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Abstract
This study is about mathematical modelling of tumour growth and how it spreads in
the breast. A three-dimensional mechanically coupled reaction-diffusion model is used
and two different forms of mechanical coupling are investigated and compared. Three
different tumour starting positions which are centre, surface and close to the muscle
and bone, in the breast are considered and the results are compared.
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1 Introduction
The proliferation and migration of cells is the basis of many important biological pro-
cesses and hence attracts worldwide interest. One very important area of application
is the study of the growth and spread of tumour cells in healthy tissues. According to
the latest study by [2], found that “If the cancer is located only in the breast, the 5-year
survival rate of women with breast cancer is 99%. Sixty-two percent (62%) of cases
are diagnosed at this stage. Furthermore, if the cancer has spread to the regional lymph
nodes, the 5-year survival rate is 85% and if the cancer has spread to a distant part of
the body, the 5-year survival rate is 27%”.

For this reason it is important to investigate the movement and growth of tumor
cells. One of the essential techniques is using Fisher-Kolmogorov equation that de-
scribes the cell density, with cell migration (or motility) being modelled as a diffusion
process (i.e. cells move from crowded to less crowded regions down a cell density
gradient) and cell numbers (growth and division) modelled by a logistic reaction term.
To draw a clear picture about this, it is useful to study their behavior mechanically.

The tumour cancer is not only a biological problem, but also it has many mechani-
cal characteristics that highlighted by many studies. For instance, in. [4] gives a math-
ematical model that explains how mechanical stress affects the growth of a tumour.
It gives tumour cell assumptions that were initially related to Gaussian distribution.
In addition, it indicates two cases: The first case suggested that tumour growth was
stimulated by a reaction-diffusion equation and the second case suggested that tumour
growth was inhibited by mechanical stress, show the tumour cell concentrations at 200,
300, and 400 days respectively. Another important study which obtained recently in
[8], this study shows the capability of a mathematical model in forecasting tumour re-
sponse in comparison with the conventional techniques using a group of patients that
have different forms of breast cancers, tumour responses, and therapies. In addition,
the study that conducted in [14] focuses on modifying the reaction-diffusion tumour
growth framework or model. In the model, the mechanical joining to the surrounding
tissue stiffness is integrated through restricted cell diffusion with aiming to study the
tumour behaviour in specific patient data considering the tissue mechanical properties
to give better treatment.

In the light of these considerations, it is proposed that the following modification to
the model suggested in [4] with the aim of better understanding of treatment strategies.
This extension will use the three principal (normal) stresses at a point as a multicom-
ponent measure of the stress state at that point and we will let the diffusion coefficient
be different in each of the corresponding principal directions. Let σ1, σ2, σ3 be the
three principal stresses (assumed compressive) and let σvm be the von Mises equiva-
lent stress

σvm =
1√
2

√
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2, (1)

equation given in [14] defines the scalar (isotropic) diffusion coefficient D by

D = D0 exp (−γσvM). (2)

Instead of this, we introduce the anisotropic diffusion tensor expressed in matrix form
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as :

D =

 e−γσ1 0 0
0 e−γσ2 0
0 0 e−γσ3


with respect to the principal stress directions. This will result in a less of a reduction

in the diffusion coefficient in directions which have large compressive stresses, of [6]
conclusion.

6



2 Literature Review

Figure 1: Cell proliferation modelled by logistic growth.

There are many experiments and studies related to coupling reaction diffusion sys-
tems describing tumour cells, their growth and spread. Even though the literature cov-
ers many different mathematical systems in reaction diffusion inside the body, this
review will focus on two basic themes that appear repeatedly from the literatures re-
viewed. These themes are cells’ proliferation and diffusion since these factors play an
important role in spreading cancer cells. Although the literature discusses many facts
regarding these themes in variety of mathematical models, this study primarily focuses
on cell cancer growth in the context of breast cancer; in other words, it will discuss
Fisher Kolmogorove equation in breast cancer.

