—mn) ( — nm)d v
I = P2y /_ sin?(z) cos?(z) (z — n)? ( e ;W) — m)4> iz,
_ P2, / sin?(z) cos?(z) ( - flm o _Bm) + (m _Cm)z o _Dm)) iz,
I, = —2P%y /_ sin® () cos(z)(x — nw ( T mﬂ)(x — m)4) dz,
’“”P%/Z“ﬁ””““)@x—m> ) P G

+L)) dz,

(x —nm

= [ s ((x e e mr>4) .

“ A B C D E
= sz/ sin?(z) (( + + + +

F
—]d
+(q:—n7r)) o

where A B,C.D equation (3.294)) satisfy the polynomial equation

x—Im) (x—mm) (z—nm)* (r—nn)? (x—nm)?

99

(3.291)

(3.292)

(3.293)
(3.294)
(3.295)

(3.296)

(3.297)

(3.298)

(3.299)

1= Ay (x—mm)(x—n7)*+ By (z—In)(x—n7)*+Cy (x—Im)(x —mm)+ D (x—I7) (x —mm) (xr —n7).

Comparing the leading order coefficients of 2® on both sides of equation (3.300) shows that

Ay 4+ By + Dy = 0. Solving for the coefficients give the result

1
A= (I —m)(l — n)273’
1
= ~((—m)(m—n)2n3
1
Gr= ~((=n)(n—m)x?
D, = [+m —2n

(Il —n)?(n —m)2m3’

(3.300)
(3.301)
(3.302)

(3.303)
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Continuing with equation (3.294)), over the common interval [—a + M, a — M] as discussed in
Section [3.1] with v = (—1)!*™.

a—M i 2 2 2
I = sz/ Aj sin“(s) cos <S)ds+P2 / M B, sin?(s) cos?(s ) s
a+M —a-‘rM ( )

@) s
L Py /“ M ¢, sin? >2COSQ(S)ds+P27/ D sin?(s) cos?(s ) . (3.304)
—a+M —a+M (s)
_ P2y /“ Mo(A, +B1 + D) sin®(s) cos?(s /“ C} sin®(s 2C082(8)d87 (3.305)
—a+M (8) a+M 8
a—M P02 2
_ P2y Cisin (5);08 ) g, (3.306)
—a+M (S)
Since
> sin®(z) cos?(z) m
de = — .
/ 7 =2, (3.307)
then
- szngl, (3.308)
2
I=— Py . (3.309)

2(l—n)(n—m)m

Solving for I, considering A,B,C,D,E equation (3.296) satisfy the polynomial equation

1 = Ay(x —mn)(z — nm)® + Bo(z — In)(x — nw)® + Co(x — In)(x — mm)

+ Dy(z — Im)(x — mm)(x — nm) + Ey(z — In)(z — mm) (2 — nr)?, (3.310)

Comparing the leading order coefficients of z* on both sides of equation (3.310)) shows that
Ay + By + E5 = 0. Solving for the coefficients give the result

1
Ay = 3.311
T (U =m)(l - n)r? (3:311)
B ! (3.312)
2T (l=m)(m —n)at '
1
C — 3.313
T (l=n)(n—m)m® (3:313)
l+m—2n
Dy, = 314
2T (I=n)2(n —m)2rd (3:314)
72 _ 2 _ 2
B = “—Im+3ln —m*+3mn — 3n (3.315)

(Il —n)3(n —m)3rt
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Evaluation of I, is undertaken, where sin(x — nm) = (—=1)/sin(x) and v = (—1)"*™

a—M i3 a—M 3
I, = —2P? Ay sin”(s) COS(S)dS _op? By sin®(s) cos(s )ds
w0 L
a—M i3 a—M D
_ 2P27/ Cysin”(s) cos(s)ds B 2P27/ 5 sin®(s) cos(s )ds
et (P e (9
a—M E 3
_ 2P27/ ) 5 sin ((s)) COS(S)ds,
—a+
_ _op2, /“M (A2 + By + lig))sing’(s) cos(s)ds _op?, /“M Cy sini(s))gcos(s)d
—a+M s —a+M S
a—M D +. 3
B 2P27/ zsm((;;Z COS(S)dS,
—a+M
a—M : 3 a—M .. 3
_ _op? Cy sin®(s) cos(s) ds — 2P? Do sin®(s) COS(S)ds,
v 3 v 5
—a+M s —a+M S
(s) (s)
since
/‘X’ sin®(7) Cos(x)dx 0 and /°° sin®(z) cos(:v)d$ o
o (@) - o (@) 2
then
= 2P0,
P2
L= 7

(Il—=n)n—m)r

61

(3.316)

s (3.317)

(3.318)

(3.319)

(3.320)

(3.321)

(3.322)

Solving for I3, considering A,B,C,D,E,F equation (3.298)) satisfy the polynomial equation

1 = As(x — mn)(z — nm)* + Bs(z — In)(x — nn)* + Cs(z — 7)) (x — mm)
+ D3(x — Im)(x — mn)(z — nm) + E3(x — Ir)(x — mn)(z — nw)?

+ F3(z — In)(x — mn)(z — nm)>.

(3.323)

Comparing the leading order coefficients of x° on both sides of equation (3.323) shows that

Az + B3 + F3 = 0. Solving for the coefficients give the result

1
A p—t
ST (I=m)(l — n)*n®’
1
Ba— —
’ (I —m)(m —n)*n®’
1
Cs (= n)(n—m)r>
[+m—2n
D =
T (1= n)2(n —m)2r®
o —12 —Im + 3ln — m? + 3mn — 3n?
T (I —n)3(n —m)3m4 ’
" >4+ Pm — 4*n + Im?* — 4lmn + 6ln* + m® — 4m?n + 6mn? — 4n?
3 — .

(I —n)*(n —m)in®

(3.324)
(3.325)
(3.326)
(3.327)
(3.328)

(3.329)
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Evaluation of I3 may be undertaken, where sin(z — nr) = (—1)’ sin(z) and v = (—1)

a—M c 4 a—M 4 a—M . 4
I = P27/ Ajgsin (S)ds—i— PQV/ Bs sin (S)ds—i— P27/ C3sin (s)ds

—a+M (s) —a+M (s) —arm (8)1
a—M Do si 4 a—M F si 4 a—M Fasi 4
+ PQ’Y/ &3(8)0[5 + PQ’y/ =S sm2(s) ds + PQ’y/ kil 4 () ds,
—a+M (s) —a+M (s) —a+M (s)
_ Py /aM (As + Bs +F3)Sin4(s)ds+ P2y /“M Cy sin4(s)d8
—a+M (S) —a+M (S>
a—M D s 4 a—M E .4
+ P27/ i A 51n3 () ds + PQV/ R A 4 SIHQ(S)ds,
—a+M (S) —a+M (S)
a—M : 4 a—M s 4 a—M . 4
_ PQ”Y/ Cs 51n4(s)d8+P27/ Ds Sln3(s)ds+P27/ E; s1n2(s)d8.
oty (8) —atm (8) ot (8)
Since
o) 4 oo .4 o] 4
/ sin®(x) . 2_7r7 / sin (x)dx o, / sin (x)dx _T
oo (@) 37 ) () e (T)? 2
then

2
- (Fa m),

2
2 —l2 _ In — 2 _ 2
L= P2y (- . Im + 3ln — m* + 3mn — 3n '
3n(l —n)(n —m) 2(l = n)3(n — m)373
The full expression for I is
]2 _ a2 _ 2
[=py (- 1 n [* —Im+ 3ln — m* + 3mn — 3n ‘
6m(l —n)(n —m) 2(l — n)3(n —m)3n3

Proof of equation (3.39): I = [ 1), L dx
Again, sin(x — nm) = (1) sin(z) and v = (—1)

l+m
Y

[ sin(z — I7) sin(z — mm) P (cos(x — mm)(x —mn) — sin(x —mmn))
I_/_Oo (x —Im)  (x —mm) (x — mm)?
P (cos(z — nm)(z — nm) — sin(z — nm))

d
(x — nm)? o

L x) cos?(x 4 B G Dy
-1 [ @) (G2 + et e )
13( ) cos(a A By Cy D, Ey
— sin’(z) cos( )<(x—l7r) (x—mﬂ)2+(x—mﬂ)+($—n7r)2+(x—n7r)>
As B3 . Cs n Dy . Es )
(x—Im) (x—mm)3  (z—mnm)? (r—mnm) (x—nm)
A4 B4 C4 D4 E4

+ein’(a) ((SL‘—lw) Ta—mrp T @—mm?  @—mm) | (@ —nmp

— sin®(«) cos() (

l+m

(3.330)
(3.331)
(3.332)
(3.333)

(3.334)

(3.335)

(3.336)

(3.337)

(3.338)

(3.339)
(3.340)
(3.341)
(3.342)
(3.343)

(3.344)
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where equation (3.344]) the coefficients satisfy the polynomial equations

1= A (z —mn)*(x —nm)* + Bi(z — Im)(x — nm)* + Oy (2 — In)(z — mn)(z — nn)
+ Dy(x — I7)(z — mm)?, (3.345)
1 = Ay(x — mn)*(x — nr) + Bo(z — Im) (2 — nm) + Cy(x — In)(z — mn)(z — nx)?

)
x —Ir)(x —mm)? + Ey(z — In)(z — mn)?*(z — n7), (3.346)

>+ By(w —Im) (2 — nm)?® + Cy(x — I7)(x — mn)(z — nw)?

(
(
(
(
1 = As(x — m)*(x — ) + By(x — Ir) (2 — nr) + Cy(z — Im)(z — mm)(z — n)
( (
(x — mm)*(x — nw
(

)

+ Ds(x — I7)(z — mm)*(x — n7) + Es(z — I7)(xz — mm)?, (3.347)
)
(

+ Dy(x — I7)(x — mm)*(x — n7)* + Ey(x — In)(x — mn)® + Fy(z — Ir)(z — mm)*(x — nm).
(3.348)
Comparing the leading order coefficients of = on both sides of equations (3.345)), (3.345), (3.345])
and . This comparison shows that A; + C + D; = 0, for , Ay + Cy + Ey =0, for
, As+ D3+ E3 =0, for and Az + D3 + F3 = 0, for (3.348)).