Active cellular invasion can occur in both normal and in pathological conditions.
In the study that conducted in [10], the author established a relationship between cell
proliferation and diffusion rate of cells in wound healing and it was shown that invasive
cells can move as a travelling wave front. They started with a single reaction-diffusion
equation (the Fisher-Kolmogorov equation) to describe the cell density, with cell migra-
tion (or motility) being modelled as a diffusion process (i.e. cells move from crowded
to less crowded regions down a cell density gradient) and cell proliferation (growth and
division) modelled by a logistic reaction term.

∂n

∂t
=

∂

∂x
(D

∂n

∂x
) +Kn(n0 − n), (3)

where n is the cell density, n0 is the limiting cell density and K is a logistic growth
rate constant and D is the flux in the direction N̂ . This diffusion process is described
as the total rate of transfer of cells randomly during a time, t, described by Fick’s law
as (flux in direction N̂ ) [3].

Flux = −D ∂n

∂N
= −D∇n.N̂ (4)

Coming to another study which was obtained by [13] on the model of epidermal
wound healing. This study noted that the wound healing occurs in three stages: in-
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flammation, wound closure and then remodelling in scar tissues. The wound closure
occurs through epidermal migration which is only partially understood because epider-
mal cells are normally non-motile and only move in the region of the wound. Moreover,
there are two mechanisms for spreading sheet of epidermis: the rolling Mechanism
which is the leading cells are implanted in wound region as new basal cells in cuboidal
shape or oven shape, and the sliding mechanism where cells on interior respond pas-
sively to the pull of marginal cell. However, all the cells are motile and can migrate
to cover the wound gap when needed and after mitotic activity (cell division) in the
wound area remains same which indicates that epidermal migration is spreading of
existing epidermal cells.

The reason for increased the rate of mitotic activity it possibly because absence of
contact inhibition or presence of mitotic activator or change in cell shape as migrating
cells are more flattened. In this study cell migration was again modelled by a diffusion
process by a Fisher-Kolmogorov equation, but to account for selective mitotic activity
the growth rate constant K was made dependent on the concentration of some mitosis
regulating chemical. The concentration of this chemical was modelled by a second
reaction- diffusion equation. It was found that changing in biochemical activity of this
chemical is important for wound healing and the model tested for two biochemical
cases one for mitosis inhibitor and the other is for mitosis activator.

Another important experiment by [9] compared the rate of scratch closure or wound
healing in controlled environment versus where the cells are exposed to biochemical
stimulus to study the factors that affect the cells growth rate. This study also used
Fisher-Kolmogorov model to quantify the model of cell migration based on diffusion
term.

The model which is suggested in [12], focused on cell density, n, and controlling
chemical, c, inside the body in one cell population only. Another vital biological ap-
plication that should be studied is, tumour growth as there are a lot of studies done for
finding a useful treatment. For instance, after tumour cancer cells have grown, they
interact with healthy cells by blood movement, caused increasing in unhealthy cells
caused the death [7]. In this case there are more than one kind of cells to be considered
(healthy and unhealthy cells).

The important experiment that conducted by [6], proves that stress lead to tumour
growth in vitro irrespective of the species, tissue origin, or differential state. Notably,
the growth of multicellular tumour spheroids in vitro imitates various features in vivo.
When such spheroids grow in agarose gels, stress gradually accumulate and surround
the spheroid since there is cellular mass growth that displaces the matrix. Increasing
gel concentration reversible inhibits tumour spheroid growth. Spheroids are cultivated
in a gel that entails an increasing agarose concentration, which escalates rigidity of the
surrounding matrix. This cultivation helps determine whether the growth of a tumour
spheroid is curbed by solid stress.

Some of the conclusions reached by the authors are as follows: First, tumour
spheroid growth resumes following stress alleviation. Second, Non-uniform stress re-
versibly modulates the shape of growing aggregates. Lastly, effect of solid stress on
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cellular proliferation, apoptosis and density can be modelled by [3]

dv

dt
= −kV log V

Vmax
, (5)

1

V

dv

dt
= −k log

V

Vmax
, (6)

d

dt
log

V

Vmax
= −k log

V

Vmax
, (7)

log
V

Vmax
= ce−kt = log

V0
Vmax

e−kt, (8)

log log
V

Vmax
= −kt+ log log

V0
Vmax

, (9)

where parameter α can be interpreted as a proliferation rate of cells in the proliferative
pool [6]. In [6], authors addressed a long-standing question, whether multiplying tu-
mour cells can destroy the lymphatic vessels or blood when stimulated by solid stress.
There are several issues that have not been resolved in this study and further investiga-
tion is advised. For instance, the characteristics of stress transduction, the relationship
between tumour caused by external and internal stress, the environment in which the
extracellular matrix becomes active, and whether stress can be modified using a matrix
manipulation.