Solving for the coefficients give the result
1

A= = =) (3.349)
1
B, = — =) =2 (3.350)
[—2m+n
C, = (= m)2(m — n)r’ (3.351)
Dy = - ! (3.352)
YT U= n)(n—m)2r '
1
Ay = ey R (3.353)
1
By = _7r3(l =) (3.354)
20— 3m+n
Cy = T = m)2(m = ) (3.355)
1
Dy = _7r3(l S y—rL (3.356)
=2l —m+ 3n
Ey = _7r4(l—n)2(n—m)3’ (3.357)
1
Az = S (3.358)
By — — ! (3.35)
T (l=m)(m—n)r? '
[—2m+n
Cs = (= m)2(m — )’ (3.360)
_J2 _ _ 2 2
D, = “+3lm—In—3m*+3mn—n (3.361)

(I —m)3(m — n)3r? ’
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1
Ey=— 3.362
T (I=n)(n—m)rt’ (3:362)
1
Ay = T - (3.363)
1
B,=-— 3.364
YT =m)(m—n)? (3:364)
20 —3m +n
(A_W%%wm%m—nﬁ’ (3.365)
—30%2 + 8lm — 2Iln — 6m? + 4mn — n?
D, = 3.366
! 751 — m)3(m — n)? ’ (8-366)
1
E,=— 3.367
YTl =n)(n—m)? (8-367)
3l —4
F—_ortmoam (3.368)

(1 —n)?(n —m)*
Continuing with equation ({3.344)), over the common interval [—a + M, a — M] as discussed in
Section substitute s = x — (k, 1, m,n)m, apply sin(s + nr) = (—1)7sin(s) and v = (—1)+™

a—M
I:Pv/ {Sin2(s) cos?(s) (é+ﬁ+ﬁ+&)

—a+M

— sin®(s) cos(s) (? + =+ —+—+ —>

— sin®(z) cos(x) (@ + (5)° + (s)2 + (s) + @)

+Sin4(s)a(§ + (f;; J; (%2 J; % + 5—;’2 + %) } ds, - (3.369)
[ (A (e, s
Bssin®(s)cos(s)  Cysin®(s) cos(s Bysin®(s)  COysin*(s)  Eysin’(s
(B ) (P T S ) e
(3.370)
[ et [ o [T e m0 [ 55 3,
[ oot
then
o [ B0 B G0, B0},
I= Pyg (B, — By + Cs + Ej) . (3.372)

Proof of equation (3.40): I = [ ¢yl dx
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I /°° sin(x — mm) sin(z — nw) P (cos(x — mm)(x — mm) — sin(x — mm))

w (z—mm) (x—nm) (x —mm)?
P (cos(z — nW)((;C :Z;T;— sin(z — nﬂ))daz, (3.373)
Lo ) cos?(z A b G D
_PW/_G{SIH (z) ( )<(ac—m7r)2 * (x — mm) * (x —n)? * (x—mr))
103(2) cos(x Ay By & D Ey
— sin’(z) cos( )((x—mﬂ)2+(x—m7r)+(x—n7r)3 (x —nm)? (as—rwr))
" Az B; Cs Ds Ey
— sin“(z) cos(z) ((x p—— + (o= mn)? + &= mr) + (@ —nr)? + @ mr))
+ sin*(z) ( & + b + Cis + = + Fa
(x —mm)?  (z—mn)2  (x—mm) (x—nm)d (r—nm)?
Fy
bt m)) } iz, (3.374)

where the coefficients satisfy the following polynomial equations

1= A (x —nm)? + Bi(z — mn)(z — nn)> + Ci(x — mm)? + Dy (x — mn)*(x —nrm),  (3.375)
1 = As(z — mm)(z — nn)® + Bo(x — I7)(z — mm)(z — nw)* + Cy(x — In)*(z — mn)(z — nx)?
+ Dy(x — mm)3)(z — nm)2) + Ey(x — Im)3)(z — mn) + Folx — In)3(x — mm)(x — nx),
(3.376)
1 = As(x —mn)(z — nm)? + Bs(z — In)(x — mm)(x — nm)? + Cs(x — I7)*(x — mm)(x — nr)?
+ Ds(z — mm)3)(z — nn)2) + Es(x — In)3)(x — mr) + Fy(z — In)3(x — mn)(x — nr),
(3.377)
1= Ay(x —mn)(z — nm)? + By(z — In)(x — mm)(x — nm)? + Oy(x — I7)*(x — mm) (2 — nr)?
+ Dy(z — mm)3)(z — nm)2) + Ey(x — I7)3)(z — mn) + Fy(x — Im)3(z — mn)(z — nx).
(3.378)

Comparing the coefficients of z* on both sides of equations ([3.375)),(3.376)),(3.377) and (3.378)

shows that By + D; = 0 for (3.375)), By + Ey = 0 for (3.376)), C3 + E3 = 0 for (3.377) and
Cy + Fy = 0 for (3.378)).

Solving for the coefficients give the result

2
1
C)= ——— (3.381)
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2
D= e
1
A= T
3
By =~ Ty
1
O = T
2
D= oy
3
Ex= (m —n)ir?’
1
A= T
2
B = T
3
Cs = (m —n)ir?’
1
Ds = oy
3
By = o Ty
1
A= T
3
S P
6
N
1
Da == =
3
b=
Fy = 0

(m —n)dr®

(3.382)
(3.383)
(3.384)
(3.385)
(3.386)
(3.387)
(3.388)
(3.389)
(3.390)
(3.391)
(3.392)
(3.393)
(3.394)
(3.395)
(3.396)
(3.397)

(3.398)

Continuing on with I, over the common interval [—a + M, a — M| as discussed in Section ,
with v = (—=1)"*".

~ Py / {sin2(s) cos?(s) <

— sin®(s) cos(s) (
— sin®(s) cos(s) (

+ sin?(s) (— +

(s)?

Ay
(s)?

As

(s

+_

()

B Gy
(s) (s (s)

(3.399)
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o [ oot (2 ) s st (4G4 )

—singoosts) 55+ 5+ ) ot (T + G+ G ) oo 0400

00 342 2 0o .+ 3
= (A +C) / SR8 ) (Sl(;os (5) ds+ (As + Dy + B3 + D3)/ S R (822COS(8> ds
B (A3+02)/ sin (szgcos(s)ds_i_ (A4+D4)/ sms( )d n (B4+E4)/ Slnsz(S)d57
(3.401)
e e8] 3 0 1.4
(A, +Cy) / sin( lsos () s — (45 + C) / o (‘2;08( Vds+ (Bi+ By / Sms2< ) gs.
- - T (3.402)
since
> sin(s) cos?(s) 7w [ sin®(s) cos(s) 7w [ sin?(s) T
then
Lizs = 5 (A1 +C1) = (Ag + Co) + (Bu + Bn)). (3.404)

Proof of equation (3.41): I = [ 42 ) dx

“ sin*(x — mn) P (cos(x — mn)(z — mm) — sin(z — mm))
Laze = /_a (x —mm)? (x —mm)?

P (cos(z — nm)(z — nm) — sin(z — nm)) de.

(x — nm)?

As this integrand is an odd function the result of integration is that 1496 = 0.

Proof of equation (3.42)): I = [42¢?dx

Y

[ sin*(z — mm) P?* (cos(x — mr)(x - mr) — sin(z — n))?
I_/_a (x — mm)? (x — nm)?

I, = Py / sin®(z) cos®(x)(z — nn) ( 4> dx,
_ (x — mm) x—mr)

a

= P27/(z sin®(z) cos?(x) ( + ¢ + = >d$, (3.405)

a (x — m7r)2 (x — mﬂ) (x —nm)?2  (x—nm)

I = —2P% / " sin®(2) cos(x)(x — ) < — W)zl i m)4) da,

—a

_ p2y / " sin®(a) cos(x)

—a

A B C D E
( ( - + + + )) dz, (3.406)

r—mm)?  (z—mn) (x—nnm)® (xr—nm)? (z—nr
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ty= P [ oo (G =g ) 4

= P2y /_a sin’(z)
A B C D E F
((90 —mm)? * (z — mm) * (rt—nm)t  (r—nm)? (x—nm)? (x— mr)) dz, (3.407)

where A B equation (3.405)) satisfy the polynomial equation
1= A (x —nm)? + Bi(z — mn)(z — nn)> + C(x — mn)? + D(x — mm)*(z — nx).

Comparing the leading order coefficients of 23 on both sides of equation ([3.408)) shows that
By) + D1 = 0. Solving for the coefficients give the result

JMZGK%FE, (3.408)
131::-E;ﬁf:%;$;;§, (3.409)
) = m (3.410)
D=t (3.411)

(m —n)3m3
Continuing with equation (3.405)), over the common interval [—a + M, a — M] as discussed in
Section [3.1] with v = 1.

s [“M [ Aysin®(s)cos®(s)  Bysin®(s)cos®(s)  Csin®(s) cos?(s)
I =P /_ ( e (3.412)

D; sin? (asJSAZOSQ(s)
’ () ) d87 (3.413)
_ o [T (ALt Cysin’(s) cos®(s) | (B + Dy) sin’(s) cos®(s) s
-r 7/mm (s)? (s) ds, (3.414)
_ p2 oM (A1 + 01) Sin2<8) COSQ(s) <
- 7/—a+M ()2 @, (3.415)
=M §in? () cos?(z) o«
[ a3 a6
then
_ p2 =M (A} + Cy)sin®(s) cos®(s) )
-7 7/a+M (s)? ds, (3.417)
= P277T (Al + C’l), (3418)
_ Pim 1 1
2 <(m —n)?r? - (n — m)27r2) ) (3.419)
b= g (3.420)
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Solving for I, considering A,B,C,D,E equation (3.406|) satisfy the polynomial equation

1 = Ay(x—n7)*+By(x—m7)(x—n7 )3 +Cy(x—mm)?+ Dy(x—mm)? (z—n7)+ By (x—mm)? (z—n7)>.

(3.421)
Comparing the leading order coefficients of z* on both sides of equation shows that
By + C5 = 0. Solving for the coefficients give the result

h _1n>37T3, (3.422)
B, = —m, (3.423)
Cy = m (3.424)
Dy = m (3.425)
Bom 5 (3.426)

(m —n)irt

Evaluation of I, is undertaken, where sin(x — nr) = (—=1)’sin(z) and v = 1,

a 103 a i3 a i3
_ —2P27/ Ay sin®(s) COS(S)ds B 2P27/ By sin®(s) COS(S)ds B 2P27/ Cysin”(s) COS(S)ds

~a (s)? (s o (@ —nm)?
a -3 a .3
B 2P2'y/ Dy sin (SZCOS(S>CZS B 2P2'y/ Essin®(s) COS(S)ds, (3.427)
a (s) a (s)
a .3 a -3
_ —2P2”y/ (As + Dy)sin’(s) COS(S)ds B 2P2fy/ Cysin°(s) COS(S)ds, (3.428)
_a (s)? a (s)?
since
> sin?(s) cos(s) T /aM sin®(s) cos(s)
———————ds = — and —————ds =0, 3.429
[ Ry ] (342
then
T p2
= —2§P 7Cs, (3.430)
P2y

Solving for I3, considering A,B,C,D equation (3.407) satisfy the polynomial equation

1= Az(x — nm)* + Bs(z — mn)(z — nn)* + Cs(x — mn)? + D3(x — mm)*(x — nn)

+ E(x — mn)*(z — nm)* + F(z — mn)?*(z — nm)®. (3.432)

Comparing the leading order coefficients of 2° on both sides of equation (3.432)) shows that
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B3 + C3 = 0. Solving for the coefficients give the result

1

A = o Ty

4

Bs =~ o
1

© = =
2

Ds = ooy
3

Bs = o Ty

By—— "

(m —n)dr®

Evaluation of I3 is undertaken, where sin(x — nm) = (—=1)’sin(z) and v = 1,

a—MA 4 a—MB 4 a—M 4
_ PQW/ 3 sin (S)ds +P27/ 3 Sin (S)ds+ P%/ C5 sin (S>ds

—a+M () —a+M (s) —a+M (5)4
a—M -4 a—M s 4 a—M .4
D E F
+ P2y / L)) Sms(s>ds+P27 / Zsom A8) Sm2(8)ds+P2fy / Fysin(s) ;o
—a+M (s) —a+M (s) —a+M (s)
since

then

B P2y 3P?%y 2P?%y
© 2(m —n)im3  2(m —n)ind  3(m —n)ir’
2Py (7*(m —n)* +3)

The full expression of I is

2
I:P2’yg(A1+Cl—202+A3+E3)+§03.

Proof of equation (3.43): I = [ ¢, n¢/2dx

(3.433)
(3.434)
(3.435)
(3.436)
(3.437)

(3.438)

(3.439)

(3.440)

(3.441)

(3.442)

(3.443)
(3.444)

(3.445)

(3.446)

Breaking [ into individual integrals, as before, results in discontinuities, instead the entire
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expanded integrand is considered in a single integral.

dx,

(" sin(z — mm) sin(z — n7) P? (cos(x — nm)(x — nw) — sin(z — mr))2
I_/—a (x —mm) (v —nm) (z — nm)

= P%y / an {sinQ(zL‘)COSQ(x)( : A B, G -+ 2 ) (3.447)

et M x—mnr) (z—nn)®  (r—nn)

A B C D E
.3 2 2 2 2 2
— 44
2sin™(x) cos(x) <(m —mn)  (zr—nm)? * (x —nm)3 * (r —nm)? * (x — mr)) (3.448)
A B C D E F:
.y 3 3 3 3 3 3
dzx.
+sin*(z) (($ — mm) * (r —nm)d * (x —nm)4 * (x —nm)3 * (x —nm)? * (x — nﬁ))} ‘
(3.449)
The leading order coefficients of the integrand are,
= 2*(Ay + Dy) + 2°(Cy) + 2(By), (3.450)
1= 1'4(142 + EQ) + Qfg(Dg) + 113’2(02) + {lf(Bg), (3451)
1= JZS(Ag + Fg) + $4(E3) + ZL‘S(Dg) + 172(03) + QT(Bg) (3452)

Comparing the leading order coefficients of  on both sides of equations (3.450)), (3.451)) and

(3.452) show that (A; + D) = 0 for (3.450)), (As + E») = 0 for (3.451) and (A3 + F3) = 0 for
B.457).