According to [12], the diffusion coefficient of tubulin in the cytoplasm of an egg
is done by calibrating the recording system, which evaluates the distribution levels
for tubulin, conjugates it to dichlorotriazinyl-aminofluorescein that is not incorporated
into the mitotic spindle. The authors in [12], calculated diffusion co-efficient (D) using
data that utilized Fick’s second law of diffusion and a digital method that analyzes
photometric curves. Additionally, the intensity of florescence profiles can be used to
calculate D magnitude. The article assumes diffusion of DTAF-tubulin in a bleached
region is radial in 2-dimension. In other words, the concentration of unbleached DTAF-
tubulin is a function of time (t) and radius, (r). Consequently, the partial differential
equation (PDE) below is satisfied. PDE:

∂f(r, t)

∂t
= D

∂2f(r, t)

∂r2
+

1

r2
∂f(r, t)

dr
(10)

This method was limited to determine D for bovine serum albumin (BSA) since its
values were known and by measuring D for the fluorescein-labeled BSA, standard-
ized tools monitored the distribution levels after photo-bleaching [12]. This method
has several advantages. For instance, the calculated D does not always depend on the
fluorescence profile after bleaching since same results are yielded when asymmetri-
cal bleaching is applied. This method is limited since it only calculates the diffusion
coefficient of a single component and it applies Fick’ law. It implies that multiple
flows would complicate the evaluation, thus give unreliable data. In other words, it is
difficult to evaluate D of small immobile fluorescent analog below 5%. Additionally,
this method is limited since the results are not accurate, low sensitivity and signal-to-
noise aspects affect the accuracy of results. Regarding biological inferences that are
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obtained from mathematical models [11] suggest that there are changes in adhesion,
motility, and the balance in protease-antiprotease in any invasive cell. The article gives
the interactions that are between invasive cell with normal cells, non-invasive tumour
cells, ECM proteins, and the proteases. The article gives a one-dimensional model for
invasion based on a continuum approach. The key variables in the derivative are the
concentration of the invasive cells which are called u(x, t), noninvasive tumour cells
m(x,t), normal cells n(x, t), a generic ECM protein c(x, t), and the product that results
from the proteolytic digestion of the ECM protein s(x,t). The net displacement of a
cell is a consequence of its random movement (chemokinesis) and directed movement
(chemotaxis and hypotaxis). This may be written as: Net change in tumour cell density
= Chemokinetic movement + Chemotactic movement + Hepatotactic movement. The
article [11] concluded by highlighting several biological inferences. First, invasion
speed is calculated as a function. Second, chemotactic gradient can explain a non-
invasion, which entails the characteristics of protease. Overall, the authors suggest that
a haptotactic gradient affects the movement of cells. Additionally, enhanced invasion
is compounded by the increased diffusivity.

The article that conducted by [5] presents a reaction-diffusion model or frame-
work, which describes the temporal development and spatial distribution of normal
tissue, H+ ion, and tumor tissue. The framework forecasts a pH gradient that extends
from the tumour-host interface that suggest reanalyzing of present experimental data.
Also, they make a hypothesis that neoplastic tissue transformation-induced reversion
to the primitive glycolytic metabolic paths leads to creation of a pentumoral microen-
vironment where tumor cells proliferate and survive, while normal cells are not able
to stay viable. This hypothesis is mathematically framed as a reaction-diffusion sys-
tem of equations, when resolved create comprehensive forecasts of the dynamics and
structure of tumour-host interface. Such model equations are only dependent on few
sub-cellular and cellular parameters. The model or framework is a system of three com-
bined reaction-diffusion equations that help in determining temporal evolution and spa-
tial distribution of three main fields, which include the excess concentration of H+ions,
N2(x,t), the neoplastic tissue density, and L(x,t), andN1(x,t), the normal tissue density.
The normal tissue conduct is “determined by (a) the logistic growth of N1 with growth
rate r1 and carrying capacity K1; (b) a population competition with the tumor tissue
characterized by a Lotka-Volterra competition strength parameter α12; (c) the inter-
action of N1 with excess H+ ions leading to a death rate proportional to L; and (d)
cellular diffusion with an N2-dependent diffusion coefficient, DN1[N2]” [5].

∂N2

∂t
= r2N2(1− N2

K2
− α21

N1

K1
)− d2LN2 +∇(DN1 [N2]∇N2) (11)

The analysis of linear stability of such equations brings about a number of biologi-
cal significant forecasts. Among them that particular tumours have to be occupied by
a variable portion of the normal cells genotypically. The authors of the article indi-
cate that the mathematical model forecasts crossover conduct in line with non-invasive
tumour growth clinical observation coming before the developing of an invasive pheno-
type. Such model forecasts an adjustable interfacial structure, encompassing a formerly
unidentified hypocellular interstitial gap in particular malignancies. In the article [1]
offers a hybrid mathematical framework or model of healthy tissue invasion by a solid
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tumor. Initially, the author gives the definition of a system of combined non-linear
partial differential equations to undertake the modeling of tumour invasion of the sur-
rounding tissue. Reaction-diffusion model or framework, which describes the temporal
development and spatial distribution of normal tissue, ex H+ ion, and tumor tissue. The
framework forecasts a pH gradient that extends from the tumour-host interface that is
proven reanalyzing present experimental data. Also, they make a hypothesis that neo-
plastic tissue transformation-induced reversion to the primitive glycolytic metabolic
paths leads to creation of a pentumoral microenvironment where tumour cells prolif-
erate and survive, while normal cells are not able to stay viable. This hypothesis is
mathematically framed as a reaction-diffusion equations system, when resolved create
comprehensive forecasts of the dynamics and structure of tumour-host interface. Such
model equations are only dependent on few sub-cellular and cellular parameters. The
model or framework is a system of three combined reaction-diffusion equations that
help in determining temporal evolution and spatial distribution of three main fields,
which include the excess concentration of H+ions, N2(x,t), the neoplastic tissue den-
sity, and L(x,t), and N1(x,t), the normal tissue density. The normal tissue conduct is
“determined by (a) the logistic growth of N1 with growth rate r1 and carrying capac-
ity K1; (b) a population competition with the tumor tissue characterized by a Lotka-
Volterra competition strength parameter α12; (c) the interaction of N1 with excess H+

ions leading to a death rate proportional to L; and (d) cellular diffusion with an N2-
dependent diffusion coefficient, DN1[N2]” [5]. Fundamentally, the main purpose of
the article was to look at the tumor cell heterogeneity effects on the overall tumor
structure and present a discussion on the significance of the roles of cell-matrix and
cell-cell interactions. The entire set of equations that describe the tumor cells interac-
tions, MDEs, MM, and oxygen is presented below

∂n

∂t
= Dn∆2n− ψ∆(∆f) (12)

∂f

∂t
= −δmf (13)

∂m

∂t
= Dm∆2m+ µn− λm (14)

∂c

∂t
= Dc∆

2c+ βf − γn− αc (15)

In which Dn, Dm and Dc are the tumour cell, MDE and oxygen diffusion coefficients
respectively and ψ the hypotaxis coefficient and δ, µ, λ, β, and γ are positive constants
[1].

In [1] The simulation results illustrate the significance of the interactions of tu-
mor cell-matrix in hindering and helping the individual cell migration, which give a
definition to the tumor geometry.