I= Pny/ {sinQ(s) cos?(s) <% + B + o3 + &)

in® soocos s é B: & D, B
~2sin'(s) ost) ({24 %+ (5 + 35+ )
o (As B Co Dy By B\
) (54 e G R o >)}d (3459
e /_ % — 2P (Y / s’ (s) cos(s) ; (3.454)
5 > sin?(s) 9 > sin?(s)
+ P*y(Cy /OO ) ds + P°vEs /Oo ) ds + J, (3.455)

where J is the sum of the terms that are individually non-integrable

> Dy sin?(s) cos?(s) 2B sin®(s) COS(S)ds N Fysin? ds. (3.456)
(s)? (s)! (s)°
1
Solving for the coefficients shows that D; = Fy = F3 = — ( I Integration by parts is
m—n)m

performed
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I e > sin%(s) cos?(s) . 2 sin®(s) cos(s) ) sin* )

/= (m —n)m /_Oo (s)3 d (s) ds + (8)5d ; (3.457)
I e > sin%(s) cos?(s) . 2 sin®(s) cos(s) s sin? s
- (m—mn)m /_oo (s)3 d (s)* ds + (t)5d ; (3.458)
_ s? sin’(s) cos?(s) + 2ssin’(s) cos(s) + sin4(5)' (3.459)

sd

Using integration by parts on equation (3.459)) shows that

/oo s?sin?(s) cos?(s) + 2ssin®(s) cos(s) + sin(s) ds =0, (3.460)

5
0o S

and so the remaining components of A.28 are the only contributions to the final expression.

Since
00 L1.42 oo .4 oo .4 oo -3
/ sin (S>ds _ 2_7r’ / sin (s)ds _ z) / sin (S)dS _ 2_7r7 / sin®(s) COS(S)dS _ z’
O 37 Jow (8) 2" Jos (8)* 37 ) (8) 2
(3.461)
then
_ (0 Lo 2 4 BT
Proof of equation (3.44): I = [ ¢2¢dx
[— /“ sin?(z — nw) P? (cos(z — nw)(z — nw) — sin(z — mr))z. (3.463)
_o (x—nm)? (x — nm)?

There is only one shift in the integrand of equation (3.463)) and so performing the change of

variable s = x — n7 eliminates the shift entirely

I /OO sin’(s) cos?(s)s? — 2 81213(5> cos(s)s + sin’(s) ds, (3.464)
) /oo sinf ()5 — sin'(s)s? — 2sin’(s) cos(s)s +sin'(s) ) (3.465)

With these shifted sinc functions it is now possible to begin the calculation of G for the infinite

Gaussian Pulse train.



Chapter 4

An Infinite Pulse-Train Ambiguity

Function

amplitude

time

frequency

time

Figure 4.1: The amplitude/time plot shows two typical Gaussian pulses
of an infinite pulse train with the Gaussian envelope in red, the pulse
width 7" and inter-pulse period Tp. The frequency/time plot shows the
chirp rate, b.

A goal of this investigation is to examine the dependence of the information content on not

just the pulse width, T" and the chirp rate, b but also the inter-pulse period, Tp. To that end

73
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an infinite Gaussian pulse-train, g.(t) is constructed, by sewing together Gaussians as in the

manner illustrated in figure (4.1). Following Van Trees [35], the autocorrelation function is

o(T,w) = /00 Goo(1) g5 (t — 7)™ dt. (4.1)

o

Also from Van Trees [35]

o) e (< (T +412)). .

and the Linear chirp is included by replacing w by w — 2b7. Thus, the autocorrelation function

for the linear chirp modulated by the Gaussian pulse is

6 (r,w) = exp (—i <;—Z +(w- 2b7)2T2)> (4.3)

Since the signal is restricted to the finite time interval [-Tp/2, Tp/2], the Shannon sampling

theorem says that

= 1 (72 n 2 9 sin (71p(w —n/Tp
o(T,w) = _Z exp (_Z (ﬁ + <T_P — 2b7'> T )) (7T(Tp(uf— n/ép))» (4.4)

T
Equation (4.4) with the substitution P = WTP is

e}

n=—0oo

In this chapter a Gaussian modulated infinite pulse-train linear chirp signal is considered. The
calculation of both the Fisher metric, ¢g(7,w) from equation , and the Gil Medrano metric,
Gi; as in equation , for the system defined by equation (4.5)).

The calculation of the Fisher metric take place in Section and is followed by the calculation
of the Gil Medrano metric in Section for which g (7, w) itself forms a basis. In Section

the calculation of geodesics on the configuration manifold is undertaken.

4.1 Calculating The Fisher Metric g(7,w)

In the calculation that follows the autocorrelation function of equation (4.5)), is used to construct
the Fisher information metric. This calculation involves calculating the expectation of the
ambiguity function, as in equation ([2.26)). The ambiguity function is obtained by taking the

square of the autocorrelation function, § = ¢?, of equation (4.5)). The following substitutions
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are made
1+ 4p°T*
A= — (4.6)
wbT?
B=—— 4.7
P ? ( )
w272
_ 4.
1[r? o (T 2
En=] [ﬁJrT (7—21)7) } (4.9)
sin (Pw — n)
= —7 4.10
v Pw —nm ( )
Given these substitutions FE,, can be reduced to
L s
E, = ZAT —ntB +nC, (4.11)
and the derivative of E,, is
OF ATt
" ="~ — Bn. 4.12
or 2 " ( )
With these substitutions ¢ is rewritten as
d(rw)= > e Py (w). (4.13)

The derivatives of the separable components of 6 are

55 o (on)e

or = 2
9 _ <~ —pa s
= Z eyl (4.15)

where
P (cos(Pw — nr) (Pw — nm) — sin(Pw — nr))

T (4.16)

Y =

Since the ambiguity function is defined as 6 = ¢? the derivatives of § with respect to 7 and w

are

06 = N A
0, — — = Qb — —2 Z e—Em(T)wn(w) Z e En() (77— — nB> n(w), (4.17)

m=—0oQ n=—oo
o0

=2 3 Y BBy (), () (4.18)

m=—00 N=—00

89 o0 o0 ,
bo=g,=2 > D TR @ (). (4.19)

m=—0o0 N=—0o0
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The calculation of the Fisher metric requires the calculation of 62, 6,6, and 6%

AT AT
62 = 4; ; % ;6—(Ek(T)+Ez(r)+Em(r)+En(r)) (7 _ Bl) (7 — Bn) Vet mn,

(4.20)

0.0, = _4§ ; Xm: ; o~ (B (1) +E(7)4+ B (1) +En (7)) (% B Bl> Drbrbmll,, (4.21)

02 =435S e BB IO it (4.22)
Further simplfﬁcaltiorzn is rnnade by setting

v=(k,1,m,n) €7, (4.23)

B, =B(k+1l+m+n), (4.26)
C, = C(k* + 1> + m* +n?) = COlv]%, (4.27)
E, = Ar* = B,7 + C.. (4.28)
The components of g are
Grr = / / 02drdw, (4.20)
—o0 J0
=T 2 At AT
= 4/_00/0 ; o~ (AT2=BuT+Cy) (7 — Bl) (7 — Bn) Vehiomndrdw, (4.30)
=42 e (4.31)
gTw == _4/ / eq—ewd’rduh (432)
—o0 J 0
o0 o0 A
= —4/ / Ze_(Aﬂ_Bm'-l-Cu) <_T — Bl> Vb drdw, (4.33)
—o00 J 0 v 2
=12 W (4.34)
o = 4/ / 0 drdw, (4.35)
—00 J0
[ [ e By drd (4:36)
—o0 J0 v
=42 Vs (4.37)

The symbols W,, W and ¥/ used here are defined as

W= [ v, W= [ o, W= [T oivaiide, @39)
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and the expressions J;,, ¢ = 1,2, 3 are

00 ) 142 2 /4
T = / ¢~(AT*=BuT+C) <TT — S(Bl+Bu)r + B%) dr, (4.39)
0
> —(AT2—By14+Cy) Ar
Jow= [ e I S = Bl dr, (4.40)
0
J3.y = / e~ AT =BT +C0) g7 (4.41)
0

where v = (k,l,m,n) € Z*, as defined in equation ([4.23). These terms have the following
symmetry properties

C_,=C, B_,=-B, (4.42)
U, =0, U, =-U 0 =" (4.43)

In summing over v € Z*, some additional simplification is possible when considering v and —v

together. As a result, the space Z* is separated into three disjoint regions

Z'=7ZgUZiuZ!, (4.44)
where
Zy ={(0,0,0,0)}, (4.45)
Z'. = {v € Z": the first non-zero component of v > 0}, (4.46)
7* = {v € Z*: the first non-zero component of v < 0}. (4.47)

This allows the properties of g to be evaluated by the following formulas

Grr = 49 (0,0,0,0)/1,(0,00,0) + 4 Z (U Jrp+ Vi), (4.48)
vEZi

ro = 4%(0000)72,0000 =4 Y (Vylow + V', T ), (4.49)
vEZi

G = AU 000y 55,0000 +4 > (Vidse+ 0" J5 ) . (4.50)
vEZi

These terms are ordered according to the values of h = |v|?

9rr = 4¥(0,0,0,0)/1,(0,0,0,0) + 4 Z Z (U Jiw +V_yJi ), (4.51)

h=1 vGZi
[v|=h

Orw = 4\1’/(0’0,070)J27(0’070’0) —4 Z Z (\I’;Jgﬂ, + ‘I/LUJQ,_U) , (452)

h=1 UGZi
|v|=h

G = 40 0.0.0)/3,(0,0,0,0) + 4 Z Z (W50 + 0" J5 ). (4.53)

h=1 UEZ‘_I'_
[v|=h
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The components of g can be calculated by evaluating the integrals over w, the ¥ factors, using

the equations in Section [3.2| and the J factors are evaluated over 7 with equations (4.54)), (4.55)),

(E56).

b2
> —ax?+bx ﬁeE b
= 1 fl —=
/0 ‘ N { e (2\/5”7

2
0 1 /7beta b
—az?+bx o
/0 xe dx——2a e {1+erf(2\/a>] ,
2
© b 720+ et b
2 az?+bx o
/0 z‘e dx——4a2+ YD) 1+ erf ova )l

4.1.1 Calculating g,,

(4.54)

(4.55)

(4.56)

The calculation of the g, element begins with the expansion of the J; , factor from equation

(4.39), resulting in the three integrals in equation (4.57)), which can be evaluated by equations
(E59). (E55) and (E50).