For the results of random mutation, the issue that in many simulations the resultant
tumour cell population comprise living having just not more than two phenotypes might
be astonishing because of the random nature of mutations. Nevertheless, it tends to be
logical to make an assumption that it will only be most aggressive phenotypes, which
will be dominant in the tumour population. In that case, aggressiveness would refer to
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the phenotypes, which have zero cell-cell adhesion, low proliferation age, a low oxygen
consumption rate, and a large hypotaxis coefficient. [1] draws a conclusion that while
cell-cell interactions are imperative at the initiation development stages of tumours, the
loss of the cell-cell adhesion molecules that follow leads to tumour growth, in which the
cell-matrix interactions are dominant. Hence, such results forecasts that local tumour-
cell interactions are eventually what controls the overall tumour geometry, rather than
the cell-cell interactions.

Article [4] gives a mathematical model that explains how mechanical stress affects
the growth of a tumor. It gives tumour cell assumptions that were initially related to
Gaussian distribution. The authors indicate that tumour growth was assumed to be
in two cases. The first case stated that tumour growth was stimulated by a reaction-
diffusion equation and the second case stated that tumour growth was inhibited by
mechanical stress, which affected diffusivity. The reaction-diffusion equation states
that;

D =
∂c

∂t
=

∂c

∂r2
+

1

r

∂c

∂r
+

1

r2
∂2c

∂θ2
+ f(c), (16)

where D is the diffusion coefficient. Additionally, the proliferations are given by ap-
plying the logistic growth law. The law states that,

f(c) = β(1− αc)c (17)

Overall, the data computed revealed that stress affects the growth of tumour [4]. The
article also shows some benefits of using the model. For instance, the model may be in-
tegrated into macroscopic models that are used for glioma growth. Additionally, these
mathematical models are important since they give more parameters used in control-
ling and constructing degrees. However, macroscopic scales do not construct degrees
for fine tuning, therefore, it is important to explore more findings on the microscopic
scale.

Article [8] aims to forecast the breast cancer tumor response to therapy by utilizing
a mathematical model, which uses MRI data gathered non-invasively from patients.
The MRI data were gathered at four-time points at baseline, after at least a single cycle
of NACT, at a NACT mid-point, and after the accomplishment of NACT but prior
to surgery. An automatically coupled, reaction-diffusion (MC-RD) model, set with
patient specific MRI data, developed to forecast tumour response to therapy in breast
cancer. In that case, the MC-RD model comprises the following set of joined, partial
differential equations
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where D(x, t) is the diffusion coefficient, k(x) a spatially resolved proliferation
rate map for tumor cells, θ the carrying capacity for logistic growth, D0 the tumor cell
diffusion constant in the non-appearance of stress, γ an empirical coupling constant for
the von Mises stress, σvm, G the shear modulus, where G = E

2(1+2v) for the Young’s
modulus (E) and Poisson’s ratio (v) material properties; ~u is the displacement due to tu-
mor cell growth, and λ is another empirical coupling constant [8]. The implementation
of the DI-MC-RD and MC-RD models was carried out in three dimensions and two
dimensions, and were initialized by utilizing patient-specific DCE-MRI and DWNRI
data. For the percentage changes in tumour size and cellularity between scans, descrip-
tive statistical analysis was carried out. To summarize the performances of the models,
the percentage discrepancies between the tumour size and calculated cellularity from
the third scan data and the matching forecast values from initial MC-RD, as well as
the extended DI-MC-RD frameworks, were computed for every patient. It is shown
that the three-dimensional analysis generated forecasts for cellularity and tumour size,
which were closer to the computed values in comparison with the two-dimensional re-
sults. The work shows the capability of a mathematical model in forecasting tumour
response in comparison with the conventional techniques using a group of patients that
have different forms of breast cancer, tumour responses, and therapies.
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3 Mathematical Modelling
The model of [4] and [14] can be written as :

∂N

∂t
= (DN,i),i + kN(1−N) (18)

D = D0 exp (−γσvM) (19)

σij,j = 0 (20)

In (18), which is the Fisher-Kolmogorov equation, N is the tumor cell density,
normalised with respect to the maximum carrying capacity of the tissue (assumed con-
stant), D is a scalar diffusion coefficient which models cell spread and k is the rate in
the logistic growth term that models local cell proliferation. Equation (20) describes
the mechanical equilibrium of the tissue modelled as a linear elastic material with in-
ternal volume changes driven by the local growth of the tumour. The stress is given
by