A > 2
= —e / e ATHBT 200y, —
—00

2 A(BI + B”)e—c

4 2

+Bgln/ e_ATQJrB”dT\IfU,

[e.e]

A2 | B, JR(2A+BYen B,
it Fve R [”erf(m)] .

B2
ABI+Bn) _o | 1 VT Byeta B,
— f@ ﬂ + W 1+ erf \I/v

BQ
= B
+ BneCr | VI [1 +oerf <—>} v,
2v/A 2v/A

B 94 1 B2es
e [B v oy,

16 32V A 2v/A
132
1 /7B, B
—(Bl+Bn)e @ |-+ X2 |1 +erf Y U,
( L PN [ r(m)}
32

+ B%lne= % @ {1 + erf (iﬂ U,.
2V A

o0
_ 2
“/ e ATHBT 41D,
— 00

(4.57)

(4.58)

(4.59)
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Applying the symmetry properties in equation (4.42))
o\ Bo
Jo, — O | Do VTQAS Bjer [1 - erf( = )} v,
’ 16 32V A 2v/A
B2
1 /7B, B
T (Bl + Bn)eC __—v[l_erf( . )] v,
( T s Nz
32
A B
+ B2lne @ [1 — erf (—U)] U,. 4.60
N A (4.60)
Combining the equations (4.59) and (4.60|) gives
B2
_ B, /T(2A+ B?)e4 { < B, )}
JwVy +J1 U, =@ [ X+ v 1+ erf v,
8 8 16 32v/A 2WA
32
1  /TB,er B
— (Bl + Bn)e ¢ —+—v[1+erf( v)} v,
(Bi+ Bre ™ 134 A NE
B2
+ B2lne= ¢ re [1 + erf ( 2 )] v,
VA VA
B 24 + B?)er B,
+e O | -2 V(24 + ”)GA{l—erf( )] v
16 32V A 2v/A
VEB,et
1 7B, eTA B
+ (Bl+ Bn)e % | = — 2 { erf <—v>] "
(Bl Be ™ 11~ 5 a NI
Jred
TA B
+ Blne O [ Y [1 erf (—)1 v, 4.61
2V A 2V A (4.61)
B2
o | Bs  VT(2A+ B?)exk o |1 /mByeti
C v v C v
=e " |—=+ Vv, —(Bl+Bn)e ™ |-+ —F+1—| V,
16 32V A ( ) 4 VA
4 VA + B
TA B (2A + B?)exa
+ B?lne @ e v+ e @ =22 4 = v,
2V A v 16 32VA
VB, e ]
1 B 6ﬁ ﬂeﬁ
+(Bl+ Bn)e @ |- —= X" | U, + B%lne v, 4.62
2 B2 )
24 + B2)ek Byeth
= e O vl 16T/ZU>G4A v, — (Bl + Bn)e_c”@—\/;“\llv
B3
+ B%lne™ % U, (4.63)

Applying the simplifications C,,, B, and s,, as shown in equations (4.27)), (4.26) and (4.25)
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respectively, to (4.63]) results in the expression

A ,
Sl g b, = YT A \PT? A [5 + B (SZ — (I +n)sy + 4ln)] U, (4.64)

4V A

Equation (4.59) may be used with equation (4.51)) to compute g,, to any level of accuracy. Here
explicit formulae in T, P and b for terms with |v| < 1 are derived. For h =0, v = (0,0,0,0).

2
By equation (3.28]), with n=0 Wy 900 = 3—]7; Thus, by (4.59))

72/1 + 4b2T%
6PT '

4.J1,0,0,0,0)¥(0,0,0,0) = (4.65)

The equation (4.64) is used to evaluate the contribution of h = 1 to g, results from the four
vectors, v = (1,0,0,0), v = (0,1,0,0), v = (0,0,1,0), v = (0,0,0,1). Here [v]* =1, s, =1
where by equation (3.27) with n =1 and m = 0,

U, = — (4.66)

for each v with |v| = 1. The equation (4.51)) requires four cases which, in this instance, are

captured by only two expressions,

B2 1 1 )
T a2 \m2m2 a2 [A B2 1
J1,1,000Ye + J1,-1,0000 V-0 = ﬁe 4\’ A [5 + I} 5P (4.67)
m2H2T ( 1 T2 )
B Te 4P2 b2T2 1 + 4b2T4 |:1 + 4b2T4 N 7T2b2T4
8T PV + 40*T? 272 4p? |’
(4.68)
B2 ( 1 1 )
™ ~ a1\ 4] [A 3B*] 1
J1,0,1,000Yo + J1,-01,000 V-0 = %6 4 \0'T* A [5 — T] P (4.69)
m2H2T ( 1 T2 )
e AP DT L+ AT {1 LT 3rT
N 8y/TPV1 + 4621 272 4P?
(4.70)

Equation (4.51]) is used to express the total contribution for h = 1 by combining equations
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[5). (@58) end (7).

7r2b2T4( 1 T2 )
- a 4
4 Z Ji Ve + J1 WV, = Te Ap? \*T% 1+440°T {1 +40°T" + w0 T
=R 27 PV + 407T" 277 4p?
vehy
262 T ( 1 T? )
N Te 4P2 b2T2 1 —+ 4b2T4 |:1 + 462T4 3,/T262T4:| (4 71)
2/7TP\/1 + 40> T* 277 4p? |’ '
7r2b2T4( 1 T2 )
_re APV LT N aprt mRT 14 4T seteT wr2)
N 2T PV + 402T7 272 AP? 272 ApP? '
272 (1 + 3b2T4>
- 4
Te 4P2 \ 1+ 42T [1 L4p2T? 7r2b2T4} (473)
~ 27PVI+4T? T2 2pP% | '

4.1.2 Calculating g,

The process executed in the calculation of is performed again for [1.1.2] beginning with

0 A
T, U, = [ e~ar=Bur+Co) (21 pr) gry! | (4.74)
) v 0 2 v
A (0.] o.)
= Ee*Cv / re AT B g’ — Ble~ / T AT B g (4.75)
0 0

These integrals are evaluated using the expressions (4.55) and (4.54) respectively.

B2

A-e |2 +ﬁB”€%{ [1+ef(B” )] U — Ble % Ve {1—|—ef< B, >] 0’
= —e — r — Dle T rt| —= ,
2 24 2A3/2 2v/A v 2v/A 2v/ A !

with

A 1 Be B
PRI % ET. . AR | P

o B
_ Ble~Cv | MVTM {1 _ erf (—)} o 477
2V A 2/ A v (477)
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Recalling that for ¥’

Jo, W + Jo U
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= —W/, then

2
ﬁe%\

o e oo P o)
e O + 1+ erf W' — Ble™ I +erf| —= v,
2 2A A3/ 2V A 2V A 2/ A
_ 52 o
A _c 1 \/EB eiA -~ TeTA B
_ a0 | 2 v 1 —erf U/ — Ble ¢ 1 —erf | —= v’
N Y RV <2f>] N NS { . (NZN v
(4.78)
i 52 ] [ 52
— ée—c’u . M ’ Ble ©v ﬁe“ P/
2 2A 4 A3/2 v 2V A !
A o |1 \/%Bve% , _c, 7re4377i ,
}-32 c ) B2 c i i
Byeri O i
L VRBeTT VT gy (4.80)
4/ A VA
B2
Zuv_(,
_ VmBen™™ 1], (4.81)
Va1

Equation (4.52)) is considered to determine the contribution to g., from h = 0, along with ¥/
given by equation ({3.35)) with n =0 and v = (0, 0,0, 0)

g[,(070’070) - 07 (4.82)

and so the contribution to g,, for h = 0 is zero. Next, consider the contribution of h = 1,
where again there are four cases V(1,0,0,0), ¥(0,1,0,0), ¥(0,0,1,0) and W(g,0,0,1)- Since the first three
cases can be represented by an expression with three regular 1 factors and one derivative, 1)/,

by equation (3.34)) with m =1 and n =20

1 1 3+ m?
U= —(—42)= (- ' 4.83
(zw + 6) ( 62 ) s
Using equation (4.52) and setting m = 0 and n = 1, giving
2
\/EBQ%_C 1 3+ w2
7 U gy v, — (-, 4.84
2,(1,0,0,0) o + J2,-(1,0,0,0) 4\/2 4 G2 ( )
2
\/%Be%’c 1 3+ 77
J. \I/v Jo qj—v = -1 B ) 4.85
2,(0,1,0,0)¥o + J2,-(0,1,0,0) 4/ A 4 672 ( )

The expression for the case W1, is the same as that for W ). In the final case ¥, is

given by equation ((3.32), withn =1 and m =0

o (-2)-(52)

P0.001) = (4.86)
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so combining equation (4.86) with equation (4.81)) gives the result

2
VABeta=C [1\ (3 + n?
J2,0,000) Y0 + Jo 0001 V-0 = T WASET=RE (4.87)

Equation (4.52)) is used to express the total contribution for h = 1 by combining equations

(4.84), (4.85) and (4.87)), since there is no contribution from h = 0.

2
4\/TBeta=C [3 + n?
Y 1,0, = N { = } , (4.88)

_ —ﬁi@_ji - F 3} _ (4.89)

4
vEZLY
3 2

4.1.3 Calculating g,
Finally the calculations for J;,¥! are performed, using equation (4.41)), reiterated here

Js, U = / e~ (AT =BT +C0) g (4.90)
0

This integral form can be evaluated by using equation (4.53))

> —az?+bx _ \/%e%l b _
/0 e dx = NG {1+erf(2\/a)]. (4.91)

Then

_CU_;'_BiZ b
JB,v\DZ = \/7_1-62—\/54‘4 [1 + erf (m)} \I/Z (492)

The symmetry properties allow J; _,U”  to be written as

C’v“!‘f*2 b
Jg’,v\If/iv — \/26—\/214 |:1 — erf (m)} \IJZ, (493)

and so by combining the two

BZ
TEe1A
Ty U 4 Jy U = \/\_/Z N (4.94)

In the case where h = 0 the integral equation is of the form seen in equation ({3.42), reiterated

here
& P
/ T (4.95)
Then evaluated for v = (0,0,0,0)

> TP
V0.000) :/ YU = S (4.96)
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Equation ([4.92) is used to determine the contribution of h = 0, with B, =0, s, = 0, |v|*> = 0,
giving
, T TmP _ mTP

Jo 0 = VI TR 4,97
> WA 15 30V1 + 40211 (4.97)

Calculating the contribution from the h = 1 case, with m = 1 and n = 0. For the first and
second cases W(1,0,0,0) = V(0,1,0,0) are expressed in the form of equation (3.43) and the third and
fourth cases W(o01,0) = ¥(0,0,0,1) are expressed in the form of equation (3.41)), and so only two

integral forms are needed to evaluate. For the first two cases

1 1
" ol _
1,000 = Y0010 =P (a + 2_7r3) ; (4.98)
and the second two cases
Ui, =Uoon = —P i + 3 ) (4.99)
(0,1,0,0) (0,0,0,1) 60 a3

The contribution for h = 1 is

w272 (1 + 3b2T4)
srp, 4P2\1+ 40271

T +3
" " o
J37(1,0,0,0)\I’(1,0,0,0) + J37*(17070,0)\IJ—(1,0,0,0) = 11 40272 ( 673 ) ) (4~100)

and

7T2T2 (1 —|—3b2T4>
2T Pe 4P2 \ 1+ 4b2T* 1 9

301,00 V(0,100 + 50100V 0,100 = ~ 1+ 4274 (6_7r o F) - (4100
Equation (4.53)) is used to construct the full contribution to g,,.,, combining equations (4.97)),

and (ET01)

3/2 p 2 2
Z Ty 0 /2T P N 4y/me [77 —1;3 . +312] ’ (4.102)
et 30V1+462T% VA | 6m 67
~ m@PTP 12TPef (4.103)
©30V1 + 42TE 75/24/1 + 42T '
3/2 p
V1440274 | 30 mb/2