σij = λεkkδij + 2µεij − α(3λ+ 2µ)Nδij ,

where λ and µ are the Lame parameters and

εij =
1

2
(ui,j + uj,i)

is the infinitesimal strain associated with the displacement ui, i = 1, 2, 3 of the tissue.
The identity tensor δij , or Kronecker delta, is 1 if i = j, and zero otherwise. The
term α(3λ + 2µ)Nδij represents the local isotropic expansion stress associated with
a cell density N with α being the linear coefficient of expansion for unconstrained
expansion. This has similarities to the equations of thermoelasticity. The equation
(19) is the coupling between the (18) and (20), where D0 is some reference diffusion
coefficient corresponding to zero stress and σvM is the von Mises equivalent stress

σvM =

√
1

2
((σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2)

defined in terms of the principal values σ1, σ2 and σ3 of the stress tensor σij .

3.1 Transformation of D Matrix
In this equation the diffusion D modified to diffusion matrix relative the principle di-
rections of stress by transformation D to the Cartesian coordinates’ directions by using
D̃ = V DV T where V T is matrix of eigenvectors. In our case A = D expressed rel-
ative to (ei ) this corresponds to Ṽ −1AṼ relative to (Vi ) , hence the transformation
matrix will be: (V̂i,j ) = V̂i .êj where V̂i is Cartesian unit vectors

V̂1 =

 1
0
0

 , V̂2 =

 0
1
0

 , V̂3 =

 0
0
1


14



and êj principle directions and D =

 e−γσ1 0 0
0 e−γσ2 0
0 0 e−γσ3

 the anisotropic

diffusion tensor expressed in matrix form.

Gui,jj +
G

1− 2v
ui,jj + λ̃N,i = 0 (21)

where G = shear modulus and v = Poisson ratio, and

G =
E

2(1 + v)
(22)

in this equation let µ = G and λ = lame’s coefficients and

σij + αN,i = 0 (23)

and
σij = λεkkδij + 2µεij (24)

where σij is the stress, εij is the strain and

εij =
1

2
(uij + uji) (25)

δij = 0 when i = j and δ = 1 when i 6= j. Therefore, equation (24) will be become:

σij = λuk,kδij + µ(uij + uji) (26)

σij,j = λuk,kjδij + µ(ui,jj + uj,ij) (27)

which implies
σij,j = λuk,kiδij + µ(ui,jj + uj,ij) (28)

therefore, the modified equation is:

µui,jjδij + (λ+ µ)uj,ji + αN,i = 0 (29)

where
(λ+ µ) =

G

1− 2v
, µ = G, λ̃ = α (30)

3.2 The weak formulation
Firstly, the equation (3) is modified as follows:

∂N

∂t
= ∇(D∇N) +K(1−N)(N),K(x) = k,D(x) = D,N(x, t) = N, (31)
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Parameters Values

D0 1.e-7 , 1.e-6

k Proliferation rate (0.2 d−1)

α 5.×102pa

λ 6.2 kpa

γ 10-3

µ 690kpa

Table 1: Table for parameters based on [14]

multiplying by test functionon φ and integerate by part we find that∫
v

∂N

∂t
φdv =

∫
v

∇(D∇N)φdv +

∫
v

k(1−N)(N)Ndv (32)

∫
v

∂N

∂t
dv =

∫
∂v

DN,iη,iφdv −
∫
v

DN,iφ, idv +

∫
v

KN(1−N)φdv (33)∫
v

∂N

∂t
φdv = −

∫
v

DN,iφ,idv +

∫
v

k(N)(1−N)φdv (34)

This represent the diffusion in the first term and the second term represents the prolif-
eration, when t : 0, t1, t2, t3, . . . ., tn, ..the uniform time steps as :

∆t = tk+1 − tk (35)

initially when time is 0 andN0 is initial condition the equation (34) becomes as follows:∫
v

Nk+1 −Nk
tk+1 − tk

φdv = −
∫
v

DNk+1,iφ,idv +

∫
v

kNk+1(1−N)φdv (36)