4.1.4 Fisher Matrices

In Section [4.1]the elements of the Fisher matrices were calculated. The result is a full construction

of the h = 0 term Fisher matrix is

73/ + 4b2TH .
g= 6PT R , (4.105)
0

30v1 + 42T
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and of the h = 1 term Fisher matrix

V1 + 4274 n 73/2 n e 1 w2H2T6 73/ 203 e 2 2
B PT 6 2T 2P2(1 + 4b°T%) PV1+ 40274 |3 72
9= 732 T3P {2 2} TP 72 12
PY1+4p°T1 |3 w? VI+42T1 | 30 nd/2
(4.106)
where
7T2T2 1 + 3bQT4
_ 4.107
P=""p? (1 + 4b2T4) (4.107)
4.2 The Configuration Metric
The Gil Medrano metric [13], discussed in Chapter [2.29] is defined by
Gij = / tr (g_lﬁigg_lﬁjg) vol(g), (4.108)
M

where i,j € {T, P,b} and ¢ is the Fisher metric computed in Section . Partial derivatives of
the Fisher metric are required with respect to the configuration parameters T, P and b. The

notation is reduced by replacing ubiquitous combinations of variables as follows,

V1446274

T s (4.109)

TP

b3
W= ———. 4.110
P14 42T ( )
Reduction of constant factors is achieved by setting

3/2
= — 4.111
«Q 6 ? ( )

1
= — 4.112
b= (1112)
v = 2132, (4.113)

3/2
= — 4.114
n= (4.114)

12

With these substitutions, the Fisher metric is
Via+ Ber (1—W?)]  yWer

g= 1 —ve | - (4.116)

~yWeP

The determinant of g is

det(g) = (1 — ve?) [a + Be” (1 — W?)| — y*W3e*. (4.117)
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Additionally, the inverse of the Fisher matrix is

— P
. 1 p—ve —yWeP
9 =7 (4.118)
t9) | s wer Vet Ber (1 —W?)
Derivatives of the Fisher elements are written in the new convention as follows
Ougrr =V [Bpue’ (1 = W?) = Be? 2WW,)| + V; [a+ Be” (1 —W?)], (4.119)
83597'(» =7 (erp + szep) = e’ (Wac + Wpac) ) (4120)
v (Vy = pV) = Vapt
OrGuw = 2 , (4.121)
noting that
wbT?
VW= 5 (4.122)
The relevant derivatives are
40°7T* — 1
OV = , 4.123
T P + APTR (4.123)
V1446274
S 4.124
4T3
HV = ———————, 4.125
’ P/ + 4027 (4.125)
bT? (3 + 4b*T*
= B AT (4.126)
P (14 462T4)*
o3
opW = — , 4.127
r P2y/1 + 40272 (4.127)
T3
oW = VL (4.128)
P (14 462T4)%
2T (1 + 50°T* + 126*T8
dpp— L LE o ), (4.129)
2P2% (1 4 4bT*)
72T? (1 + 30°THY)
— 4.1
0P = Sp5 (14 2T (4.130)
b2 T6
Byp T (4.131)

T 2P (14 4RTHY

Continuing on with the construction of a generalised formula for G;;, the product ¢~'d;g is

1 wwai T Twai TW wwai TWw Twai ww
g0 = —— | JewCilrr T GGl JowGilfrw = JraCid | (4.132)

det(g) _gTwaigTT + gTTaig‘rw _g‘rwaignu + g‘r‘raigww

The matrix g; will be used to denote the matrix ¢g~'9;¢ in equation (4.132). The components

of g; will be denoted by ¢; -, ¢i, 7o and g; ww. The matrix g; is defined analogously.

gi,TT gi,‘rw gj,TT gj,ﬂu

gi = L g = . (4.133)
9irw Jiww gjrw Gjww
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The product of these two matrices is the matrix

gi,Tng,TT + gi,ngj,Tw gi,Tng,Tw + gi,ngj,ww
9i9; = , (4.134)

gi,ngj,Tw + gi,wng,ﬂu gi,ngj,Tw + gi,Zng,ww

which has the trace

tr (gzgj) = gi,Tng,TT + gi,ngj,Tw + gi,ﬂugj,ﬂu + gi,wng,ww’ (4135)

and using this trace, the components of the G matrix are given by

bT/2 T
Gij = / (gi,Tng,TT + 9irwirw T Girwljrw + gi,wng,ww) VOl(g)dew, (4136)
—b

7/2 Jo
where vol(g) = y/det(g).

4.3 Geodesics on (¢

Having constructed the metric G, it is possible to determine geodesics of the manifold for which
G is the metric. To this end, the Christoffel symbol presented in equation ([2.47]) of the literature
review, is utilised.

Let o = a(t) = (T'(t), P(t),b(t)) be a unit speed curve and u; = uy(t) = T'(t), ug = us(t) = P(t)
and uz = ug(t) = b(t).

Then « is a geodesic if and only if,

3
ul + Z Meud, =0, k=123 (4.137)

(5 ]
i,j=1

Here the Christoffel symbols Fffj are given by,

3
It = 2; 5, ¥ Bu " B G'*, (4.138)

where Gj; is the i, entry of G and G is the 4, j entry of G™'. Thus the system of ODEs
suggested by equation (4.137)) is

uy + Typ(uy)? + Tap(uy)® + Ty (us)® + 2 (Fbullulz + Diguius + F%:J,U/QUQ) =0, (4.139)
uy + Ty (uy)? + T3y (uy)® + T3y (us)? + 2 (Ffzuiulz + Diguuy + ng&“&“é) =0, (4.140)
uy + 91 (uy)? + Toy(uy)® + T35(us)* + 2 (Fi)zu/lulz + Diguuy + Fg3ul2ué) =0. (4.141)
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The system of ODE given by equations (4.139)), (4.139]) and (4.139)) represent a parametrisation

of the geodesic a and may be solved numerically to find geodesics in the manifold determined
by the Gil Medrano metric G;;. Such computations are more robust if the expressions for
the coefficients, the Christoffel symbols of equation (4.138|), are computed without reliance on
numerical derivatives. Accordingly, algebraic expressions for the Christoffel symbols are derived.
The formula for the Gil Medrano metric in equation may be written as
¥T/2  Tp
Gi=[ [t 06 00 vollg)ird (4142)
—o7/2 J0
Both the volume element, vol(g), and the trace, tr((¢g~'9;9)(¢79;9)), in equation are
independent of state variables 7 and w, being instead composed of configuration parameters
T, P and b. Therefore,
bT/2  (Tp TPb
Gyy = (g™ 0u0)(a ™ Ovolta) [ [ drds = (g D) g ) ollg) 2 (4149

—bT/2

From equations (4.116)) and (4.118)) the Fisher matrix and its inverse are

— eP
Vo + Bef (1 — W?)] YWeP . 1 p—ve —yWeP
g = —veP | g =
YWeP a v det(g) —yWer  V]a+ Ber (1 —W?)]

(4.144)
where V, W, «a, (B, v, u, v are from equations (4.109))-(4.115)) respectively. Let g denote the

matrix

= | Vv K . (4.145)

—yWer  V]a+ Ber (1 —W?)]
With this notation

1
= j. 4.146
97 = Tarrg)? (4.146)
Gi; may be written using this new notation, as
TPb
Gij = ————=tr((§0;9)(§0;9))- 4.147
J ﬂ_det(g)g/g I‘((g g)(g J.g)) ( )

The expression for Gj; in equation (4.147) represents an algebraic formula in terms of T, P
and b. All components of this new expression for G;; have already been calculated in Section
for the infinite pulse train. In order to calculate the Christoffel symbols of equation
the partial derivatives in Sections and [£.3] are used. These derivatives allow components of

the Gil Medrano metric to be calculated via the expression

TPb
mdet(g)3/?

TPb

0, Gy = ———
7 mwdet(g)3/2

0,x((90,9)(§9,9)) + 0, ( ) w((§09)(30,9)).  (4.148)
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Here, the derivatives of the trace are of the form

9:t1((90:9)(§059)) = tr[0:(90i9)(90;9) + (§0:9)0:(30;9)] (4.149)
= tr{[(9:9)(0i9) + 9(0:0:9)1(90;9) + (39:9)[9(9:0;9) + (0:9)(9;9)]} ,
(4.150)

for x € {T, P, b}.

The second partial derivatives of g are calculated using equations (4.155)),(4.156) and (4.157)),

requiring the substitution

Z = wz;zj)’ (4.151)
07 — 47;#, (4.152)
OpZ _4;§T2, (4.153)
a9y = 27;52. (4.154)
The formulae for the second derivatives of g are as follows.
0yOuGrr = aVyy + pe? [-2WW,(Vpyp + Vi — ZWyy — Z,W,)
(1= WAV peyVypz + Vay + Vype + pyVa) — pyWaZ] (4.155)
OyOugr = V€ Wy + paWy + puyW + py(Wo + puW))] (4.156)
0,00 — (2Ve = VVay) + pe? [V (Vay — V/;;g = Vypa) + (Vpy = 2)(Va — Vpy)] (4.157)

Implementing equation (4.148)), the second partial derivatives with respect to the variable
expressions V, W and p, as defined in equations (4.109)), (4.110) and (4.107)) are

2 4 24b2T*
OrdrV = — - , (4.158)
PT3 (1 4 462T4)*/*
1 — 46°T*
OpdrV = e (4.159)
AbT? (3 4 4b°T4
D0y — WL B+ 4T (4.160)
P (1 4 462T4)*?
21 + 40°T*
dpdpV = %, (4.161)
—4bT?
APV = o (4.162)
ATS
0y, = : (4.163)
P (1 + 4p274)%/?
6brT (1 — 4b>T*
oo = ST ) (4.164)

P (1 +4b274)?"
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brT? (3 + 4p2T*)

00 =~ TwTEEE (4.165)
3772 (1 — 46°TH)
00 = ST (4.166)
2bT3
OpOPW = e (4.167)
3
B0pW = — xl , (4.168)
P2 (1 + 462T4)%/?
126777
AOW = —— T (4.169)
72 (1 — 32T + 4SHITS + 48b5T12)
Ororp = 2P2 (1 + 462T4)° ’ (4.170)
72T (1 + 562T* + 1264T%)
Opdrp = ——— RS (4.171)
2T5 —4 2T4
pomp = LB AT (4.172)
P2 (1 4 4b2T%)?
3m2T2 (1 + 36°T4)
= — 4.1
OP0PP = = 3pT(1 § 4PTT) (4.173)
br?T
00pp = —— e (4.174)
276 (1 — 1262T*
iy = ) (4.175)

2P2 (14 4b2T%)*

The second partial derivatives in (4.158) — (4.175)) along with the first partial derivatives in
(4.123) — (4.131]) inserted in the formulae (4.119) — (4.121)) and (4.155]) - (4.157)) can be used to

evaluate the partial derivatives of the components of Gil Medrano metric via Equation (4.148]).
With these expressions, the Christoffel symbols are calculated using equation (4.138]) and are
given in general form in chapter [7]

The construction of the Christoffel symbols in equations - lead to algebraic expres-
sions for the coefficients in the ODE of equations (4.139)) — (4.141]). The Matlab ODE solver

ode45.m was used to compute geodesics based on equations (4.139)) — (4.141))
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Figure 4.2: The point T = 2, P = 5, b = 7 represents optimal settings for
a hypothetical sensor system at a given time. These parameters must be
updated over time to adjust to changes in the scenario. The optimal path
in parameter space for simultaneously adjusting the three parameters is
a geodesic in the manifold defined by the configuration metric G. The
paths shown represent six example geodesics for six different hypothetical

reconfigurations.

This is a toy example in that the parameters were not chosen to reflect realistic settings.



Chapter 5

Single Doppler Bin Ambiguity Function

The second example is a coherent detector for a single Doppler bin. Attention will be limited
to the bin centred around w = 0. This useful when trying to match speed with a target (i.e.
maintain a zero relative Doppler shift).

As in Chapter [4] a sequence of Gaussian pulses of width, 7', separated by T}, with chirp rate b
is considered. The simplest coherent detector is formed by integrating the matched filter for
the Gaussian pulse and integrating over the length of the pulse. Non-zero Doppler yields an
oscillatory response in the filter which gives a small response, hence the model for zero Doppler.
Other Doppler bins can be accommodated by mixing in the required frequency. Additionally
this process must be repeated for each possible delay. This may be modelled as a convolution
with rect function over the interval [—Tp/2, Tp/2]. More precisely, let g(¢) denote the Gaussian
pulse and define h(t) = g(t)g(t — 7). Then the convolution is

(rectr, * h)(t), (5.1)

where rectp, is defined as
t

1
recty, (t) = T—Prect (T_P) : (5.2)

and rect is the ‘rectangle function’ rect(t) =1 for t € [—1/2,1/2] and zero otherwise.

Integrating equation (/5.1)) against the Doppler shift factor over all time forms the autocorrelation

function

o (t,w) = /OO (rectry * h) (t) e’ dt. (5.3)

— 50 2

Equation (5.3) may be viewed as the Fourier transform of the convolution of rectr, and h(t).
2

By the convolution property for Fourier Transform,

o7 w) = / rectz, ¢t dt / h(t)e dt. (5.4)

o0 —0o0

The first integral is elementary and the second is given by [35](pg.283, eq(27)). Thus

¢ (7, w) = sinc (“22) exp {_211 <;—22 + w2T2> } : (5.5)

92
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The factor of 1/2 in the argument of the sinc contributes to the clutter in the following
calculations. This is avoided by setting ) = Tp/2. With this notation and by including a linear

chirp with chirp rate b, the final version of the autocorrelation function is

$o (T,w) = sinc ((w — 2b7) Q) exp {—i (;—Z + (w — 2b7)° Tz)l . (5.6)

The sinc function acts as a low pass filter on the Doppler component of the ambiguity with the
width of the bin being Tp. The approach is entirely parallel to the view taken in Chapter
for the infinite pulse train model. The Fisher metric is computed followed by the Gil Medrano
metric. All the calculations needed to compute geodesics on this manifold without the necessity
of relying on numerical differentiation to set the coefficients of the ODE are carried out.

Although the strategy is the same as in Chapter 4, the computations take on a different flavour.
Approximate analytical formula are found for the components of the Fisher metric but these
approximations stem from using approximate identities to evaluate convolutions. The resulting
expressions are closed form as are the expressions for the components of the Gil Medrano metric

and the coefficients of the ODE needed for computing the geodesics.

5.1 Approximate Identities

Approximate identities will be used in Section to approximate convolutions which arise
in computing the components of the Fisher information matrix. The version of approximate
identities needed is not quite the standard version but following closely the discussion by Lang

[20], are applied in the simplification of these expressions, defined here.
Theorem 5.1.1. Let h be a function defined on R with the following properties.
1. [ h(t)dt =
2. f (t)|dt < oo and [;7|h(t)]dt < co.

Define h,, by h,(t) = nh(nt). Let f be a continuous function on R and define f, by fr, = f*hy.

In particular, for large n
_ / o — Oh(D)dt. (5.7)
Then f, converges uniformly to f on compact subsets of R.
/ flz —t)h,(t)dt = ¢(x). (5.8)

Claim:
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o Foralln, [ h(t)dt=1

o Set B = ["_|n(t)|dt, then for alln, [ |h,(t)|dt =
Proof: These formulae follow from a simple change of variable y = nt |
Claim:

For all e > 0 and 6 > 0, there exists NV such that

-4 [e%S)
/ I (8| dt +/ (8]t < €, (5.9)
- )

o0

for alln > N.

Proof: Let e > 0 and § > 0. Since f (t)|dt < oo, there exists n; such that f (O)dt < 5
and similarly, since f_oo h(t)|dt < oo, there exists 7y such that [ |h(t)|dt < §.

Set Ny = %. Ifn > N,

[ ol = [ neoma = [y < [ moiay = [Tl < 5 610

Similarly, set Ny = 2. If n > N,

/ OO (ot = | OO ()t = | Oo )y < | :25 )iy = | OO bWy < <.

Hence if N = max(Nq, Ny), the inequality in the claim holds for n > N [ |
Proof of Theorem.
Let € > 0 and let S be a compact subset of SR. Since f is continuous on R, f is uniformly

continuous on S and hence, there exists 0 > 0 such that

[f(x —t) = f(2)] < 55

2B
for all x € S whenever [t| < 0.
Let M be a bound for f and selecting N such
-5 ¢
ho(8)|dt < —— 5.12
/_ IOl < 55 (5.12)
forn > N. Since 1 = f hy(t)dt, f(x f hon( f flx t)dt and so by the
definition of f,,
fulw) = Fla) = [ (Flo = 1) = Fla) (i, (513)
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Hence
o0

|[fo(2) = f(2)] < / | (f(z =) = f(@)) [[Pn()|dt = I, + L5 + I3, (5.14)

—0o0

where

= [ V== @) Inolde <20 [ (1) = @) @l (615

o0

I = / [(fle— 1) — F(@)) h(0)]dt, (5.16)
-5

I = /5 [(fle— 1) = F(@)) [[ha(Dldt < 2M /5 ha(b)]dt. (5.17)

By equation (5.12)), I + I3 < 2M 557 < §. For I, the inequality in equation ([5.1]) gives

I </6 C ha(t)]dt < =B =< (5.18)
2 ;2B = 2B 2 '

Thus for n > N, the inequality in (5.14)) shows that

[fulz) = f@)| S hi+ L+ I3 <, (5.19)

for all z € S. This proves the theorem.

5.2 The Construction of g

The first step is to compute the components of the Fisher metric given by

Grr = // 02 drdw, (5.20)
Q

G = // 02 drdw, (5.21)
Q

9rw = Gur = // QTQUJ dew; (522)
Q

where 2 = R+ x R. Here 6 is the ambiguity function given by 6 = ¢2, from equation (5.6)

(7, w) = sinc®((w — 2b7)Q) exp {—% (;—22 + T*(w — 2b7)2) } : (5.23)

where w € (00, 00) is the Doppler frequency, 7 € [0,00) is the delay and the configuration
parameters T', Tp and b are the pulse duration, pulse period and chirp rate respectively.

The following substitutions are made to facilitate these calculations

7_2

B =w—2br, W:T2

+T°B?,
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= sinc? (QB).

The partial derivatives are
B,=1, B, = —2b,
_ o2 2
W, =21T"B, W_2772—4bTB
SWZSBBWZSB, ST:SBBT:—ZbSB.

With these reductions, the ambiguity function becomes

= Se =W, (5.24)
and the required derivatives are
6, = e 3V (Sp—T?BS), (5.25)
) 1
6, = e 2V (8, — §WTS) ,
1 T
= —e*éWﬁs — 2be "3V (Sp — T?BS).
(5.26)
Setting
iy T
U = e 2 772 s
— Obe 2 W (Sp—T°BS),
gives
1
9“’_27)‘/’ 0,=-U-V.

In terms of U and V/, the integrals in equaton (5.22)) become

Grr = // U+ 20V + V2 drdw, (5.27)
_ 2
T / / V? drdw, (5.28)
Gro = ——// UV +V? drdw, (5.29)
20 | Jq

Lemma

For small values of T and large values of Tp,

73/2
//QU2 drdw =~ T (5.30)

// UV drdw =~ 0, (5.31)

Q

/ / V2drdw =~ w?0QTZ, (5.32)
Q
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S, (TY AT ? .8
\Q 3\Q 15
The proofs of equations (5.30) and (5.32)) rely on viewing the integrands as a convolutions and

approximating the convolutions by recognising one factor in each integrand as an approximate

where

identity. Equation (5.31)) holds because the inner integral produces an odd function of w. Details

are presented in Subsection [5.2.1}]

Combining equations (5.27) - (5.32]), the Fisher metric components are

7T3/2

Grr A —GQT+7T3/262QTZ, (5.33)
3/2
3/2

Assembling the Fisher matrix from these elements results in the matrix
TN  A(TY 81 melQ | (T\' 4 (T\* 8
Q 3\Q 15 2 Q 3\Q 15

m2bTQ | (T\* 4 /T\> 8 mTQ | (T\* 4/T\> 8
R (@)*5(@)*% i (a)+§(a)+1—5

) (5.36)

3

T2 3.9
— T
6QT+7rzb Q

5.2.1 Proof of the Lemma

Writing B = 2b(s — 7), where s = w/20b, facilitates recognising the integrals with respect to 7 as

convolutions.

Proof of Equation (}5.30)).

ooy
- e_<(%)2+T232) (%)2 sinc*(QB),

_ () <1>2 x

T
i€—4b2T2(3_7)2 sin((s — 7)2bQ) 4
e ( (s — 7)2bQ ) )
= hi(7)é(s — 7). (5.37)

. 4
o(z) = @ %eﬁ@w (%) , (5.38)
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The constant in the definition of k is chosen so that [°h(z) dz = 1. This means that h 1
acts as an approximate identity for convolution. In particular, limp h% * f = f uniformly on

compact subsets for piecewise continuous functions f [20][31]. Hence

/OOOU2 dr = /Oooh%(T)gb(s — 1) dr,
= by 0(s)  9(s). = 0f/20)

. 4
_ 4_\/;€_T2wz (sng)i}w) . (5.39)

To integrate this expression with respect to w, the right side of equation ((5.39)) is
hq(z)é(x),

where hg(r) = Qh(Qx), h(z) = 2 (Siﬁ)4 and ¢(z) = m2 =T With this definition

o\ z 6QT

ffooo h(xz) dx =1 and hg is an approximate identity. Thus

/OO/OOU2 drdw = hgxd(0) =~ ¢(0)
—o0 JO

3/2
= ) 5.40
60T (5.40)
Here ¢(z) = ¢(—z). This proves ((5.30).
Proof of Equation ([5.31)).
First note that, viewed as the function
sin QB 2
S=85(B)= 5.41
)= (“5at) (5.41)
S is even and so the derivative, S’, is odd.
The integrand in equation (5.31)) is
w T
UV = 2be Wﬁ (8" —T*BS),
1 r\? 2 p2
= ?67(7) %Qbe_T B S(S/ - T2BS)7
= by ()6l =) (542)

where h1 (x) =

d(z) = 4be VT 5(2bx) x
(5'(2bz) — 2b2T?S(2bx)) .

(5.43)
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Again fo )dr =1and h 1 acts as an approximate identity. Thus
/ UVdr = hixd(s—r1),
0 T
~ o(s) = o(w/2b).
Since S is even and S’ is odd, ¢ defined in equation ([5.43)) is an odd function and so

/_Z /Ooo UV drdw ~ /_Z d(w/2b) dw = 0. (5.44)

This proves equation ([5.31)).
Proof of Equation ([5.32)).

where h%(x) = 2h(z/T), h(z) = —2_e~*" and

gb(m) \/’72_TT6_4b2T2$2 %
(S (2bx) — 26T%25(2bx))* . (5.45)
Thus
1>,
7, Vidr = hyxo(s),

Q

¢(s) = ¢(w/2b),
2

(8" (w) — TQWS(W))2 : (5.46)

To progress from equation (5.46) by steps analogous to those leading from ([5.39) to (5.40))

requires setting

o) = ¢ ($'0/@) - %‘”sm/@))z , (5.47)
where
K= / <5’ 2/Q) —?5(33/@02 da. (5.48)

Then, analogous to the proof of Equation (5.30)), set hg(z) = Qh(Qz) and ¢(z) = ‘/;ST TP
so that integrating (5.46)) over w gives

452/ / V2drdw = hg*d(0) = ¢(0),

_ VTAT (5.49)

2Q
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Thus the proof of (5.32)) is complete if

TQ?
2

K =

T\* 4/T\* 8
(a)*%)*%

5.2.2 Proof of Equation ([5.50]

Expanding the integrand in ([5.48]) and noting that

5(5)- ().

and
T sinz [xcosx —sIinx
S'=|=2
(5) -2 (=),
shows that
T4
K:@]l AT, 4+ 4Q% 15,
where

88

2

/ ~
o
sin®x (2 cosx —sinx
I, = x dx,
)

2
sin?z [xcosx —sinx
dzx.