By linearizing the expression kNk+1(1−Nk+1) using Taylor’s theorem and differen-
tiating at Nk as following:

knk(1−Nk)− k(1− 2Nk)Nk + k(1− 2Nk)Nk+1, (37)

this expression can be written as

2kN2k + k(1− 2Nk)Nk+1 (38)

Then we get,∫
v

Nk+1 −Nk
tk+1 − tk

Nk+1 −Nktk+1 − tkφdv = −
∫
v

DNk+1,idv+

∫
v

2kN2kφdv+

∫
v

k(1−2Nk)Nk+1φdv

(39)
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by multiplying by ∆t. By expression of capacity as non-dimensional carriying capacity
becomes∫
v

(Nk+1−Nk)φdv = −(

∫
v

DNk+1,iφ,idv+

∫
v

2kN2kφdv+

∫
v

k(1−2Nk)Nk+1φdv)∆t

(40)
the modified equation will be in the form:∫
v

(Ñk+1−Ñk)φdv = −(

∫
v

DÑk+1,iφ,idv+

∫
v

2kÑ2kφdv+

∫
v

k(1−2Ñk)Ñk+1φdv)∆t

(41)
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4 Results
The breast that is considered in this study can be described geometrically as shown in
the Figure 2. Three different initial conditions are considered corresponding to small
localised tumours. The targeted positions are the centre of the breast, which is case 1,
close to muscle and bone at the rear of the breast (case 2) and the surface of the breast
in case 3. In each case the finite element mesh was refined in the immediate vicinity
of the targeted position. The boundary conditions that apply are 1. a no-flux boundary
condition on both the surface and the back of the breast, meaning that the tumor cells
cannot spread across these boundaries. 2. stress free mechanical boundary conditions
on the surface of the breast. 3. zero displacement boundary conditions on the back of
the breast. Further detail in each case as following :
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Figure 2: The breast described geometrically.

4.1 Case 1:
Figure 3 describes a non-dimensional tumour cell density scalled by the carrying ca-
pacity 0 ≤ N ≤ 1 during 40 days period. In case 1, initial tumour has gaussian profile
at centre = (0, 0.03, 0) with maximum magnitude of 0.5 and radius = 0.002cm. There
are four graphs are shown for Figure 2 (case 1). Firstly, 1a when there is (D0 = 1.e-7)
the number of cells increase in high rate arround the center, (0.003) then decreases fast
as well. So, in this case, the growth of tumour cells is logistically and quickly. 1b
when (D0=1.e-6) shows that approximatly 2% of the cell density differ from 1a. Fur-
thermore, In 1c and 1d show the effectness of von mises stress and principle stresses
on the cell density, respectivly. The rate of increament in the cell density, when it is
affacted by von Mises stress is less in comparision with affected principle stress. At
same diffusion rate with stress (1d) and without stress (1a) both graphs show almost

19



Figure 3: Tumour density during 40 days period with and without stresses.

similar characteristics at the highest points of carrying capacity. With principle stress
(1c) and with von Mises stress (1d) both graphs show a very different characteristic of
carrying capacity. Graph 1c has near about 15% less carrying capacity than graph 1d.
Figure 4 to Figure 8 show the development of tomour in different stages and different
condition which are with stresses and without stresses.
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Figure 4: Tumour develepment during 40 days period. 1aD0=1.e-7

Figure 5: Tumour mesh in the center of the breast.

21



Figure 6: Tumour develepment during 40 days period.1bD0=1.e-6
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Figure 7: Tumour develepment during 40 days period. 1c,D0=1.e-6 ,gamma=5.e-2 ,von Mises coupling.
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Figure 8: Tumuor develepment during 40 days period.1dD0=1.e-6 , gamma=5.e-5, principle stress coupling.
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4.2 Case 2:

Figure 9: Tumour growth stages development during 40 days with and without stresses.