—00

The following formulae [22] will be used to evaluate (5.54)) - (5.56)).

 gin? gz T
— dv = -,
0 x 2
© gint x T
— dr = —,
0 x 4
< gin z T
— dr = -,
0 x 3

® ¢in® x cos x T
—_——dr = —.
0 4

3
From ([5.58))
™
]1 — 5
From (5.59) and (5.60)

— dx,

3 T

/°° sin®zcosz  sintz

2
3

7 s
2 6

(5.50)

(5.51)

(5.52)

(5.53)

(5.54)
(5.55)

(5.56)

(5.57)
(5.58)
(5.59)

(5.60)

(5.61)

(5.62)
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Expanding (5.56)), writing cos? # = 1 — sin® z (as will be done throughout) and using (5.59)),

e i a4
[3 = / —Sln z dﬂf‘i‘Jb

oo 2t
2
- —g a (5.63)

where

g /OO r2sin? z — 2xsin® z cos x + sin? de. (5.64)

76

—0o0

Integrating J; by parts (integrating =%) and using (5.59)) gives

1 © gin x
J1 = 5(8/00 A dl"i‘JQ)»

= — + = 5.65
15 + 5 2 ( )
where
© 2¢2ginx cosx — drsin®
J = -

2 sin®
SIN- X COS T dI. (5.66)

xd

Integrating Jo by parts (integrating #—°) and using (5.57)) and (5.59)),

1 ©  gin’x  sin‘x
Jo = Z_l</ e dx+J3)>

= —%T + i(]g, (5.67)

where )
Iy — /°° 222 — 4x sin mx(iosx +2sin®z e (5.68)

Integrating Js by parts (integrating x=*) and using (5.57)) gives
Js = é/: Susin” if% dr = 8?” (5.69)

Combining (5.63)), (5.65)), (5.67) and (5.69)) shows that

3 3515 5 3 13 (5.70)

_27r 160 1 _77r 18m T
15

Combining (5.53)), (5.61)), (5.62)) and ((5.70]) confirms (5.50|) and completes the proof of the claim.

This method of construction enables the configuration metric Gj;.



102 CHAPTER 5. SINGLE DOPPLER BIN AMBIGUITY FUNCTION

5.3 Construction of the Configuration Matrix G

In Chapter 5[ the Fisher metric for a single Doppler bin was calculated and following this process
for a specific sensor configuration produces the metric associated with that configuration.
However, in order to select a configuration that maximises the information obtained from the
target, a family of such configurations is needed. In Chapter the metric for the manifold of
metrics described by Gil Medrano and Michor |13] is discussed.

Gy = / tr (g~'9,99'0;9) vol(g). (5.71)
M

In this section equation ([5.71)) used to calculate the metric for a manifold composed of the family

of Fisher metrics corresponding to sensor configurations, called the configuration manifold.

5.3.1 The Inverse of the Fisher Matrix

The Fisher information matrix previously stated in equation (5.36)), is reiterated here

T™\*' 4 /T\*> 8 2orQ [ /T\* 4 /T\? 8]]
<@>+5(6)+1—5 R (a)*%(a)*%

3

T RTQ

6QT
g= .
m2bTQ | (T\' 4 /T\> 8 mTQ | (T\* 4 /T\> 8
R (@) *5(@) iE i (@) *é(é) e
) (5.72)
The determinant of g(7,w) is,
= /T\* 4/T\> 8
det(g) = ﬂ (a) + g (@) + 1—5] . (573)

The inverse of g(7,w) is required for calculation of the configuration metric

(w21 [/T\* 4 /T\®> 8 mb7Q [ (T\* 4 /T\> 8
1 (cz) +3<Q> iRE 2 (cz) +3<Q> "5
L1
I T aet(y) | .
m0TQ [ (T\* 4 (T\* 8| = - T\* 4/T\> 8
7 |(a) +3(a) | sorrrrre|(g) +3(0) 15

(5.74)
The inverse of the Fisher matrix will be used in combination with matrices formed from the

partial derivatives of g to construct the Configuration metric.

5.3.2 Partial Derivatives 0r g

Following are the partial derivatives of g, equation ([5.72]), with respect to the configuration

parameters T', Tp, b.
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4T4 81 T 4T 8 w32
3/2712 3/272
3Tg11 W/bQ< —|——>—|—7T/bQ( + — + >_6—2’

Q@ 3Q? Q* 3Q?

474 8T? T4 4T2 8 s
— 3 | I 2 3/2p2 ) -
8@911 ™ < + ) + Q4 + 6TQ2,

Q@ 3Q° 3Q° T 15

T4 472 8
g1 = 27267 Q ( —)

T

1 AT* 877 T 4T? 8
8Tg22:ZW3/2Q<Q4 +3T)2) 3/2Q (Q 3@2—1— )7

1 474 8T? 1 T 477 8
dar =37 (e + 5z) + 17T (G + 3 1)

1 474 8717 T 4T* 8
Orgra = —571'3/25@ (@ + TQQ) 57 m/2bQ (Q4 302 + 1—5> ;

1 AT+ 8T? 1 T 4T? 8
(9le2 571' /sz ( Q4 TQ2) 2 3/2bT (Q 3@2 —> ,

The following substitutions are made
B T4 n 4T? . 8
S \Q*  3Q2 15)°
T\' 4/(T\* 8
F=-3=] —=-(= —
(Q) 3(@) "5
D=2Z-F).
With these substitutions, the partial derivatives are,

3/2 3/2

T B2p20p -
6T2Q e

6Tgu = 7T3/2b2Q (2Z — F)

6720’
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(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

(5.80)

(5.81)

(5.82)

(5.83)

(5.84)

(5.85)
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This results in the partial derivatives and the g~

manner.

CHAPTER 5. SINGLE DOPPLER BIN AMBIGUITY FUNCTION

3/212 w3/ 3/272
dggi =7 bT(F)—6T2Q = PPRTE —

Dhg11 = 20T QZ,

1 1
Orgas = 1773/262 (2Z - F) = Zﬁg/zQD,

1 1
9922 = —ZWS/QT(—F) = ZWS/QTF,

Opga2 = 0,
1 1
Orgra = —Eﬂg/QbQ (2Z —F) = —§7T3/2bQD,

1 1
anlg = §7T3/2bT (—F) = —§7T3/2bTF,

1
86912 = —§7T3/2TQZ.

1

[ 6T 1207°Q
3 3
T2 T2
g =
126TQ  4(602°Q>T2Z+1)
7'['% w3/2QTZ

(5.86)

(5.87)

(5.88)

(5.89)

(5.90)

(5.91)

(5.92)

(5.93)

matrix being simplified in the following

(5.94)

Each of the g710;g factors required for the Gil Medrano metric in equation (5.71)) are calculated,

this involves multiplying ¢~ with each of the other constructed matrices as follows.

_ Orgi1 Orgiz
g org=g""
8T921 3T922

_ _ ann alez
g o9 =9g"
aQ921 an22

(5.95)

(5.96)
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1 Ohg11 Ohgr2

g 'Oy =g (5.97)

ab921 @bgm

The following matrix multiplications are required.

1 -1 -1 -1
0 + g5 O 0 + 915 0
g’laTg: 911 91911 T 912 07921 911 07912 T G192 OTG22 7 (5.98)

99107911 + 953 OrGa1 g1 Or 12 + oz O ga2

-1 —1 -1 —1
_ 911 9911 + 91200921 911 012 + 912 Oggae
R N S B (5.99)
Ga1 00911 + Gog 09ga1  ga1 0Q912 + Jap OQ 922

-1 -1 —1
g0y — 911 K911 + 912 Obg21 - 911 Obgr2 | (5.100)

91 Obg11 + G2 Obga1 g1 Obgna

Written out in full, the product g~'07g¢ is

T 6T 1207 [ 3 360D ]
§Q QQ W%bQQD— 7T2 T Q
w2 T2 67720 2
g '0rg = : (5.101)
1267°Q) 4(6b2Q2T2Z+1) W%bQD W%QD
3 w3/2QTZ —
- T2 L 2 4 J
i 1
602Q*TD — T 662Q2T D —3bTQ2D + 3bTQ%D
JopTep _ 20 _ 2D (602T2Q*Z + 1) 6210 + 2 (60*T2Q*Z + 1)
L T TZ TZ
(5.102)
1
—— 0
T
— . (5.103)

%(Z+D) D

TZ TZ
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Thus,
[ 1 0 1 0
T T
g '0rgg torg = , (5.104)
_2b(Z—i—D) D _2b(Z—i—D) D
i TZ TZ TZ TZ
i 1
T2 0
= ) (5.105)
2b(Z + D) B 2bD (Z + D) D?
L T*Z 1272 IRVA
The trace of this matrix is,
_ _ 1 D? 7% + D?
tr (g~ '0rgg~'0rg) = T3 + TegE = Tagr (5.106)

All other matrices will have the same structure, as such only the main results are given here.

67Q 126TQ 8 1
5 5 BRTF - = _Zi3TF
T2 2 6720 2
9 09 = ,
120TQ  a(6p2Q?122+1 1 1
3 (7ﬁmQTZ ) ——iwngY7 ZW%IYP
T

1
- 0
T
_ . (5.107)
“W(QZ+TF) F
TQZ 07
Allowing the calculation of the g~'0ggg~'0pg matrix as follows,
[ ! 0 ! 0
T T
970099 ' 0qg = : (5.108)
_W(QZ+TF) F | |-26(QZ+TF) F
TQZ QZ TQZ QZ
i 1
T2 0
= , (5.109)
M (Q2Z2 — T2F?)  F?
I 20222 0222

where the trace of this matrix is,

B B 1 F2 QQZ2+T2F2
tr (¢ '0099 ' 00y9) = 77+ 07 TozF (5.110)
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Next is the d,g calculation,

1
23 bTQZ —§7T%TQZ
81)9 = )
1 s
—§7T2TQZ 0
The matrix g~ 10yg is,
- 6T 126TQ 1
5 5 2mbTQZ —=maTQZ
T2 T2 2
G 0 = , (5.111)
126TQ  a(662Q*122+1 1 s
3 ( 32QTZ ) _§7T2TQZ 0
L T2
6bT2Q*Z —372Q%*Z
= . (5.112)
120°T2Q*Z — 2  —6bT°Q*Z
This enables the calculation of the matrix ¢~9,g9 10,9,
6bT2Q*Z —372Q*Z 6bT2Q*Z —372Q*Z
9 Ohgg g = . (5.113)
120°T2Q%*Z — 2 —6bT?Q%*Z | |120*T2%Q%Z —2  —6bT°Q%*Z
6Q°12Z 0
= . (5.114)
0 6Q%*1*Z
The trace of this matrix is,
tr (g7 Opgg ' Ohg) = 12Q°T%Z (5.115)
The following are the three cross terms, beginning with the g~ '0rgg~'0gg matrix,
1 1
-7 0 —T 0
g torgg togg = , (5.116)
" 2(Z+D) D ||-26QZ+TF) F
TZ TZ TQZ oz
1
T2 0
(5.117)

2b (QZ* — TDF) DF
T2QZ> QT 2>
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The trace of this matrix is,

L 1 DF  QZ*+ DFT
tr (g Yorgg lan) = + 0T 72 = Q1222 (5.118)
Next is the matrix ¢~ '0rgg 10,9,
1
7 0 6bT2Q*Z -31°Q*Z
, (5.119)

970799 Obg =
BEZED) Doz o —612Q*2

TZ
—6bTQ2Z _3TQ*Z
_ (5.120)
D
—2(6V’TQ*Z + — bvI'Q*Z
(6 @7+ 2 Z) 6TQ
The trace of this matrix is,
tr (g7 '0rgg ' 0hg) = —6bTQ*Z + 60T Q*Z = 0. (5.121)
Finally the g7'0ggg~ 0,9 matrix is calculated,
! 0
-7 6bT2Q2Z 372027
9 099 by = . (5.122)
“W(QZ+TF) F
120°T%Q%*Z — 2  —6bT2Q*Z
TQOZ 07 ¢ GOT7C
_6VTQ2Z 37027
(5.123)

9 (6b2TQ22 - Q—FZ> 6bTQ2Z

The trace of this matrix is given by,

tr (9099 " Obg) = —6bTQ*Z + 6bTQ*Z = 0. (5.124)
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For convenience all the traces are here reiterated,

_ B 7%+ D?
tr (g7 '0rgg ' Org) = “T2gz
B B Q2z2 + T2F2
tr (¢~ t0 Yog) = X,
(970099 9q9) T0Z)

tr (g_lﬁbgg_lﬁbg) = 12Q%*T?Z,

QZ2+ DFT
Q272

tr (9 '0rgg ' 0gg) =

tr (¢~ '0rgg ' hg) =0,

tr (97" 9099 ' Obg) = 0.

5.3.3 The Configuration Metric

109

(5.125)

(5.126)

(5.127)

(5.128)

(5.129)

(5.130)

In Section the traces required for the construction of G were calculated. These traces are

inserted into the integrals for the elements of the G matrix,

7% 4 D? 07% + DFT
Jus WVOKQ) Jur WVOKQ)

Z*+ DFT 272+ T?F?
G = fM %VOKQ) fM %TV01(9)

Each element of this matrix is calculated, first noting the vol(g) factor

=7 (3 (g)m(g)lg)?

Beginning with the integral for the (G1; element,

%orQ
/ / tr (g_lﬁng_lﬁTg) vol(g)drdw
,% 0

0 0 [ 12Q°T? Zvol(g)

(5.131)

(5.132)

(5.133)

(5.134)
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Cz24+D*n: (3 (T ™ 4\
/ / R ”—(5 (@) +2(§) +5> drduw, (5.135)

s (724 D2\ (3 /T\* ™2 4\ %
:F< T2Z2 )(5 <é> +2(§) +5> /?de, (5137)
- 724+ D2\ (3 /T\* ) T\? 4 2 - 138
=¢ (w) 5(@) ! (@) T5) (5138)

Since each of these integrals has a large constant followed by the same two integrals the entire

matrix can be easily reconstructed as follows

Z*+ D? QZ?+ DFT 0 i
T2Z2 QT2Z2
3 4 3
g QT (3 (Z) i (Z)Q Y ez e DFT Q222+ TP .
6 2\ Q Q 5 QT222 (TQZ)2
0 0 12Q%*1%Z
(5.139)
Rewriting D, F and Z in terms of their original parameters
47 8T? T 47?8
D=|—+— 5.140
<Q4 +3Q2) (Q4 3Q2 +15) (140
T T2 8
= 5@ + 4@ + — (5.141)
T\ 4/T\* 8
F=-3(2) —Z2(= — 5.142
(@) (@) 5 o162
T8 8TS 128T* 647°% 64

7= — — 14

@ 3¢5 T QT T QE T 25 (5.143)
4 6477 4T* 407 25T%

pr=8 0 0 > (5.144)

5+15Q2+3Q4+ 0" + o5

TS 12876  1088T! 92567 128
224 D? = 26 4 101 I oL 18 14
+ 3o BT e e (5.145)
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5.4 Geodesics on ¢

Explicit formulae for geodesics of the metric in equation ([5.139)) are not possible. However, the
method for determining the geodesics on G follows the same method developed in Section (4.3)).

The required derivatives, with Q = Tp /2, follow

brr? 8Q* + 40Q2T? + 45T*

Orvol(g)QTb = 5 : (5.146)
2072  15T*
\/EQB\/E% + ? + ?
Trs 15T 4
Dgvol(q)QTb — N T 84 , (5.147)
2072  15T*
\/E\/8+ > o +Q*
QTr: (3 (T\* T\? 4\’
1(g)OTb = 2= 2( = . 14
Opvol(g)QTb 5 (2 (Q) + 0 + z (5.148)
YA oD YA
2 792 o= i _ 2 2 2777~ 2
oGy oG 27 (228T+2D8T) (Z +D)(2TZ8T+2TZ)
ou, 0T T4 74 ’
DTZa—D — TDZa—Z — 73— 7D?
=2 or or (5.149)
1373 ’ '
oD oz
77 —- _ D=2
oG B oG _ 0Q 0Q
S 90 " 2D o : (5.150)
0G12 . 0G12 .
8u1 N 6T N
YA oD OF YA
2 2 o~ ) - _ 2 2777 2
(T QZ [QQZaT +T (FaT + DaT) + FD] (QZ*+ TFD) <2QT Zors+7 T))

T4Q2Z4 ?



112 CHAPTER 5. SINGLE DOPPLER BIN AMBIGUITY FUNCTION

FTQZa—D + DTQZa—F — 2T2FD8—Z —2Q73 — DFTZ
T3Q73 ‘
9G1; _ 9Gh
aUQ N 8@ ’
0z oD oF 0z
TZ 2 - 2 T F— - _ 2 TF T2 -~ 2
( Q7 [2QZaQ+Z+ ( 8Q+D6Q>} (QZ°+TFD) (2QZaQ+Z))
T4Q2Z4 )
FQZa—D + DQZa—F - 2FDQ8—Z — FDZ
= ¢ o4 % (5.152)
TD?*73 ’ )
0Gy  OGay
(9u1 N oT
07z oF 0z
22 72 277~ P nhill 21 272 2 172 2 277~ 2
(T Q27 {2@ Do + 2T°F o 4 2TF | = (QP2 + T°F?) Q (QT 7 + 277 ))
- TAQA 4 g
r3pz90 _pep9Z Q273
_9 or or : (5.153)
T3QQZS
0Ga9 o 0Ga
8uz n 8@
oA OF YA
22 72 2,Y4 2 2T 22 2 172\ 12 2,94 2
(T 027 {2@ ZaQ+2QZ + 2T FaQ (Q*Z2 + T2F2) T (2@ ZaQJrQQZ ))
T4Q4Z4 )
ng—g — QFg—g —FZ
—2F 57 : (5.154)
0Gs _ 0Gs _ o o (07
e~ o7~ 29T <T8T + 22) : (5.155)
0Gs;  0Gs (07
S = 80 = 12QT (QaQ + 22) . (5.156)

The Christoffel symbols (4.138)) associated with G; are reduced to the following,
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= — — = = =
N N =N == = N = ==
) — [\ w V) —
I | | I \ I

! !
— w
o o
| |

3 _
13 —

3 _
FQS_

| |
NI = NIR NR N- N N N = N

et (5 -5 ) e
(2% - %) "+ ']
et (557 -5 )
(2% - 57 ) o+ e
i%(}” + %G”} ,

All other Christoffel symbols are equal to zero

0=T=Ty= F%z’, = F§3 = F?l = F%Q = F§3 = F?z-
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(5.157)
(5.158)
(5.159)
(5.160)
(5.161)
(5.162)
(5.163)
(5.164)

(5.165)

(5.166)

(5.167)
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Conclusion

The exploration of optimal trajectories through the space of target tracking system parameters
was the goal of this thesis. To this end the ambiguity function of equation formed
the basis from which the Fisher information metric was constructed. These calculations were
performed in Chapter [4] for the infinite pulse train and in Chapter [5| for a single Doppler bin
case. In Section a method for calculating the integral of the product of shifted sinc functions
was developed, filling a gap in the mathematical resources required for the calculation of the
Fisher information metric.

The Fisher metric forms the basis for the configuration metric from which the optimal trajecto-
ries, geodesics, are computed. Approximate analytic formulae were obtained for the components
of both the Fisher metrics for the infinite pulse train ambiguity function (Section and the
single Doppler bin case (Section but the nature of these approximations are quite different.
In the infinite pulse train case, the analytical formulae for the components of the Fisher metric
are in the form of an infinite series. While these formulae are exact, implementation requires
truncation of the series. Formulas for the Fisher metric truncated after nine terms were presented
as an example and geodesics based on this analytic approximation are pictured in Section [4.3]
The analytic formulae for the components of the Fisher metric in the single Doppler bin case
were found using approximate identities. In this case, the accuracy of the approximation is fixed
by the choice of the configuration parameters T' (pulse width) and Tp (inter-pulse spacing). The

accuracy of the analytic solution increases as T' becomes smaller and as Tp becomes larger.

The geodesics themselves are found by solving a system of ODEs with coefficients given by
partial derivatives (Christoffel symbols). Inevitably, this must be done numerically. However,
the speed and robustness of such a calculation is improved if numerical differentiation is avoided
in finding the coefficients. To this end, analytical expressions for the coefficients were obtained
from analytical formulae for the configuration metrics which, in turn, were obtained from the

approximate analytical formulae for the Fisher metrics. This means that, potentially, these
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formulae may be of practical value in optimally updating radar configuration parameters. In
the case of the infinite pulse train setting, the user is able to control the level of accuracy by

adjusting the number of terms in the series for the Fisher metric.

There are several potential avenues for advancing this work, one of which is performing the
calculation for wideband signals, by similar methods to those seen in Auslander [3], currently only
a narrow band approximation has been considered. The advantage of choosing the narrow band
is that it provides better sensitivity and better range, primarily by reducing noise bandwidth
and requires lower power to transmit. Wideband, on the other hand, allows transmission at a
much higher data rate. However, due to the distribution of the signal across a wider portion
of frequency spectrum the power required to transmit over the wideband is higher in order to
compete with the noise. Wideband transmission of data is common, technology such as Wi-Fi
and sonar are good examples of this, and so interesting and potentially useful data may result

from applying this method to wideband signals.

In this work, the actual sensor system under consideration passes as largely irrelevant. However,
the system consists of only a single target and single sensor, both fixed, resulting in very basic
sensor /target geometry. Extending this system to include multiple sensors and targets obviously
increases the complexity of the calculation dramatically, as does allowing the targets and sensors
to move in space. This extension can be combined with a type of mathematical model from
the field of game theory, a differential game. In a differential game the targets and sensors
both have goals they wish to achieve. The sensor and target may be working in unison, as in
a commercial airline and a control tower, and each is attempting to transmit and receive the
maximum information about themselves and the other, a cooperative game. Alternatively, take
a scenario such as a bat hunting a moth, where the bat is always attempting to obtain maximum
information about the moth, while the moth is always trying to minimise the information the
bat obtains, and simultaneously trying to locate and avoid the bat, a non-cooperative game.
The practical application of these models and their extension are beyond the scope of this
thesis, which deals solely with the mathematical structures underpinning such engineering

implementation. This is a complex and interesting subject and much additional work remains.
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Appendix

Christoffel symbols corresponding to Chapter 4.
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