In this case (Figure 9) the tumour occurs at a distance 0.005cm from the bone with
initial tumour gaussian profile which is centre at (0, 0.005, 0), maximum magnitude =
0.5 and radius = 0.002cm. As it appears in the diagram the tumour cell density here
decreases sharply with slightly different decreasing rates in each situation shown in
Figure 9. Graphs 2a and 2b have diffusion only, no stress is taken into account while
graphs 2c and 2d have diffusion with stress. Even though the tissues are affected by
diffusions only as in 2a and 2b in comparion with graphs 2c and 2d which have same
diffusion as 2a and 2b and includes mechanical coupling stresses in surrounding of the
tissue, still the difference in the cell density is low. In the graph 2a, with diffusion
1e-7 and graph 2b, with 1e-6, the tumour cell density differences between the two is
very small. On the other hand, 2a has less diffusion than 2b but it is clear that in 2a
the tumour cell density is more than in 2b. Thus, the less diffusion gives the higher
cell density. Coming to the situation that considers the stresses around the tissue which
are von Mises coupling and principle stress coupling when diffusion (D0) is 1e-6 and
gamma 5e-2. When the stresses are considered surrounded the tissues the tumour cell
density is less for principal stress (2c) than von Mises stress (2d). In addition, the
tumour growth in 2c and 2d is decreasing and the difference between the two is very
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small. Figure 10 to Figure 14 show the development of tumour in different stages and
different condition which are with stresses and without stresses.

Figure 10: Tumour develepment during 40 days period.2a,D0=1.e-7
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Figure 11: Tumour develepment during 40 days period.2bD0=1.e-6
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Figure 12: Tumour growth stages development during 40 days. 2c,D0=1e-6,gamma=5e-2,vonMises coupling
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Figure 13: Tumour develepment during 40 days period.2dD0=1.e-6,gamma=5e-2,principle stress coupling.

Figure 14: 2bmesh
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4.3 Case 3:

Figure 15: Tumour growth development during 40 days period with and without stresses

In case 3 (Figure 15), Initial tumour gaussian profile has centre at (0, 0.03, 0.04),
maximum magnitude = 0.5 and radius = 0.002cm. In this case, the tumour occurs on
the surface and different diffusions and stresses are considered. Overall, the density
increases towards the surface and the rate of increment vary in each situation. In the
situation when the diffusions are constant but different as graph 3a has diffusion 1e-7
and graph 3b has diffusion 1e-6. In graph 3a which has less diffusion, gives a high
tumour cell density value, which is approximately 1mm3, whereas in graph 3b the
higher diffusion gives lower tumour cell density which is 0.91mm3. Thus, 3a slightly
differs from 3b. Regarding the mechanical coupling stresses, the principle stress and
von Mises stress, that sourround the tissue here there is a very small difference in the
tumour cell density as shown in the Figure 15. However, in this case (3c and 3d)
when the mechanical coupling around the tissue is considered including the diffusions,
the prolifereation in the tumour cell is lower in comparision with the absence of the
stresses as in graph 3a and 3b and difference between 3c and 3d is 0.1mm3. in addition,
tumour cell density is lower when considered the von Mises stress than principle stress.
Figure 16 to Figure 20 show the development of tumour in different stages and different
condition which are, with stresses and without stresses.
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Figure 16: Tumour growth stages development during 40 days period, 3a,D0 = 1e-7.
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Figure 17: Tumour growth stages development during 40 days period, 3b,D0 = 1e-6
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Figure 18: Tumour growth stages development during 40 days period, 3c,D0 = 1e-6, gamma 5e-2, von Mises Coupling
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Figure 19: Tumour growth stages development during 40 days period, 3dD0 = 1e-6, gamma 5e-2, principle coupling

Figure 20: Case 3 meshing
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5 Conclusion
This study invistagted and compared three cases in tumour density that appear in many
different positions in the breast. Furthermore, it found that case 2 tumour cell density
characteristics are inverse of case 3 whereas in case 2 in overall the growth decreases,
it increases in case 3 . The cell density, when considered the von Mises stress that
surrounded the tissue in case 2, decreases while the principle stress increases. On the
other hand, in case 3, the cell density when considered the von Mises stress is higher
than the principle stress. The worst case is case 1 since the tumour growth is very
high while the better case is case 2. Overall, this study considered the tumour in many
positions of the breast and studied their characteristics to build better understanding
and treatment. In future it is suggested to expand this study to have real MRI-data to
give accurate results.
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